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Abstract. This study evaluates the performance of the SLAU, AUSM+UP upwind schemes, and CUSP artificial dissipation scheme 
for the flow through the convergent-divergent nozzles and turbine stator blades under different pressure ratios by developing an 
in-house code. By comparing the results with analytical and experimental results, it is found that, despite the simplicity of the 
SLAU scheme in the absence of tuning variables, it provides reasonable predictions for different turbine blades in point of location 
and strength of the shocks. The SLAU scheme could converge at a much higher rate, leading to very much lower values of 
residuals. The SLAU scheme causes about 30% and 20% improvements over the prediction of the shock-induced losses in 
supersonic and subsonic outlet flows, respectively. 

Keywords: Upwind Scheme; AUSM+UP; SLAU; Turbine Blade; Artificial Dissipation. 

1. Introduction 

Turbines are essential elements in different industrial applications. Effective design to improve the turbine efficiency requires 
a true understanding of the flow characteristics as it passes through the turbine blades (Fig. 1). In recent years, different 
numerical methods have been proposed to numerical modeling of the flow between turbine blades and calculating the associated 
losses and errors. The achievement of an accurate numerical method with minimum computation and numerical errors for 
modeling the flow in a wide range of regimes has always been of interest to researchers in the field of computational fluid 
dynamics.  

 

 

Fig. 1. Cascade schematic of a steam turbine blade  
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In numerical methods, to simulate the flows accurately, the governing equations discretized with the higher accuracy 
discretization schemes, which are unstable with numerical fluctuations. To reduce or eliminate these oscillations, there are two 
methods, classical and modern methods . In the classical method, to reduce or eliminate these oscillations, artificial dissipations 
add to the equations, but they are not completely eliminated [1]. In modern methods such as NVD2 [2], TVD1 [3], and WENO4 [4], 
by applying flux limiters to the equations, numerical fluctuations are completely terminated.  

In other way, numerical methods can be broadly classified under two classes, namely central difference schemes (or artificial 
dissipation schemes) and upwind schemes. In 1995, the basis of the artificial dissipation scheme initiated by Jameson in which an 
adaptive blend of fourth-order and second-order dissipative terms added to the equations as artificial dissipation terms. In an 
artificial dissipation scheme, it is a crucial task to determine the dissipation appropriately, because excessive dissipation leads to 
a sharp gradient. Accordingly, Jameson proposed the CUSP (Convective Upstream Split Pressure ) scheme, in which a switching 
function was utilized to detect the flow [5]. 

Upwind schemes that have now become the primary spatial discretization technique are in harmony with the physics of the 
flow across the domain. Liou [6] developed the AUSM (Advection Upstream Splitting Method) scheme, which is based on splitting 
the flux to pressure and convective terms separately. The convective terms are upstream-based and are convected by a cell-
interface velocity. In contrast, acoustic wave speeds govern the pressure flux terms.  

In recent years, to increase accuracy and reduce numerical diffusion of the original AUSM scheme, different versions of AUSM-
family schemes with several capabilities and weaknesses have been proposed [7]. Furthermore, to precisely predict problems 
containing a wide range of flow regimes – from incompressible to highly compressible flow regions in the same computational 
domain, accurate and robust numerical scheme capable of modeling all-speed flow is required. In 2006, to enhance the efficiency 
of schemes in low Mach number flow, Liou [8] modified AUSM-family schemes and developed a new scheme, named the 
AUSM+UP. AUSM+UP scheme is reliable and executable over a wide range of Mach numbers. However, it has several problem-
dependent parameters, and the modification slightly spoils the simplicity of the original AUSM scheme [9]. 

These schemes have been used for turbine blades in many publications. Fort et. al [10] proposed a proper numerical 
approximation of boundary conditions for the flow field in a turbine cascade. Their Numerical simulations were based on the 
Favre-averaged Navier–Stokes equations with SST k–ω turbulence model and the in-house implicit finite volume solver with 
AUSM-type discretization. Loda et. al [11] presented mathematical models for inviscid and also viscous transonic flows through 
turbine cascades. The flux splitting methods in their study include AUSM, AUSMPW+, and HLLC Riemann solvers. In another 
study, Loda et. al [12] investigated the numerical simulation of turbulent flow through turbine cascades including heat exchange 
between fluid and blades. The numerical algorithm couples an implicit AUSM finite volume solver for fluid flow and a finite 
element solver for heat conduction inside the blade. Pacciani et. al [13] compared the AUSM+UP scheme with two other numerical 
flux schemes in the framework of a RANS/URANS code for turbomachinery applications. The considered advection schemes 
include central discretizations with artificial dissipation and the Roe upwind scheme. Alakashi and Basuno [14] employed the 
Cell-centered scheme, Roe Upwind Scheme, and TVD Scheme to investigate the inviscid compressible flow pass through a two-
dimensional blade on two types of blade shapes. Singh and Holmes [15], considering the HCUSP artificial dissipation schemes are 
more amenable to implementation in central difference codes than the AUSM family of schemes, but AUSM family of schemes 
has several attractive properties over H-CUSP. Thus they proposed AD-AUSM scheme to signify a hybrid of artificial dissipation 
and AUSM family of schemes. The tests showed that AD-AUSM can capture contact waves with the accuracy of AUSM schemes. It 
is more robust and performs better across shocks than the H-CUSP variant. It is more dissipative across shocks than AUSM+UP 
and AUSMPW+ schemes but has a smoother behavior across sonic transition points. 

Recently, despite the high accuracy and efficiency of AUSM-family schemes, Shima and Kitamura [16] also modified AUSM-
family schemes and developed an all-speed scheme, called the SLAU (Simple low-dissipation AUSM family scheme). Although 
several all-speed schemes have been developed, however, these schemes contain at least one reference parameter. Simplicity is 
the main property of the SLAU scheme, and it includes no parameter to be tuned, such as the cut-off Mach number in the 
AUSM+UP scheme [17]. The SLAU scheme has low dissipation in the low Mach number region, and maintains robustness at high 
Mach numbers flow [18].  

In the present research, first, the equations of SLAU and AUSM+UP upwind schemes and CUSP artificial dissipation scheme 
are briefly reviewed. Then, by developing in-house code, to validate the AUSM family upwind schemes in different Mach number 
regimes, the results of SLAU, AUSM + UP, and CUSP schemes for a one-dimensional, adiabatic and inviscid flow in two convergent-
diverging nozzles under three pressure ratios are presented and compared with the results of the analytical solutions. In steam 
turbine blades usually, several subsequent shock waves occurred which get weak respectively. The prediction of location and 
strength of these shocks is a challenge which is considered in this article. Afterward, the performance of AUSM+UP and SLAU 
upwind schemes in two-dimensional, single-phase, and inviscid flow between steam turbine stator blades is examined. Also, the 
results of AUSM+UP, SLAU, and CUSP schemes are compared with the available experimental results on two types of mid-section 
and tip section turbine blades under various outlet conditions. 

2. Numerical Schemes  

As mentioned before, the numerical methods classified under central difference schemes and upwind schemes. The central 
difference schemes are based on an equal contribution of the flow information saved at points beside the cell surfaces. In other 
words, these schemes disregard the direction in which the information reaches the cell and ignore the nature of the problems. In 
these schemes, to inhibit possible oscillations in the solution, an appropriate approximation of the terms omitted during the 
discretization stage is added to the equations in the form of artificial dissipation, which causes some error.  

Upwind schemes are based on the propagative characteristic of waves and categorize into two types of flux difference 
splitting and flux vector splitting methods. Nowadays, the development of upstream methods is motivated by the tendency to 
combine both the precision of the flux difference splitting methods and the capabilities of the flux vector splitting methods. In 
these schemes, to determine convective velocity and pressure on the cell face, polynomial functions are used. In this paper, the 
three widely used schemes in recent years are considered. 

2.1 AUSM+UP 

As already mentioned, in all AUSM-family schemes, the inviscid flux is split into pressure and convective fluxes. Therefore, the 
inviscid flux at the cell interface has the form of [19] 
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where p1/2 is , the cell interface pressure. In the AUSM family schemes the cell interface mass flux is defined differently. In this 
scheme, the cell interface mass flux is signified by subscript ‘‘1/2’’. 
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where 1/2 is the density convected by the convective velocity q1/2 (q is the velocity component normal to the cell face). The 
subscripts ‘‘L’’ and ‘‘R’’, respectively, refer to the left and right cells of the cell interface. It is more straightforward to utilize the 
Mach number as a working variable. So, rewriting the above equation gives [8]:  
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The "UP" suffix in the AUSM+UP scheme is justified that "U" signifies the velocity diffusion term in the cell interface pressure 
equation, and "P" signifies the pressure diffusion term in the equations of the cell interface Mach number. The cell interface Mach 
number in terms of ML and MR defined as [8]: 

( ) ( )+ −= + +1 /2 m L m R pM M M M M M  (8) 

where Mm are the polynomial functions of degree m (m=1,2, 4) [19]. In the present work, the 4th-degree polynomial function is 
used that is expressed as: 
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In the above equation  = 1/8. As mentioned above, to improve computations in the low Mach number regions, the pressure 
diffusion term, Mp , is added. 
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Different equations have been suggested for the scaling factor fa. In this study, the simplest one has been used. 

( ) ( )= −2a O O Of M M M  (11) 

where the reference Mach number is: 

( )( )=2 2 2min 1, max ,O coM M M  (12) 

The cut-off Mach number Mco is indicated as O(M∞) and should avoid becoming zero. The mean local Mach number is given by: 

( )= +2 2 21
2 L RM M M  (13) 

Velocity diffusion term, Pu, also is added to enhance computations in the low Mach number regions and is used to develop a 
scheme for all speeds. The interface pressure formula is defined as: 
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It also can be written as below: 
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where n = 1, 3, or 5 corresponds to the degree of the polynomials P±. It is found that the fifth-degree polynomials are chosen to 
provide more accurate solutions [8].  
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In the AUSM+UP scheme, the user has no role in choosing the uncertain coefficient , as this parameter is intelligently 
entered into the equations using the following formula. 
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In AUSM+UP scheme, the interface speed of sound is defined as [20]: 
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As can be seen in this method, there are several dependent-parameters, as Ku, Kp , and , for calculating Mach number and 
pressure on the cell surface. The values of these parameters vary in different flow regimes and depend on the type of flow. 
Generally, Ku and Kp are proposed to be 0.75 and 0.25, respectively [13]. So, it can be problematic since there is no convenient 
method to specify these parameters, especially when there is no uniform flow. 

2.2 SLAU 

Recently, a simple low-dissipation numerical flux of the AUSM-family, named SLAU, has been devised for a wide range of 
regimes. This scheme differs from the AUSM + UP scheme in defining pressure flux. The new cell interface pressure equation is 
given by: 
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To control the dissipation value while keeping stability, the nondimensional function, fp , is used in this term. For this purpose, 
it should have the following characteristic. 
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A simple form for this function is proposed as: 
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Furthermore, for the local Mach number definition, the normal component and free-stream Mach number are employed in 
the AUSM+UP scheme, whereas, in this scheme, multidimensional velocity is used without any reference parameter. It is 
noteworthy that this amendment does not affect the nature of contact discontinuity preserving. [21]. In contrast with other all-
speed schemes, the SLAU scheme is an all-speed scheme that is free from the problem-dependent parameters; therefore, its 
broad applicability is expected. 

2.3 CUSP 

This scheme is based on the dissociation of the pressure terms in the flux equations [22]. The components of the flux vector in 
two-dimensional flow are expressed by: 

= +
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. .x y y xF F S F S  (27) 

Sx and Sy are the surface borders in the x and y directions, respectively. The flow flux is split into two components, convective 
and pressure terms as [15]: 

= + = +
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where w contains the two-dimensional flow conservation variables and pressure vector in x and y directions is given by: 

ρ

ρ

ρ

ρ

 
 
 
 =  
 
 
  

� .

.

.

u

v

e

w ,  

 
 
 
 =  
 
 
  

�

0

0
 

.

py p

v p

F ,   

 
 
 
 =  
 
 
  

�

0

0

.

px

p

u p

F  (29) 

As mentioned before the flow flux contains convective and pressure terms and the dissipation term that adds to the flux 
vector is defined as follows: 
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where  and  defined as follows [23, 24]: 
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Artificial dissipation should be added with high values adjacent to shock waves and low values in the rest of the solution 

domain, to obtain more precise results. For this purpose, a switch function, L(u,v), which has a fundamental role in the 
convergence of the solution and is capable of flow detection, is used in the computations [22]. 
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The value of the power q is selective and between 2 and 3 [25]. Now, wi+1 and wi should be replaced by a variable vector at right 
and left- hand sides.  
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2.4 Comparison of pressure flux in AUSM family schemes 

The following equation is used to calculate the pressure on the cell interface in all AUSM family methods [18]: 
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For supersonic flows with substituting the P± from the above equation: 
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As can be seen, the first dissipative term in eq. (40), which is proportional to the pressure difference, changes from the central 

difference state to the upwind state, and the second dissipative term, which corresponds to the average pressure of the two cells 
is also disappeared. Accordingly, the flux is fully upwind. 

Also, for subsonic flows with a Mach number much smaller than one regardless of the higher-order terms with substituting 
the ±: 
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As can be seen, the first and second dissipative terms in eq. (40) for subsonic flows have been merged into one term. 
The first term in eq. (40) in calculating the pressure flux, even at low Mach, results in severe fluctuations and even divergence. 

So, it has been reduced in the SLAU scheme to control the dissipation and removed in the AUSM+UP scheme, and another term is 
introduced.  

According to eq. (14) the AUSM+UP scheme has an additional dissipation term controlled by the function fa, which also 
asymptotes to 2M at low speeds [26]. 

In the SLAU scheme, the second term of dissipation is scaled with a function that is of local Mach number, in other words, a 
scale of convective terms is included in the calculation of the pressure flux. This function is considering the multidimensional 
Mach number. They showed in eqs. ( 23 - 26) [27]. 

3. Results 

As explained in the introduction, in this research, the performance of SLAU, AUSM+UP upwind schemes, and the CUSP 
artificial dissipation scheme for one-dimensional, adiabatic, and inviscid flow in the convergent-divergent nozzles is evaluated 
and compared with the analytical solution. In this section, the three different pressure ratios is considered for examining the 
ability of the above schemes in a wide range of Mach number such as transonic flow and the flow which has a wide range of 
Mach number from subsonic to supersonic. In the following sections, the three schemes are applied for modeling the two-
dimensional, adiabatic, and inviscid flow between turbine blades. The comparison between these schemes is carried out by 
studying two types of turbine blades, namely tip-section and mid-section, under two expansion ratios. 

3.1 Convergent-Divergent Nozzle 

Figure 2 shows the geometry of the convergent-divergent nozzle, which has an area ratio of 1.5. The computational grid is a 
standard mesh, and it has 200 cells in x-direction where independence of the solution from the grid system is verified. The 
following equation defines the profile equation of the nozzle. 

= +20.25 0.5y x  (43) 

Assuming the amount of 0.7 for pressure ratio (back pressure to the stagnation pressure), the value of Mach number starts 
from about 0.77 at the nozzle inlet. By decreasing the area, the Mach number increases to about 1.7 adjacent to the outlet, then a 
normal shock wave occurs. Mach number distribution along the nozzle obtained from SLAU, AUSM+UP and CUSP schemes along 
with the analytical solution is illustrated in Fig. 3. As it is shown, the three methods apparently provide acceptable results, but 
from a closer view to the shock region (before and after the shock), there are some differences in predicting the location and 
strength of shock wave. 

Also, the position of the shock wave, the Mach number values before and after the shock wave, and the stagnation pressure 
drop regarding the predictions of these schemes are presented in Table 1 and compared with the analytical solution obtained 
from thermodynamic tables. The stagnation pressure drop due to aerodynamic shocks is calculated from the below equation. 
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Fig. 2. Geometry of the convergent-divergent nozzle (pressure ratio=0.7 and 0.87) 
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Table 1. Comparison of calculated shock wave parameters with the analytical solution (pressure ratio=0.7) 

SLAU CUSP AUSM+UP Dynamic gas table Schemes 

0.8348 0.8348 0.8348 0.8343 Starting point of the shock (m) 

0.847 0.847 0.841 0.834 Position of the end of the shock (m) 

1.712 1.717 1.710 1.711 M1 

0.6367 0.6345 0.6423 0.6377 M2 

0.849 0.842 0.849 0.851 P02/P01 

 

Table 1 and Fig. 3 show that the analytical solution leads to the shock position at x= 0.834, assuming the amount of 0.7 for the 
pressure ratio. As can be seen, the shock position and the Mach number before and after the shock wave by applying the SLAU 
scheme is predicted better than two other schemes. Furthermore, the predicted shock thickness, obtained by the SLAU scheme, is 
the least one, and so preferable. According to this figure and Table 1, it is clear that the SLAU scheme generally captures the shock 
more accurately.  
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Fig. 3. Distribution of Mach number along the nozzle and before and 
after shock (pressure ratio=0.7) 

Fig. 4. Distribution of stagnation pressure to inlet stagnation pressure in 
the nozzle (pressure ratio=0.7) 
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Fig. 7. Distribution of the components of artificial dissipation in CUSP 
scheme in the x and y direction (term1: convection and term2: pressure), 

(pressure ratio=0.7) 

Fig. 8. Distribution of Mach number along the nozzle (pressure 
ratio=0.87) 

 

The shock-induced losses in calculations are represented by decreasing in the stagnation pressure. In the conducted adiabatic 
and inviscid modeling, the stagnation pressure must remain constant until the shock wave; and drops at the shock location. The 
closer this drop to the value calculated in the analytical solutions, denote suitable agreement with the pre-assumptions. The 
changes of stagnation pressure to the inlet stagnation pressure of the nozzle obtained from the three mentioned schemes and 
the stagnation pressure drop by the analytical solution are shown in Fig. 4. As can be seen from this figure and table 1, the CUSP 
scheme has fluctuations near the shock, and the SLAU and AUSM+UP schemes estimated the stagnation pressure better than the 
CUSP scheme. 

Figure 5 illustrates the convergence rate in terms of the number of iterations for the three mentioned schemes. The 
convergence speed depends on the CFL number, which in this study is equal to 0.5 for all schemes. As shown in Fig. 5 the SLAU 
scheme converges at a much higher rate due to less computing. So, the SLAU upwind scheme needs fewer iterations to achieve 
specific residual than the other two methods. Also, this scheme leads to very much lower values of residuals compared with the 
CUSP artificial dissipation scheme. 

Figure 6 shows the pressure dissipation term in the SLAU, AUSM+UP schemes, and total dissipation term in the CUSP scheme 
in x and y directions. It can be seen, the SLAU scheme applies the lowest amount of dissipation and the CUSP scheme applies the 
greatest amount of dissipation. Although the CUSP scheme applies the lower amount of dissipation in the x-direction, it applies 
artificial dissipation in a larger region; so, it applies more dissipation. As mentioned before excessive dissipation leads to errors in 
the numerical solution. 

Equations (47) and (48) are the dissipation term for the CUSP scheme in x and y directions, which are obtained by substituting 
the conservative variables and flux terms for the momentum equation in x and y directions in eq. (32). The equation of the 
pressure dissipation according to AUSM+UP and SLAU schemes which respectively obtained from eqs. (16), (23), are as follows: 

( ) ( )
( ) ( ) ( ) ( )( )χ

+ −
+ −− +

= − + − + −, 1 1
2 2

n L n R L R
p SLAU L R n L n R

P M P M P P
D P P P M P M  (45) 
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+ −

+

− +
= − + + − +, 1

2 2
n L n R L R

p AUSM UP L R n L n R u

P M P M P P
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( ) ( ) ( )( )α ρ ρ β ρ ρ+ + + +
= + = − + + − +* 2 2

1 /2 1 1 /2 1

1 1
2 2CUSP P C i i i i i i

D D D c u u u p u p  (47) 

( ) ( ) ( )( )α ρ ρ β ρ ρ+ + + +
= + = − + + − +* 2 2

1 /2 1 1 /2 1

1 1
2 2CUSP P C i i i i i i

D D D c v v v p v p  (48) 

The artificial dissipation term in the CUSP scheme contains two terms, convection, and pressure which are applied to the flux 
term totally. Further, the distribution of the components of dissipation in the CUSP scheme in the x and y direction are shown in 
Fig. 7. As can be seen from Fig. 7, the role of the first term (convection) of the artificial dissipation equation can be neglected and 
in y-direction, the role of the second term (pressure) is equal to zero. 

Considering the pressure ratio equal to 0.87, which leads to the transonic flow, a weak shock wave occurred in the nozzle. The 
position of the shock wave, the Mach number values before and after the shock wave, and the stagnation pressure drop obtained 
by AUSM+UP and SLAU and CUSP schemes are presented in table 2 and compared with the analytical solution obtained from 
thermodynamic tables. Also, the distribution of Mach number along the nozzle obtained by SLAU, AUSM+UP and CUSP schemes 
and the analytical solution is illustrated in Fig. 8. In this pressure ratio, the flow is transonic and the value of the Mach number is 
about 1.2 near the normal shock. The SLAU scheme performance in predicting the position and strength of shock is better than 
two other schemes and the thickness of the shock by the SLAU scheme is at least. 
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Table 2. Comparison of calculated shock wave parameters with the analytical solution (pressure ratio=0.87) 

SLAU CUSP AUSM+UP Dynamic gas table Schemes 

0.2677 0.2616 0.2616 0.2678 Starting point of the shock (m) 

0.2819 0.3017 0.3017 0.2678 Position of the end of the shock (m) 

1.2201 1.2088 1.2078 1.2178 M1 

0.8346 0.8262 0.8323 0.8313 M2 

0.9889 0.9870 0.9879 0.99097 P02/P01 

 
The stagnation pressure drop due to the normal shock is shown in Fig. 9. As can be seen, the CUSP scheme has high 

fluctuations near the shock, and from the comparison of the results with the analytical solutions, the SLAU scheme estimated the 
pressure drop more closer to the value calculated in the analytical solutions than others, which denotes suitable agreement with 
the pre-assumptions. So, the SLAU scheme in addition to simplicity- due to non-existing any tunable parameter, and a high rate 
of convergence- simulated the flow in the transonic regime better than AUSM+UP and CUSP schemes. 

Further, in the nozzles with a wide range of the Mach number from subsonic to supersonic in the same computational 
domain, an accurate and robust numerical scheme is needed to predict all-speed flows precisely. Considering a nozzle with an 
area ratio of 8.2 and the pressure ratio of 0.35, the Mach number changes from about 0.5 at the inlet to 3 near the shock. Figure 10 
shows the considered nozzle. 

The distribution of Mach number estimated by SLAU and AUSM+UP upwind schemes and the CUSP artificial scheme is shown 
in Fig. 11. By comparing the results with the analytical solution, in point of the location and strength of the shock and stagnation 
pressure drop, which are presented in table 3 it is observable, that the SLAU scheme has a great ability to predict all regimes. 
While in the CUSP scheme result some fluctuations are seen around the shock, and the AUSM+UP has dependent variables that 
should be tuned in different regimes to find the suitable values. 

X/L

P
0
/
P
0
in

-0.2 0 0.2 0.4 0.6 0.8 1
0.98

0.99

1

1.01

1.02

SLAU

AUSM+UP

CUSP

Analytical

 
X(m)

Y
(m
)

0

0

0.5

0.5

1

1

1.5

1.5

2

2

-1 -1

-0.5 -0.5

0 0

0.5 0.5

1 1

 

Fig. 9. Distribution of stagnation pressure to inlet stagnation pressure in 
the nozzle (pressure ratio=0.87) 

Fig. 10. Geometry of the convergent-divergent nozzle (pressure 
ratio=0.35) 
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Fig. 12. Geometry and the computational grid of mid-section turbines 
blade 
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Table 3. Comparison of calculated shock wave parameters with the analytical solution (pressure ratio=0.35) 

SLAU CUSP AUSM+UP Dynamic gas table Schemes 

1.2539 1.2539 1.2431 1.2523 Starting point of the shock (m) 

1.2652 1.2652 1.2762 1.2523 Position of the end of the shock (m) 

2.8816 2.9919 2.8334 2.8927 1M 

0.5001 0.5011 0.4701 0.4819 2M 

0.3908 0.3905 0.415 0.3599 P02/P01 

 
Table 4. Boundary conditions for 2 cases 

Pressure Ratio Inlet Condition Condition Geometry Pressure Ratio 

Pout/P0in T0in(K) P0in(kPa)   
0.48 388 172 supersonic outlet Mid-section 

0.57 388 172 subsonic outlet Mid-section 
 

3.2 Mid-section blade  

As mentioned before, to evaluate the performance of the AUSM+UP and SLAU upwind methods in two-dimensional, inviscid 
flow through stator turbine blades and their comparison with the CUSP artificial dissipation method, the mid-section steam 
turbine blades are selected firstly. In this research, modeling of the flow is carried out under three different conditions. Boundary 
conditions for steady-state, adiabatic, inviscid, and two-dimensional flow for two cases are listed in Table 4.  

Flow properties such as gas constant and specific heat ratios are used based on steam properties. It should be noted that the 
small thickness of the boundary layer, due to the expansive nature of the flow in turbines and nozzles, allows inviscid flow 
assumption[28-31].  

Figure 12 shows the geometry of the mid-section turbine blade. In this case, the quasi-orthogonal mesh with 276 cells in the 
x-direction and 25 cells in the y-direction is used, in which the grid independency is achieved, although, for brevity, the details are 
not given here. 

The blue lines in Fig. 12 show the periodic boundary conditions, and the black lines are the walls. The BC and GH lines 
represent the pressure side and the suction side, respectively. The inlet and outlet are specified by the red lines and for all cells in 
a yellow triangle, an alternative solution is to apply to the upper boundary of the yellow triangle the boundary condition of zero-
gradient for all the flow variables, which means no change in the triangular region is imposed, e.g. the pressure of these cells will 
be equal to the backpressure. 

The changes in static to inlet stagnation pressure ratio along the blade on the suction and pressure sides and mid passage 
obtained by the three mentioned schemes in the supersonic condition are shown in Figs. 13-15. It should be noted that the 
supersonic flow means that the outlet flow downstream of the cascade is supersonic. As shown in these figures, the pressure 
remains constant until entering the blades but achieves a stagnation point at the inlet of the blade; thus, the pressure of the flow 
increases, and the velocity decreases. After that, the flow expands along the blade, and the pressure decreases as the velocity 
increases. The sharp changes in pressure at the end of the blade are due to the aerodynamic shock waves. The target region (0.65 
< X/XChord < 0.95) is the sensitive and significant shock region on the suction side. The first pressure rise on the suction surface is 
due to the propagation of the pressure surface shock wave and its collision with the suction surface. After a collision with the 
suction surface, a reflected shock wave occurs. The next pressure rise on the suction surface represents the aerodynamic shock 
wave at the trailing edge. As can be seen from these figures, comparing predictions of these schemes with experimental results 
shows that, in addition to the simplicity of the SLAU scheme, its predictions are in more suitable agreement with experimental 
data throughout the entire blade.  

It can be seen that SLAU has captured the weak shocks correctly, while other schemes have captured the shock waves much 
stronger. In fact, the SLAU scheme is more reliable in modeling of the flow between steam turbine blades, because it predicts the 
location and strength of the weak shocks better, while the AUSM+UP and CUSP schemes have considerable deviations in the 
prediction of the location and strength of the second and third weak shocks. 

 

X/X
chord

P
/
P
0
in

0 0.5 1

0.4

0.5

0.6

0.7

0.8

0.9

1

AUSM+UP

SLAU

Experiment

CUSP

 X/X
chord

P
/
P
0
in

0 0.5 1

0.4

0.5

0.6

0.7

0.8

0.9

1

AUSM+UP

SLAU

Experiment

CUSP

zone1:Dw zone2:Cl zone3:UWzone1:Dw zone2:Cl zone3:UWzone1:Dw zone2:Cl zone3:UWzone1:Dw zone2:Cl zone3:UWzone1:Dw zone2:Cl zone3:UW

 

Fig. 13. Distribution of static pressure to inlet stagnation pressure along 
the blade on the suction side (supersonic outlet) 

Fig. 14. Distribution of static pressure to inlet stagnation pressure along 
the blade on mid passage (supersonic outlet) 
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Table 5. Percentage of the pressure drop in supersonic outlet condition (supersonic outlet) 

Ref [28] SLAU CUSP AUSM+UP Schemes 

1.5 1.52 1.03 0.76 Losses (%) 
 
 
Table 5 shows the percentage of stagnation pressure drop due to aerodynamic shocks in dry supersonic flow using SLAU, 

AUSM+UP, and CUSP schemes. It can be seen that the shock-induced losses prediction by the SLAU in the supersonic flow is about 
1.52%, which is in good agreement with the values in Table 5 derived from ref [28]. As noted, besides the simplicity of the SLAU 
method, due to the lack of tuning parameters, because of physical consistency, it provides more consistent results with 
experimental data throughout the blade. Also, it is superior to the CUSP and AUSM+UP methods in estimating the amount of 
stagnation pressure drop. 

In Figs. 16-17 , the changes in static to inlet stagnation pressure ratio along the blade on the suction and pressure sides 
obtained from SLAU, AUSM+UP, and CUSP schemes in the subsonic condition is illustrated. As can be seen, there is a good 
agreement between the numerical results and the experimental data. However, the AUSM+UP scheme has flow-dependent 
parameters such as Ku and Kp, which are various in different conditions, and by repeatedly optimizing the value of these 
parameters are selected. Also, the CUSP scheme has a selective parameter q, which requires to be determined in different flow 
conditions according to the available experimental results. Therefore, these schemes are more complicated than the SLAU 
method and increase the cost of computation. 

Table 6 shows the percentage of stagnation pressure drop due to the aerodynamic shocks in a dry subsonic flow using SLAU, 
AUSM+UP, and CUSP methods. 
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Fig. 15. Distribution of static pressure to inlet stagnation pressure along 
the blade on the pressure side (supersonic outlet) 

Fig. 16. Distribution of static pressure to inlet stagnation pressure along 
the blade on the suction side (subsonic outlet) 
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Fig. 17. Distribution of static pressure to inlet stagnation pressure along 
the blade on the pressure side (subsonic outlet) 

Fig. 18. Geometry and the computational grid of tip-section turbines 
blade 
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Table 6. Percentage of the pressure drop in subsonic outlet condition (subsonic outlet) 

Ref [28] SLAU CUSP AUSM+UP Schemes 

1.1 0.66 0.52 0.32 Losses (%) 

Table 7. Boundary conditions of tip-section turbines blade 

Pressure Ratio Inlet Condition  Condition Geometry 

Pout/P0in T0in(K) P0in(kPa)   

0.54 388 101.5 sonic outlet Tip-section 

 
A comparison between the current results with those of reference [28] shows that the stagnation pressure drop prediction by 

the SLAU method is about 0.66%, which predicts the values of the shock-induced losses better than the other two methods. 
As noted above, the SLAU scheme, in addition to providing precise results in the preceding sections, in estimating the amount 

of stagnation pressure drop and simplicity is superior compared to the CUSP and AUSM+UP schemes. 

3.3 Tip-section blade  

In continuation of applying the AUSM+UP, SLAU, and CUSP methods in modeling the flow between turbine blades, the tip 
section blade is used. Figure 18 illustrates the geometry and computational mesh for the tip-section turbine blade. In this case, 
the computational grid has 160 cells in the x-direction and 20 cells in the y-direction. Also, mesh independent solution is proven, 
but it is not presented in the paper for the sake of brevity.  
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Fig. 19. Distribution of static pressure to inlet stagnation pressure along 
the tip-section blade on the suction side 

Fig. 20. Distribution of static pressure to inlet stagnation pressure along 
the tip-section blade on the pressure side 
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Fig. 21. Distribution of static pressure to inlet stagnation pressure along the tip-section blade on the centerline 
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Table 8. Percentage of the pressure drop in the sonic outlet condition of tip-section turbines blade 

Ref [31] SLAU CUSP AUSM+UP Schemes 

0.05 0.02 0.0 0.0 Losses (%) 
 

Boundary conditions for steady-state, adiabatic, and inviscid two-dimensional flow for the tip-section blade in transonic 
outlet conditions are listed in Table 7. Also, flow properties such as gas constant and specific heat ratios are assumed based on 
steam properties. 

In Figs. 19-21, the changes of static to stagnation pressure ratio on the suction and pressure side and the centerline of the 
transonic outlet flow in the tip-section turbine blade are respectively investigated. The shock wave is detected along the suction 
side in the X/XChord = 0.52. Comparing the results of these schemes with experimental data [31] shows that the SLAU method 
compared to the AUSM+UP and the CUSP methods gives more consistent results with the experimental data. 

Further, table 8 shows the percentage of stagnation pressure drop in the tip section turbine blade, due to aerodynamic shocks. 
As it is shown, regarding the complexities of the tip-section turbine blade, the SLAU scheme predicts the stagnation pressure drop 
value better than the other two methods. In other words, both CUSP and AUSM+UP schemes smear and weaken the shock waves, 
as they cannot predict the losses for a weak shock wave. These schemes to provide acceptable results need to changes in 
themselves tuning parameters. 

4. Conclusion 

Regarding the significance of an effective steam turbine design in different industries, numerous numerical methods have 
been developed to identify the flow behavior inside the turbine blades. In this research, the performance evaluation of the SLAU, 
AUSM+UP upwind schemes, and CUSP artificial dissipation scheme has been targeted by developing an in-house code. In the first 
section, a comparison between the results of the three schemes for one-dimensional, adiabatic, and inviscid flow within the 
convergent-divergent nozzles with the analytical results revealed a suitable agreement between the SLAU scheme and the 
analytical solution. Also, the SLAU scheme is more straight forward than the two other schemes and converges at a much higher 
rate due to the lack of prescribed parameters. Continuing with the research, the AUSM+UP and SLAU upwind schemes and the 
CUSP artificial dissipation scheme have been used to modeling two-dimensional inviscid flow between the two types of turbine 
stator blades, namely tip-section and mid-section. The flow is modeled under different outlet conditions downstream of the 
trailing edge, and the obtained results show that the SLAU scheme has a good agreement with experimental data. Specifically, 
several subsequent weak shock waves occurred and it was seen that the SLAU scheme predicts the location and strength of these 
shocks more precisely. Furthermore, the SLAU scheme, disparate the AUSM+UP and CUSP scheme, does not have tuning and flow-
dependent parameters to determine their optimum values in different flows according to the experimental results. So, it has a 
more straightforward formulation than other all-speed schemes, and using other methods will increase the time of the 
computation. Therefore, in addition to increasing the accuracy, it can be mentioned as an important advantage of the SLAU 
method by simplicity and reducing the computation. Moreover, the SLAU scheme is more accurate in predicting the aerodynamic 
shock losses than the AUSM+UP and CUSP methods, In general, by using the SLAU scheme, the improvement over the prediction 
of the shock-induced losses in supersonic and subsonic outlet flows are about 30% and 20%, respectively. 
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