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Abstract. The anomalous behavior of aluminum alloys is modeled with quadratic Hill48 yield criterion in this study. An 
identification method based on minimization of the error function is applied and the effect of the number of experimental input 
and weight coefficients used in the identification are investigated. Two highly anisotropic aluminum alloys (AA2090-T3 and AA5182-
O) are selected in the study. Firstly, Hill48 parameters are determined with four different experimental data set, then the effect of 
the weight coefficients for each set is investigated. In-plane variations of plastic properties and yield surfaces of the materials are 
predicted with determined Hill48 parameters and the most appropriate pair (experimental data set and weight coefficient) are 
selected by comparison of the predicted results with experiment.  
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1. Introduction 

Anisotropy is a material property which indicates the variation of mechanical properties with direction. Sheet materials 
represent anisotropic behavior due to preferred orientation occurs after cold rolling process [1]. Material anisotropy is defined with 
phenomenological anisotropic yield criteria in plasticity theory. Anisotropic yield criteria involve a certain number of coefficients 
and these coefficients are calibrated with mechanical tests performed along different directions. The first anisotropic yield criterion 
was developed by Hill in 1948. Hill included coefficients into isotropic von Mises yield criterion and derived an anisotropic function 
[2]. Hill48 yield criterion has been widely used in both academy and industry due to simplicity of its coefficient identification 
procedure. However, this criterion couldn’t simultaneously describe planar variations of yield stress and Lankford coefficient. 
Besides, it couldn’t give satisfactory results especially for aluminum alloys. Inconsistent predictions of Hill48 model in aluminum 
alloys were firstly noticed by Woodthorpe and Pearce and it was called as anomalous behavior [3]. Barlat et al. developed various 
anisotropic yield functions to define anamolous behavior of aluminum alloys. From Barlat models, Yld89 [4] and Yld91 [5] yield 
functions could define anomalous behavior, however they couldn’t simultaneously capture angular variations of yield strength and 
Lankford coefficient. Karafillis and Boyce [6] proposed an anisotropic yield criterion based on the combination of two isotropic yield 
functions and successfully defined the anisotropic behavior of AA2008-T4 aluminium alloy. Then, Barlat et al. extended Yld91 
criterion and developed Yld96 [7] criterion. This criterion has seven coefficients for plane stress state (2D) and these coefficients are 
calibrated with yield stresses and Lankford coefficients in rolling, diagonal and transverse directions (RD, DD and TD) and also one 
balanced biaxial yield stress. Yld96 criterion could accurately describe angular variations of both mechanical properties and 
provides satisfactory results for aluminum alloys. However, numerical problems could arise in finite element (FE) simulations 
performed with this yield criterion due to convexity conditions. Therefore, Barlat et al. developed Yld2000-2d [8] yield criterion to 
remove the mentioned disadvantage of Yld96. It contains eight coefficients and these coefficients are determined with three yield 
stresses, three Lankford coefficients, balanced biaxial yield stress and balanced biaxial Lankford coefficient. Yld2000-2d criterion 
could successfully represent anisotropic behaviors of aluminium alloys, satisfies convexity conditions and give good numerical 
results [9]. However, this yield criterion has been developed for only 2D stress state and it couldn’t use for 3D stress state. Later, 
Barlat et al. extended Yld2000 for 3D stress state and proposed a new yield criterion called as Yld2004-18p [10]. This model has 18 
parameters for 3D stress state and they are defined with yield stresses and Lankford coefficients in seven directions, biaxial yield 
stress, biaxial Lankford coefficient and two shear yield stresses. Another anisotropic yield criterion was developed by Cazacu and 
Barlat (CB2001) [11]. Researchers derived CB2001 criterion by extension of isotropic Drucker yield criterion and applied this criterion 
to model anisotropic behaviors of AA2090-T3 and AA6016-T4 aluminum alloys. Banabic et al. proposed BBC2003 [12] anisotropic 
yield criterion from isotropic Hershey yield function and then developed BBC2005 criterion [13] by improving this criterion. They 
applied this criterion in the description of plastic behavior of AA6181-T4 aluminium alloy and could accurately reproduce 
experimental results.     

It is seen from these above-mentioned material models that researchers have continuously developed anisotropic yield criteria 
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which have different formulations in order to describe anisotropic behaviors of aluminum alloys. However, accurate description of 
material behavior depends on not only selected yield function but also the number and type of experimental data used in coefficient 
identification. Various studies related to this subject have been carried out in the literature. Lazarescu et al. [14] investigated the 
effect of the number of experimental input on the prediction capability of BBC 2005 yield criterion. Researchers identified the yield 
criterion with 6, 7 and 8 experimental data and performed FE simulations of bulge test for AA6016-T4 aluminium alloy. After 
performing simulations, they determined that balanced biaxial yield stress could accurately predicted with 7 and 8 experimental 
data, whereas it was underestimated with 6 parameter model. A similar study was performed by Paraianu et al. [15]. They used 
BBC2005 yield criterion to model anisotropic behavior of DC04 sheet and identified the coefficients of the yield function with 4, 6, 7 
and 8 mechanical parameters. Then, researchers compared the computed and experimental forming limit diagrams (FLD) and 
declared that the right side of the FLD could well predicted with identification method which contains biaxial yield stress. Comsa 
and Banabic [16] developed a yield criteria which is called as BBC2008 for 2D stress state and investigated the effect of the number 
of parameters on the prediction capability of the model. They identified the model parameters with 8 and 16 experimental input 
and indicated that the anisotropic behavior of AA2090-T3 aluminium alloy could be correctly defined with 16 coefficients. Chaparro 
et al. [17] defined the plastic behavior of DC06 steel with four yield criteria (Hill48, Yld91, Karafillis-Boyce93 and CB2001). They 
identified the material coefficients of yield criteria with different type experimental inputs and observed that average error between 
experiment and predictions for each yield criterion changed with identification type. Khalfallah et al. [18] applied three different 
identification procedures to Hill48, Yld89 and CB2001 criteria and investigated the effect of the number and type of the input data 
on the deep drawing simulation of cross-die. They determined that the prediction capability of CB2001 is influenced from 
particularly biaxial experimental data. Apart from these studies, yield surfaces could be extract from fine scale models and 
approximations like deep neural networks could be used [19-20].     

It is seen from these studies carried out in the literature that researchers obtained successful results by using different 
experimental inputs. However, researchers only investigated the effect of the type and number of the experimental data, although 
the weight coefficients have significant effect on the prediction results. In this study, the effect of both number of experimental 
data and weight coefficients on the parameter identification are investigated. The developed identification method is applied to 
Hill48 yield criterion in order to model anisotropic behavior of aluminium alloys. For this purpose, two aluminum alloys (AA2090-
T3 and AA5182-O) which are highly anisotropic and exhibit anomalous behavior are selected. The study is conducted in two stages: 
In the first stage, four different experimental data set (6, 8, 14 and 16 inputs) are used and Hill48 coefficients of the materials are 
determined for each data set. In the second stage, different weight coefficients are used for each data set and model parameters 
are determined. Angular variations of both mechanical properties (yield stress and Lankford coefficient) and normalized yield 
surfaces of the materials are predicted by using determined Hill48 coefficients. Then, the predicted results are compared with 
experiments and the most appropriate pair (experimental data set and weight coefficients) in the parameter identification are 
determined. Finally, the results which are predicted from the most appropriate pair are compared with predicted results from 
analytical identifications of Hill48 criterion and improvement in the prediction capability of the criterion is evaluated.  

2. Method 

2.1 Hill48 Yield Criterion and Its Identification Procedure 

Hill suggested an anisotropic yield criterion based on extension of isotropic von Mises yield function in 1948. Hill48 criterion 
has four coefficients for 2D stress state and it can be expressed as follows: 

( ) ( )2 2 2 1 /2[ 2 2 ]eq xx yy xx yy xyG H F H H Nσ σ σ σ σ σ= + + + − +  (1) 

where , ,F G H and N are anisotropy parameters. These parameters could be identified analytically according to stress ratios or 

Lankford coefficients by using yield function equation and flow rule approach. Stress based and Lankford based identifications are 

denoted as Hill48_σ and Hill48_r in this study. The definitions of Hill’s parameters based on stress ratios and Lankford coefficients 

are given in eq. (2) and (3),respectively.  
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In these equations, 45 90,σ σ and bσ denote yield stress ratios along DD, TD and balanced biaxial loading directions, while 0 45,r r  and

90r  indicate Lankford coefficients along three main directions. Yield stress in the RD 0( )σ is accepted as reference in this study and 

stress ratios in other directions are calculated depend on this parameter. From both two type of identifications, mathematical 

relationships between the yield stress ratios and Lankford coefficients could be obtained. The first relationship is between balanced 

biaxial yield stress ratio and Lankford coefficients along RD and TD and it could be written as follows:   
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When planar isotropy (normal anisotropy) state is considered ( 0 90r r= ), Eq.(4) could be expressed as follows:  
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where nr denotes normal anisotropy coefficient. The second relationship is between yield stress ratio along TD and Lankford 

coefficients along RD and TD and it is given below: 
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From Eq. (5) and Eq.(6), it is seen that when 1nr > then 0bσ σ> and when 90 0σ σ> then 90 0r r> . However, some aluminium alloys do 

not satisfy these conditions and violation of Eq.(5) and Eq.(6) in the literature are called as first and second anomalous behaviors, 

respectively.  

Prediction of the angular variations of yield stress ratio and Lankford coefficient in the sheet plane is an important indicator in the 

description of the planar anisotropy of the material and evaluation of the prediction capability of the yield criterion. Angular 

variation of yield stress ratio could be determined by using stress transformations and yield function equation. This parameter is 

given for Hill48 criterion in Eq. (7).   
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The angular variation of Lankford coefficient is derived by using associated flow rule and volume constancy principle. For Hill48 
yield criterion, it could be expressed as follows:    
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When balanced biaxial stress state ( )1 2 bσ σ σ= = is considered, Eq.(7) and Eq.(8) are reduced to the following formulas: 
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2.2 Developed Alternative Identification Procedure for Hill48 Yield Criterion 

Analytical identification procedure of Hill48 criterion contains limited number of experimental data and this restricts the 
prediction capability of the criterion. Therefore, a different identification procedure which is based on the minimization of error 
(objective) function is developed in this study. This function is expressed with the summation of the squares of errors and it 
indicates the deviation between the theoretical values predicted from criterion and experimental data. The proposed error function 
in the study is given in Eq.(11). 

( ) ( )

( )
( ) ( )

( )

( ) ( )

( )
( ) ( )

( )

2 2 22

exp exp exp exp
1 2 3 4

1 1 exp expexp exp

_ ( )
n n b b

b bpred pred pred pred

bi i b
ii

r rr r
Error function E w w w w

r r

θ θ
θ θ

θ θ

σ σ σ σ

σ σ= =

      − −  −−          = + + +                    
∑ ∑  (11) 

where exp( )θσ and exp( )r
θ

denote experimental yield stress ratios and Lankford coefficients which are determined from uniaxial tensile 

tests performed along different directions with regard to the RD. exp( )bσ and exp( )br indicate yield stress ratio and Lankford coefficient 

in the balanced biaxial stress state which these parameters could be determined from biaxial tensile tests or bulge and disc 

compression tests. , , ,pred predpred predb br rθ θ
σ σ are corresponding theoretical values predicted from yield function. n represents the number of 

uniaxial tensile test data. 1 2 3, ,w w w and 4w are weight coefficients which are predetermined by the user and represent the relative 

importance of each experimental data group. The sum of the weight coefficients is taken as 1 in this study. It is seen from eq. (11) 

that error function can involve all experimental data and this provides flexibility to parameter identification. Hill’s coefficients are 

design variables in this optimization problem and their values are continuously changed during the minimization in order to 

decrease deviation between theoretical predictions and experimental data. In this study, sequential quadratic programming method 

(SQP) from numerical optimization techniques is applied to minimize error function and the method is explained in Section 2.3.     

2.3 Sequential Quadratic Programming Method 

   SQP is a numerical optimization method which is developed for solving of nonlinear constrained optimization problems. Method 
consists of two stages: search direction is determined in the first stage, then step length along direction is calculated. SQP solves a 
quadratic programming (QP) subproblem to determine search direction at each iteration. Primarily, QP subproblem is formulated 
with Lagrange function and subproblem is defined as follows: 
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where d is the search direction in the design space, kH is Hessian matrix, ( )kig x is constraint function and kx is design variable. Then, 
critical points of Lagrange function are determined with Newton method and solving of quadratic subproblems is continued until 
convergence is obtained [21]. The variation of the objective function is considered as convergence criteria of the optimization 
algorithm. A tolerance value is selected which is a lower bound on the change in the value of objective function during a step. 
Tolerance value is accepted as 1e-10 in this study and the formulation of the convergence criteria is given as follows: 
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( ) ( )1 1 10i if x f x e+− < −                                                      (13) 

3. Application 

In this study, the developed coefficient identification method is applied to describe anisotropic behavior of AA2090-T3 and 
AA5182-O aluminium alloys. AA2090-T3 is an Al-Li alloy and it is widely used for aircraft components such as fuselage, lower wing 
due to its high strength and low density [22]. It is a highly textured material and exhibits high planar anisotropy. The second material 
AA5182-O is an Al-Mg alloy, it has high strength and good formability. Therefore, this material is very popular in automotive industry 
and it is used for complex stamping applications such as forming of structural parts and inner panels [23].  

Application of the method is conducted in two stages. In the first stage, the effect of the number and type of experimental data 
are investigated on the prediction capability of Hill48 criterion and the coefficient identification is carried out with different 
experimental data set. In the second stage, the effect of the weight coefficients is investigated and this investigation is separately 
conducted for each data set.     

     

3.1 The Effect of Experimental Data Set On the Parameter Identification 

Four different experimental data set are used to investigate the effect of the number of experimental input. The first set contains 
6 experimental data (uniaxial yield stresses and Lankford coefficients along three main directions), the second set involves 8 
experimental data (uniaxial yield stresses and Lankford coefficients in three main directions and biaxial yield stress and biaxial 
Lankford coefficient), the third set includes 14 experimental inputs (uniaxial yield stresses and Lankford coefficients along seven 
directions) and the last data set uses 16 experimental data set (uniaxial yield stresses and Lankford coefficients in seven directions 
and biaxial yield stress and biaxial Lankford coefficient). Experimental data of the materials are taken from the literature and the 
values for AA2090-T3 [24] and AA5182-O [25] alloys are given in Table 1 and Table 2, respectively. 

It is seen from Table 1 and Table 2 that AA2090-T3 exhibits the second anomalous behavior, while AA5182-O represents both 
the first and second anomalous behavior. Error function is minimized for each experimental data set and Hill48 coefficients are 
determined. Weight coefficients are taken as 0.5 for yield stress ratio and Lankford coefficient in order to investigate only the effect 
of the number of experimental data set. The determined Hill48 coefficients from each data set for AA2090-T3 and AA5182-O alloys 
are given in Table 3 and Table 4, respectively. Four different experimental data set are referred as Hill48_6p, Hill48_8p, Hill48_14p 
and Hill48_16p in the study.   

Planar variations of plastic properties and normalized yield surfaces of the materials are computed by using determined Hill48 
coefficients for each identification type and the computed results are compared with the experimental results. Comparisons of the 
predicted results with experiment for AA2090-T3 alloy are given between Fig. 1 and Fig. 3.  

   
 

Table 1. Experimental data of AA2090-T3 aluminium alloy [24] 

Angle from RD (°) Uniaxial Yield Stress Ratio r-value Biaxial Yield Stress Ratio Biaxial r-value Normal r value 

0 1.0000 0.2115 1.035 0.67 1.0144 

15 0.9605 0.3269    

30 0.9102 0.6923    

45 0.8114 1.5769    

60 0.8096 1.0385    

75 0.8815 0.5384    

90 0.9102 0.6923    

 
 Table 2. Experimental data of AA5182-O aluminium alloy [25] 

Angle from RD (°) Uniaxial Yield Stress Ratio r-value Biaxial Yield Stress Ratio Biaxial r-value Normal r value 

0 1.0000 0.6420 1.000 1.126 0.8872 

15 0.9911 0.7281    

30 0.9755 0.9111    

45 0.9686 1.0390    

60 0.9740 1.0174    

75 0.9862 0.8968    

90 0.9930 0.8290    

 
Table 3. The determined Hill48 coefficients from each experimental data set for AA2090-T3 alloy. 

Identification Type F G H             N 

Hill48_6p 0.4751 1.2907 0.3022        3.5430 

Hill48_8p 0.5181 0.9489 0.2439        2.9843 

Hill48_14p 0.5829 1.1076 0.2504        2.5497 

Hill48_16p 0.5872 0.9931 0.2303        2.4128 

 
Table 4. The determined Hill48 coefficients from each experimental data set for AA5182-O alloy. 

Identification Type F G H             N 

Hill48_6p 0.5011 0.6319 0.4122        1.7329 

Hill48_8p 0.5441 0.5551 0.3955        1.6850 

Hill48_14p 0.4963 0.6216 0.4077        1.7131 

Hill48_16p 0.5273 0.5740 0.4001        1.6901 
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Fig. 1. Comparison of the predicted yield stress ratios from four different identification types with experiment for AA2090-T3 alloy. 

 
 

 
 

Fig. 2. Comparison of the predicted Lankford coefficients from four different identification types with experiment for AA2090-T3 alloy. 

 
 

 
 

Fig. 3. Comparison of the computed yield surfaces from four different identification types with experimental values for AA2090-T3 alloy. 
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Fig. 4. Comparison of the predicted yield stress ratios from four different identification types with experiment for AA5182-O alloy. 

 
 
 

 
 

Fig. 5. Comparison of the predicted Lankford coefficients from four different identification types with experiment for AA5182-O alloy. 

 
 

 
 

Fig. 6. Comparison of the computed yield surfaces from four different identification types with experimental values for AA5182-O alloy. 
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It is seen from Fig. 1 and Fig. 2 that the predictions of Hill48-14p and Hill48-16p models are close to each other and they could 
successfully describe the angular variations of both yield stress ratio and Lankford coefficient when compared to the other two 
models. It is observed from the computed yield surfaces that yield surface expands in biaxial directions (black arrow direction in 
Fig.3) when only biaxial tensile test data is used in the identification (Hill48-8p), whereas it expands in rolling direction (yellow 
arrow direction in Fig. 3) when only uniaxial tensile test data is used (Hill48-14p). In addition to that it is seen from Fig.3 that the 
biaxial yield stress is underestimated in all models when they are compared with the experimental value.  

The predicted results for AA5182-O alloy are compared with experiments and the results are given in Fig. 4, Fig. 5 and Fig. 6. It 
is seen from the performed comparisons for AA5182-O alloy that the models contain biaxial experimental data (Hill48-8p and 
Hill48-16p) could correctly predict the planar variation of yield stress ratio, while the models which are identified with only uniaxial 
tensile test data (Hill48-6p and Hill48-14p) could precisely predict the planar variation of Lankford coefficient. When the contours 
of yield surface are considered, it is observed that the computed yield surfaces are almost identical and the number of parameters 
used in the identification has not effect on the yield surface shape for this material. The predicted biaxial data ( , )b brσ from models 
are compared with the experiments and percentage error are calculated for each model. The obtained results for AA2090-T3 and 
AA5182-O alloys are presented in Fig. 7 and Fig. 8, respectively. 

From the results of AA2090-T3 alloy, it is observed that the Hill48-8p model has the lower percentage error than the other models 
in the prediction of biaxial yield stress ratio, whereas Hill48-16p is the most successful model in the prediction of biaxial Lankford 
coefficient. For AA5182-O alloy, Hill48-8p model has the minimum error percentage in the prediction of both biaxial yield stress 
ratio and biaxial Lankford coefficient.    

 

3.2 The Effect of Weight Coefficients on the Parameter Identification 

The effect of weight coefficients on the prediction results is investigated in this section. Error function is minimized by using 
different weight coefficients for each model. The calculated error functions with different weight coefficients are presented from 
Fig. 9 to Fig. 12 for AA2090-T3. 

It is seen from Fig. 9 and Fig. 11 that weight coefficients have contrast effects on Hill48-6p and Hill48-14p models. The value of 
error function decreases with increase in w2 coefficient which controls the Lankford parameter in Hill48-6p model, whereas it 
decreases with increase in w1 coefficient which controls the yield stress ratio in Hill48-14p model. The weight coefficients are 
investigated separately in Hill48-8p and Hill48-16p models contain both uniaxial and biaxial experimental data. Firstly, the weight 
coefficients (w3 and w4) which control the biaxial experimental data are kept constant (they are taken as 0.25) and the other weight 
coefficients (w1 and w2) are varied from 0.1 to 0.4 in increments of 0.1. Secondly, the weight coefficients (w1 and w2) which control 
the uniaxial tensile test data are kept constant and the other weight coefficients (w3 and w4) are varied within same interval. It is 
observed from Fig. 10 and Fig. 12 that the variation of w3 and w4 coefficients has no significant effect on the value of error function. 
Besides, the error function decreases when w1 increases in both Hill-8p and Hill-16p models (except for w1 = 0.2 in Hill48-8p) and 
minimum error function is determined with same weight coefficients in both of two models (w1 = 0.4, w2 = 0.1, w3 =w4=0.25). 

Investigation is conducted with same weight coefficients for AA5182-O material and the variation of error function with weight 
coefficients is given in Fig. 13-16.       

   
 

 
 

 Fig. 7. Percentage error of models for AA2090-T3 alloy a) Biaxial yield stress ratio b) Biaxial Lankford coefficient. 
 

 
 

Fig. 8. Percentage error of models for AA5182-O alloy a) Biaxial yield stress ratio b) Biaxial Lankford coefficient. 
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            Fig. 9. The values of the error functions obtained from different weight coefficients for Hill48_6p model. 

 

  
 

     Fig. 10. The values of the error functions obtained from different weight coefficients for Hill48_8p model. 

 
 

  
 

Fig. 11. The values of the error functions obtained from different weight coefficients for Hill48_14p model. 
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           Fig. 12. The values of the error functions obtained from different weight coefficients for Hill48_16p model. 

 

 
 

             Fig. 13. The values of the error functions obtained from different weight coefficients for Hill48_6p model. 

 

 
 

           Fig. 14. The values of the error functions obtained from different weight coefficients for Hill48_8p model. 
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           Fig. 15. The values of the error functions obtained from different weight coefficients for Hill48_14p model. 

 
 

 
 

             Fig. 16. The values of the error functions obtained from different weight coefficients for Hill48_16p model. 
 
 
It is observed from Fig. 13 and Fig. 15 that the weight coefficients have same effect on the Hill48-6p and Hill48-14p models as 

distinct from AA2090-T3 alloy. The value of the error function of both of two models decreases with increase in w2 coefficient. A 
similar result is observed between Hill48-8p and Hill48-16p models. The value of error function of both of two models decreases 
with increase in w1 coefficient in equal values of w3 and w4 coefficients. In equal values of w1 and w2 coefficients, it decreases with 
increase in w3 coefficient for both Hill48-8p and Hill48-16p models. 

3.3 Comparison of Developed Identification Method with Analytical Identification 

It is seen from the values of error function determined in section 3.2 that Hill48-6p model with w1 =0.1 and w2 = 0.9 coefficients 
has minimum error function value for both AA2090-T3 and AA5182-O alloy. Therefore, it is selected in description of anisotropic 
behavior of the materials and the predicted results from this model are compared with analytical identification results of Hill48 in 
order to evaluate the improvement in the prediction capability of quadratic criterion. Comparisons of the in-plane variation of 
plastic properties and normalized yield surfaces predicted from Hill48_6p (w1=0.1, w2 = 0.9) with classical identification and 
experimental results are shown in Fig. 17, 18 and Fig.19 for AA2090-T3 alloy.  

It is seen from Fig. 17 and Fig. 18 that analytical identifications (Hill48_ σ and Hill48_r) can predict either the angular variation 
of the yield stress ratio or of Lankford coefficient. However, Hill48 model with 6 parameter could simultaneously predict the angular 
variations of both yield stress ratio and Lankford coefficient. Besides, it is observed from Fig. 18 that angular variations of Lankford 
coefficient which are predicted from Hill48_6p model and Hill48_r are overlapping each other and this result shows that Hill48-6p 
model has high prediction capability. From comparisons of the computed yield surfaces, it is seen that only Hill48- σ could 
accurately predict the biaxial yield stress ratio and elastic region of Hill48-r is larger than Hill48- σ and Hill48-6p model. Comparison 
results performed for AA5182-O alloy are presented in Fig. 20, Fig. 21 and Fig. 22, respectively. 

It is seen from Fig. 20 and Fig. 21 that Hill48-6p model could accurately predict the angular variations of both plastic properties. 
In addition to that Hill48-6p model could precisely predict the Lankford coefficients along seven directions and the predicted curve 
is completely the same as that of Hill48-r. However, Hill48-6p model and Hill48-r underestimate the balanced biaxial yield stress 
ratio, only Hill48- σ could successfully predict this parameter. It is seen that differences between the predicted biaxial yield stress 
values of AA5182-O alloy are smaller than that of AA2090-T3 alloy. 



1616 Bora Sener, Vol. 7, No. 3, 2021 
 

Journal of Applied and Computational Mechanics, Vol. 7, No. 3, (2021), 1606-1619   

  

 
 

Fig. 17. Comparison of angular variations of yield stress ratios for AA2090-T3. 

 
 

 
 

Fig. 18. Comparison of angular variations of Lankford coefficient for AA2090-T3.  

 
 

 
 

Fig. 19. Comparison of normalized yield surfaces for AA2090-T3.  
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Fig. 20. Comparison of angular variations of yield stress ratios for AA5182-O. 

 
 

 
 

Fig. 21. Comparison of angular variations of Lankford coefficient for AA5182-O. 

 
 

 
 

Fig. 22. Comparison of normalized yield surfaces for AA5182-O. 
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4. Conclusions           

In this study, anisotropic behavior of AA2090-T3 and AA5182-O aluminium alloys is described with Hill48 yield criterion by 
applying an  identification method which is based on the minimization of error function. The effect of the number of experimental 
data and weight coefficients on the prediction accuracy of the criterion is investigated. The coefficients of Hill48 criterion are 
calibrated with 6, 8, 14 and 16 experimental inputs and then different weight coefficients are used for each identification type. 
Firstly, weight coefficients are kept constant and the effect of the number of experimental data set is investigated. Hill48-14p and 
Hill48-16p models accurately predict the in-plane variation of both yield stress ratio and Lankford coefficient for AA2090-T3 alloy. 
However, it is seen that the results are different for AA5182-O alloy. Hill48-8p and Hill16p models predict closer results to 
experimental data in the planar variation of yield stress ratio, while Hill-6p and Hill-14p models are more successful than the other 
models in the planar variation of Lankford coefficient. Positive regions of the yield surfaces couldn’t accurately reproduced by these 
models for both AA2090-T3 and AA5182-O. However, it is observed that differences between the contours of the normalized yield 
surface for AA5182-O alloy are smaller than that of AA2090-T3. It is seen from the percentage error results calculated for biaxial 
yield stress ratio and biaxial Lankford coefficient that Hill48-8p and Hill48-16p models have lower percentage error in the prediction 
of these parameters. However, the predicted results from two models are underestimated. This result shows that addition of 
parameter improves the prediction of planar anisotropy, whereas it doesn’t make a significant contribution to the prediction of 
biaxial experimental data. Secondly, the effect of the weight coefficients on the prediction results is investigated. Error function is 
minimized with different weight coefficients and this process is applied for each identification type. It is observed from the obtained 
error function values that w2 coefficient has effect on the decreasing of error function in Hill48-6p model both AA2090-T3 and 
AA5182-O alloys and it also shows same effect on Hill48-14p model for AA5182-O alloy. Weight coefficients are divided into two 
groups in the models (Hill48-8p and Hill48-16p) which have four weight coefficients. Primarily, the coefficients (w3 and w4) which 
control biaxial experimental data are kept constant and the other two coefficients are varied. From this investigation it is 
determined that w1 coefficient has effect on the decreasing of error function of both Hill48-8p and Hill48-16p models and this effect 
is observed in both of two materials. Then, the coefficients (w1 and w2) are kept constant and the other coefficients are changed. It 
is observed from the obtained results that w3 and w4 coefficients have no significant effect on the error function in Hill48-8p and 
16 models for AA2090-T3 material, whereas the increasing of w3 coefficient decrease the value of the error function in both of the 
models for AA5182-O material. 

The values of the error functions obtained from different identification types and different weight coefficients are compared 
and it is determined that Hill48-6p model with w1 =0.1 and w2 = 0.9 coefficients give the minimum error function within the other 
models and weight coefficients. The results predicted from this model are compared with analytical identification and 
experimental results in order to evaluate the improvement in the prediction capability of Hill48 yield criterion. It is determined that 
the model could accurately predict the planar variation of both yield stress ratio and Lankford coefficient for both of materials. 
Besides the predicted Lankford coefficients from the model is the same as Hill48-r identification and they are close to the 
experimental values. Obtained results from this study show that the anisotropic behaviors of aluminium alloys which exhibit 
anomalous behavior could be successfully described by using Hill48-6p model with w1 =0.1 and w2 = 0.9 coefficients. 
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Nomenclature 

F, G, H, N 

��0, ��45, ��90 
��b 

w1, w2, w3, w4        

Hill48 anisotropy coefficients 
Yield stress ratios along three directions 
Balanced biaxial yield stress ratio 
Weight coefficients  

r0, r45, r90 
rb 

rn 

 

Lankford coefficients along three directions 
Balanced biaxial Lankford coefficient 
Normal anisotropy coefficient 
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