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Abstract. Eigenfrequencies of bending oscillations are determined for a resonator with rectangular cross-sections mounted on
hinged supports. Consideration is given to the surface effect caused by the interaction between gas pressure and the difference in
the areas of the resonator’s convex and concave surfaces. Changes in the frequency spectrum are examined at the presence of
both concentrated and uniformly distributed masses attached to the resonator’s surface. The solution of the inverse problem
enables the identification of attached masses using changes of eigenfrequencies.
Keywords: Resonator, Surface effect, Bending oscillations, Eigenfrequencies, Direct and inverse problems.

1. Introduction
Among multiple applications of micro and nanofilms, nanowires and nanotubes, one should also mention their use as
detectors and sensors in chemistry, biology, etc. [1-3]. Because of the unique application, much attention in literature is paid to
studying their performance properties. For example, [4, 5] give an overview of four hundred papers mainly devoted to cantilever
resonators made of nanofilms and nanowires.
Due to a small thickness of films, wires and tubes, virus particles, DNA molecules, etc. adsorbed on their surface lead to a
distinct change in the resonator’s frequency spectrum. In this case intermolecular interactions, depending on the number of
molecules on the surface, are theoretically taken into account [5].
The smaller is the resonator, the higher is its sensitivity (quality factor). Since the crosswise dimensions are much less than
the longitudinal one, the primary movement of the device is the bending deformation of 1D elastic beam with different crosssection shapes. The resonators can have a laminated structure depending on their purpose. For example, outer piezo layers make
it possible not only to maintain oscillations, but also to generate weak electric current when exciting bending oscillations with
another source [6]. In [7], it is reported on self-suspended DNA nanobundles as ultrasensitive nanomechanical resonators for
structural studies of DNA-ligand complexes. Electrostatically actuated resonators have demonstrated great potential in a wide
range of applications, such as sensors, communication devices, logic gates, and quantum measurements [8]. To detect and
identify different bioparticles and estimate their dimensions, a mechanical nanosensor is introduced in [9]. The governing
equation of motion is derived from the Hamilton’s principle. The Galerkin approximation is applied to discretize the nonlinear
equation. In [10], the dynamic instability of a cantilever nanobeam connected to a horizontal spring is analyzed.
Since the resonators in question are characteristic of a large surface-area-to-volume ratio, the surface effects play a noticeable
role in their dynamics. As a rule, these effects manifest themselves in inverse proportions to the film thickness and wire diameter.
When describing their dynamics, account was taken for surface tension, difference in elastic properties of the subsurface layer
and the main volume of the material, thermo-elastic dissipation, contact-medium effects, etc. [1-14]. However, in the theory of
resonators there is still no account for the interaction between the curvature of the mid-surface of the film and axial line of the
wire, on the one hand, and average pressure in the surfaces, on the other hand. Similar account was made in [15, 17] for the static
and dynamic problems on wire and film curvatures. In this case consideration was also given in [16, 17] to the aforesaid difference
in the elastic properties. Longitudinal oscillations of nanorods with attached point mass are studied in [18]. Eigenfrequencies of a
nanorod with concentrated mass were obtained for different boundary conditions. Bending oscillations of a uniform nanobeam
with one attached mass (direct problem) and identification of attached mass (inverse problem) are investigated in [19]. The
nanobeam is described using the modified theory of deformation energy. In [20], the initial coordinate, the magnitude of the
distributed mass attached to a step-shaped rod and also the area ratio are determined using three lower eigenfrequencies of
longitudinal oscillations.
As shown in [21, 22], the applicability of classical equations of deformation of thin elements like rods and plates to describe
their behavior can be assessed according to such integral characteristics as eigenfrequencies. The first two eigenfrequencies of
bending oscillations of the rod with clamped ends and dimensions b = 4.08 nm, h = 4.08 nm, L = 49 nm, modulus of elasticity E
=0.39˖105 MPa and density of the material ρ = 19300 kg/m3 determined via MD simulation (molecular dynamics) are equal to f1 =
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2.71 — 2.78, f2 = 7.28 — 7.33 GHz. According to the ratios in continuum mechanics based on the Kirchhoff hypotheses, the same
frequencies are equal to 2.83 and 7.81 GHz, respectively. The inclusion of the lateral shear and rotational inertia of the cross
section (Timoshenko model) leads to even closer results (2.78 and 7.43 GHz [21]). Large deviations in the results for higher
harmonics are explained by the reduction of the ratio between half-wavelength and thickness, when the model of a thin body
gives higher error values. In view of these considerations we shall resort to the ratios used in classical mechanics [23, 24].
In this work, we evaluate the frequency spectrum of a resonator on hinged supports taking into account the interaction
between the average excess pressure on the resonator’s surface and the curvature of the axial line as well as the effect of axial
loading. Using the inverse problem solution, we determine some parameters of the resonator and also the magnitudes and
coordinates of the attached mass.

2. Problem Statement
An elastic strip with thickness h, width b and length L is fixed to hinged supports (Figure 1a). It is assumed that the smallest
size h has order 10 nm, and the ratio L/h has order 101 — 103, therewith h < b. The self-weight of the strip is ignored.
Linear bending oscillations of the strip are described by equation [23]
EJ

∂ 4w
∂2w
∂2w
bh3
− P 2 + ρbh 2 = q, J =
,
∂x 4
∂x
∂t
12 (1 − ν 2 )

(1)

where E, ν, ρ are the modulus of elasticity, the Poisson’s ratio and the density of the material, x, t are the longitudinal coordinate
and the time, w is the deflection, P is the longitudinal stretching force, q is the transverse distributed force.
Beginning with the synthesis research papers [23, 24] and up to the current literature, it is assumed that the lateral force q
distributed through pressures р0+ р1 and р0+ р2 between the strip's upper and lower surfaces is equal to q = р2 – р1. The assembly
pressure р0, including the atmospheric one, is all-around and also affects the strip’s edge zones. It is assumed that there are no
strains in this case. The excess pressures р1, р2 affect only the strip’s surfaces. The lengths dx1, dx2 of the upper and lower surfaces
along the x axis under cylindrical bending are equal [23] (Figure 1b)

 h ∂ 2 w 

 h 
 h
,
dx1,2 = 1 + εx ±  dx, εx ±  = −±
2 
 2 

 2 
 2 ∂x 

(2)

where εx is the longitudinal strain. The expression for εx(w) follows from the Kirchhoff hypotheses on a slight change in thickness
and normal section curve under bending of a thin body [23]. In this case, pressures acting on the lateral surfaces (y = 0, b) are put
in equilibrium. As it follows from the equality qdx = (р2dx2 – р1dx1)b and expressions (2) [16, 17],
q = ( p2 − p1 ) b + pm bh

∂ 2w
p + p2
, pm = 1
.
∂x 2
2

(3)

Account for the attached mass of the external medium and radiation entering it gives р1 ≠ р2. These factors will be ignored that
can be justified with light gases. In the case of medium movement relative to the resonator the former may exert a distinct
influence [25]. Let us assume that the velocity head of the external medium is considerably less than the average pressure рm, and
this movement is not taken into account. Thus, let us examine the case when р1 = р2 = р. Then, the expression for q from (3) can be
represented as
q = pbh

∂2w
.
∂x 2

(4)

The longitudinal force P in equation (1) will be determined for a strip in the case of fixed edges x = 0, L. This force is governed
by the excess pressure p and can be defined using Hooke’s law for the case of the strain εx = 0,
σx =

E
E
E
(νεy + νεz ), σy = 1 − ν 2 (εy + νεz ), σz = 1 − ν 2 (εz + νεy ).
1 − ν2

(5)

Since σy = – p, σz = – p, it follows from (5) that εy = εz = – (1– ν)p/E. Thus, the axial compression force arises under the action of
strip’s confinement with pressure p

P = σx bh = −

2 pbhν
.
1+ν

(6)

Accepting the function of bending flexure in the form of w(x)exp(iωt) and using hereinafter the notations ξ = x/L, w = w/L,
equation (1) with account for (4), (6) and the conditions of the hinged attachment are presented in the form

(a)

(b)

Fig. 1. (a) Example for clamping the resonator: the pressure effect on the edge areas does not create a longitudinal force in the unit. (b) The element
dx of the mid-surface of the curved resonator.
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pbhL2 (1 − ν )
∂4w
∂2w
ρbhL4 ω 2
− 2α 2 − k2 w = 0, α =
, k2 =
,
∂ξ 4
∂ξ
2EJ (1 + ν )
EJ

(7)

w = 0, ∂ 2 w ∂ξ 2 = 0 (ξ = 0; 1) ,

(8)

where ω is the circular frequency. This equation holds good for the case of no longitudinal displacements in both supports of the
strip. If one of the supports allows a free longitudinal displacement, but there is no excess pressure at its end, it will be necessary
to exclude the value ν from the expression for α. For the freely sliding support in the case of the action of pressure on the end face
α = 0, since P = – pbh.

3. Influence of Pressure on the Frequency Spectrum
The solution of equation (7) has the form
w (ξ ) = A cos (λ1ξ ) + B sin (λ1ξ ) + C ch (λ2 ξ ) + D sh (λ2 ξ ),

λ12 = −α + α 2 +k2 , λ22 = α + α 2 + k2 .
Boundary conditions (8) at ξ = 0 give A = C = 0. As it follows from the conditions at ξ = 1,
B sin λ1 + D sh λ2 = 0,
Bλ12 sin λ1 − Dλ22 sh λ2 = 0.

(9)

The corresponding determinant is written as

(λ12 + λ22 ) sin λ1 sh λ2 = 0.
Since λ12 + λ22 ≠ 0, shλ2 ≠ 0 at λ2 > 0, then sinλ1 = 0, from which it follows that λ1 = nπ (n = 1, 2, …). Thus, the frequency
parameter k from (7) is equal to
kn2 = n2 π 2 (n2 π 2 + 2α).

(10)

It follows from the ﬁrst equation (9) that D = 0. Natural modes have the form Bn sin nπξ. As seen from (10), an increase in
eigenfrequencies takes place with the positive value of the excess pressure p (α > 0), and vacuuming (p < 0, α < 0) is accompanied
by their decrease compared to the case p = 0. For higher harmonics the influence of the external pressure is reduced. With
account for (7), (10) the formula can be written for the frequency spectrum as
fn =

ωn
n2 πch
2α
E
=
1+ 2 2, c =
.
2π
2L2
nπ
12 (1 − ν 2 ) ρ

(11)

At E = 76∙103 MPa, ν = 0.25, ρ = 10500 kg/m3, h = 20 nm, L = 500 nm, p = 1 MPa, the parameter is 2α/π2 = 0.0054. Thus, in this case
there is no distinct influence of the external pressure on the resonator’s frequency spectrum. If with the same data p = 5 MPa, L =
2000 nm, then 2α/π2 = 0.43. In this case the ﬁrst two frequencies are equal to f1 = 7.865, f2 = 27.654 MHz. Without account for the
parameter α, they are equal to f1 = 6.565, f2 = 26.262 MHz.
In the case of the resonator’s assembly under high pressures, for example, p0 = 5 MPa, and drop to the atmospheric pressure
(0.1 MPa), the excess pressure is equal to p = – 4.9 MPa. Then, with the same data 2α/π2= – 0.50. The frequencies are equal to f1 =
4.973, f2 = 24.824 MHz.
Figure 2a gives the dependence at n = 1 according to formula (11). It is seen that as the external pressure increases the
eigenfrequencies of oscillations increase as well.
Using the first frequency of bending oscillations, we can determine, by means of formula (11), the excess gas pressure for the
case of no longitudinal displacements in both supports with their edges isolated from the external medium
p=

ρ  2 2 π 2 c2h2 
,
4 L f1 −
1 − ν 
L2 

for example, for the frequency 7.25 MHz the pressure p is equal to 2.521 MPa.
Let us consider the case of high pressure and large ratio of the resonator’s length to its thickness. If in the example under
consideration, we take h = 15 nm, L = 5000 nm, p = 50 MPa, then 2α/π2 ≈ 77 with one freely sliding end and the first harmonic. Then
only the second member can be preserved in (11) under the radical. In this case,
f1 =

1 p
= 6.9 MHz.
2L ρ

Thus, in this limiting case the first eigenfrequency does not depend on the modulus of elasticity and thickness. This is
explained by the fact that because of the small ratio h/L the bending stiffness proportional to h3 is low, and the first member in
equation (7) is small compared to the second member proportional to h. In accordance with the conventional theory of resonators
(without account for the surface effect, α = 0) f1 ≈ 0.78 MHz.

4. Frequency Spectrum at Uniformly Distributed Attached Mass
Let the uniformly distributed mass ms of some substance be adsorbed on the resonator’s surface. It is assumed that this
attached mass does not change the resonator’s bending stiffness. Then the parameter k2 will be written in the form
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(a)

(b)

Fig. 2. (a) Dependence of the first eigenfrequency f1 on the excess pressure p. The solid line is for the case of no longitudinal displacements in
both supports of the rod. The dashed line is for the sliding support. (b) dependence of the first eigenfrequency on the excess pressure p for the
parameter β = 0.01, 0 (dashed and solid lines, respectively).

k2 =

ρbhL4 ω 2 (1 + β )
m
, β= s.
EJ
ρh

(12)

With account for (11), (12), the formula of the frequency range can be written as
fn =

n2 πch
1 
2α 
1 + 2 2 .
2L2
1 + β 
nπ 

Figure 2b shows the dependence of the first eigenfrequency on the pressure p at different values of the parameter β. It is seen
that as the uniformly distributed attached mass increases and the average pressure the eigenfrequencies of oscillations decrease
as well.

5. Frequency Spectrum in the Case of Attached Point Mass
Consideration is given to the resonator’s bending oscillations with the point mass m attached at the point x = xc. Indicating the
functions by indices 1, 2 in the regions 0 x  xc, xc  x  L, we write the conditions for junction solutions at x = xc (equality
displacement, rotation angles, moments, shearing forces)
w1 = w2 ,

∂w1 ∂w2 ∂ 2 w1 ∂ 2 w2 ∂3w2 ∂3w1
m
,
,
.
=
=
−
= m *k2 w1 , (ξ = ξc ) , m* =
∂ξ
∂ξ
∂ξ 2
∂ξ 2
∂ξ 3
∂ξ 3
ρFL

Satisfying these conditions and boundary conditions (8) of the solution, we obtain
sin λ1 + m* η = 0, η = k2 {λ2 cos λ1shλ2 sin 2 (λ1ξc ) − λ1 sin λ1chλ2sh2 (λ1 ξc ) +
+ sin λ1shλ2 λ1sh (λ2 ξc ) ch (λ2 ξc ) − λ2 sin (λ1 ξc ) cos (λ1 ξc ) } / (λ1λ2 (λ12 + λ22 ) shλ2 ).

(13)

Since λ12 + λ22 ≠ 0, shλ2 ≠ 0 at λ2 > 0, it follows from (13) that
sin λ1 = −m * η, λ1 = nπ − arcsin (−m * η ) = nπ + arcsin (m* η ) , (n = 1,2,...)
Thus, the frequency parameter k from (7) is equal to

(

n +1

kn = nπ + (−1)

2

)

arcsin (m* η )

1+

2α

(

n +1

nπ + (−1)

.

2

)

arcsin (m* η )

(14)

As it follows from (7), (14),

fn =

(

n +1

ch nπ + (−1)

2πL2

2

)

arcsin (m* η )

1+

2α

(

n +1

nπ + (−1)

2

)

arcsin (m* η )

.

Calculations are performed for the following parameters of the system [21]: E = 0.39·105 MPa, b = 4.08 nm, h = 4.08 nm, L = 49
nm, ρ = 19,300 kg/m3. To determine the frequencies we apply the method of successive approximations. The dependence of the
first eigenfrequency of oscillations on the number of molecules with the mass 33 kDa (1 kDa = 1.66·10 ̶ 24 kg) preset for the
coordinate c = 0.5 at different excess pressure values is shown in Figure 3a. It is seen that as the number of molecules n1
increases and the excess pressure decreases the frequency of oscillations decreases as well.
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(c)

Fig. 3. (a) Dependence of the first eigenfrequency of oscillations on the number of molecules with the mass 33 kDa at
different values of the excess pressure p= – 4.9, 1.0, 5.0 MPa (solid, dashed and dotted lines, respectively). Dependence of the first (b) and second
(c) eigenfrequencies of oscillations on the coordinate c of the attached mass m = 300, 150, 30 kDa
(dotted, dashed and solid lines, respectively).

The dependence of the first eigenfrequency of oscillations on the coordinate c for the average pressure p = 1 MPa at different
values of the attached mass is given in Figure 3b.
When the point mass is placed at the resonator’s center, the eigenfrequency of oscillations decreases. The dependence of the
second eigenfrequency of oscillations on the coordinate c for the pressure p = 1 MPa at different values of the attached mass is
given in Figure 3c. The second eigenfrequency of the resonator does not depend on the point mass placed at the center. This is
explained by coincidence of the mass with the knot of oscillations.

6. Finding the Value and Coordinate of the Attached Point Mass using Two Frequencies of Bending
Oscillations
Since the dependence of the first and the second frequencies of bending oscillations on the coordinate c is periodical, the
n2)
solution of the inverse problem on finding the coordinate and value of the attached point mass should be Oi(Ξi Μi) i = 1, 2, …
for the selected regions, where n2 is the number of regions, Ξi ↔ ((c)imin…(c)imax), Μi ↔ (mimin…mimax). The number of regions
depends on the first and second preset frequencies and regions Oi(Ξi Μi). For example, for the frequencies f1 =1.20 and f2 =4.80 GHz
there are two regions to determine the coordinate c and the value of the attached point mass m. The second region is
symmetrical relative to the first one with its axis of symmetry in the resonator’s center. The solution to the set of two equations
for the first and the second frequencies gives the value of the coordinate c = 0.334 and the attached point mass m = 221.7 kDa in
the first region. Thus, using two frequencies of bending oscillations we can determine the coordinate and attached point mass
adsorbed on the resonator’s surface.

7. Comparison of the Influence of Surface Effects
The distributed force (4) can be treated as the surface effect manifestation. Let us compare its inﬂuence on frequencies with
that of the known surface effects governed by the difference of elastic properties in the thin surface layer and the strip’s main
volume. According to [9, 11, 13], the effective bending and expansion stiffnesses of the strip are determined by the formulae
1
2

1
6

(EJ)* = EJ + Esbh2 + Esh3 , (Ebh)* = Ebh + 2τs (b + h),

(15)

where E is the elastic modulus in beam of dimension MPa, Es is the surface elastic modulus of dimension MPa∙m, τs is the residual
surface stress of dimension MPa∙m. It is assumed that some thickness and the Poisson’s ratio enter implicitly to Es and τs. It
should be noted that in [9] the last member of the last expression (15) is equal to 2τsb. Instead of (7), we have the equation

(1 + η )

τ L2 (b + h)
∂ 4w
∂ 2w
E h2 
h
− 2 (µ + α ) 2 − k2 w = 0, η = s b +  , µ = s
.
4
∂ξ
∂ξ
2EJ 
3
EJ

(16)

On repeating the solution to equation (16) like above, we shall obtain the values of circular frequencies
2

ωn = ωn0 1 + η +

2 (µ + α )
 nπ 
, ωn0 =  
 L
n2 π 2

EJ
,
ρh

(17)

where ωn0 are the frequencies determined without account for surface effects. As it follows from (17), the parameters μ and α do
not have any influence of higher harmonics.
Relationships
α
pbh
2α
2 pbL2
,
=
=
µ 2τs (b + h) n2 π 2 η n2 π 2 Esh (b + h 3)
vary within wide limits.
The paper [9] presents the following data: L = 90 nm, b = 18 nm, h = 3.5 nm, E = 1.76∙105 MPa, ν = 0.33, Es = 10-4 MPa∙m, τs =
-7
10 MPa∙m. If we assume that p = 1 MPa, free longitudinal sliding along one of the supports, n = 1, then α/μ=0.017, 2α/(π2η) =
0.0046. Here, the expression for ( Ebh )* is taken as in [9]. In this case 2α/π2 = 0.0038. Thus, with these data the pressure parameter

α does not have any influence on the frequency. It is small compared to the parameters μ and η. At L = 3500 nm, h = 35 nm, p = 5
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MPa, these relationships are equal to α/μ=0.875, 2α/(π2η)=3.29, and the absolute value of the parameter is 2α/π2 = 0.284. Since
η≈

6Es
12τ sL2
5pL2
, µ≈
,α≈
,
3
Eh
Eh
Eh2

further increase in the thickness h at the invariable relationship of L/h results in less influence of the parameters μ and η
at the invariable relationship of α. Since this paper deals with the analysis of the influence exerted by the excess pressure p on the
frequencies of oscillations, we confine ourselves only to an account for the parameter α.

8. Conclusion
Large specific surface areas of micro and nanoresonators is are responsible for a distinct manifestation of different surface
effects. The bending model of an elastic strip pivoted at its ends suggests the simplest way to determine the excess pressure
influence of the external medium on its oscillations. This remained unaccounted up to now. This influence on the frequency
range is determined by the nondimensional parameter α using formula (7). It is proportional to the ratio of the pressure and the
elastic modulus of the material, and also the squared ratio of the resonator’s length and its thickness (or its diameter in the case
of a circular cross-section).
As the excess pressure of the external medium increases, the frequencies of oscillations increase as well. Under the negative
excess pressure (vacuuming) the frequencies tend to decrease. For actual input parameters these changes are of essential
significance, especially for lower harmonics. At high pressures of the external medium and large ratio between the resonator’s
length and thickness the frequency range slightly depends on the modulus of elasticity and thickness. Only the length and the
ratio between the pressure and density of the material play a decisive role. These results cannot be obtained in the context of the
conventional theory of resonators. In view of a large difference in the results, it seems reasonable to conduct a corresponding
experimental study.
Using the first frequency of bending oscillations it becomes possible to determine the external environment pressure. As the
uniformly distributed attached mass increases and the excess pressure decreases, the eigenfrequencies of oscillations decrease
as well. As the attached mass (number of molecules) at the resonator’s center increases, odd frequencies of bending oscillations
tend to decrease. Even eigenfrequencies of the resonator’s bending oscillations do not depend on the point mass placed at the
center. Using two frequencies of bending oscillations we can determine the attached point mass and its coordinate using the
resonator’s length. A comparison is given for the influence of excess pressure on the resonator’s first frequency and surface
effects known from literature. With realistic values of the parameters, these effects can be of the same order.
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Nomenclature
b
h
L
t
Es
τs
ρ
p0
m
k
A, B, C, D
Ai, Bi, Ci, Di
ω
n
α, μ, η

Width [m]
Thickness [m]
Length [m]
Time [s]
Surface elastic modulus [MPa∙m]
Residual surface stress [MPa∙m]
Density of the material [kg/m3]
Assembly pressure [MPa]
Attached mass [kg, Da]
Frequency parameter
Constants
Constants, i=1,2
Circular frequency [rad/s]
Number of frequency
Parameters

J
x
dx1, dx2
w
P
E
ν
q
p1, p2
pm
f1, f2
λ1, λ2
ms
εx, εy, εz
σx, σy, σz

Moment of inertia [m4]
Longitudinal coordinate [m]
Lengths [m]
Bending flexure [m]
Longitudinal stretching force [N]
Modulus of elasticity [MPa]
Poisson’s ratio
Transverse distributed force [N/m]
Excess pressures [MPa]
Average pressure [MPa]
Frequencies [Hz]
Wave number
Distributed mass [kg]
Strains
Normal stress [MPa]
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