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Abstract. In this work, the Markov Chain Monte Carlo is applied to estimate parameters that represent mechanisms that describe
particles' dynamics in particulate systems from the literature's proposed models. Initially, the reduced sensitivity coefficient is
evaluated to verify which parameters could be estimated simultaneously. The technique is then applied to estimate the models'
parameters in different numerical scenarios to determine the rates that influence population dynamics. After the analyzes are
performed, the estimates show good precision, accuracy, and a good fit between the measured and estimated state variables. The
results show that the Markov chain Monte Carlo can determine the rates of population balance phenomenon.
Keywords: Particulate Systems, Population Balance, Bayesian Statistics, Markov Chain Monte Carlo.

1. Introduction
In the last decades, particulate processes have gained significant prominence in the engineering area, mainly for their
crystallization applications, microbial cell culture bioreactors, emulsion, and suspension polymerization [1-3]. The most
particulate processes' two significant properties are the size and particle size distribution, as these directly affect the desired final
product. [4,5]. In these processes, determining the particle size distribution dynamics presupposes knowledge of the mechanisms
of nucleation, growth, and aggregation of the particles. Quantitatively, this description is selected from the solution of the
population balance equation (PBE) since this model simulates the dynamics of particulate processes [6,7].
The population balance equation describes several ways particles of a specific state can form or disappear from the system.
The population balance represents the particle size distribution dynamics as they are created, broken, grown, entered, or left the
control volume. Since the population balance equation simulates the change over time of the number of particles in a size range
within the population process conditions, it is necessary to know the phenomena that can modify the distribution of particles
over time, these being nucleation, growth, breakage, and aggregation [7,8].
In this field research, considerable difficulty is determinate the parameters from the mathematical models. Therefore, it is
necessary to apply statistical techniques to estimate such parameters and describe the physical process through the inference of
parameters.
These phenomena are represented within the population balance structure through rates that have parameters that can be
estimated. The estimation of parameters within the population balance area has been researched in recent years [9-12]. Since
obtaining these parameters is essential for understanding the mechanisms that control the distribution of particles and how they
interact with the process variables, it is necessary to estimate these parameters to understand these mechanisms' rates. Usually
is used classical statistic (Least-square), optimization techniques (bees algorithm, particle swarm) considering as cost function
the norm of residual [13,14]. Although the literature shows some techniques to estimate parameters in the population balance
model, the Bayesian methods were not applied yet in such physical phenomena. In this way, this work has the primary goal of
showing Markov Chain's application to estimate the population balance model parameters. Recently, Markov Chain Monte Carlo
has been applied in such fields as double spinel compounds [15], stochastic block model [16] and prompt gamma ray (PG) imaging
[17].
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Fig. 1. Phenomena that govern the distribution of particles (Adapted from [18]).

2. Mathematical Models
The particle size distribution is determined by the influence of several physical-chemical phenomena, which are: nucleation,
growth, aggregation, and breakage [1]. An illustration of this phenomenon is shown in Fig. 1.
The models that simulate the dynamics of these systems are called population balance [19-21]. The model that considers the
main phenomena that influence the particle distribution dynamics is presented in eq. (1).
∂ [ I ( v, t )n( v, t )] 1 v /2
∂n( v, t )
=− v
+ ∫ βv ( v − v, v, t )n( v − v, t )n( v, t )dv
2 0
∂t
∂v
(II)

(I)

−∫

∞
0

(1)

βv ( v, v, t )n( v, t )n(v, t )dv + Sv [n( v, t ), v, t ]
( IV )

( III )

where Iv ( v, t ) is the rate of change in volume v by mass transfer between particles and fluid phase, βv ( v, v, t ) is the particle
coagulation coefficient for volumes v and v , and Sv is the net rate of addition or removal of particles in the system.
Each term in eq. (1) represents a phenomenon: the parcel (I) is related to the rate of growth of particles by mass transfer to a
single particle; the term (II) represents the generation of particles by the collision of a particle of size v − v with another of size v to
form one of volume v (assuming the conservation of volume during coagulation); the term (III) represents the rate of particle
death from the collision with other particles; the quantity (IV) represents the rate of addition or removal of particles in the system
[20-21].
Due to the great variety of possibilities in which eq. (1) is inserted, Gelbard and Seinfeld [21] proposed four models, which are
particular cases of the model represented by eq. (1), which will be detailed in the following topics.
2.1. Model 1: pure aggregation model with constant aggregation coefﬁ cient
Model 1 considers a particulate system submitted only to pure aggregation with a constant aggregation coefﬁcient, which
does not depend on the particles' size, i.e., βv ( v, v, t ) = β0 (t ) [23]. In this model, the step of random coalescence controls the process
of enlarging the particles. Therefore, it means that the particles' size is not considered when forming a stable agglomerate and
that the coefficient is independent of the size. Thus, the population balance model in eq. (1) takes the form [20-22, 24]:

∂n( v, t ) β0
=
∂t
2

∫

v
0

∞

n(v − v, t )n( v, t )dv − β0 ∫ n( v, t )n( v, t )dv
0

(2)

where β0 (t ) is the constant aggregation coefficient.
Scott [24] presented an analytical solution for eq. (2), using the Laplace transform, resulting in the following expression:

n( v, t ) =

N 
4  0 
 v0 


2
v 
exp −

(2 + β0 N 0 t )
 (2 + β0 N0t ) v0 

(3)

2

In terms of the particle diameter, eq. (3) becomes:
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n( D, t ) =
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4  0  
 D0 
 v0 

3

 D  
2
−
 
exp

2
 
(2 + β0 N 0 t )
 (2 + β0 N0t )  D0  

(4)

2.2. Model 2: pure aggregation model with linear aggregation coefficient
Model 2 considers that, during the aggregation process, the colliding particles' size is considered in the formation of an
agglomerate. Also, larger particles have more favorable agglomeration than smaller ones [25]. The aggregation coefﬁcient takes
the form βv ( v, v, t ) = β1 ( v + v) , which is related to the turbulent diffusion [26,27]. From these considerations, eq. (1) takes the
following form [20-22,24,26]:
∂n( v, t ) β1
=
∂t
2

∫

v
0

∞

(v + v)n(v − v, t )n(v, t )dv − β1n(v, t )∫ (v + v)n(v, t )dv
0

(5)

where β1 is the linear aggregation coefficient.
The mathematical model obtained by the partial integral-differential expression, eq. (5), admits an analytical solution. Scott
[24] and Golovin [26] developed the analytical solution as follows:

n( v, t ) = −

N0 (1 − T )
v T

 (1 + T ) v  

 I1 2 T v 
exp −

 

v
v
0
0

 

(6)

where T = 1 − exp(−τ ), τ = β1 N0 v0t , and I1 is the modified Bessel function of first order. In terms of the particle diameter, eq. (6)
becomes:
n( D, t ) = −

3 (1 − T ) N0
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D03
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(7)

2.3. Model 3: pure aggregation model with linear aggregation coefﬁ cient and particle removal rate
Model 3 considers a particulate system submitted to pure aggregation, whose linear aggregation coefﬁcient is equal
to β1 ( v + v ) , and R0 represents the particle removal rate. The loss of particles to the container's inner surfaces can also be an
important factor in changing the forms of particle size distribution. The main mechanisms for removing particles due to
deposition are sedimentation and diffusion [28]. The population balance model for this case is presented as [21,22]:
∂n( v, t ) β1
=
∂t
2

∫

v
0

∞

(v + v)n(v − v, t )n(v, t )dv − β1n(v, t )∫ (v + v)n(v, t )dv-R 0n(v, t )
0

(8)

where β1 is the linear aggregation coefficient and R 0 is the particle removal rate. Equation (8) admits an analytical solution in
the form [21,22]:
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2.4. Model 4: pure aggregation model with constant aggregation coefﬁ cient and linear growth rate
Model 4 considers a particulate system submitted to pure aggregation, whose aggregation coefﬁcient is constant, and the
particle growth rate by condensation is heterogeneous. Thus, the growth term in eq. (1) takes the form Iv ( v, t ) = σ v . Therefore, the
population balance model is represented mathematically as [20,22,27]:
∂ [ vn( v, t )] β0
∂n( v, t )
= −σ
+
∂t
∂v
2

∫

v /2
0

∞

n( v − v, t )n( v, t )dv − β0n(v, t )∫ n( v, t )dv
0

(11)

where σ represents the difference in the concentration of diffusing species in the environment and on the particle surface,
considering a growth rate controlled by the medium's chemical reaction. The analytical solution for eq. (11) is given by [20-22]:

n( v, t ) =

4

(N v ) exp −
0

0
2

(2 + τ )


2v

 (2 + τ ) v exp (−Λτ ) − Λτ 
0



Journal of Applied and Computational Mechanics, Vol. 7, No. 2, (2021), 890-901

(12)

Parameter estimation through MCMC method

893

where τ = β0 N0 v0t and
Λ=

σ
β0 N 0

(13)

In terms of the particle diameter:

(N D )(D D ) exp −
2

n( D, t ) =

4

0

0


2D3

 (2 + τ ) D 3 exp (−Λτ ) − Λτ 
0



0

(2 + τ )

2

(14)

Although there are other models present in the literature to describe the population dynamics of particles in the environment,
we consider the models proposed by Gelbard and Seinfeld [21] because they present analytical solutions that are easy to
implement and have low computational cost.

3. Inverse Problem
Bayes’ theorem allows combining the information obtained by the experiments with that obtained from a mathematical
model. Considering a vector of parameters, θT = [θ1 , θ2 , θ3 ,..., θP ] , and a vector of measurements, Y T = [ Y1 , Y2 , Y3 ,..., Ym ] , where p and m
represent the numbers of parameters and measures, respectively. Bayes' theorem can be written as [29-40]:
π (θ Y ) =

πpriori (θ) π ( Y θ)
π (Y )

(15)

where π (θ Y ) is the a posteriori probability density, that is, the conditional density of the parameters θ given the
measures Y ; πpriori (θ) is the a priori probability density of the parameters, that is, the information encoded for the parameters
available before the experimental measurements; π ( Y θ) is the likelihood function that expresses the evidence of the
measures Y given the parameters θ ; and π ( Y ) is the marginal probability density of the measures, which plays the role of a
normalization constant. Bayes' theorem can also be written as [29-40]:
π (θ Y ) ∝ πpriori (θ) π ( Y θ)

(16)

3.1 Sensitivity analysis
One way to evaluate the sensitivity of the mathematical model parameters' estimates is by analyzing the sensitivity
coefficient, Jij , whose measure represents the sensitivity of a state variable, Yi , concerning the variations of a given parameter, θi .
In addition to providing information on the magnitude of the estimated parameters' sensitivity, this analysis allows the
assessment of the linear dependence between the parameters. Suppose the magnitude of Jij shows small values. In that case, this
indicates that large variations in θi will result in small changes in Yi , making the estimation of this parameter extremely difficult
since the same amount of Yi can be obtained for a wide range of values of θi . In addition to analyzing the magnitude of the
sensitivity coefficient, the estimated parameters need to be linearly independent. The relationship between variations in
parameters concerning the state variable can be represented by [29,32,36,37]:

Jij =

∂Yj
∂θi

(17)

Many engineering problems involve parameters with different orders of magnitude, making it difficult to compare and
identify the linear dependence between the coefficients since these will present other orders of magnitude. One way to facilitate
the comparison of the importance of the coefficients with the observable variables and the linear dependence analysis is to
multiply them by the parameters to which they relate, obtaining the reduced sensitivity coefficient. This way, they will have the
same units as the observable variables, thus providing a basis for comparisons. Then, the reduced sensitivity coefficient is defined
as [32,36,37]:

Xij = θi

∂Yj
∂θi

(18)

3.2 Markov chain Monte Carlo approach
In many cases within the Bayesian structure, it is impossible to obtain an analytical solution for the posterior probability
distribution. In such cases, simulation methods, which use a sampling process to get information about the probability density a
posteriori, can be used, as is the case with the Markov chain Monte Carlo (MCMC) approach [29,30,33-38].
The MCMC combines the properties of Monte Carlo and the Markov chain. The first is estimating the properties of distribution
by examining random samples from the distribution. On the other hand, the second is based on the idea that a given sequential
process generates random samples, where each random selection is used as a step to develop the next one. A particular property
is that, although each new choice depends on the previous one, new samples do not rely on any instance before the last one [41].
One of the most widely used algorithms for implementing the Markov chain Monte Carlo is the Metropolis-Hastings. This

(

)

algorithm uses a proposal distribution, q θ * θ(i) , to generate a vector of candidate parameters, θ* , based on the chain's current
state, θ(i) . The Markov chain then moves to θ* with the probability of acceptance as given [29,30,33-38]:
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(

)

 p θ * Y q θ(i) θ* 
( )


α (θ(i) , θ * ) = min 1,

 p θ(i) Y q (θ* θ(i) ) 



(

)

(19)

The Metropolis-Hastings algorithm can be speciﬁed by the following steps [29,30,33-35,38,39-43]:
1. Start the iteration counter, i = 1, and specify an initial value, θ1 ;
2. Generate a vector of candidate parameters from the proposal distribution. In the present work, the proposed
distribution used was Gaussian, according to:
θ* = θ(i) (1 + wξ )

(20)

where ξ is a random variable N(0,1) and w is the search step;
1. Calculate the probability of acceptance, α (θ(i) , θ * ) , given by eq. (19);
2. Generate an auxiliary random sample from the uniform distribution, u ~ U(0,1) ;
3. If u ≤ α , then accept the new value and update the parameter vector, θ(i +1) = θ * . Otherwise, θ(i +1) = θ(i) ;
4. Increment the counter of i to i + 1 and go back to step 2.

4. Results and Discussion
The MCMC method with the accept/rejection Metropolis-Hastings algorithm was applied to estimate the parameters of the
models proposed by Gelbard and Seinfeld [21]. By using simulated measures, it was possible to verify the algorithm implemented.
The particle size distribution, n(D,t), was used to generate measurements, where Gaussian noises were added, with zero mean
and constant standard deviation. The simulated measurements were obtained according to:
nmeas = nexact + σmeas ξ

(21)

where nexact is the solution of the forward problem with known parameters, meas is the standard deviation of the
measurements, and ξ is a random variable from distribution N(0,1).
We made estimates considering the Gaussian probability as prior distributions in the selected models. For the simulations, we
chose the initial number of particles N0 = 1 cm-3, and the initial particle diameter D0 = 1 μm. The analyzed times were 0, 0.4, 0.8, 1.2,
1.6, and 2 seconds. The simulations for the particle distribution, n, considering the four models in the present analysis, were based
on the following hypotheses:
- Model 1: pure aggregation with constant aggregation coefficient, composed of one parameter θT = [ β0 ] representing this
coefficient;
- Model 2: pure aggregation with the linear aggregation coefﬁcient, composed of one parameter θT = [β1 ] representing this
coefficient;
- Model 3: pure aggregation with linear aggregation coefﬁcient and particle removal rate, composed of two
parameters θT = [ β1 ,R 0 ] representing these coefficients;
- Model 4: pure aggregation model with constant aggregation coefﬁcient and linear growth rate, composed of two
parameters θT = [ β0 , σ ] representing the constant aggregation coefficient and the particle growth rate, respectively.
4.1 Analysis of model parameters
Before the sensitivity analysis, a parameter analysis was performed for the models with two parameters: models 3 and 4.
These models are similar to models 2 and 1, respectively, since they have standard parameters, β1 (linear aggregation coefficient),
and β0 (constant aggregation coefﬁcient). However, models 3 and 4 also have additional parameters, which are the particle
removal rate, R0, and the particle growth rate, , respectively.
First, a numerical analysis was performed on models 3 and 4 to estimate the parameters R0 (model 3), using the
measurements generated by model 2, and  (model 4), using the measurements generated by model 1. For this purpose, these
parameters must have values that approximate the models to each other.
Because of the similarities between models 1 and 4 and models 2 and 3, numerical experiments were carried out to verify the
solutions. Different values were assigned to the parameters that differentiate similar models from each other. When performing
the analysis for models 3 and 4, numerical experiments were performed to determine which values of R0 and  approximate
models 3 and 4 to models 2 and 1, respectively. Three values for particle removal rate were analyzed: 1, 0.30, and 0.01 cm³/s. For
linear agglomeration rate, β1 , it has been established β1 = 1 cm³/s. For the growth rate, three values were also analyzed: 1, 0.10,
and 0.01 cm³/s. For the constant agglomeration rate, β0 , the value of β0 = 1 cm³/s was admitted. The results of these analyses are
shown in Figure 2.
Figure 2a shows that for the three R0 values evaluated, the value that approximates model 3 to model 2 is 0.01 cm³/s, which is
the lowest of the established values. This result is related to the small influence that the removal rate has on the particle size
distribution density, the dynamics of this medium being controlled by the linear aggregation rate, as in model 2, where
agglomeration is the only physical phenomenon involved. Figure 2b shows that the value of σ , which approximates model 4 to
model 1, is σ = 0.01 cm³/s because the lower the amount of σ , the greater is the influence of aggregation on the particle size
distribution density. In this way, the process is controlled only by the collision between particles to form stable aggregates, as in
model 1.
With the results obtained in Fig. 2, the next step was the sensitivity analysis for the parameters of models 3 and 4, followed by
estimates by the Markov Chain Monte Carlo method. For these inferences, based on the analysis of model parameters, we have
used the reference parameters contained in Table 1.
4.2 Sensitivity analysis

The sensitivity analyses were performed through the reduced sensitivity coefﬁcients applied to models 3 and 4. The
parameter values were chosen based on the numerical analysis, according to Table 1.
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Table 1. Reference parameters for the models proposed by Gelbard and Seinfeld [21].
Parameter

Model

Value (unit)

β0

1 and 4

1 cm³/s

β1

2 and 3

1 cm³/s

R0

3

0.01 cm³/s

σ

4

0.01 cm³/s

Model 3 consists of two parameters, the linear aggregation coefficient, β1 , and the particle removal rate, R0. Sensitivity
coefﬁcients are presented for different particle diameter measurements, i.e., D = [1, 1.5, 2, 2.5], in micrometers, to verify the linear
dependence and the magnitude. These coefficients are shown in Figure 3 for each of the diameters analyzed.
Figure 3 indicates that the reduced sensitivity coefﬁcients related to the model 3 parameters are linearly independent in all
cases analyzed. The parameter β1 presented a considerable magnitude to the size distribution density function for all diameters.
Regarding the parameter R0, a low magnitude was obtained in all diameters analyzed. This fact is related to the reference value
used for the removal rate, which approximates model 3 to model 2, making low the parameter's sensitivity.
A similar analysis was done for the parameters of model 4 (aggregation coefficient, β0 , and growth rate, σ ). Such analysis is
shown in Fig. 4, and it indicates that the reduced sensitivity coefficients related to this model parameters are also linearly
independent in all cases analyzed.
4.3 Estimation parameter of model 3 using the MCMC approach
Estimation of model 3 parameters β1 and R0 were performed using the MCMC method. Candidate parameters were generated
using a Gaussian transition kernel, whose mean is equal to the previous state parameter. The standard deviation is the search
step, w, multiplied by the last state parameter. Some measurements generated from model 2 were used to estimate the model 3
parameters since both have the same parameter, β1 .
A Gaussian probability distribution was considered a priori for the model 3 estimations. Means were fixed in the parameter
reference values and standard deviations of 10 and 0.4% to the parameters β1 and R0, respectively. The measurement uncertainty
was 1%, with the maximum value of the state variable. The analyzed case is shown in Table 2, where nexact represents the forward
solution of model 2 for generating measurements.
For the application of the Markov chain Monte Carlo method, 104 states and search step equal to 0.004 were used. The initial
estimations of each parameter were considered twice the reference value of β1 , whereas we used the reference value for R0. These
estimates were established from the sensitivity coefficient analysis, whose results showed low sensitivity for the parameter R0.
Figure 5 shows the evolution of the Markov chains of the parameters β1 and R0. For both parameters, approximately 1000 burn-in
states were required until the convergence of Markov chains.
1.2
M2 (
M3 (

1

M3 (
M3 (

0.8

1

= 1 cm³/s)

1

= 1 cm³/s; R 0 = 1cm³/s)

1

= 1 cm³/s; R 0 = 0.3 cm³/s)

1

= 1 cm³/s; R 0 = 0.01 cm³/s)

0.6
0.4
0.2
0

0

0.5

1

1.5

2

2.5

3

D ( m)

(a)

(b)

Fig. 2. Dynamics numerical analysis for: (a) parameters of model 3; (b) parameters of model 4.

(a)

(b)

(c)

(d)

Fig. 3. Analysis of reduced sensitivity coefﬁcients for the parameters of the model 3.
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Table 2. Values for the estimation of model 3 parameters.

σmeas
1% max (nexact )

µR

0

Ref

R0

Prior distribution (Gaussian)
µβ
σβ
σR
1

Ref

β1

1

0

Ref

0.1β1

Ref

0.004R0

Figure 6 shows the autocorrelations for the parameters β1 and R0. Autocorrelation measures the correlation between points in
the chain separated by several lags of Markov states, informing how the chain's current conditions are correlated with the
previous ones. For the generation of this autocorrelation, we discarded the samples obtained during the chain's burn-in period
(1000 states) since the distribution of these samples differs signiﬁcantly from the initial one in this period. It was found that the
autocorrelation for β1 parameter rapidly decreased to zero, and, upon reaching approximately 20 lags, the stationary chain
samples were no longer correlated.
Regarding the R0 parameter's autocorrelation, it was observed that it took a long time for the samples to become noncorrelated, approximately 40 lags. This analysis is essential since the correlated chains can cause errors. Therefore, the estimates
were performed using points in the chain with an interval of 40 lags between them.

(a)

(b)

(c)

(d)

R 0 (cm³/s)

Fig. 4. Analysis of reduced sensitivity coefficients for the parameters of the model 4.

(a)

(b)

Fig. 5. Evolution of the Markov chain for the parameters β1 and R0.

(a)
Fig. 6. Autocorrelation of model 3 parameters.
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Figure 7 shows the comparisons between the estimated, exact, and measured size distribution density function of model 3.
Measures over time using a reference diameter for the particle of 1 μm were considered (Figure 7.a), with measurements in all
particle diameters, evaluated at times of 0.8; 1.2; 1.6; and 2 seconds (Figure 7.b). The density function was obtained using the
estimated parameters after verifying the autocorrelation of the chain. Figure 7 indicates that the calculated and measured density
showed good agreement in the analyzed profiles since they are within or close to the established credibility interval, which was
99%. The results showed that the size distribution density function decreases when the time increases and, consequently, the
diameter also increases. This fact is due to the collision between particles to form larger bodies.
Figure 8 shows the residual (the difference between the estimated and exact solution) and the relative error between the
measurements generated from model 2 and the estimates obtained for model 3. It appears that the residues had a low magnitude,
on the order of 1000 times lower than the state variable, indicating a satisfactory adjustment of the estimated density function for
model 3 in comparison with the simulated measurements of model 2. A value of 2% was obtained regarding the relative error,
confirming the excellent fit between the estimated densities and the measurements.
Simulation acceptance rates for estimating parameters and RMS errors that quantify the discrepancy between predicted and
simulated measures were also calculated. For the acceptance rate considering 10,000 states, the value found was 0.16, and an RMS
error of 0.0776.
The mean and the credibility interval of the posterior probability distributions of the estimated parameters were also
evaluated, whose results are shown in Table 3. It appears that the estimates were accurate since the parameters are within the
99% credibility range and accuracy, as they are close to the reference values.

(a)

(b)

Fig. 7. Comparison among the estimated, exact and measured density function of model 3.

(a)

(b)

(c)

(d)

Fig. 8. Analysis of residuals and relative errors when using measures generated by model 2.
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Table 3. Estimation of parameters (mean and 99% credibility interval).

σmeas

µR

1% max (nexact )

R0

Prior distribution (Gaussian)
µβ
σβ
σR

0

1

Ref

Ref

β1

1

1.005
(1.002; 1.009)

Ref

Ref

0.004 R0

0.1β1

Estimated
R0

β1

0

0.01
(0.009; 0.01)

Table 4. Values for the estimation of model 4 parameters.

σmeas
5% max (nexact )

µβ

0

Ref

β0

Prior distribution (Gaussian)
σβ
µσ
σσ
0

σ

Ref

Ref

0.1β 0

0.004σ

Ref

4.4 Estimation parameter of model 4 using the MCMC approach
The estimations of model 4 parameters β0 and σ were performed using the Markov chain Monte Carlo method. For this
purpose, measures generated from model 1 were utilized due to the presence of parameter β0 in both models. Also, for the model
4 estimations, a priori Gaussian probability distribution was considered, with the mean-centered on the reference values of the
parameters and standard deviations of 10 and 0.4% of the reference value for β0 and σ , respectively. The measurement
uncertainty was 5% to the maximum amount of the state variable. The analyzed case is presented in Table 4, where nexact
represents the forward solution of model 1.
Figure 9 shows the evolution of the Markov chains for parameters β0 and σ . In this case, an uncertainty of 5% was established
to the maximum value of the size distribution density function. Results showed that the chains for β0 and σ converged to values
close to the reference after approximately 500 states of the Markov chain (burn-in states).
After defined the burn-in states, we carried out the correlation analysis of the parameters, as shown in Figure 10. The
autocorrelation for parameter β0 reached quickly the value zero, while for parameter σ , this convergence was slower, indicating
that, in this case, the chain states are more correlated. From 40 lags, the chain states of the two parameters showed zero
correlation. Therefore, to obtain the estimations, we used points with intervals of 40 lags between them.
Figure 11 shows the comparisons between the estimated, exact, and measured size distribution density function of model 4,
whose results showed a good agreement with each other. The analysis indicated that the size distribution density function
decreases when time increases. Consequently, the diameter also increases because it is related to the collision between particles
to form larger particles.
Figure 12 shows the residual and the relative error between the measurements generated from model 1 and the estimations of
model 4. The residues presented a low magnitude, with values in the order of 100 times less than the state variable, indicating
that the estimated density function showed a reasonable adjustment when compared with the simulated measures. Similarly, it
was observed for the relative error, with a value in the order of 5%, conﬁrming the excellent ﬁt between the estimated densities
and the measurements.
Simulation acceptance rates for estimating parameters and RMS errors that quantify the discrepancy between predicted and
simulated measures were also calculated. For the acceptance rate considering 10,000 states, the value found was 0.50 and the
RMS error 0.0043.
Table 5 presents the results in terms of the mean and the 99% credibility interval of the a posteriori probability distributions of
the parameters β0 and σ , whose values showed good precision and accuracy.

(a)

(b)

Fig. 9. Evolution of the Markosv chain for the parameters β0 and σ.

(a)
Fig. 10. Autocorrelation of model 4 parameters.
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Table 5. Estimation of parameters (mean and 99% credibility interval).
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Fig. 11. Comparison among the estimated, exact and measured density function of model 4.
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Fig. 12. Analysis of residuals and relative errors when using measures generated by model 1.

5. Conclusions
In this work, we used the Bayesian Markov chain Monte Carlo technique to estimate the parameters of the four models
proposed by Gelbard and Seinfeld [21], which have the particle size distribution density function n(D,t) as the only state variable.
The reduced sensitivity coefficients analysis showed a considerable magnitude concerning the parameters β1 and R0 (model 3) and
β0 and σ (model 4). It was possible to estimate the parameters of models 3 and 4, respectively, using simulated measurements
obtained from models 2 and 1 in different scenarios, considering a priori Gaussian probability distribution for the parameters. The
Markov chains of the estimated parameters, in all evaluated cases, converged to values close to the reference. The autocorrelation
analysis between the chain states allowed us to obtain reliable estimations since we not considered points in the chain correlated
with each other. In all the scenarios evaluated, the parameter estimates showed precision and accuracy. Besides, we found a good
agreement between the estimated state variables and the measures, with residues in the order of 1000 and 100 times for the cases
analyzed for models 3 and 4, respectively, indicating that the Markov chain Monte Carlo method can be used to estimate rates
that influence population dynamics in these models.
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Nomenclature
Particle diameter [μm]

α

Probability of acceptance in the MetropolisHastings algorithm

D0

Initial particle diameter [μm]

β0

Constant coagulation coefficient [cm³.s-1]

I v (v, t )

Volume change rate of a particle of volume v by mass transfer between
particles and fluid phase [cm3.s-1]

β1

Linear coagulation coefficient [cm³.s-1]
Mean

D

Jij

Sensitivity coefficient

µ

n (v, t )

Size distribution density function [μm-3.cm-3]

θ

Parameter vector

n ( D, t )

Size distribution density function as a function of diameter [μm-1.cm-1]

ρ

Correlation coefficient

N0

Total number of particles at time zero [cm-3]

σ

Growth rate [cm³.s-1]

q( θ | θ )

Proposal distribution

σmeas

Measure deviation

R0

Removal rate[cm³.s-1]

σp

Standard deviation

*

Sv

Rate of addition or removal of particles in the system [cm³.s ]

τ

Dimensional time

Xij

Reduced sensitivity coefficient

ξ

Random variable with normal distribution and
zero mean

w

Search step
Measures vector

Y

-1
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