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Abstract. A new theoretical tri-hybrid nanofluid model for enhancing the heat transfer is presented in this article. This model 
explains the method to obtain a better heat conductor than the hybrid nanofluid. The tri-hybrid nanofluid is formed by 
suspending three types of nanoparticles with different physical and chemical bonds into a base fluid. In this study, the 
nanoparticles TiO2, Al2O3 and SiO2 are suspended into water thus forming the combination TiO2-SiO2-Al2O3-H2O. This combination 
helps in decomposing harmful substances, environmental purification and other appliances that requires cooling. The properties 
of tri-hybrid nanofluid such as Density, Viscosity, Thermal Conductivity, Electrical Conductivity and Specific Heat capacitance are 
defined mathematically in this article. The system of equations that governs the flow and temperature of the fluid are converted 
to ordinary differential equations and are solved using RKF-45 method. The results are discussed through graphs and it is 
observed that the tri-hybrid nanofluid has a better thermal conductivity than the hybrid nanofluid. 

Keywords: Heat Transfer, Tri hybrid Nanofluid, Stretching Sheet, Magnetic Field. 

1. Introduction 

The boundary layer flow and heat transfer of a fluid finds applications in various fields such as, drawing of polymer sheet, 

laments extruded from a die, cooling of a metallic plate in a bath etc. The fluids are usually used for cooling purposes due to their 

heat conducting capacity and its abundant availability. Boundary layer theory gives the information about the shape of the body 

in order to avoid the boundary layer separation. In this view, Sakiadis [1] introduced the concept of boundary layer flow and it was 

experimentally supported by Tsou et al. [2]. Rollins and Vajravelu [3] discussed the heat transfer properties of a second order fluid 

flowing past a stretching sheet. Sharidan et al. [4], Puneeth et al. [5] and Abel et al. [6] studied flow of fluid past a stretching sheet. 

Elbashbeshy and Aldawody [7-9] discussed mixed convection in the unsteady flow of fluid over a porous sheet. Grubka and Bobba 

[10] discussed the heat transfer in the flow past a stretching sheet subjected to uniform heat flux. 

The development of industries increased the air pollution caused by factory fumes, emissions of oxides of Sulphur and dust 

particles. Accordingly, the problem related to the environment such as global warming are emerging as global issues. Also, the 

vehicle movement forms the source of pollution along with the industrial boilers and power generation facilities. These sources 

produce oxides of Nitrogen that are harmful air pollutants. In recent times, the emission of oxides of Nitrogen has reached the 

alarming levels in major cities due to the increase in the usage of motor vehicles. This causes respiratory disease, photochemical 

smog and acid rain. Measures for reducing the emission of 
x

NO  include purification and detoxification through photocatalytic 

reactions. The photocatalyst used for the above-mentioned purpose should possess high optical activity, high absorbance of 

visible light, an optimal energy range that is suitable for reactions, chemical inertness, biological inertness, optical stability, low 

cost etc. All these characteristics are found to be available in 
2

TiO  and due to these features 
2

TiO  is used in many appliances. 

Titanium dioxide
2

( )TiO  finds its significance in photocatalytic applications [11-15]. High photo catalysis is obtained by 

fabricating 
2

TiO  materials with high specific surface areas. In particular, the nanostructured (nanotubes and nanofibers) 
2

TiO  

materials that are made-up through a template synthesis method introduced by Martin’s group [16, 17] attracted researchers in 

recent years due to its large surface areas and various applications of the materials. Along with these characteristics, the metallic 

nanoparticles similar to 
2

TiO  such as , , ,Cu Ag CuO Au  etc. possess better thermal conductivity when compared to fluids. This 
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motivated the researchers to discover nanofluid in which the metallic particles of nano-meter size are suspended. It was 

observed by through experiments and theoretical studies that the nanofluid possessed better thermal conductivity than the 

regular fluids.  

Choi [18] introduced the nanofluid concept. Xuan and Roetzel [19] had incurred the thermal dispersion in the motion to 

augment the process of heat transport. They proposed two methods to deduce the heat transfer relation of nanofluid. Later, Xuan 

and Li [20] proposed a theoretical model that described the heat transport characteristics of a nanofluid flowing in a tubular 

region. Kelbinski et al. [21, 22] discussed the nanoparticles clustering. Ghalambaz et al. [23, 24] discussed natural convection in the 

flow of nanofluid containing phase change particles. Further, Ghalambaz [25, 26] continued to discuss the natural convection in 

an unsteady flow of nanofluid. These studies indicated that the nanofluid finds various applications in the field of industrialized 

cooling, manufacturing of detergent, biomedical applications, nuclear reactors, microchip technology etc. 

The principle behind synthesizing nanofluid composites is to enhance the properties of single nanoparticle that possess 

either better thermal conductivity or better rheological properties. By framing a composite nanofluid, the thermal conductivity 

and the rheological property of the resulting nanofluid can be enhanced. This is ensured by preparing a perfect combination of 

nanoparticles. A nanofluid formed by adding nanoparticles that has better thermal conductivity may not have better rheological 

property. Hence, by adding nanoparticles with different rheological or thermal properties enhances the overall ability of the 

nanofluid and makes it more stable and effective. For example, 
2 3

Al O  exhibits appreciable chemical inertness and stability but 

will offer low thermal conductivity. Whereas, particles like Aluminum, Silver, Copper etc. possess higher thermal conductivity and 

are unstable and chemically reactive. Hence, the mixing of these nanoparticles with different physical and chemical bonds forms 

nanofluid called hybrid nanofluids. They find applications in nuclear safety, pharmaceutical industry, cooling of electronic heaters 

etc. 

Hayat et al. [27] explored that the hybridization of the fluid increased the rate of heat transfer. Chamkha et al. [28, 29, 30] 

discussed the natural convection in the hybrid nanofluid under magnetic field in a square enclosure. Manjunatha et al. [31] 

discussed the flow of 
2 3 2

Cu Al O H O− −  hybrid nanofluid under the influence of variable viscosity. Nihara [32] demonstrated the 

enhancement of mechanical and thermal properties of base fluid due to the addition of nano particles. Bahiraei et al., [33, 34, 35, 

36] discussed the advantages of using hybrid nanofluids with graphene as one of the suspensions over pure water in the liquid 

blocks and also found an improvement in the performance of heat sink while using nanofluid. Han et al. [37] coated 
2

TiO  with 

2
SiO  to improve the dispersibility of 

2
TiO  in water. Furthermore, many researchers have continued studying the heat transfer 

characteristics of hybrid nanofluid [38-43]. The improvement of balancing the thermal and rheological properties can be done by 

designing a tri-hybrid nanofluid.  

The high demand for a cooling agent with enhanced heat transfer capability in the industries motivated the researchers to 

develop the existing nanofluid concept for enhancing the heat transfer. As a result, the hybrid nanofluid was discovered and an 

enhanced heat transfer characteristic was observed. With this motivation further experimental studies are being conducted for 

tri-hybrid nanofluid anticipating an improved heat transfer rate. In tri-hybrid nanofluid, three classes of nanoparticles with 

different physical and chemical bonds are suspended. For instance,
2

TiO possesses acid centers of high acid strength when it is 

treated with sulfuric acid and forms a covalent surface sulfatase such as 
4

TiOSO . Similarly,
2 3

Al O reacts with sulfuric acid to form 

surface sulfatase similar to aluminum ionic salts such as
2 4 3
( )Al SO . The acid sites that are weaker in strength are produced due to 

the reaction between alumina and sulphuric acid. These acid sites produced will make the nanoparticle composition stable and 

chemically inert. Whereas,
2

SiO does not form sulfatase due to the higher electron negativity of Si  than that of Al  and Ti . This 

study is an initiative to develop a coolant that can cool the appliance using 
2

TiO . Thus, in order to develop such a coolant using 

2
TiO , the supporting agents 

2
SiO  and 

2 3
Al O  are used. In this paper, a theoretical model for Tri-Hybrid nanofluid is introduced in 

support of the experimental studies. 

2. Mathematical Model 

Consider a laminar flow of an incompressible tri-hybrid nanofluid formed by suspending 
2

TiO , 
2 3

Al O  and 
2

SiO  in water by 

considering the hybrid nanofluid 
2 2 3 2

SiO Al O H O− −  as base fluid. It is allowed to flow past a stretching sheet at velocity q
�

 

whose components are ( , )u v  along ( , )x y  direction. The physical configuration is shown in Fig. (1) and the Cartesian co-ordinate 

system is used to describe the configuration. The sheet is assumed to be stretching at a speed of 
w

U ax= . A uniform magnetic 

field of strength 
0

B  is applied perpendicular to the sheet. The room is maintained at an ambient temperature T
∞

 and the 

temperature of the tri-hybrid nanofluid is described by T . Based on these assumptions the governing equations take the 

following form [31]: 

 
Fig. 1. Physical Configuration 
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The physical quantities are defined as: 
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3. Thermophysical and Rheological Properties 

The thermophysical properties of 
2 2 2 3 2

TiO SiO Al O H O− − −  Tri hybrid nanofluid are 

1. Density 
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4. Electrical Conductivity  
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The thermophysical constants with respect to the nanoparticles and base fluid are given in Table 1: 
 

Table 1. Thermophysical properties of the nanoparticles and the base fluid [40] 

 
ρ

3

[ ]kgm
−

 σ
1

[ ]Sm
−

 κ
1

[ ( ) ]W mK
−

 

2
H O  997.1 5.5x10-6 0.6071 

2
TiO  4250 2.4x106 8.953 

2
SiO  2270 3.5x106 1.4013 

2 3
Al O  6310 5.96x107 32.9 
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4. Similarity Transformation 

The partial differential equations (1) - (4) are made dimensionless and are converted to ordinary differential equations by 
using the following similarity transformation [31]: 

'( ), ( ), ,
w

T T a
u axF v a F

T T
η υ η η

υ

∞

∞

−
= = − Θ = =

−
 (6) 

Eq. (1) is satisfied and the transformed system of equations are: 

2
''' ( '' ' ) ' 0

thnf thnf thnf

f f f

F FF F MF
µ ρ σ

µ ρ σ
+ − − =  (7) 

'' Pr ' 0
thnf

f

F Q
κ

κ
Θ + Θ + Θ=  (8) 

The associated boundary conditions are: 

'(0) 1, (0) 0, '(0) (1 ), '( ) 0, 0
thnf

f

F F F
κ
γ
κ

= = Θ = − −Θ(0) ∞ = Θ(∞) =  (9) 

The expressions corresponding to the physical quantities are defined as: 
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thnf thnfx

x x

f fx

Nu
Cf F
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The nondimensional parameters are defined as: 

2

0
, Pr , , Re

2

f f c w

x

f f w f

B Q U x
M Q

U T T

σ υ

ρ α υ
∞

= = = =
−

 (11) 

5. Solution Methodology 

The transformed governing equations (7), (8) and the boundary conditions (9) are converted to initial value problem and are 

solved using RKF-45 method with the help of shooting technique. The computations are performed by setting η = 10  for the far 

field boundary conditions with an accuracy of 
5

10
−

. This method determines the proper step size and at every step, two 

approximations are compared. If these two approximations hold close agreement with each other then it is accepted. Else, the 

step size is further reduced and the computation is repeated until required accuracy is achieved. The result is verified by 

comparing it with the existing literature and the comparison is displayed in the below table 2. The comparison is done for the 

values of '(0)−Θ  by considering 
1 2 3

0Mφ φ φ= = = = . 

6. Results and Discussion 

The dimensionless ordinary differential equations (7)-(9) are solved using RKF-45 method as described in the previous section. 

The results are validated by comparing it with those existing in the literature [38, 39, 20]. A very close agreement is seen with the 

results and hence verifies the method used. The outcomes of the study are interpreted through Fig. 2 to Fig. 8 in this section. 

Figures 2 and 3 interpret the effect of magnetic field on velocity profile and temperature profile of the tri-hybrid nanofluid 

respectively. The existence of magnetic field gives rise to a force called Lorentz force that opposes the fluid flow. The magnitude of 

this force is directly proportional to the magnitude of M . Hence, the increase in M  strengthens the Lorentz force. This in turn 

provides a greater resistivity to the fluid flow and hence the momentum is found to be decreasing with the increasing values of 

M . This decrement in the velocity of the flow allows nanoparticles to conduct more heat and hence an enhancement in the 

temperature is observed. 

 

Table 2. Comparison Table 

Pr  
Manjunatha et al. [37] Khan and Pop [38] Gorla and Sidwai [39] Present Study 

'(0)−Θ  '(0)−Θ  '(0)−Θ  '(0)−Θ  

2 0.9113 0.9113 0.9114 0.9113 
6.13 1.7596 1.7597 1.7596 1.7597 

7 1.8954 1.8954 1.8954 1.8954 
20 1.3539 1.3539 1.3539 1.3539 
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Fig. 2. Effect of Magnetic field on Velocity Fig. 3. Effect of Magnetic field on Temperature 

 

Fig. 4. Effect of Volume Fraction on Temperature Fig. 5. Effect of Volume fraction on Velocity 

Fig. 6. Effect of Volume fraction and Magnetic field on Skin friction co-
efficient 

Fig. 7. Effect of Volume fraction and Magnetic field on Nusselt Number 
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Figures 4 and 5 show the effect of volume fraction over the temperature profile and the velocity profile respectively. With the 

rise in the volume fraction of 
2

TiO  nanoparticles, its concentration increases within the nanofluid and provides more room for 

increased heat conduction. This in turn increases the temperature of the nanofluid as shown in the Fig. 4. This indicates that the 

absorption of heat from the appliance is enhanced and the appliance is ensured an optimum temperature and long life. The 

photocatalytic nature of 
2

TiO  performs better as a heat conductor hence the nanofluid with combination of 
2

TiO  is used more 

as coolant. Also, its chemical inertness makes the nanofluid more stable. By using this combination as coolant in the motor 

vehicles can reduce the air pollution as discussed earlier. Since these nanoparticles conduct more heat it becomes less dense and 

flows easily in the nanofluid. These less dense nanoparticles pull the fluid along with them in its direction of motion and hence 

the velocity of the fluid flow rises as shown in the Fig. 5.  

The Fig. 6 to Fig. 9 shows the response of 
x

Cf  and 
x

Nu  for variation in non-dimensional parameters. The presence of M  

gives rise to Lorentz force in the form of frictional force whose magnitude is directly proportional to the magnitude of M . Thus, 

the increase in the magnetic field parameter increases 
x

Cf  as shown in the Fig. 6. But it decreases with the increase in 
1
φ  due to 

the fact that the heat conduction is enhanced for higher concentration of nanoparticles. Figure 7 shows that the 
x

Nu  with the 

increase in ,M  
1
φ  and from the Fig. 8 and Fig. 9 it is clear that 

x
Nu increase with Pr . 

Figure 10 displays the comparison of heat transfer performance of fluid, nanofluid, hybrid nanofluid and tri-hybrid nanofluid. 

It is noted that the tri-hybrid nanofluid has better heat transfer characteristics than that of the other due to the fact that by using 

different nanoparticles with different chemical bonds helps increase the heat transfer as each nanoparticle with its chemical 

bond has its own properties to take care of. For example, in this composition, 
2

TiO  is responsible for more heat conduction due 

to its photocatalytic feature and high thermal conductivity. 
2

SiO  is used to enhance the catalytic nature of 
2

TiO  so that it will 

be in a position to conduct more heat and the inclusion of 
2 3

Al O  takes care of chemical inertness and stability of the fluid. 

Fig. 8. Effect of Prandtl number and Magnetic field on Nusselt number Fig. 9. Effect of Prandtl number and Volume fraction on Nusselt number 

 

Fig. 10. Comparison. 
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7. Conclusion 

The analysis of heat transfer characteristics and flow behavior for TiO2-SiO2-Al2O3-H2O tri-hybrid nanofluid past a linearly 

stretching sheet is conducted. The governing equations are converted to ordinary differential equations using the suitable 

similarity transformations. The resulting system of differential equations are solved using RKF 45 method and the results are 

interpreted through graphs. This work can be further extended to study the behavior of various non Newtonian fluids under 

different physical situation by considering the suspension of different class of nanoparticles that suits the practical scenario. The 

major outcomes of the study are: 

 Tri-Hybrid nanofluid has better heat transfer property than fluid, nanofluid and hybrid nanofluid. 

 The Tri-Hybrid nanofluid conducts more heat for higher volume fraction. 

 The momentum of the flow increases for higher volume fraction. 

 The increase in the magnetic field resists the flow of Tri-hybrid nanofluid. 

 The heat generated due to strong Lorentz force caused the Tri-hybrid nanofluid to conduct more heat. 

Author Contributions 

S. Manjunatha planned the scheme, initiated the project; V. Puneeth solved the mathematical model and analyzed the 

empirical results; B.J. Gireesha and Ali J. Chamkha examined the theory validation. The manuscript was written through the 

contribution of all authors. All authors discussed the results, reviewed, and approved the final version of the manuscript.  

Acknowledgments 

Acknowledgments may be made to individuals or institutions that have made an important contribution. 

Conflict of Interest  

The authors declared no potential conflicts of interest with respect to the research, authorship, and publication of this article. 

Funding  

The authors received no financial support for the research, authorship, and publication of this article. 

Data Availability Statements 

The datasets generated and/or analyzed during the current study are available from the corresponding author on reasonable 
request. 

Nomenclature 

( , )u v  Velocity Components 
1

[ ]ms
−

 
x

Cf  Skin friction co-efficient 

( , )x y  Coordinates Q  Heat source or sink parameter 

0
B  Strength of magnetic field [ ]Tesla  Re

x
 Reynolds number 

T  Temperature [ ]K  M  Magnetic field parameter 

w
T  Surface temperature [ ]K  Pr  Prandtl number 

T
∞

 Ambient Temperature [ ]K  κ  Thermal conductivity 
1

[ ( ) ]W mK
−

 

w
U  Surface velocity 

1
[ ]ms

−
 σ  Electrical conductivity 

1
[ ]Sm

−
 

a  A positive constant ρ  Density 
3

[ ]kgm
−

 

q
�

 Velocity vector µ  Dynamic viscosity [ ]Pa s−  

t
h  Heat transfer co-efficient thnf Tri hybrid nanofluid 

c
Q  Heat source or sink[ ]J  hnf Hybrid Nanofluid 

x
Nu  Nusselt number nf Nanofluid 
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