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Abstract. In this paper, we study the integrability up to the boundary of the weak solutions of non-Newtonian compressible fluid
with a nonlinear constitutive equation in R®* bounded domain. Galerkin approximation will be used for existence of weak solu-
tions and by applying the bounded linear operator B, introduced by Bogovskii, we prove the square integrability of the density up
to the boundary.
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1. Introduction

In many physical situations the motion of fluids can be accurately modeled by using the linear constitutive equations known
as Newtonian fluids. On the other hand, in some situations, such as the study of dynamics in Earth's mantle, chemical process,
industrial processes, biomechanics and many more [1-3], where the linear models fails and scientists use the nonlinear version of
the constitutive laws are known as non-Newtonian fluids. Leray's pioneering work goes back to the global existence of weak
solutions of fluid dynamic models. Where he presented the idea of weak solution to Navier-Stokes equations, characterizing the
motion of incompressible fluids, this work has become the foundation of the underlying mathematical theory up to present day.
The existence theory of viscous compressible fluids has been developed by Lions [4], later improved by Feireisl and his
collaborators [5] and has been since then a very active field of study. We describe non-Newtonian compressible fluids by the
following system of equations:

O,p + div(pu) =0,
A, (pu) + div(pu @ u) + Vp(p) = div(2p, | D*(u) [ =2 D*(u) + n(divu)divul),
|dival< 1, (1)

y(dive)y=——b
(1-be|divule2

where the function p(p) = p” (v >3/2),the coefficient of viscosity 1, >0, t € (0,00) being the time, r €[11/5,+c0), u and p represent
the fluid velocity and density respectively. In addition, the operators div and V act with respect to x € R". Moreover, the sym-
metric part of Vu is prescribed by Du=(Vu+(Vu)")/2. Where its deviatoric part is given by D?(u) = Du—1/ 3 x (divu)l. More gen-
erally for any tensor we have A% = A —1/3x (trA)I. For continuum mechanical related background, one can refer to [6, 7].

The global existence of one-dimensional compressible fluids has been studied by Kazhikhov [8] with discontinuous initial data.
Similarly, one-dimensional compressible fluids, when the data is uniformly away from the vacuum proved in [9, 10] and the
citation therein. For the case of multi-dimensions, the uniqueness and local existence of classical solutions without vacuum were
studied in [11, 12]. Matsumura [13-15] studied the existence of smooth solutions globally for data close to equilibrium without
vacuum. An important result were obtained by Danchin in [16, 17], by proving in critical spaces the existence weak solutions of
compressible fluids. The existence of compressible Navier-Stokes equations were developed by Lions [4] and Feireisl [5], where
they obtained global existence to weak solutions of suitably large exponent ~ , with finite initial energy. However, the uniqueness,
dynamical behavior and regularity of weak solutions were studied in [18-20] for compressible fluids with constant coefficients
and arbitrary initial data.

For non-Newtonian incompressible fluids, Ladyzhenskaya [21] and Lions [22] investigated the result of uniqueness and
existence of weak solutions for r>3m'2 by using monotone operator and compactness arguments. Similarly, Mamontov [23]
obtained the global existence problem of compressible non-Newtonian fluid of multi-dimensional equations. Where they used
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the technique as in [9], for estimating the global weak solutions of two-dimensional compressible viscous fluid. Feireisl in [24] at
first time studied compressible fluids in multi dimensions R" (n>2), where the equation of temperature is satisfied as an
inequality. Moreover, the existence of weak solutions for non-Newtonian fluids in cylindrical domain was proved by Wolf [25],
where the shear stress depends on viscosity. Later on, Bresch and Desjardins in [26] used some different hypothesis from [24] and
analyzed in R’ the global existence of weak solutions with large data, such that equations of temperature are satisfied as
equalities in distributional sense. The global and local existence of solutions to one dimensional problem was achieved by Yuan
[27, 28] and his cooperators. Recently, the unsteady compressible non-Newtonian fluids properties were studied by Feireisl [29] for
existence and large-time result with positive density. Later, in [30] Fang and Guo investigated the blow up criteria of the non-
Newtonian fluids. Moreover, they proved analytical solutions of compressible non-Newtonian fluids in [31] and local strong
solutions with an assumption of density-dependent viscosity in [32]. By considering the external force and vacuum Yuan and
Yang [33] proved the unique local strong solutions to non-Newtonian compressible fluids under compatibility conditions. On the
same way the analytical solutions of non-Newtonian compressible fluids by using different methods are studied in [34-37].

Here, our main aim is to consider the compressible non-Newtonian fluids in R® and study the square integrability of density
up to the boundary by using the linear operator B, as introduced by Bogovskii [38].

In particular, the initial data to the problem (1) is as follows

p(0,") = p, and (pu)(0,") = m, in Q 2
with m,, p, >0 beinginitial momenta and density. The boundary conditions of u are described by

U g 1y90=0- (3)

In [39], the existence of global weak solutions for the problem (1)-(3) is proved. Motivated by the work of Feireisl [40], we
investigate the integrability up to boundary of the problem (1)-(3) with large data.

Notations. Let Q be a domain in R*, for p>1, I’ =1?(Q) being the I’ space whose norm is denoted by |, . The space

WHP = W*P(Q) represents the usual Sobolev space, |+,., being the norm and H*=W"*(Q), with k,p>1.In addition, C beinga
general constant that can vary according to various estimates. If it is necessary to specifically point out the dependency, then

C(a,b,...) will be used. For n as the standard mollifierin R® and feL (R?), we set

loc

0= 5[], (1 =0

g
also,
V =(0,,0,,05), 8,=0,,i1=1,2,3.
The remaining paper is structured as: Sect.2, is concerned to the definition of weak solution and the statement of main result.

In Sect.3, some preliminary lemmas are given for later use in the proof of main result. Sect.4, is dedicated to the proof of Theorem
2.2.

2. Main Results
The compressible fluid is defined by the constitutive equation
T = —p"T+ 2uD*(u) 4 ndivul. (4)
On the same way, as in Feireisl [29], the stress tensor T in (4), can be generalized as
T = —p’I+ S(u) + n(divu)divul. (5)
Here, the symbol S is used for deviatoric part of stress tensor, described by

S(u) := 270 | D*(u) [ ? D(u), s, >0 and re[2,+00). ©6)
5

In addition, the coefficient of bulk viscosity 7 is a continuous function of divu and n(divu)(—1,1) — [0,00), such that A: R — [0,00]

satisfy
A(0)=0,
N(z) =zn(2),
A(z) — o0 if z— +4, )
A(z) = o0 iflz>3.

1

Remark 2.1. The convex potential A for 7(z)=b(1-b%z")e with z>0, can be sketched in Figure 1.

Furthermore, the constitutive relation (5) guarantees the boundedness of divu, which means that the fluid velocity
|divu |<1/b, such that the density in the occupied domain of the fluid remains strictly positive.

We define the weak solution p,u of the problem (1)-(3), before stating the main theorem of existence along with the
necessary regularity needed for later use.
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Fig. 1. The convex potential A

Definition 2.1. The functions (p,u) are known as weak solutions for T>0, of the problem (1)-(3), on (0,T), satisfying the
conditions

p € C(I0, L (€2)) N L*(0, T;L' (), y/pu € L*(0,T; (),

8
u € L'(0, T, Wy (), n(divu) | divu [P L'((0,T) x ©2); ®
Continuity equation (1), holds
f f (90,6 + pu- V) dxdt = f podx )
0 R* R o

for p€C®((0,T)xR?) and 7€[0,T], with ¢(x,0)= ¢(x,T)=0andx €,

Weak formulation of Eq. (1), holds

[%fnp|u|2 dx T_[fﬂpu‘(ﬁdxH"+J«;f”[pu‘@t¢+pu®u :V¢>]dxdt

+[ [ s): Diu-o)xdt+ [ [ pdivio - u)dxdt (10)
< f f (dive) — A(divu)dxdt

for o €C>(((0,T)x%R?) and 7€[0,T];
Equation of continuity (1), holdsin D'(0,00;Q), in renormalized sense of solutions, in particular
h(p), + div(h(p)u) + (h'(p)p — h(p))divu =0 (11)
for each heC'(R) with h'(z)=0, vzeR, suchthat, |z|>M, where M will differ for various functions h;

Formally, the energy inequality is described by
d

SEO+ [ (215 |D'@) 7 Dw) -+o(dive) | diva F)dx <0 (12)
with
B~ [ [0l F + (0

The main result related to the problem (1)-(3) is described as follows.

Theorem 2.1. Let QCR’, p(p)=p" with ~> %, and suppose that the initial data satisfy

o €L'(€),0,>0 on Q,
I e 1(0).

Then for a fixed T >0, the weak solution (p,u) on ((0,T)x(), isin the class
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p € L*(0, T;L/() N C([0, T]LY(%2),

weL'(0,T; W2 (Q), pu e C([0,T];L, (),
n(| divu |)| diva [Pe I((0,T) x ©)

and
p €2((0,T)x Q). (13)
Remark 2.2. The solution (p,u)satisfies continuity equation in the sense of renormalized solutions, such that
JoJ oln(p)2e + h(p)u- Vo + ((p) — 1 (p)pdivugpldxdt = O
holds for any h e C'[0,00), |h(2)z|< cz% for z>z,, and ¢ cC*([0,T[xQ) with ¢(x,0)=¢(x,T)=0 for xcQ.

Remark 2.3. The pair (p,u)of functions prescribed in Theorem 2.1 exists. In fact, in [39], we proved the global existence of weak
solution to the problem (1)-(3).

Remark 2.4. It should be mentioned here that one can use the Lebesgue dominated convergence theorem to ensure that Eq. (11)
holds for some h € C'(0,00)NC[0,00), such that

n(z)z] < c[z" 422

,forallz>0anddc [0,1] (14)

2

with weak solution (p,u) in the context of Definition 2.1.

Just like, as in the work of Feireisl [40, 41], we establish an approximate problem of the regularized equations as follows:

9,0, +div(p,u,) =0,
d.(pu,) + div(p,u, @u,)+ V(o] + 6p;) = div(E(u,) + n(divu, )divu,I), (15)
E(u,) = 24(6+ | D*(u,) ) ¥ D(u,),

where § is positive and 3> max{9,7} is a fixed constant. Without loss of generality, let 24, =1 . First, we constructed a modi-
fied system (15), for system (1) and will solve this modified system. Finally, we recover the original system from the modified sys-
tem by taking the limit of the sequences of solutions and show that the obtained weak solutions satisfy our problem (for more
detail one can refer to [39]). In addition, the following conditions hold for Eq. (15)

Von|n=0, pl_o=pon
| 78} |t 0 o, (16)
u =0, pul_o=mg,,
here n is normal unit vector pointing outward along with 9Q . We choose the initial data to satisfy
Po,n €C3(§)» 0<n<p,, Sniﬁx
Pon — Po IN L'(Q), measure {X€Q : p,, <py} —~0asn—0,
5f,04,dx —0asé—0; (17)
m = m,, if p,, > p,
om0, if gy, < o
Inspired by Feireisl [29], for the function A in Eq. (7), we define a regularization A, as follows
A(z) z<t-v,
A (z)=
L T 19
1
A(2)=A,(-2) <2+ (19)

Next, fix >0 and let a finite-dimensional space X,, = span{w,,}_; C C3*(?2)° as an orthonormal basis in G20 inner product

)
space. By Schauder’s fixed point theorem approximate solutions can be obtained. So, we define ©, : C([0,T]: X,)— C([0,T] : X,),

denoting the input of ©, by u, and the output of ©,u by u,.
By using the input u, €C([0,T]: X,), we have

d,p +div(pu,) =0,
P (pu,) 20)
pl-o= Po,ny Wy li—o= 1y, Vp-m|y=0.
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Furthermore, with the help of classical result of Lunardi [42], (Theorem 5.1.21), one can obtain p,(t,x). to the system (20), as a
classical solution. Next, comparison principle guarantees that

exp| [ |divu, (9., ds| < py(t) < exp| [ |div, o)., 4]

for x€Q and te]0,T].
Furthermore, the output u, € C([0,T];X,) will satisfy d,u, €L'(0,T;X,) and the integral equation holds

[ [ pu. ~<,9dXH +[ 0 Il Jpu, @u, Vo +B(u,): Do+ A, (divu,)dive — (p" + 8p”)div]dxdt = 0 (1)
Q 0

for peX, and p=p, =plu,].
The energy inequality may be prescribed by

1 2
fszp" [u, | Jdx +f f [|]D) ) +A, (divu, )divu, ]dxdt<0 (22)
Moreover, (22) ensures the estimates

H/)VIHLx 0,T;L () = <C(e,8,T,my, p,), (23)
HanL‘ 0Tl (Q)) — C(E 6T mO’pO) (24)
NZXH e < CESTmop0), (25)
Hn (divu,) | divu,, [ B0, Tx0) = <C(e,6,T,my,p,), (26)

. 1
| divu, |< = (27)

b

also, with the help of Poincare’ inequality [43], we have

0Ol 0y 8 < Cle,8,Tm, ). (28)

Here, C isindependentof n and only dependent on initial data. Next, the main result is prescribed as follows.

Theorem 2.2. Let the functions (p,,u,) are known to be the approximate solution of the modified system (15), under the
assumption of estimates (23)-(28). Then,

[ ot b0 taxdt <K (29)

here, the constant K is independent of n.
Similarly, as shown in [29, 39], the limit of the approximate solution (p,,u,) is weak solution to the problem (1)-(3). Therefore,
taking limit in (29) will lead to the conclusion of Theorem 2.1. Moreover, it remains to prove Theorem 2.2.

3. A Bounded Linear Operator B

The key point of (29) may be obtained on the basis of operators introduced by Bogovskii [38], given as follows. These operators
are usually called the solutions of the problem

{div v=f 0

V=0, fel’).

Lemma 3.1. [38, 44] For the problem (18), the linear operator B satisfy the following properties:
B=[B,,B, B, : {f er@) [, fax= o} — WA (Q)
here, the operator B,
B Mgy < SO Sy

forany pe(1,00).

v=B{f} will solve the problem
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divv=f ae.in Q, v| =0.

Q)
Moreover, if f=divg, then

=0

00

gel'(), gn

with n being a unit normal vector pointing outward along the 9, such that

[B{s}

oy S Clp.r,)gf (@)

for an arbitrary r € (1,00).

Proof. Complete proof can be found in Galdi [44] or Bochers and Sohr [45].
Lemma 3.2. [46] Let a function f defined on R® and identically vanishes outside the domain Qc R®.

(i) If fell, (R’), then [f], €C*(R®).

" . (31)
(ii) If felP(Q) with 1<p<oo, then [f], €IP(Q). Also H[f]HHU,(H) <[ fllpy> L lim [£], fHLp(m =
Next, the commutator estimates be stated as follows that play an important role in further analysis.
Lemma 3.3. [5,47] Let QCR® and pel’(Q)ue [WW(Q)]3 with p,q€(1,00) and %+% <1. Then KcQ,(K is compact set)
[[div(ou)], — div [o,w)], ., < CEoly ol
[[div(pu)], —div ([], u)HL(K) —0,asn—0
provided n>0 is small enough and %:% % Moreover, if Q=R", then K can be substituted by R".
Lemma 3.4. Let equation (1) holds in D/(O ;) and (1), holdsin D/(O,oc;]R3) given that p,ube zeroon R*\(, then
9., +div(p,u,) = 0in D ((0,T) xR?). (32)
Next, denoting p, =49. *p, with . =9.(x) is a regularizing sequence, implies that
d.p, +div(p,u,)=1" on (0,T)xR* (33)
where
1" —0inI?(0,T;L*()) as e — O for fixed n (34)
with
28
Th+2 (33)
Proof. Please refer to ([48], Corollary 2.4) for the proof.
4. Proof of Theorem 2.2
This section deals with the proof of Theorem 2.2, in order to prove the required result, we consider the quantities
(08| (7,) — [h(p)dx|, ¥ € (0,T), 0< <1 (36)
Q

1
as a test functions for (15),, where hecC'(R),h(z)=2z° for z>1. By using the quantities defined in (36), from (15), after a
straightforward calculation, one can obtain:

f;fﬂ’(ﬂi +6,07 )h(p,)dxdt

= f}l}(fxzp;" + 6,p,dx )( dx)dt +f ¢ | n(divu,)diva,h(p,)dxdt

_fzwtfﬂpnuy.B{h(ﬁn)— (h Pn dx}dxdt )
+[wf pia,) {h( ) - [ (7 )dx}dxdt

,f 1/)[ Ppll, @ Uy, VB[h ) fnh 3 dx}dxdt
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On the Integrability up to the Boundary of the Weak Solutions to a Class of non-Newtonian Compressible Fluids with Vacuum 1533

+[ 0 [ puuBl(h(7) -1 (7)5,)dive, — [ (h(7,)=H'(5,)5,)divu,dx|dxdt
+[ wf U, B[rh' — [ dx}dxdt
—f ’L/Jf Pl B[le (Pa)u ]dxdt = ZI

To simplify the notation, summation convention is used here and in what follows. In the following, we calculate the integrals
one by one used in summation:

(I) The first integral I, , with help of (22) and (23) may be estimated as

L | ol [ e + i) [ (3, ae| < oy, T)
where C isindependentof n and e.
(IT) For the second integral 1,, we have

L, = ‘ [of qn(divu“)divu“h(ﬁn)dxdt‘ < Clpymy, T)

I, may be computed as follow, for n(divu,)divu,, since |divu, |<% a.e, on (0,T)xf. Let C,€R be a constant such that

0<C0<%

T . . . .
J . i (divu,)|divu, | dxdt = J o oo, (@) [ divu, | dxdt

di di dxd 38)
+f£1x(0,T)’1{(x,t)\C0<|divn"|<%)n( ivu,)|divu, | dxdt.
Furthermore, from Eq. (38), we have
J o v @V ) [divu, | dxde < G [ o (divu,) | divu, | dxdt
(39)

< n%(Co)[ [ oo @iva) [ diva, P dxdt] X C().
Similarly, on the right-hand side of Eq. (38), the second term may be computed as follows

fflx(o T)N{(x, t)|Cu<\d1vn”\<l)n(d1vu ) | le U | dth = f
1

C x((0, T)

. N
ax(O.IN{( Co<ldiva <3} | divu,, |n(dwu") |divu, [ dxdt

n(divu,)|divu, | dxdt.
Hence, it yields

[ Z [ n(divu,)divu,dxdt

<

: : 2 41 - v [
. (co)[ [ oo @iva) [ div,| dxdt] “CO)+ g [ o aptdiva,) | dive, P dxde|.

As n(divu,)|divu, e I'((0,T)x Q). So, we get the required result.

(I11) The integral I, may be computed with the help of (23), (25) and Holder inequality, as

“3 |:

Z’/ftfnﬂnuy.B{h(ﬁn)*f h(ﬁ“)dx}dxdt‘
<[ ulNel, o Wowti]..,, [B[R(5.) ~ [ 1(7.)dx] L
< CIZWH‘PnHi(n) H Pply, HﬁnHE(Q) dt < C(po'mo»T)fZWt‘dt-

(IV) Moreover, the integral I, may be computed as follows

L[ f o,
SCIOID‘D (u
<cf p'w)

12(Q)

12()

r 2

D(a,): Valh(z,) - [ D_h(;,n)olx}aixolt‘

‘VB[h ()~ [ nh(ﬁn)dxﬂdxdt

[h ()~ [ ”h(ﬁn)dx}

dxdt < C(p,,m,,T).

L (@) @)

A\V’A Journal of Applied and Computational Mechanics, Vol. 7, No. 3, (2021), 1527-1536
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(V) Furthermore, for I, we have

| L |= ‘fzwfnpnun ®u, :VB [h(ﬁ")—fnh(ﬁ"}dx dxdt‘

< CIEHPHHL”: ®) H“nHi%m) HB [h (f)n) - fgzh (ﬁn)dxmwlxh ©) dt

__ 3
~ 5ry—3r—67°
does not dependon n and e.

where p,; Furthermore, with the help of (23), (25) and (28), we get that the above inequality is bounded and C

(VI) Next, I, may be computed as follows

L= | powe|(n(5.) =1 ()3 ) diva, = [ (8(7) =W (,)7,)divu, dx]dxat
T
<C f onl o s 1B Ao

T T
<C SRl f oo 9t < oo T)

with
18| (h(7) (7)) diva, = [ (R(7) =W (7)5,)div e, dx
172 ()
S Hh(pn)divun 173 () S Hh(pw) 171 (Q) HuVleg"(xz)
where
P 4ry=3(r+9) PAry4+3(r+1)

(VII) Moreover, for integral I,, we have

T
L = ‘fowfnp“unB[rfh’(ﬁn),fﬂnh/(ﬁ“)dx}dxdt‘
T
s Cfo HP“HU ) Hll"HL%(H) HerL"“(ﬂ) dt < CHYEHE(O,T;U‘(Q))

where, the last inequality may be obtained with the help of Lemma 3.4.

(VIII) For integral I, we conclude

dt

172(0)

T 1= \ [wf ”pnuna[div(h(ﬁn)un)]dxdt\ <C L ol ol [0 (),

T T
< CfoHp"HLA(XZ) HUHHZ“) Hh(fan) 171 (0) < CIOHPHHU(Q)Hun‘Z

PSS
" Il

the above inequality is bounded and is independent of n and e.

Moreover, combining the estimates (I)-(VIII), implies that

T ~ ~
S (or + 600 )h(5,)dxdt < C[l +

T.n

T
12(0,T;1(2)) + fo‘wf‘dt]
where C does not depend on nand e.

Next, taking ¢ — 1, ensures that

m

T . ; ~
fofm(m + 6"p’:)h(p")dth s C[l + LZ(O,T;L“(D))].

Next, by using (28), yields

fo”(P; +§“p:)h(ﬁ“)dxdt < Clpo,my, T).

Hence, (29) is followed and the proof is completed.

5. Conclusion

In this paper, we studied the integrability up to boundary of weak solutions of a compressible non-Newtonian fluid, such that
the initial density p, >0, where the global weak solutions of this model is studied in [39]. It is investigated that the density is
square integrable up to the boundary by using the bounded linear operator B. Our approach for this study is on the base of the
work of Feireisl [40], where they studied the integrability up to the boundary of weak solutions of compressible fluid. Moreover, we
have a plan to study this model with numerical methods in future.

Journal of Applied and Computational Mechanics, Vol. 7, No. 3, (2021), 1527-1536 A\V'A



On the Integrability up to the Boundary of the Weak Solutions to a Class of non-Newtonian Compressible Fluids with Vacuum 1535

Author Contributions

The authors have equally contributed about publishing this research paper.

Acknowledgments
This research has been completed by the support of National Natural Science Foundation 11771351 of P. R. China.

Conflict of Interest

The authors declared no potential conflicts of interest with respect to the research, authorship, and publication of this article.

Funding

The authors received no financial support for the research, authorship, and publication of this article.

References

[1] Bohme, G., Non-Newtonian fluid mechanics, North-Holland series in applied mathematics and mechanics, 1987.

[2] Brujan, E., Cavitation in Non-Newtonian fluids with biomedical and bio-engineering applications, Springer Science and Business Media, 2010.

[3] Huilgol, R.R., Continuum Mechanics of Viscoelastic Liquids, Halsted Press, 1975.

[4] Lions, PL., Mathematical topics in fluid mechanics, Vol. 2, Compressible models. Oxford Lecture Series in Mathematics and its Applications, 10, Oxford
Science Publications, New York, NY. The Clarendon Press, Oxford University Press, 1998.

[5] Feireis], E., Novotny, A., Petzeltova, H., On the existence of globally defined weak solutions to the Navier-Stokes equations, Journal of Mathematical
Fluid Mechanics, 3(4), 2001, 358-392.

[6] Astarita G., Marrucci, G., Principles of non-Newtonian fluid mechanics, McGraw-Hill, London-New York, 1974.

[7] Batchelor, G.K., An introduction to fluid mechanics, Cambridge University Press, Cambridge, 1967.

[8] Kazhikhov, A.V., Shelukhin, V.V,, Unique global solution with respect to time of initial-boundary value problems for one-dimensional equations of
a viscous gas, Journal of Applied Mathematics and Mechanics, 41(2), 1977, 273-282.

[9] Hoff D, Global existence for 1D, compressible, isentropic Navier-Stokes equations with large initial data. Trans. Am. Math. Soc., 303, 1987, 169-181.
[10] Serre, D., Sur lquation monodimensionnelle dun fluide visqueux, compressible et conducteur de chaleur, Comptes Rendus de 1'Academie des
Sciences Series 1, 303(14), 1986, 703-706.

[11] Nash, J., Le probleme de Cauchy pour les equations differentielles d'un fluide general, Bulletin de la Societe Mathematique de France, 90, 1962, 487-
497.

[12] Serrin, J., On the uniqueness of compressible fluid motion, Archive for Rational Mechanics and Analysis, 3(1), 1959, 271-288.

[13] Matsumura, A., Nishida, T., The initial value problem for the equations of motion of compressible viscous and heat-conductive fluids, Proceedings
of the Japan Academy, Series A., Mathematical Sciences, 55(9), 1979, 337-342.

[14] Matsumura, A., Nishida, T., The initial value problem for the equations of motion of viscous and heat-conductive gases, Journal of Mathematics of
Kyoto University, 20(1), 1980, 67-104.

[15] Matsumura, A., Nishida, T., The initial boundary value problems for the equations of motion of compressible and heat-conductive fluids,
Communications in Mathematical Physics, 89(4), 1983, 445-464.

[16] Danchin, R., Global existence in critical spaces for compressible Navier-Stokes equations, Inventiones Mathematicae, 141(3), 2000, 579-614.

[17] Danchin, R., Well-posedness in critical spaces for barotropic viscous fluids with truly not constant density, Communications in Partial Differential
Equations, 32(9), 2007, 1373-1397.

[18] Li, J., Xin, Z.P,, Vanishing of vacuum states and blow-up phenomena of the compressible Navier-Stokes equations, Communications in Mathematical
Physics, 281(2), 2008, 401-444.

[19] Lian, R., Guo, Z.H., Li, H.L., Dynamical behavior of vacuum states for 1D compressible Navier-Stokes equations, Journal of Differential Equations,
248(8), 2010, 273-282.

[20] Hoff, D., Santos, M., Lagrangian structure and propagation of singularities in multidimensional compressible flow, Archive for Rational Mechanics
and Analysis, 188(3), 2008, 509-543.

[21] Ladyzhenskaya, O.A., The Mathematical Theory of Viscous Incompressible Flow, New York, NY., Gordon and Breach, 1969.

[22] Lions, J.L., Quelques methodes de resolution des problemes aux limites non lineaires, Dunod, Paris, 1969.

[23] Mamontov, A.E., Global regularity estimates for multi-dimensional equations of compressible non-Newtonian fluid (Russian), Annali dell’
Universita di Ferrara, 116, 2000, 50-54.

[24] Feireis], E., Dynamics of viscous compressible fluids, volume 26 of Oxford Lecture Series in Mathematics and its Applications, Oxford University Press,
2004.

[25] Wolf, ]., Existence of weak solutions to the equations of non-stationary motion of non-Newtonian fluids with shear rate dependent viscosity,
Journal of Mathematical Fluid Mechanics, 9(1), 2007, 104-38.

[26] Bresch, D., Desjardins, B., On the existence of global weak solutions to the Navier-Stokes equations for viscous compressible and heat
conducting fluids, Journal de Mathematiques Pures et Appliquees, 87(1), 2007, 57-90.

[27] Yuan, H., Xu, X., Existence and uniqueness of solutions for a class of non-Newtonian fluids with singularity and vacuum, Journal of Differential
Equations, 245(10), 2008, 2871-2916.

[28] Yuan, H., Wang, CJ., Unique solvability for a class of full non-Newtonian fluids of one dimension with vacuum. Zeitschrift fur Angewandte
Mathematik und Physik, 60(5), 2009, 868-898.

[29] Feireis], E., Liao, X., Malek, J., Global weak solutions to a class of non-Newtonian compressible fluids, Mathematical Methods in the Applied Sciences,
38(16), 2015, 3482-3494.

[30] Fang, L., Guo, Z.H., A blow-up criterion for a class of non-Newtonian fluids with singularity and vacuum, Acta Mathematicae Applicatae Sinica, 36,
2013, 502-515.

[31] Fang, L., Guo, Z.H., Analytical solutions to a class of non-Newtonian fluids with free boundaries, Journal of Mathematical Physics, 53(10), 2012,
103701.

[32] Fang, L., Guo, Z.H., Wang, Y.X., Local strong solutions to a compressible non-Newtonian fluid with density-dependent viscosity, Mathematical
Methods in the Applied Sciences, 39(10), 2016, 2583-2601.

[33] Yuan, H,, Yang, Z., A class of compressible non-Newtonian fluids with external force and vacuum under no compatibility conditions, Boundary
Value Problems, 2016(1), 2016, 1-33.

[34] Lee, C., Nadeem, S., Numerical study of non-Newtonian fluid flow over an exponentially stretching surface: an optimal HAM validation, Journal of
the Brazilian Society of Mechanical Sciences and Engineering, 39(5), 2017, 1589-96.

[35] Tomio, J.C., Martins, M.M., Vaz, Jr, M., Zdanski, P.S., A numerical methodology for simulation of non-Newtonian viscoelastic flows, Numerical Heat
Transfer, Part B: Fundamental, 78(6), 2020, 439-53.

[36] Ahmad, H., Khan, T. A., Variational iteration algorithm I with an auxiliary parameter for the solution of differential equations of motion for
simple and damped mass-spring systems, Noise & Vibration Worldwide, 51(1-2), 2020, 12-20.

[37] Ahmad, H., Seadawy, A. R., Khan, T. A., Thounthong, P., Analytic approximate solutions for some nonlinear Parabolic dynamical wave equations,
Journal of Taibah University for Science, 14(1), 2020, 346-358.

[37] Thohura, S., Molla, M.M., Sarker, M.M., Numerical simulation of non-Newtonian power-law fluid flow in a lid-driven skewed cavity, International

A\V’A Journal of Applied and Computational Mechanics, Vol. 7, No. 3, (2021), 1527-1536



1536  Jan Muhammad et. al., Vol. 7, No. 3, 2021

Journal of Applied and Computational Mathematics, 5(1), 2019, 14.

[38] Bogovskii, M.E., Solution of some vector analysis problems connected with operators div and grad, In Trudy Seminar SL Sobolev, 80, 1980, 5-40.

[39] Muhammad, J., Fang, L., Guo, Z., Global weak solutions to a class of compressible non-Newtonian fluids with vacuum, Mathematical Methods in the
Applied Sciences, 43(8), 2020, 5234-5249.

[40] Feireis], E., Petzeltova, H, On Integrability up to the boundary of the weak solutions of the Navier-Stokes equations of compressible flow,
Communications in Partial Differential Equations, 25(3-4), 2000, 755-767.

[41] Feireis], E., On the motion of a viscous, compressible and heat conducting fluid, Indiana University Mathematics Journal, 53(6), 2004, 1705-1738.

[42] Lunardi, A., Analytic Semigroups and Optimal Regularity in Parabolic Problems, Prog., Nonlinear Differential Equations Appl., 1995.

[43] Evans, L.C., Annali dell’'Universita di Ferrara, Vol. 19, American Mathematical Society, 2010.

[44] Galdi, G.P., An Introduction to the Mathematical Theory of the Navier-Stokes Equations, Vol. I, volume 38 of Springer Tracts in Natural Philosophy, 1994.
[45] Borchers, W., Sohr, H., On the equation rot v = g and div u = f with zero boundary conditions, Hokkaido Mathematical Journal, 19(1), 1990, 67-87.

[46] Adams, R., Fournier, J., Sobolev spaces, Second edition, Academic Press, New York, 2003.

[47] Lions, PL., Mathematical topics in fluid mechanics, Vol. 1, Incompressible models. Oxford Lecture Series in Mathematics and its Applications, 3,
Oxford Science Publications, New York, NY. The Clarendon Press, Oxford University Press, 1996.

[48] Fang, D., Zhang, T., Zi, R, Decay estimates for isentropic compressible Navier-Stokes equations in bounded domain, Journal of Mathematical
Analysis and Applications, 386(2), 2012, 939-947.

ORCID ID

Jan Muhammad'® https://orcid.org/0000-0001-8872-2523
Abdul Samad'® https://orcid.org/0000-0002-0887-9860

@ ® @ © 2021 Shahid Chamran University of Ahvaz, Ahvaz, Iran. This article is an open access article distributed under
the terms and conditions of the Creative Commons Attribution-NonCommercial 4.0 International (CC BY-NC 4.0
license) (http://creativecommons.org/licenses/by-nc/4.0/).

NC

How to cite this article: Muhammad J., Samad A. On Integrability up to the Boundary of the Weak Solutions to a Class of non-
Newtonian Compressible Fluids with Vacuum, J. Appl. Comput. Mech., 7(3), 2021, 1527-1536.
https://doi.org/10.22055/JACM.2021.35444.2655

Publisher’s Note Shahid Chamran University of Ahvaz remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Journal of Applied and Computational Mechanics, Vol. 7, No. 3, (2021), 1527-1536 A\V'A




