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Abstract. This work was motivated by studying the behavior of nanofluid adjacent to a moving vertical plate. A non-homogeneous 
distribution of nanoparticles inside the boundary layer was considered with variable Brownian and thermal diffusion coefficients 
throughout the layer. Employing group similarity transformation method transformed the governing mathematical model into a 
system of ordinary differential equations. The resultant system was numerically solved using shooting method. The numerical 
investigation was carried out for different parameters namely: Prandtl number, Pr, temperature difference ratio, , and the ratio of 
nanoparticles volumetric fraction difference, , and the attained results were illustrated graphically to examine their effect on 
different fluid characteristics. The results showed that increasing Pr values decreased the nanofluid velocity, shear stress, 
temperature distribution and nanoparticles volumetric fraction, while it increased the heat flux and nanoparticles gradient inside 
the boundary layer. On the other hand, increasing  values increased the nanofluid velocity, shear stress and heat flux but it 
decreased the temperature distribution. Also, increasing  values decreased the nanofluid velocity, shear stress and temperature 
distribution but it increased the heat flux. The characteristics of nanofluids were studied to enhance the thermal conductivity 
and the efficiency of heat transfer systems. A comparison between the obtained results and the previous published results 
indicated an excellent agreement. 

Keywords: Brownian diffusion coefficient; Group method; Nanofluids fluids; Prandtl number; Volumetric nanoparticles fraction.    

1. Introduction 

During the past few decades, the authors were being interested to the natural convective heat transfer from due to its 
importance in several applications such as heat transfer devices, cooling rate of vertical surfaces in an aquifer and heat losses 
from underground energy storage systems. The characteristics of the flow and heat transfer were investigated by analyses or 
experiments. The heat and mass transfer over the surface of a vertical plate in porous media represents the corner stone of several 
engineering and geophysical applications. The natural convection phenomenon occurs due to temperature difference, 
concentration difference, or combination of them. The applications include gas turbines, thermal energy storage, solar energy 
collectors, cooling of electronic equipment, cooling of nuclear reactors, heat transfer from a heater to room air, boilers, lubricants 
and space technology, petroleum industries, atmospheric and oceanic circulation. 

New approaches of nanotechnology facilitated obtaining nanoparticles (typically 1-100 nm). One of the recent trends of 
nanotechnology applications is the formation of nanofluids. This type of fluid contains a base fluid incorporating suspended 
nanoparticles to modify different properties of the fluid like thermal and electrical conductivities. Researchers also have tried to 
create different types of nanoparticles using various methods like sol-gel process, chemical vapor deposition, plasma arcing and 
other numerous methods to fulfil the desired objective. Nanofluids have numerous engineering applications especially in heat 
transfer applications such as transformer cooling, fuel cells, engines with hybrid powers, engine cooling and solar water heating, 
microwave tubes, cooling and heating in buildings, heat exchangers, chillers and domestic refrigerators. This inspired some 
researchers to study the effect in case of nanofluids instead of traditional fluids [1, 2].  

Two models are being used to describe the nanofluid dynamics, single-phase and two-phase models. In the heat transfer 
process, the two-phase model helps in understanding the functions of the fluid phase and the solid particles, so it is more 
convenient to model the nanofluid. In this work, two-phase model has been developed to avoid the limitations of single-phase 
model [3]. Both models have been exploited to describe many applications [4]. In single-phase model, the nanofluids are 
considered as common pure fluid and their only effect appears in thermal conductivity and viscosity. There is not any slip motion 
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between the nanoparticles and fluid molecules. So, the mixture of nanoparticles is uniform. In two-phase model, slip velocities 
are considered which play important role on the heat transfer performance of nanofluid [5]. So, the volume fraction of nanofluids 
is not uniform anymore and the concentration of nanoparticles in a mixture is variable.  

Mathematical models of nanofluids consider many forces affecting the fluid like gravity, slip motion, friction, Brownian motion 
and other external forces. In non-homogeneous model, the convective transport models of nanofluid has been investigated [6]. A 
separate equation of concentration equation is solved by a two phase Buongiorno model [7]. Alumina (Al2O3) has many important 
characteristics such as high melting point, high level of hardness, high stability, excellent heat and good electrical insulation. This 
allows alumina to be used in extreme conditions. Al2O3 is one of the most important and widely used materials in structural 
applications because of its low cost and easy production process [8]. It has been exploited in cutting tool materials, energy and 
chemical fields [9, 10]. Alumina is also used in the surface protective coating, catalyst, insulator, and composite materials [11].  

Khan and Aziz [12], Eastman [13] and Aziz [14] studied the convective heat transfer in nanofluids with different flow conditions 
for various geometries. Rahman [15] showed that the local rate of shear stress increases with an increase of the Brownian diffusion 
parameter (Nb) but it decreases with an increase of the magnetic field parameter, M. Siddiqa [16] concluded that the diffusivity 
ratio parameter (NA) and particle-density increment number (NB) have  
a significant impact on the reduction of heat transfer rate. Ibrahim [17] found that increasing Schmidt number and chemical 
reaction parameter results in a reduction of the velocity and concentration . Aly [18] stated that nanofluid velocity slip boundary 
condition is necessary and must be taken into consideration in nanoscale research. Elgazery [19] found that the distributions of 
velocity and temperature are affected by the types of nanofluids. Maskeen [20] found that the alumina nanoparticles achieve the 
highest velocity and the corresponding shear stress compared to other types of nanoparticles. Ferdows [21] showed that the 
maximum rate of heat transfer is obtained by adding alumina particles to the base fluid. Emad [22] concluded that the Nusselt 
number increases with increase of Prandtl number . Anuar [23] showed that (����-water) nanofluid has better Nusselt number 
compared to other nanofluids. Hojatollah [24] showed that increasing Prandtl number increases the Sherwood number.  

Recently, several attempts have been developed to improve the thermal properties of nanofluid [25, 26]. Sheikholeslami [25] 
simulated the behavior of nanofluid under the impact of Lorentz force inside a porous curved cavity using Control Volume Finite 
Element. He concluded that decreasing magnetic forces decreases energy loss and stated that Bejan number is enhanced by 
improving conduction mode. The same author in [26] enhanced the rate of solidification in latent heat thermal energy storage 
systems ( LHTES) by adding non-enhanced Common phase change material ( NEPCM). He illustrated that solidification is obtained 
for diameter of nanoparticles (��= 40 nm). Khan [27] investigated the heat transfer of mixed convective flow in a vertical plate 
using Laplace transform and found that the temperature decreases with increasing Prandtl number. Farhad [28] concluded that 
the velocity and temperature of the nanofluid decreases as the nanoparticle volume fraction increases. He found that (�	��
 − ���) 
nanofluid has the highest velocity compared to other nanofluids (���� − ���, �� − ��� and �� − ��� ). Anwar [29] studied the free 
convection flow of some nanofluids over a vertical plate and concluded that the nanofluid velocity decreased by increasing the 
volume fraction � and magnetic parameter M. Also, the results profile showed that (�	��
 − ���) nanofluid admits the highest 
velocity compared to other nanofluids. Liancun [30] showed that increasing the fractal dimension (��) leads to a reduction in both 
momentum and thermal boundary layers. Increasing the volume fraction of nanoparticles, a linear relation of the thermal layer 
and a nonlinear one of the momentum layer were obtained for different fractal dimensions. Khan [31] investigated the 
bioconvection in rotating disks by using Buongiorno’s model and concluded that the temperature increases when Brownian and 
thermophoresis parameters increase. Ilyas Khan [32] studied the model related to the heat transfer rate of diathermic oils such 
as Engine-oil (EO) and Kerosene-oil (KO). He concluded that adding the nanoparticles would control the freezing point of the EO 
and KO at a very low temperature. El-Zahar [33] studied the convective flow of nanofluid comprising Alumina and Copper 
nanoparticles across a horizontal circular cylinder. The velocity has been degraded due to increasing nanoparticles volumetric 
fraction. Sobamowo [34] and Hamid [35] have reported results on heat transfer in nanofluids about the vertical plate. Nagendra 
[36], Narahari [37] and Sobamowo [34] showed that the velocity of the nanofluid and the temperature distribution in the boundary 
layer decrease as increase of the Prandtl number. Narahari [37] investigated the natural convection flow around a vertical plate 
with constant heat flux and concluded that the velocity, temperature and nanoparticle  distribution are inversely related to 
Prandtl number. Das [38] showed that the fluid velocity and temperature increase with an increase of Grashof number. Rahman 
[39] concluded that the velocity of the nanofluid decreases as increase of the nanoparticle volume concentration. Sheikholeslami 
[40] showed that the concentration boundary layer thickness decreases with the increase of the Thermophoretic parameter. Ganji 
[41] investigated that the Nusselt number is directly proportional with  the volume fraction of nanoparticles and the Eckert 
number. Ravnik [42] proved that the distribution of the temperature in the fluid and in the pipe is related to the concentration of 
the nanoparticle. Sandeep [43] indicated  that the thermal Grashof number has a high effect on heat transfer rate in the case of 
the flow over a cone compared with the case of the edge or the plate. There is a good agreement between the obtained and the 
literature results. 

Different techniques of similarity transformations have been widely employed to investigate either evolution equations in 
different dimensions or fluid dynamics described by Navier-Stokes equations [44-51]. The specific form for the invariants is 
defined by the solution of this set [52]. Abd El Malek [53] used such technique in order to provide effective analysis of varied 
boundary layer flow problems [46, 52, 54]. The convection flow of two-phase dusty nanofluid is modeled along a vertical plate. In 
this study, the governing systems of partial differential equations (PDEs) are transformed a coupled system of non-linear ordinary 
differential equations (ODEs) using the group and similarity transformations .The effect of Prandtl number (Pr), the ratio of wall 
and fluid temperature difference to absolute temperature γ and the ratio of nanoparticles volumetric fraction

φγ on the velocity, 
shear stress, temperature, heat flux and concentration are illustrated graphically and discussed in detail. Brownian motion is 
defined as the random motion of nanoparticles within the base fluid. The Brownian motion arises due to the collisions between 
the nanoparticles and the molecules of the base fluid. Brownian motion is given by the Einstein-Stokes’s equation. Here �� is the 
Boltzmann’s constant and T is the nanofluid temperature [55]. In the present study, the Brownian diffusion coefficient 

( /  3 )B B p TD K dπµ=  is considered as function of nanofluid temperature T. These assumptions imply that change in temperature 
results in changing Brownian motion. Where the temperature is a function of variables � and �. Many researchers [19, 34, 38, 56] 
studied the properties of nanofluid flow around a vertical plate without concentration equation in their model. In our model, four 
equations (two mass equation, momentum equation and energy equation) have been used to fully describe and predict the 
behavior of nanofluid. In the present work the Brownian (DB) and thermal diffusion coefficients (DT) are functions of temperature 
(T) and volume fraction (j ) which in turn are functions in the spatial variables, x and y. This is nearly not considered previously 
in the literature. This led to more complicated mathematical model which was accompanied by arbitrary boundary conditions to 
be discover during the analysis.  
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Fig. 1. Geometrical representation of the problem 

2. Mathematical formulation  

The present study considers a mathematical analysis for the case of a moving vertical plate through non-homogenous 
nanofluid. The analysis assumes laminar boundary layer is two-dimensional, Newtonian and steady state fluid dynamics. The 
flow configurations and the geometry of the problem are shown in Fig. (1).  
The governing boundary layer equations for two-dimensional flow can be written as :[55, 57]. 

  V 0∇ ⋅ =  (1) 
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Subjected to the following boundary conditions: 

( ) ( ) ( ) ( ) ( )φ φw w wu x,0 u x , v x,0 0, x,0 ,  T x,0 T  = = = =  (5) 

( ) ( ) ( ) ( )φ φu x, 0,  v x, 0, x, ,  T x, T  ∞ ∞∞ ∞ ∞ ∞= = = =  (6) 

where πμB B pD K T/( 3 d )=  and μφ ρT npbf bfD 0.26K / (2K k )= + . 

The physical quantities bf, (Cp)bf and kbf are the density, specific heat and thermal conductivity of the base fluid while np, 
(Cp)np and knp respectively are the same for the solid nanoparticle as illustrated in Table 1. 
The following transformations are used to normalize the boundary conditions: 
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Using (7), the governing equations and the corresponding boundary conditions, (1) - (6), are transformed to: 
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Table 1. Physical properties of the base fluid and nanoparticles [58, 59] 

Physical properties Fluid Phase (H2O) Alumina (Al2O3) Copper (Cu) Titanium oxide (TiO2) Silver (Ag) 

( )
p

C   J / kgK  4179 765 385 686.2 235 

( )ρ
3  kg / m  997.1 3970 8933 4250 10500 

( )k  w / mK  0.613 40 400 8.9538 429 

 
subjected to: 

( ) ( ) ( ) ( )θU x,0 1,  v x,0 0,C x,0 1,   x,0 1= = = =  (12) 

( ) ( ) ( ) ( )θU x, 0,  v x, 0,C x, 0,   x, 0∞ = ∞ = ∞ = ∞ =  (13) 

where δ πμB p/K  3 d=  and β μ ρ
*

npbf bf0.26K / (2K K )= + , Δ w  T T T∞= −  and Δφ φ φw ∞= −  

3. Group formulation of the problem 

The system of ordinary differential equations is being obtained from the equations (8) – (11) throughout one parameter group 
G defined as follows: 

( ) ( )s SG: S Q a S T a= +  (14) 

where S and S  represent the variables of the system before and after the transformation, sQ  and sT  are real-valued 
coefficients and differentiable with respect to the group parameter (a). Partial derivatives for the dependent variables with respect 
to independent variables are expressed as:  
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where S represents the dependent Variables (U, wu  , V, q and C). A transformation of (8) - (11) following (14) and (15) definitions 
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For invariant transformation of (16) - (19) and invariance of boundary conditions (12), the following results have been obtained:  
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where G1 and G2 are the independent and dependent variables, respectively. 

3.1. Group transformation of the system 

In order to reduce the governing equations into a simpler form of ODEs system, Morgan theorem is applied [60] as follows: 
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∑  (28) 

where s� and s̅� are the variables before and after transformation, respectively. Moreover, the coefficients αi and βi are defined as: 
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3.2. Transformation of the independent variables 

Invoking (28), the similarity variable, ( )η x,y , is obtained through: 

( )
η η

α β α1 1 2x  + 0
x y

y
∂ ∂

+ =
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 (30) 

The general solution of this equation is: 

( ) ( )η πx,y y x=  (31) 

where the function π(x) is to be determined later. 

3.3 Transformation of the dependent variables 

The invariant transformations of the dependent variables C , θ  , w u ,  u  and v inside the boundary layer are obtained by the 

group structure (3.14) and Morgan theorem described in (28): 

( ) ( )ηC x,y C=  (32) 

( ) ( )ηx,yθ θ=  (33) 

( ) ( )w wu x u x=  (34) 

( ) ( ) ( )ηu x,y w x F=  (35) 

( ) ( ) ( )Γ ηv x,y x E=  (36) 
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3.4. Reduction of the problem to a system of ordinary differential equations 

Equations (8) - (11) will be transformed throughout similarity variables described earlier. The result is illustrated hereafter: 
Equation (8) is transformed to: 

( ) η
η η

1 2 3 

dE dF
A A F A   0

d d
+ + + =  (37) 

where                                  

π

Гπ Гπ Г π

w
w w

1 2 3 2

dw du d
u w   u  w 

dx dx dx A ,A ,A
            

= = =  
(38) 

Similarly, (11) is reduced to: 

( )
β

θ η
η

2
2

4   5 6 7  82

g TF
A A A F A  FF A EF 0

 ∆∂ + − + − − = 
′


′

∂ n
 (39) 

where 

( )

π

Г

νπ νπ νπ νππ

w
w w

4  5  6  7 82 2 32
w

 du dw d
w  u u w1 dx dx dxA ,A  ,A ,A  ,A

 u w
= = = = =  (40) 

To this moment, the Eqs. (37) and (39) are considered ODEs if the relations described by (38) and (39) are constants. So, one can get: 

( ) ( ) ( ) ( ) ( )Γ ν π η

ν ν

1 1
c

c4 2
w1 1

4 4

y1 1
x  x ,   x ,  w x bx ,  u x x ,   x,y

b
 x    x

−
−

= = = = =  (41) 

and 

ν1 6 2 5 3 7 4 8

1 1
A A c,  A A c,  A A ,  A ,  A 1

2 4
= = = = − = =− = =  (42) 

Using these results, Eqs. (9) and (10) are reduced to: 

( )

( )

( ) ( )
( )

( )

( )

( )Δ Δ Δν ν Δφ φ Δφ φ
η Δ θ θ θ

Δ θ δ δ δ Δφ δ Δφ Δ θ δ Δ θΔ θ

2* * *
2

2

B T B T B T1  C  C C
C FC EC T  C

T  T 4 T  T T  TT  T
∞ ∞

∞ ∞ ∞∞

      + +     = − + − + − −        + + +    + 

′
′′ ′ ′ ′ ′ ′

  

′ ′  (43) 

( )
( )( )

( )
( )

ρ δ Δφ β Δ Δφ φ
θ η θ θ Δ θ θ θ

ρ α α Δφ θ

*
2np

bf

c TPr  C
F Pr E T T C  

4 c     T
∞

∞

∞

    −  +    = + − + +      +   
′


′ ′ ′ ′ ′ ′

  
 (44) 

Subjected to the boundary conditions: 

( )

( )

( )

( )

0 0

0 1
0

0 1

0 1

E

F

C

θ

 = == 
 = =

h   

( )

( )

( )

0

0

0

F

C

∞

∞ θ ∞

∞

 == =
 =

h  (45) 

The interested physical quantities in our work are the local Nusselt number and Sherwood number [61]. The average Nusselt 
number is used to express the rate of heat transfer coefficient at the plate which is given by: 

η
η

0

Nu
θ

=

 ∂  =−  ∂ 
 (46) 

The reduced Sherwood number as important parameter in mass transfer, can be obtained as: 

η

φ

η
0

Sh
=

 ∂  =−  ∂ 
 (47) 

4. Numerical results and discussion 

The behaviors of nanofluid over a moving vertical plate are investigated. The resulting system of ODEs (37) - (44) with the 
corresponding boundary conditions (45) is solved numerically by using MATLAB. The solution is adjusted at error tolerance of 
10#$. For nanofluid, water is considered as base fluid and Alumina (Al2O3) is used as nanoparticles. The effect of Prandtl number, 
Pr, the ratio of wall and fluid temperature difference to absolute temperature,γ , and the ratio of nanoparticles volumetric 
fraction, γ&, are considered to be the study parameters. The numerical values of the Nusselt number and Sherwood number are 
computed as illustrated in tables 3, 4, 5 and 6. In the present study the following default parameter values are adopted for 

computations: φ40 , 0.01, 300 , 1p wd nm T K g∞= = = =b . 
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4.1 Effect of Prandtl number, Pr 

The change in the Prandtl number inside the boundary and its effect on the nanofluid characteristics was considered. This is 
physically interpreted by changing the viscosity of the fluid. Computations were performed for the following range of Prandtl 
number (Pr)  parameter  (2 * Pr * 5) . The numerical results showed that increasing Pr values led to a decrease in velocity 
amplitude due to the increment in the fluid viscosity as illustrated in Fig.2. This is followed by a corresponding decrement in shear 
stress due to the friction between nanofluid layers as shown in Fig.3. Moreover, the increase in Pr values results in a reduction in 
temperature distribution along the boundary layer thickness as shown in Fig.4. The maximum value of the fluid temperature is 
found near the surface of the plate and the temperature decays far away from the plate surface. Furthermore, increasing the 
Prandtl number increases the heat flux as shown in Fig.5. Obviously, Figs. 6 and 7 illustrate a decrease in nanoparticles volumetric 
fraction and an increase in nanoparticles gradient, respectively throughout the boundary layer because the high viscosity obstruct 
the movement of the nanoparticles.  

 
Fig. 2. Effect of Prandtl number on velocity of nanofluid inside the boundary layer when , - 0.05, ,/ - 2 (Al2O3-water) 

 

 

Fig. 3. Effect of Prandtl number on shear stress of nanofluid inside the boundary layer when 0.05, 2
ϕ

γ γ= =  (Al2O3-water) 

 

 

Fig. 4. Effect of Prandtl number on temperature distribution of nanofluid inside the boundary layer when 0.05, 2
ϕ

γ γ= =  (Al2O3-water) 
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Fig. 5. Effect of Prandtl number on heat flux of nanofluid inside the boundary layer w when 0.05, 2
ϕ

γ γ= =  (Al2O3-water) 

 

Fig. 6. Effect of Prandtl number on nanoparticles volumetric fraction distribution of nanofluid inside the boundary layer when 0.05, 2
ϕ

γ γ= =  

(Al2O3-water) 

 

Fig. 7. Effect of Prandtl number on gradient of nanoparticles volumetric fraction of nanofluid inside the boundary layer when 0.05, 2
ϕ

γ γ= =  

(Al2O3-water) 

For validation of the numerical method used in this study, the present results are compared to the results reported by 
researchers [35]. Table 2 shows the quantitative comparison, which is found to be in a very good agreement. In the case of the 
effect of the Prandtl number, Pr, on the temperature, a comparison between the present study and the result reported by Hamid 
[35] is presented. From Tables 2 and Fig. 8, it can be noted that there is an excellent agreement with these approaches and thus 
the accuracy of the method is verified. 

 

Table 2. Numerical results of the temperature θ(η) for various values of Pr with
φ

γ γ φ 0.02,   2, T 300 K,    0.01
∞ ∞

= = = =  . 

θ(η) 
 2 - 0 2 - 1 2 - 2 2 - 3 2 - 4 2 - 5 

Pr 1=  
Hamid[35] 1 0.39016 0.102831 0.02254 0.00396 0 

Present Results 1 0.36577 0.086261 0.01676 0.00307 0 

Pr 2=  
Hamid[35] 1 0.198314 0.019832 0.000282 0 0 

Present Results 1 0.129666 0.005249 1.5312e-04 0 0 

Pr 3=  
Hamid[35] 1 0.1105165 0.003251 0.000049 0 0 

Present Results 1 0.10501 0.00282 0.000046 0 0 
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Fig. 8. Effect of Prandtl number on the temperature distribution when
φ

γ γ 0.02, 2= = (solid for the present work) and (dotted for Fig. 16 in Hamid [35]) 

 

Fig. 9. Effect of ratio of temperature difference on nanofluid velocity inside the boundary layer when 4, 2 Pr
ϕ
γ= = (Al2O3-water) 

 

Fig. 10. Effect of ratio of temperature difference on nanofluid shear stress inside the boundary layer when 4, 2 Pr
ϕ
γ= = (Al2O3-water) 

 

4.2 Effect of ratio of temperature difference, γ  

The ratio of temperature difference is evaluated as w( (T T ) / T )∞ ∞γ = −  with the following range γ (0.04 0.2)≤ ≤ . The recent 

study is motivated also by analyzing the effect of heating the plate such that a temperature difference, Δ wT T T∞= −  arises 

resulting in an increase in γ values. Figure 9 illustrates an obvious increase in fluid velocity inside the boundary layer due to the 

increase in γ values. It is observed that the fluid velocity increases far away from the plate surface to peak value and reduces to 

zero satisfying the boundary conditions. This may be due to the higher kinetic energy gained by the nanofluid particles as a result 

of the thermal energy. A relevant increase in shear stress has been noticed and illustrated in Fig.10. On the other hand, γ values 

have an inverse effect on heat distribution which is depicted in Fig. 11. As a result, the heat flux is increased as γ values increase 

as shown in Fig. 12. 
 

Present work  
 

Hamid  
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Fig. 11. Effect of ratio of temperature difference on temperature distribution inside the boundary layer when 4, 2Pr
ϕ
γ= =  (Al2O3-water) 

 

Fig. 12. Effect of ratio of temperature difference on heat flux inside the boundary layer when 4, 2Pr
ϕ
γ= = (Al2O3-water) 

 

Fig. 13. Effect of ratio of nanoparticles volumetric fraction difference on nanofluid velocity inside the boundary layer when 6, 0.05Pr γ= =  (Al2O3-water) 

 
Fig. 14. Effect of ratio of nanoparticles volumetric fraction difference on shear stress inside the boundary layer when 6, 0.05Pr γ= = (Al2O3-water) 
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Fig. 15. Effect of ratio of nanoparticles volumetric fraction difference on temperature distribution inside the boundary layer when 6, 0.05Pr γ= =

(Al2O3-water) 

 

Fig. 16. Effect of ratio of nanoparticles volumetric fraction difference on heat flux inside the boundary layer when 6, 0.05Pr γ= = (Al2O3-water) 

4.3 Effect of ratio of nanoparticles volumetric fraction difference, 
φ
γ  

The ratio of nanoparticles volumetric fraction difference is evaluated as
φγ with range φγ (2 4)≤ ≤ . The effects of volumetric 

fraction of nanoparticles on velocity and related shear stress are illustrated in Figs.13 and 14. It is noticed that velocity profile is 
decreased by increasing the volume fraction of nanoparticles as seen in Fig. 13. A relevant decrease in shear stress has been 
noticed and illustrated in Fig.14. Increasing

φγ leads to a decrease in velocity profile due to the increase in the resistance between 
the adjacent moving layers of the fluid. On the other hand, Fig. 15 shows a decrease in temperature distribution inside the 
boundary layer accompanied by a relevant increase in heat flux as shown in Fig. 16 due to the high thermal diffusivity gained by 
the nanoparticles.  

According to the form of Nusselt number as shown in (46), the Nusselt number (=� ) is described as a measure of a 
dimensionless temperature gradient. The numerical values of Nusselt number for different type of nanofluid are presented in 
Tables 3, 4 and 5. 

0.05, 2
ϕ

γ γ= =Effects of the Prandtl number (Pr) for different types of nanofluids on Nusselt number when 3. Table  

Nanoparticles 
Pr  TiO2 Ag Al2O3 Cu 

1.3086276 1.271504 1.21751417 1.147461 2 
1.5354041 1.494979 1.43649509 1.3613125 3 
1.7205123 1.677978 1.61672195 1.5386024 4 
1.8804425 1.836463 1.77338089 1.693500 5 

Table 4. Effects of the ratio of temperature difference γ for different types of nanofluids o Nusselt number when 4, 2 Pr
ϕ
γ= =  

Nanoparticles  
γ  

2TiO  Ag  3O2Al  Cu  

1.697519  1.669437 1.544023 1.623808 0.04 
1.830259 1.801689 1.673476 1.755129  0.07 
1.932579 1.903465 1.772328 1.855905 0.1 
2.175231 2.144506 2.004843 2.093980 0.2 

Table 5. Effects of the ratio of nanoparticles volumetric fraction
ϕ
γ for different types of nanofluids on Nusselt number when 6, 0.05Pr γ= =  

Nanoparticles 
ϕ
γ  

TiO2 Ag Al2O3 Cu 

2.297028 2.323778 1.516050 2.32450 2 
2.367670 2.40005 2.182780 2.403130 2.2 
2.399810 2.435811 2.381617 2.436577 3.2 
2.430141 2.469310 2.759079 2.470093 4 
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6, 0.05Pr γ= =Effects of the Prandtl number (Pr) for different types of nanofluids on Sherwood number when .6 Table  

Nanoparticles 
Pr  

TiO2 Al2O3 Cu 

0.099002 0.0879777 0.10181824 2 
0.1326768 0.220304 0.1361666 3 
0.165704 0.377440 0.1697519 4 
0.197222 0.540040 0.2017548 5 

The tables indicate that the values of Nusselt number depends on the types of nanoparticles. This leads to change the rate of heat 
transfer. Therefore, the types of nanofluid are important in the cooling and heating processes. From tables 3 and 4, it is observed 
that (TiO2-water) nanofluid has higher Nusselt number compared to other nanofluids. Also, it can be seen from table 5 that the 
(Cu-water) nanofluid achieves higher values of Nusselt number. Table 6 displays the variation of the Sherwood number with 
different types of nanofluid. Table 6 shows that Sherwood number increases as Prandtl number increases.  

5. Conclusion   

Nanofluid characteristics have been investigated throughout nonhomogeneous nanoparticles distribution inside the 
boundary layer adjacent to a vertical moving plate. The recent study assumes a temperature dependence of Brownian diffusion 
coefficient and a nanoparticles fraction dependence of thermal diffusion coefficient inside the boundary layer. The study is 
motivated by analyzing the effect of Prandtl number, the ratio of temperature difference and the ratio of nanoparticle volumetric 
fractions on the nanofluid velocity, shear stress, temperature distribution, heat flux, nanoparticles distribution and nanoparticle 
gradient inside the boundary layer. The results show that the nanofluid velocity has a decremental relation with increasing both 
Pr and 

φγ  values whereas it has an incremental relation with γ  values. The shear stress in nanofluid layers is proportionally 
related to γ  values but inversely related to Pr and 

φγ  values. Moreover, the temperature distribution inside the boundary layer 
is affected inversely by all parameters, Pr, γ  and 

φγ  values. On the other hand, the heat flux throughout the boundary layer is 
affected proportionally. The volumetric nanoparticles fraction and its gradient distributions are decreased and increased, 
respectively with the increase of Pr values. It was found that (TiO2-water) nanofluid that has lower thermal conductivity has better 
Nusselt number compared to other nanofluids. Increase in values of Prandtl number tends to increase the Sherwood number. 

Author Contributions 

A.S. Rashed: Conceptualization, methodology, analysis, review and editing. Tarek A. Mahmoud: Methodology, programming, 
analysis and writing. M.M. Kassem: Review and editing. 

Conflict of Interest  

The authors declared no potential conflicts of interest with respect to the research, authorship, and publication of this article. 

Funding  

The authors received no financial support for the research, authorship, and publication of this article. 

Nomenclature 

Latin symbols Greek symbols 

a  Group parameter a  Thermal diffusivity [m2/sec] 

bfC  Specific heat of the base fluid [J/Kg K] g  
Ratio of temperature differences to ambient temperature 

( /)wT T T∞ ∞−  

npC  Specific heat of the nanoparticle [J/Kg K] ∞g  
Ratio of nanoparticles volumetric fraction difference to ambient 

fraction ( /)wϕ ϕ ϕ∞ ∞−  

BD  Brownian diffusion coefficient [m2/sec] h  Similarity variable 

TD  Thermal diffusion coefficient [m2/sec] q  Dimensionless temperature 

pd  Nanoparticle diameter [m] m  Dynamic viscosity [Pa s] 

F  Dimensionless velocity n  Kinematic viscosity [m2/sec] 

G  Group symbol bfr  Density of base fluid [Kg/m3] 

g  Acceleration of gravity [9.81 m/sec2] npr  Density of the nanoparticle [Kg/m3] 

BK  Boltzmann constant [1.380649×10−23 J/K] φ  Nanoparticle volumetric fraction 

bfK  Base fluid thermal conductivity [W/m K] φw  Nanoparticle volume fraction at the wall 

Nu  Nusselt number φ∞  Ambient nanoparticle volume fraction 

Pr  Prandtl number Subscript 

Q  Real-valued coefficient bf Base fluid 

Sh  Sherwood number np Nanoparticle 

T  Temperature [K] w Condition on the wall 
wT  Wall temperature of the vertical plate [K] ¥  Condition far away from the surface 

T∞  Ambient temperature [K] Superscript 

( , )u v  Velocity components ' Differentiation with respect to η 

wu  Wall velocity   

( , )x y  Cartesian coordinates   
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