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Abstract. In this paper, it is aimed to analyze the linear vibrational behavior of functionally-graded (FG) size-dependent circular
nano-plates using the integral form of the non-local strain gradient (NSG) model. The linear axisymmetric vibration of the circular
FG nano-plates based on the non-local strain gradient (NSG) model is the focal point of this study. In this regard, the non-local
elasticity theory (NET) and strain gradient (SG) models are used in conjunction with Hamilton's principle to obtain the governing
equations. Discretization of the obtained governing equations is performed with the help of generalized differential quadrature
rule (GDQR) and Galerkin weighted residual method (GWRM). The analysis is focused on the effect of non-local and material
parameters, as well as the aspect ratio, heterogeneity index of FG material, different boundary conditions, and frequency number
on the overall behavior of nano-plate. On using the Galerkin method, a system of linear differential equations is obtained and
solved to determine the natural linear frequencies and mode shapes. The obtained results are then compared with the existing
results in the literature. On using the proposed procedure in this paper, the dynamic behavior of nano-plate under different
boundary conditions can be well described. In addition, the existing deficiencies in other non-local theories can be eliminated.
The results of this investigation can be considered as a turning point in the improvement of theoretical results for achieving a
better prediction of vibrational behavior in nanostructures.

Keywords: Size effect, vibrational response, functionally graded material, circular nanoplate, non-local strain gradient theory.

1. Introduction

Nowadays, several kinds of research have been devoted to the field of nano-structures regarding their excellent
characteristics. However, several limitations are encountered in the testing of nano-scaled samples according to the difficulty and
expense of the experimental test. Accordingly, suitable mathematical models should be developed for investigations. The
conducted modeling approaches in this field can be classified into three classes of peer atomistic mechanics[1, 2], hybrid
atomistic-continuum mechanics[3-6], and peer continuum mechanics. The first and second classes suffer from the higher
computational cost, which restricts their application in the analysis of large-scale systems. However, the approaches involved in
the last class provide acceptable results consistent with the results of former approaches along with lower computational costs.
The results reveal the significant effect of size on the mechanical properties; hence, neglection of this parameter would lead to an
improper solution [7, 8].

According to the neglection of size effect in the classical continuum theories, their applications in the evaluation of
micro/nano-scaled structures are not desirable. To alleviate this problem, continuum theories involving size-dependent effects
have been developed. For adapting the continuum mechanics procedure in analyzing the micro-/nano-scaled structures, some
modifications should be performed to consider the size effect. In this regard, several models have been proposed, among which,
one can mention the non-local elasticity theory (NET), Eringen’s theory [9-14], strain gradient theory (SGT)[15-17], surface effect
elasticity [18-24], couple stress theory (CST), modified CST [25-31], stress-driven theory [32-34] and the non-local strain gradient
theory (NSGT) [35-45].

Zarei et al. [46] Analyzed the Buckling and Vibration of Tapered Circular nano-plate subjected to in-plane forces were studied.
They considered a linear variation for the plate thickness in the radial direction and used the nonlocal elasticity theory to capture
the size-dependent effects. In addition, Raleigh-Ritz and differential transform methods were utilized to obtain the frequency
equations, based on the simply supported and clamped boundary conditions. They investigated the effects of nonlocal and taper
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parameters, as well as the mode number, on the natural frequency. Their results showed that increasing the taper parameter
causes an increase in buckling load and natural frequencies. These effects were more pronounced for nano-plates with clamped
boundary conditions. Barretta et al. [37] analyzed the behavior of an axisymmetric circular/ annular nano-plate, using the stress-
driven nonlocal integral elasticity and Kirchhoff plate theory. They applied this method to some engineering case studies and
compared the associated results with those of the strain gradient model of elasticity generated by Reissner’s variational principle.
Nonlinear axisymmetric bending of a thin circular plate was analyzed based on strain gradient theory by Li et al. [47]. They
proposed a size-dependent nonlinear bending theory for an axisymmetric thin circular plate, using the principle of minimum
potential energy. Their formulation was based on the strain gradient theory of Zhou et al. and the von Kdrman geometric
nonlinearity. They showed that provided the circular plate thickness is much greater than the higher-order material constant, all
strain gradient effects can be ignored and the difference in deflections obtained based on these theories is negligible. Luo et
al. [48] analyzed the Transverse free vibration of axisymmetric functionally graded circular nanoplates with radial loads based on
the nonlocal strain gradient approach and Mindlin plate theory. They solved the resulting equation of motion by the differential
quadrature method. They showed that the natural frequencies of the circular nanoplates decrease with an increase in the radial
compressive load while increasing with an increase in radial tensile load. Additionally, the first-mode natural frequency reduces
to zero under a certain radial compressive load, resulting in dynamic instability. Also, they demonstrated that the strain gradient
characteristic parameter has a threshold in their model for functionally graded circular nanoplate. Yang et al. [49] analyzed the
effect of the surface material properties on the deflection and natural frequencies of the circular nano-plates based on different
boundary conditions. They used Gurtin-Murdoch surface elasticity theory and the first-order shear deformation plate theory to
derive the partial differential equation for the axisymmetric bending and free vibration of the circular nanoplate.

Al-Furjan et al. [27] used modified couple stress theory to investigate the vibrational characteristics of a higher-order
laminated composite viscoelastic annular micro-plate resting on a viscoelastic foundation, simulated via the Kelvin-Voight model.
They studied the effects of the length scale parameter, radius ratio, circumferential and radial mode number, geometry of the
laminated layer, and the boundary conditions on the frequency responses of the annular microplate using the generalized
differential quadrature method (GDQM) for various boundary conditions.

Several limitations exist in NET and NSGT. In these theories, the stress at one point in the material is affected by the strains at
other points. This relationship was determined using a Fredholm-type integral equation, in which the stress was the
convolutional output between the elastic strain and a core function dependent on the non-local parameter [9]. In Refs. [35-45], the
integral relationship between the stress and strain was converted into a differential equation and solved accordingly. For this
transformation, certain conditions must be satisfied. Some researchers have shown that the equivalence between the integral
convolutions and the differential formulations (with suitable non-classical boundary conditions) has been assured for the higher-
order nonlocal gradient theory [50, 51] and the nonlocal modified gradient theory [52, 53].

Regarding the reviewed literature, this paper evaluates the axisymmetric linear free vibration of a circular nano-plate based
on the integral form of the nonlocal strain gradient model. The analysis will focus on the effect of non-local and material
parameters, aspect ratio, heterogeneity index of FG material, different B. Cs, and frequency number on the overall behavior of the
axisymmetric nano-plate. For this purpose, the integral form of the NET and SG models are combined and used in conjunction
with Hamilton's principle to derive the governing equations. The generalized differential quadrature rule (GDQR) and the Galerkin
weighted residual method (GWRM) are used to discretize the governing equation. On using the Galerkin method, a set of linear
differential equations is obtained and then, the natural linear frequencies and mode shapes are determined by solving the
equation set. To the best of the authors’ knowledge, the linear vibrational behavior of the FG circular nano-plates is going to be
investigated for the first time using the integral form of the non-local SG model. The obtained results confirm the appropriateness
of the proposed method in describing the dynamic behaviors of nano-plates under different B. Cs. Moreover, the proposed method
can overcome the existing deficiencies of other non-local theories. The obtained results present a turning point for improving the
theoretical results to achieve a better prediction of the vibrational behavior of the nanoplates.

2. Classical plate theory: governing equations of the nano-plates

Figure 1 shows a circular nano-plate made of FG material with a combination of ceramic and metal. The dimensions of this
nano-plate are h and R representing the thickness and radius, respectively. According to this figure, the governing equations of
motion are extracted based on the cylindrical coordinate system.

The mechanical properties of FG nano-plate are defined as in eq. (1) regarding the power law:

E(z)=EV"+E,(1-V") , p(2)=pV" +p,(1-V") , v(2) =1, V" + v, (1-V"). (1)

where E, p, v and n represent the elastic modulus, density, Poisson's ratio, and heterogeneity index of the FG material, respectively.
Moreover, m and c indices specify the metal and ceramic phases of FG material, respectively. The volume ratio, V, is defined as;
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Fig. 1. Geometrical characteristics of the circular nano-plate represented in the cylindrical coordinate system.
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Additionally, Poisson's ratio is considered to be constant, as a result of its insignificant variation in the thickness direction.
Based on the classical plate theory [54, 55], the components of the displacement field, ur and u., are given as follows:

{ur(r,z,n}: H?)}_ (1) ®

u,(r,z,t) 0

where, uo and wo are the displacement functions along the radial and transverse axes of the nano-plate mid-plane, respectively.
Also, based on the geometric relations of strain-displacement, non-zero strain components are obtained as follows [54]:

au, ﬁzwo
g ° 2
{ ”}:{83}—2{%77}: or _z or (4)
Eop Eop Ky Uy 1 ow,
r r or

where ¢} and ), illustrate the normal strain components of the mid-plane along r and @ axes, respectively. Additionally, xr and s
are the curvatures of the nano-plate along r and é.

With the use of Hamilton's principle, the governing motion equations along the radial transverse direction for the BC of
circular nano-plate shown in Fig. 1 are extracted as shown in eq. (5-1) and eq. (5-2) [54]:

1(0 0’u, 9% ow

H9%N,)-N,|=1, L% 1 O W

Y[ﬁr( TT) Hﬁ] 0 atz 1at2 ar 5 1
2D (1, ) - M| g, T 8—z[lé(m )]—1 > 12[ra“’°] -
rlor? " or o2 Tot’lrars %) ot*lrorl or

N,=0or u,=0 , Q=0o0r wy,=0 , M, =0 or —‘98“;020. (5-2)

In these equations the stress-resultant forces of N and Ny, shear force Qy, as well as the stress resultant moments of M,y and

My are defined as follows:
Nn 7% {Urf }d {Mrr } 7% {Urr }
= z, = z dz,
{N o } f’g Tgp M,, f% Tgg (6)

@(rM,,)-MW].

In the above relation, or and oy denote the components of the stress tensor. In addition, the inertial constants of Io, I+, and I
are represented as:

h
(loluL) = [ (1,2.7°) pdz 7)

2

3. Classical plate theory: The approach of SGT

General formulations of the Toupin-Mindlin strain gradient theory in the orthogonal curvilinear coordinate system are derived
in Ref. [56] and are further reduced to cylindrical and spherical coordinates. For the case of an axisymmetric problem, based on
the classical plate theory, the non-zero stresses in the cylindrical coordinates are expressed as follows:

0 0 1) 1 1) 1 1)
70 =0 T+ 2o ot + o)
0 0 1 1

=~ ot + Haolh + olh)
where superscripts (0) and (1) represent the order of stress components in the SG model. These components are defined as:
UST) = Eéi (Errr + Vge/ér)
1
’ U«gs)r = Eﬁzs (]/Errr + EHHr)' (9)

{058) = E(Err + UEHH)
Uﬁﬁ; =E (1 - V2)5r99

O-‘(‘O) = E(VE" + 566)

in which, ¢, illustrates the material size parameter in the SG model. Furthermore, the strain components of the (0) and (1) order
are defined as in eq. (10).

2
Enr :%: 0 uzo - 0 u’:o (Y,t)
} ou,  ou, 0w, (Y ) aor ar or
.= = —— y 2
or or T or R PO LI L (r,t)],z 10Wy (1)~ 1 OWo (10)
u 1 10w, ar ror r r or v oor
Egp = ="Uy (T,t)—Z* P (T,t) 2
r ’ i £ [g(l‘s )*5 ]* 1%*l ( t)] Zlawo( )7l8w0(r )
= oV 00 ror  r2 oo\ r oor? V'’ 2 ar V7’
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Using eq. (4) and egs. (8-10), the stress-resultant forces of Nir and Ny, shear force Q;, as well as the stress resultant moments of
Mr and My are obtained as:

ou 2 ou 2
(Nrr’ M ) (A’ B [[ 0 +7 ] [ rz aro +r73u0]}
(8, D) azw e Iw,  1Pw, 2 dw, L 20w,
or? or* ror* 1o 1 or
(11-1)
ou, 1 1 du, 1
N,, M,,)=(A, B —0 4~y -0 _—u
(Nugs Mug) =( )[[V ar 0] T or Jrr au r OH
*w, 10w 10w, 10w, 10w
_ B, D 0 _,’_770 _eZ = 0 + = o _ = 0
( )HV o’ r or ] lror* ro* 1 or
ou, 10u, 1 Pw, 10w, 10w
-B 0o, +9YU 1 _ 0o , 90 W, L 0
Q a* ror 1 0] [ a° Tror 7 or
0*u, 20%u, 309u, 30u, 3
—BP? 0 20U 20U 30Uy S _
a*t ror rrorr ror rt 0] (11-2)
oPw, 20w, 302w, 30w, 3w
D/Z 0 o _ = 0 - 0o _ = 0 0.
M [ or’ ty rort rror* ot rtor ]
where the parameters (A, B, D) are the elastic constants of the circular nano-plate and are expressed as:
pEE) g
(A,B,D)f‘LM oy (1,2,2%)dz (12)

Substituting eq. (11) in eq. (5-1), the governing equations of motion for circular nano-plate based on the SG model are given in
egs. (13-1) and (13-2) as

ar "roar 1 or® +r o r*oor
n4 3. 02
9*u, %duo 30U, 3 du, 3u] (13-1)

AU 10U, 1 0] [83w0 18w, 18w0]

o’ r*orr r*or rt
2

0
Pw, 20*w, 309w, 30w, 3w, %, d *w
[ 0 + 0 72 0 73 0 0] — I 0 . 0

ar roart o ot rtoor a2 tor o’

o’ roarr rroar r° ot roar* r* ot P or

o’u, g@“uo 3 %u, | 6 9%, 73% 3
o’ roart rrorr 1P Y

B QPu,  20%u, 10u, 1 ]+D[84w0 Jr2831100 1 0%w, +l&wo]
3

2
°s

o’ r* or
aewugawo_ga“wo 6 0’w, 9a2w0+gawo]
2 5

(13-2)

ot roar rroart ror rtorr r oor
10 (. 0 0w,
712 vl L 2 .
ror| or ot

According to the geometric compatibility conditions, the high-order BCs for the center of nano-plate, r = 0, are defined as
follows [37]:

—DKZ[

=1,

0w, = 19 rﬁzuo
ot? ror| ot

=0 , (B =0. (14)

d%u, D83w0]

e Adzuo B83w0
or? or?

or? or’

also, the high-order BCs for the edge of the Nano-plate, r = R, are defined as follows [37]:

P 2 Pa
e
ror r rort rtoor
(15)
o’u 10u, 1 o’w 10°w, 10w
Bgz 0 — 270 _ — _D£2 0 — 2 70 - 0 —
or ror 1 0]] 5[ ar T [r o’ 1t or ]]

Based on egs. (5-2) and (11), the BCs of nano-plate are also derived and shown in Table 1.
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Table 1. The considered BCs in SG model.

Boundary type Boundary condition

d

u, = Wo _ 0,

dr

Center of plate a2 " 3 s
Q=0 = B%l 0| pOW T g
ar or ar ar
dw
Clamped U, = W,= dro =0

) o )(ou, v 2| 0%u, 10%u, 20u, 2
simply b =G e R
supported

7Di[azwo +36w0]%2[0“w0 L 1w, 2 dw, gawo]}_

- +
ot roar o’ 1 oor

0 I 19° 2 0 2
N, = A [ﬂﬂuo]%i o Sy Sy
ar r ar r or ror r

n2 - n4. n3. n2 -
o[ ) 20w, 20w, 20wl
ar r or or r or r°oor roor
ou, 10u, 1 Pw, 10w, 10w
=B o +——=2_—y |-D 0 4= L _——20
2 [(‘)r2 ror r 0] [ o' r o’ o
o*u, 20du, 30u, 30u 3
Free 7B€25 40 to-—= = 20 Ry : L
or r or e or ro r
Y O*w, +20"w0 3 9w, L3 dw, 3w, —o
“lor Troat ot ot o)
- n3. n2 s
or r or r or ror r
b (‘)Zuzlo +K(‘)wo e a“ujo 38311310 7%8711210 +%(‘)WO “o.
or r or ar r or rooor ror

4. Classical plate theory: The approach of NSGT

According to the NSG model along with the assumptions of classical plate theory, the non-zero stresses in the

coordinate system are defined as follows:
(0) R
[ &y +vE
(0) = E(Z)Jﬂgpeoa { i Gs}dp
g 0 Ve, + Egp
(1) R R
0, Enmr + VEqggr
e R B e P ) (e
where ¢, , is a kernel function with the conditions shown in eq. (17):

Para (1) 2 f Cea(r)dr=1, lim f e (T =) f(p)dp = £ (p).

ea—0"

moreover, in eq. (
Using eq. (4), (10) and eq. (16), the resultant stress based on the NSG model is determined as:

7774,7
ap®  pop* poor

R 2 4 3 2
o) o) 12 10 20 20
_Bfﬁ"eua (T,p)[[ uio L wo]_gzs[ w,  10°w, Wy 2 wo]}dp
0

R
ou, , v
N, =A[¢,.,(rp) [—°+7u0
w [ € ap p

42[83“0 18% 2 0u, 2 ]}dp

ap*  p Bp ap* p 8p*  p* 9’ or

R 2
Ny, :Af‘ﬂeoa (r.p) [U%Jrluo]*gzs 194, + 1 Oy 1 ]]d/’

b p p dp*  p* Op

R 2 3 2
J*w 10w 190w 1 0w 1 0w,
—B| ¢, .(r,p [[V °+77°]—£25[7 o =W °]}dp
[ w(70) 9p® p Op pap’  ptapt P Op
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Pu, 10, 20u, 2
+
ap®  pop* Pt oor

R
ou, | v
M, =B gana(r,p)[[ +—u ]7&
[ o p "’

R 4 3 2
ow J*w, 10°w 2 0*w 2 0w,
-D @eua(rp[[ U 0]_425[ 0 4= o —= S+ OJ}dp
Joﬂ T op* p o’ p*op®  poor (18-2)
R 2
ou, 1 10y, 1 du, 1
Me@ = Bf@eoa (r;p){[l/iapo +;uo]*zzs ; 8[)20 +[)787p077 Hdﬂ

\oop®  p* 9t PP p

R 02 P
o°w 10w

—D | ea(Thp [[V Bkl b
Jeut|r G2

(10w, | 10w, 1 awo]} i

Substituting eq. (18-1) and (18-2) in eq. (5-1), the governing equations of motion for circular nano-plate based on the NSG
model are obtained as:
-5+

10
Ar (r
r BT[ fwe"a P { op®  p 9p*  p* oor

4 3 P
—Brf%oarﬂ[ w0+u8w0] 42[8w0+18w0 28w0+ dwo]}dpl

ou, v
0+7 _p?

Pu, 10%u, 2 0u, 2
0 - 0 0 73 ]} dp

ap®  p Bp ap* p dp* p* 9’ P Bp
(19-1)
1 o 1 (10, 10U, 1
_T[A‘[Q‘Jeua(r’p){ v +pu0] s[ apz pz ap ~ 3% dp
R 2 3 2 2 2
o'w, vow 10°w 1 0w, 1 ow oy, 0 0"w
-B T, 0 X0\ 2|22 S0 7 o~ P hollgyl T 220
-[%"“( p)[[ ap*  p Op ] p 0p®  p® Ap*  p® Op r ° ot? Yor ot
1% .7 u, | v Pu, 107, 2 du, 2
B (r +=Uy || R S5+ S |1d
ror [ fﬁ p)[[ ap °] ap® popt ptor g 0]] ’
o*w, v ow, ot'w, 10°w, 2 0w, 2 ow,
—rD Perg Yp [ o7 0]7&[ o4 = 0o_£Z o 27 0]}(1/)
f ){ op*  p Op ap* p 8p®  pt 9t p Op
10|, du, | 1 10%, 1du, 1
—=—1B| o, (T, R e V0 [ s R 19-2
“9’{ [%( p){y o " p 0] ot TF o OJ}dp (192
R 2 3 2 .
o‘w, v ow 10°w 1 0w, 1 ow
-D Pega nLp [[ ¢ +770]7[25[7 0 +— - 0]}(1/}
[ (r2p) p* p Op p 0p® p* 8p* p’ Op
7182w07 18 8u0 e ddzwo
o2 ror| or 2ror| or o
Based on eq. (5-2), (18-1) and (18-2), the BCs of the nano-plate are also derived and shown in Table 2.
According to the geometric compatibility conditions, the high-order BCs at the nano-plate center (r = 0), are defined as:
R 3 R 3
ou, o'w ou, o’w
C | g, (rp)| AZ=2 — odp=0 , |, (rp)|B=2 % dp=0 20
: [ Cea (T10) 0 [ : [ Cea (T1) o [P (20)
In addition, the high-order BCs for the edge of nano-plate, r = R, are defined as:
R 2 3 P
ou, 10u 1 o'w 10w 1 ow
Al | o, . (r, 0 L y|=Z0 Sy B(? (r 0 L y|l=Z =0 S 20—
s[‘fgeua( p) 0p° v 0 Op pz ]]dp f‘peua p) 9 v 0 02 p% Op
¥ o’u 10u, 1 o*w 10w, 10w er=r @)
BU: | 0o (1u0)| S+ 0| =2 = u ]]dprfi Cea (1,0 [7 ¢t [ S -5 °] =0
[ o ( ) sz p Op /12 0 [ o ( ) dp3 o dp /12 ap

5. Equations of motion in the frequency space

Different solution methodology exists in the literature to deal with the governing equations wherein the kinetic or the
kinematic field variables are assumed to have a series solution. In the present study, the problem is formulated in terms of
kinematic variables. Faghidian [57] developed a smoothed inverse eigenstrain method to reconstruct the residual field from the
limited strain measurements, for three case studies in which the residual stresses were introduced by inelastic beam bending,
laser-forming, and shot peening. He showed that the smoothed inverse eigenstrain approach allows suppressing the fluctuations
that are contrary to the physics of the problem and can minimize the deviation of measurements from its approximations and
also will result in an inverse solution satisfying a full range of continuum mechanics requirements. Faghidian [58] used a
modified stress function to developed the reconstruction of the residual stress and eigenstrain fields for three experimental case
studies wherein the residual stresses were introduced by the surface peening and showed that the smooth reconstructed residual
fields can minimize the deviation of the measurements from its approximation and satisfy all continuum mechanics
requirements. However, the Newton iterative method can also be used and as shown in the reference, it has an excellent fast
convergence for the regularization parameter while effectively reduces the computational cost.
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Table 2. Used BCs in the NSG model.

Boundary

type Boundary condition
_ dw, o
Center of ‘ dr
late y 2 9t 3 5
P Q=0 = [e,(rp)B| Tt ¢ 2Y | p|TW 2 TWlly, g
o ap ap ap ap
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Clamped u, = wozﬂ -0
dr
u, =w, =0
R P 3 s
ou v o'u, 107y, 2 0u 2
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dp
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To investigate the free vibrational behavior of the nano-plate, the oscillating motion assumption is considered for discretizing

the equations of motion. Using this assumption, the solution of equations of motion is assumed to be in the form of:

{ Uy (T’t> wo(r»t)} = { u(r,t) w(]”t)}ei‘”n[

where w, represents the natural frequency for a circular nano-plate.

(22)

In the following, the governing equations of circular nano-plate, BCs, and high-order BCs are extracted based on the SG and

NSG models.

5.1. Derivation of equations for the nano-plate based on the SG model

Using eq. (22) the equations of motion defined in egs. (13-1) and (13-2) can be represented as follows:

J’_
ar> rdr 1

du  1du 1]

d*w N 1dw 1dw
ar*  rdr* r*dr
d*u 2du 3du 3du 3
_ARr|I 2222 + =
\dr*  rdr* ?dr* rfPdr r*

dw  2dw 3 dw  3dw 3dw] [dw
3 1

- B2

s

ar’ " rdrt P ar ar’  r*ar

r

dPu 2du 1du l] d'w 2dw 1 d*w ldﬂ]
3

9

5

Bl og+o0y — ot U
ar* rdr* r?dr r

rrordrt dr r*dr® r*dr

’
dw 3d¢w 3d'w 6dw 9 dw 9dw]
4

dr® rdrr rdr* rPdr r*dr* rodr

(b )

—Deﬁ[
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Similarly, the high-order BCs, eq. (14-15), are redefined as:

Zz[ d*u dw] 0 2 d*u d*w

BE - _
ar? dr?

B ]:o @r=o. (24-1)

d*u 1du, 1 d*w 1d*w, 1 dw
AC| =2ty ==L — Sy ||-BE| =L +v| =52 —5—2||=0
ar a7 uo]] 5[ dr? +U[r ar’  r* dr ]]
& ldu, 1 & 1dw, 1d @4-2)
o[ d2u, Tdu, 1 )| e[ dw, w, w ||
B a rar 7 u°]] De; a i ar 7 ar ]

To investigate the influential parameters on the natural frequency of the circular nano-plate depicted in Fig. 1, the following
dimensionless quantities are introduced:

o 2 o (25)
(AyByD): AR :%12] ’ (10)11)12):[170: Il 12 2]~
IOO I00 I001{

where

E,h’

b = m Ioo = Pl (26)

Using eq. (25), the equations of motion in the dimensionless form can be described as:

(€U, 14U 1) SfdW 14W 1dw (27-2)
ds® sds & ds’ s ds® s ds
d'U 24U 34U 3dU 3
A 5= =2 == U
[ds +sds3 s (1152—~_s3 ds s* ]
fsw 2d'W 348W  3AFW 3dw) (-dw -
—BI? 22 = R [~ -TLU|?
[dr rdrt rrdr r?dr dr] [1 ar ° ] "
ds’ s ds s’ ds as* s ds s’ ° ds
U  3d'U 3dU , 6d°U 9dU
—BI2 2= = S gty
‘lds° " sds* s’ds’ s ds’ s'ds
6 5 4 2 (27-2)
_pp[dW , 3dW 3 dW gdwfgdw 9dw
ds* sdss s ds* §ds’ s*ds®  § ds
1d( dw)l, 6 +(1d - 2
s ds[ ds ]] +1 [s ds (SU)] IOW]Q”
where Oy is the dimensionless natural frequency and is defined as:
I,R*
Q= w? 28
o (28)
Furthermore, the high-order BCs, egs. (24-1) and (24-2), based on eq. (25) are defined as follows:
U - d'W U SdW
i A—fB =0, L A—fB 0 @s=0. -
{ [ ds? ds® ’ ds® ds® ] s (29-1)
d’u 1dUu 1 dPw 1w 1 dw
Al ~Z=_-=U||-BI? — =
[d V[s ds s ]] [ ds® [s ds* s ds ]]
U . (1dU 1 PW | (1PW 14w @s=t (252
BI2| = +v|=5——=U||-DI? LA -
[d +V[s ds s’ ]] ds® V[s ds* s* ds ]]

Likewise, regarding eq. (25), for the boundary conditions introduced in Table 1, the corresponding non-dimensional equations
are given in Table 3.

Table 3. Dimensionless BCs based on the SG model in frequency space.

Boundary type Boundary condition
aw d’U d'u dI’wW W
Center of plate U=—-=0 , Q=0 = By—-L-—{-Di—-L——1=0
dr ds ds ds ds
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Table 3. Continued.

aw
Clamped U=W="2x_-0
dr
U=W=0
3 2
Mr,:ossf{[d—U+KU]7Li d?+1du 2dU+%UH
Simply supported ds s ds’ sdrf s°ds s
_pl(EW  vaw) (a@w 1dw 24w 2aw)|
ds® s ds ‘lds* s ds® s ds° s ds
3 2
N, =0=A4 [d—u+3u]fﬁc v, 14y 24 %
ds s ds sds’ s ds
=|[dW v dW d'w 1d 2d8W 2 AW
~Bi|—+— - —-=—+5—1{=0,
ds s ds ds* s ds’ s ds s’ dr
Z
M,=0=8 [dU+3U] |4y, 14U gd—U+%U
ds s ds sds s’ ds s
—|(dW VdW 1d3W 2 W 2dW
Free -D -— +—= =0,
ds2 s ds ds* s ds’ s ds° s dr
2 3-
Q, =0=38 d?+1d—U7%U -D dvf+1d ; %d—w
ds sds s ds s ds s® ds

+Z =
‘lds* sds’ s*ds® s*ds s

4 3 2
7ELZ[dU 24U 34U 3dU 3U]

dw  2d'W 3 dW 3d7W,idW]_o
———|=0.

+ DL = - += —
‘[ ds° s ds* s ds’ s’ ds’ s ds

5.2. Analysis of the nano-plate based on the NSG model
Using eq. (22), the equations of motion defined in egs. (19-1) and (19-2) are recast as:

Arj (r du vl e 3

J en 'p){[dﬂ+ﬂu ’ : }

R fs[‘z;%;ip 2y, 2dul)

e

R et et U

L0 o - 2002 2,

w0 0] A2, 2wl
S e iR et

R
dw  vdw 1dw 1 dw 1dw
D 2 2= -2y - “%
[weoa(r’p)[[dpz +/’ dﬂ] [/’ d/)3 +p2 dpz /’3 dﬂ

o*u, lazu l
ap®  pop* P

10
ror

(30-1)

(30-2)

2
Wy

—ILw

1d( dw 1d
}dpl[lz[ I [ dr]]—H [ dr(m)
Moreover, using eq. (25), the high-order BCs, egs. (20) and (21), are represented as:

ffweuafp[ du Zw]dp 0, ffweoafﬂ

pdM_ ZWP -0 @r=0 (31-1)

@r=R (31-2)

1 du 1]

——-=u

rpdp  p
dw (1w 1dw

dp®

R
BE [ g (1,p)| 55 +v
[ dp’

14 —
pdp®  p® dp

- szsf(peua (r:/’)
0
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with the use of dimensionless quantities in eq. (25) and defining the non-local dimensionless parameter \=e,a/R, egs. (30-1)
and (30-2) are recast as:

1d |+ ] du v #U 14U 2dU 2
~—1Aa TS 8] D £ P ST § | ]
s ds s[%(s'p){[dr) i ] °[dﬂ3 oA A ]} g
1
- PW v oW L[(d'W 1dW 2 W 2 dW
~Bs | LACALS I LS =4V
S‘Ioﬂ\ﬂ (S,/’){[ a? ) 8/)] c[ dp* | pdp P dpt | dr H pl
(32-1)

1|7 du 1 14U 1dUu 1
Al o (sp [V*+7U]7Li[f—+——f—U] dp
[ 3 ){ dp pdp*  p*dp P

s
1= 7 PW v dW) L(1dPW 1 PEW 1 dwW [7dw - ] )
~ 2B [ (s LA AL . = =22 lapl =122 —1uln

s [%(Sp){[d/f " dp] C[p & A dp ]} p] hgs ~bU)

R R s o
;;S[Bj%(s,,q{[,,g#;u]ch[;gjg;g;;U]}dp (62)
ool i) ber 33

-(1d
-2
[Z[Sds

Considering eq. (32-2), the high-order BCs, eq. (20) and (31-1), are defined as follows:

oA 114 o)

d
; @s=0 (33-1)

d*w ) 1dw 1 dw
pdp*  p* dp

1
—BL | o (s,p [7+
‘[ A( ) dp3
_— d’u 1du 1
B | ¢ (S,p)[—Jrl/[——f—u]dp
[* o \rpdp  p?

1
- d*w 1dw 1 dw
_DI? = = ==
c[@x(s’p)[ dﬂ3 +V[/) de pz d/)]

@s=1. (33-2)

=0

Similarly, for the BCs introduced in Table 2, the dimensionless BCs are defined as in Table 4.

6. Solution procedure of the governing equations of motion

To solve the governing equations of motion for the circular nano-plate based on the SG model, egs. (37-1) and (37-2) along
with the high-order B. Cs, egs. (39-1) and (39-2), as well as the introduced B. Cs in Table 3, are used in conjunction with the GDQR
method. This method is appropriate for solving sixth-order differential equations with three B. Cs considered individually at its
boundary. As will be explained in the sequel, the solution to the governing equations are obtained based on the SG and NSG
models.

6.1. Governing equations based on the SG model

According to the GDQR method, the nth-order derivatives of U(s) and W(s) functions at the specified point s=s; are defined as
[59]:

2 ) N-1 * 2 %) N+4 (34)
W (s,) = Y ohl (s )W + Y Oh (s )W + > i (s)Wy = YO Fe,
k=0 =2 k=0 k=1
where
T
(B} ={9 (r), 98 (1), 958 (1),--s 98, o (1),98% (1), 080 (1)} a5

T
{B0F = {n ()1 (), M3 (1), 15 (1) (Y 0 (1), T (1), (), I ()}
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Table 4. Dimensionless BCs based on NSG model in frequency space.

Boundary type Boundary condition
v=W_o
Center of plat o
enter of plate h ) . 5 s
—[dU a'u| =(dwW aw
=0= | ¢(s, - -D - dp =
Q, [%( p){ [dz cdp4] [d,ﬁ cdﬂs]}p
Clamped U:W:d—W:O
ds
U=W =0,
1 3. 2
- du FU 1dU 2dU 2
M, =0=8[¢ (0|5 +2U|-L|F5 += +—3U]}dp
Simply supported o o p do*  pdp® ptdp p
_ W vdw) L(d'W 1d4W 2 W 2 dW
7DfupA(S,p) PRl Tt 3 2 2 N p=0.
Y dp®  p dp do®  pdp” p°dp”  p’ dp
— du U 1dU 24U 2
N, =0=A[¢ (0|5 +2U|-L| S5+ -+ 5 Uty
5 dp p dp> pdp® pdp p
1 2. 4 3
- W v dw dw 14w 2 W 2 dW
fo%(S.p){ ; +**]*LZ[ T +7*]}dp:0,
5 dp®  p dp dp*  pdp’ pdp’  pdp
1 2 3
(U 1dU 1 (AW 1dW 14w
Q =0= \pA(S,p){B[ ~+——-—U 7D[ -+ ]}dﬂ
o dp® pdp p dp*  p dp®  p* dp
1 4. 3 2
- d'U 20U 36U 386U 3
Free -BE [, ()| S0+ 22T 20T *a**ﬁ ]“
o dp®  pdp pdp p dp

dsw+gd“w 34w 3dW 30w
do®  pdp*  p* dp’ /73d2 o dp

1 2
M":0:>Ef%(s,p){[dfu+3u]—ﬁ dU 14U 24U %U]}d/)
o dp p d>  pdp® pdr p

1 2 4. 3 2
_ IW v dw dw 1dwW 2 &PW 2 dW
7Df% (S,p){[ > T ]71‘1[ rul ey >t ]}dp:O
o dp®  p dp dp®  pdp” p dp”  p dr

1
+]5LzsfupA(s,,n) p =0,
o

{9,959, 0y, } = {UL, U0, 0,0, U, U 552
{61,600, 0y 0} = (W, W, WP W, W, WY, W}
s, = 7[1 —cos -1 77]] (35-3)
2 N-1

In the above equations, N represents the total number of discrete grid points along r direction. The weighting coefficients in
eq. (34) are defined as follows:

9 (X) = (0X* + X + ¢4 )Ly (x)  (i=0,1),(k=1,N)

g0 ()= ZXMEX) gy (52,8 1) (36-1)
jo J
)
(Xfx )2 _
hy (%) = ﬁ(ﬁkixz +bx+ Eki)Ll (x) (i = 0,1,2),(k - 1,N)
(;-XN)Z (x—xy) (36-2)
hyo (%) = 5 —5Li(x) (j=23,.,.N-1)
(% =) (% —xy)
where
-1 IV (x 1
A, = 5 ) (%) , by=—"———a, (%, +%y) , Cpo=1-a,x—byx, ,
(=) (X —xy) (3 —xy) (37-1)
a 1 b (Xl ""XN) XXy
" (x1 XN) ' 0o (X1 XN) ’ 10_()(1 XN)’
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Ayo 7 T . ( N) ’ bN0: 7aN0(x1 +XN) ’ CNozliaNoxﬁibNOXN ’
(%, —xy) (%, —xy) (%, —xy) (37-2)
R R XXy
v (%, —xy) T (% —xy) T (% _XN).
2
a 1 (x,) + 2 ] _ LY (x,) _ 1 _ 217 (x,)
10 — 1 1 2
X, — Xy 2 (X1*XN) X, — Xy
b — | 2 o= _ = 2 o 2 )
o = —| Ly ( 1)+ 2010%, , Cip =14 00X] + %, |L (X1)+ (37-3)
X; — Xy X, — Xy
2 Y 1 x2
a, =—|L7(x,)+ , b, =1-2a,x,, ¢, =x,(a,x, —1), @, ==, b, =—%,, G, =-2.
11 1 ( 1) Xl _XN 11 104M1 11 1( 11M ) 12 2 12 1 c12 2
2
4. =1 2 -~ Ly (%y) -~ 1 2Ly (xy)
Ao = | Ly (%y) 7 )
X, — Xy 2 (x1 *XN) X, — Xy
byo = —| LY (x4 ) — — 20Xy » Cro = 1+ ByoXy + Xy [L(ff (xy)— ],
X; — Xy X, — Xy (37_4)
2 V-
ay, = _[L(r}l} (XN) - ] ’ bm =1-2ayXy, Gy =Xy (ame - 1)’
X, — Xy
_ 1 = _ x?
Ay, :E: sz ==Xy Oz =2
In the above relations, L(x) denotes the Legendre interpolation function with the following properties [59]:
1 15
Lix. )=
o 7, &

The first and second derivatives of L(x) are also available in references [60, 61]. Now, using eq. (34), the equations of motion
represented in (27-1) and (27-2) can be rewritten as:

[{Nfak v, +— ZE“\I/ 7—U} {NiEf;)qzk ZE”\I/ }]
,g[{zp‘@@k +,ZF2>O ZF(”O } {%E@@k _ MF‘”O ] (39-1)
k=1 S s’

k=1 k=1

_ N+4 2 N+4 N+4 v — 2 N+4
B{SSe0w, + 25 e, - 5 Sevw, s o) {SSee, -2 S |
k=1 S ko1 k=1 A
_((n+a o N:s QN+t
~o[fSRre, + 25506, - 15 ke, +7§:as>e} £ {Sirre, 255w | (39-2)
k=1 S k1 S % k=1
@ _ (nN:a ) 1 _
Z B0, += Z ] Q[ZEE:\M;U]—M]W
k=1

Additionally, the high-order BCs are expressed as follows:
_N+4 _N+4 _N+4 _Ni4
I [AZ EQw, —BY. F{?@k] =0 , I [BZ ESw, —DY Fl@ek] =0. (40-1)
k=1 k=1 k=1 k=1
_ (N2 N+4 N+4
ALZC[ EJw, + u[ EQw, —U ]] BL? [ZPNk@ + l/[ZFNk@ ZFNk k]] 0,

k=1
. _ N+
E&,ﬁ\llkaN]]fD[?[ Edo, +1/[ZFNk@ ZFNk k]] 0.

k=1

(40-2)

z
L

N+4 o
ENk\IJk +v
k=1

BI?

k=1

The BCs at the nano-plate center are defined as:

N+4 N+4 N
U1 =0 ’ ZFS)@]@ =0 ) [ZEfQW [Zplk k] = (41)
k=1 k=1

Moreover, the corresponding BCs for the cases of clamped, simply-supported, and free-edge are defined as:
N+4

Uy =Uy =Y F16,=0. (42-1)

k=1
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Uy =Wy =0
N+4

N+4 N+4 N+4
S EDw, + “u, LﬁZEﬁgwk]—D[ZFg’ek +25 e, -1 Z ]:
k=1 k=1 Sk

k=1

M, =B

N+4

N+4 __(N+4 N+4
N, = Z\[ZE‘;,}% + U, — LZCZEﬁQ\IJk] - B[ZF,S?@k + VZF;; -r ZF ) ]
k=1 k=1 k=1

o, ~B[Sew, + edw, v, - Seu - (v - >zEszwk]]
k= k=
D[Zps?ek + SR, - Sirve, [ Sirte, - (- 13 Rve o
k=1 k=1

__(N+4 N4 N+4
B[ZE U, + U, - L ZE”W] [ZF,‘,?@ﬁVZFLi *LZ ]
k=1 k=1 k=1

These algebraic equations can be rearranged as follows:
Pl ool S i S el

{Ub} = {Ul’UZ’U3’U4’U5'UZN+2’UZN+3’U2N+4’U2N+5’U2N+6}
= {w, U, W, U, W, Uy, Wy, UG, W, W |

where

{Ud} = {UG'U7""’U2N'U2N+1} = {UZ'WZ'U3'WSI""UN—ZIWN—ZIUN—l'WN—l}

Rewriting egs. (44-1) and (44-2) in a simple form, we have:

(Is]-xlal){u.} ={o}

where

[S] = [de] - {Sdb][sbb]il [de] ’ [Q] = [Qdd] - [de][Sbb ]71 [de]

(42-2)

(42-3)

(43)

(44-1)

(44-2)

(45)

(46)

Solving the eigenvalue equation obtained as eq. (45), the dimensionless frequencies (2, and the corresponding mode shapes,

{U,}and {U,} can be obtained.

6.2. Solution of governing equations based on the NSG model

To solve the governing equations of the nano-plate based on the NSG model, the Galerkin weighted residual method is used.

According to this method, the solution to egs. (32-1) and (32-2) is assumed to be;

(0(6) W) = 3 v (51,5, 5)

(47)

where gj and bj are the unknown coefficients, and Uj (s) and Wj (s) are the mode shapes of the circular nano-plate resulting from
the GDQR numerical solution based on the SG model. Also, Ni is the number of modes used in the Galerkin method. For this
purpose, it is required that eq. (47) satisfies all natural and geometric classical boundary conditions in Table 4, as well as the

higher-order BCs given in egs. (33-1) and (33-2).
Substituting eq. (47) in egs. (32-1) and (32-2), one can express the residual functions as:

R (aj,w dS

p pdp p

v OW,

_ Nm A*W,
7Bsf¢A(s,p)ij [[‘12]+
0 j=1 4

= -5 +
p Op dp* p dp*  p* dp*  p

du; 1 1d°U;, 1dU;, 1
,U ——J__-U.
[ dﬂ ] o do? +pz o 7"
d*W, L dW. 18w, 1 dW, 1 dw,
—7B o, (s,p)> b LANELARA Y N ) et b= iy
f ! ,Zl 1[ dp®>  p dp pdp* PP dp? PP dp

[I Zb} d OZa}U} ]szﬁ

{AwapNZm
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U, 2d°U; 1dU; 1
i am A’ pdpt pPdp p )
Ry (@) =B [0, (S’p),-zla” L[dU, 3dU, 3dU, 6dU, o9du, o |
0 = I ) D T R 77},7 J 4 =
[ dp®> p dp4 P’ dp PP dp® ptdp P ’]

I'w, 2dW, 1 d'W; 1 dW

—_—— J -
_ 1 Nm dp4 P dp3 p2 dpz pS dp (48 2)
+Df¢A(S’p)Zbi 6 5 4 3 2 P
d | _p|dW, 3dW, 3dW, 6 dW, odW, o9 dW,
dp® p dp®  p* dpt PP dp* pt dp® P dp
aw; S a U I3 bw |02
- sds Z’ds +11 5;“; i(s) *Io};j it
Using the Galerkin method for the residual functions will result in eq. (49) such that;
Nm Nm
;{k}jlaj +Ri?b; —(mj'a, + mib Joz} =0, ;{kgia,. + kb, — (mi'a; + m%b, )02 } = 0. (49)
where
1 1 dW
mi=—I, [UUds , mP=1[U—"ds,
A o ds

m = j:‘{lngl [:;s[s d::i ]] —IOVViVVj}dS , mP= Ti{1W[%%(SUJ)]}dS. (50-1)

ot

d*U. o2dU. 3dU. 3dU, 3
- ST 2T 2y |ldpds,
[dp“ T d At )|

1 ePW, 1 EW, 1 dW,
k2 =B| U | ¢ (s, jy = j_ 277
£l [ 1[‘& (S p)H dp3 + P dpz pz dp

FW, 2d'W, 3dW, 3 &FW 3 dW (0-2
2 j 294w, 34w, 34w i\l dpds
[d 5 d 4 2 d 3 + 3 d 2 4 d H P
> p dp*  p* dp’  pPdp”  p* dp
b U, 2dU; 1dU; 1
R'=B[U | (s +2—J — 7U
' [ [ o )“dp p dp® Pdﬂ
_p|4Y 34 34U 6 dU; 9dU; ol
Vdp®  pdp* pPdp® PP dp* ptdp P '
d'w;, o2dw, 1 dW, 1 dw,
k22 D|U j < L 1 j
f I%SPH PP P d02+p3 dp 509
[ EW; 3dW, 3 dW, 6 dW, o dW, odW,
-L ds 7d5_72d4+73d3_74d2+75 dpds
p® pdp pt dpt  pPdp” p* dp®  p dp
Equation (59) can be recast in the simple form of:
(K] - [M]){q} = {0} (51)
where
R kP mi' mP a
—|Y J — E) E) _ J
{K]lkizjl k2| M]= m? m? {Q}*{b}_} (52)

Solving the eigenvalue problem of eq. (51), the dimensionless frequencies Q, and the corresponding mode shapes {q} can be
determined.

7.Validation of the solution procedure

Since there are no published results in the literature for the vibrational analysis of the FGM circular nano-plate based on the
integral form of the NSGT, then, the results in Ref. [62] based on the SGT, as well as the nonlocal elasticity (in Ref. [11]) are used
as a comparison/validation of the current findings that are based on GDQR method. In Ref. [62], the influence of non-dimensional
scale parameter h/L on the first axisymmetric natural frequency was evaluated using the classical plate theory and the SGT based
on the simply supported B.C. The properties of the micro-plate in question are given in Table 5.
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Table 5. Mechanical properties of the circular micro-plate.

E: (Gpa) En (Gpa) ~ (Kg/m’) pn (Kg/m’) v
427 70 3100 2702 033

Table 6. Comparison of the dimensionless natural frequencies obtained from the GDQR method and Ref. [62] for the first mode of axisymmetrical
natural frequency under simply supported BCs, with N =10.

I
Q= Rz\/lw1
BCs Results D
h/L=0.5 h/L=1.0 h/L=1.5 h/L=2.0 h/L=2.5 h/L=5.0
Simply Ref. [62] 8.71 4.33 3.02 2.31 1.95 1.29
supported GDQR 8.72 4.33 3.03 2.31 1.96 1.30

Table 7. Comparison of dimensionless natural frequencies obtained from the GDQR method and those in Ref. [11] for the first four modes of
vibration under simply supported and clamped BCs, with N =10.

I
Q, =R* [y
BCs Mode Results " D"
number

eoa/R=0 €0a=0.05 €0a=0.10 e0a=0.15 €0a=0.20

Ref. [11] 4.9344 4.8821 4.7799 4.6133 4.4450

! GDQR 4.9455 4.8925 4.7889 4.622 4.4740
) Ref. [11] 29.9455 28.8795 26.2564 23.1263 20.1755
Simply GDQR 29.9544 28.8815 26.2501 23.1303 20.1815
supported 3 Ref. [11] 74.3712 68.2841 56.3010 23.1263 20.1755
GDQR 74.3812 68.2911 56.3120 23.1303 20.1835
Ref. [11] 138.5286 119.3771 89.6747 67.2535 51.1461
4 GDQR 138.5336  119.3811  89.6837 67.2615 51.1421
1 Ref. [11] 10.2138 10.1012 9.8794 9.5566 9.0338
GDQR 10.2228 10.1122 9.8614 9.5472 9.0288
) Ref. [11] 39.7711 38.0047 33.8497 29.1927 25.0443
GDQR 39.7821 38.0117 33.8537 29.2068 25.0988
Clamped
3 Ref. [11] 89.1039 80.7701 65.1939 51.8517 42.1350

GDQR 89.11079  80.7841 65.2076 51.8608 42.1384
Ref.[11]  158.1836  134.2385  98.9751 74.5920 58.8814
GDQR 158.1876  134.2402  98.9699 74.5965 58.899

Moreover, using the DGQR method, the first axisymmetrical frequency was calculated for different values of the non-
dimensional scale parameters of h/L=0, 1.0, 1.5, 2.5, and 5.0. and the resulting values were compared with their counterparts in
Ref. [62], as shown in Table 6. In this case, the total number of discrete grid points along r direction in the GDQR method was
chosen as N=10. This comparison confirms the accuracy of the proposed procedure in this analysis.

Furthermore, the vibrational behavior of a circular nano-plate was studied in Ref. [11]. In this reference, the influence of non-
dimensional scale parameter eoa/R, on the axisymmetrical natural frequency was evaluated using the classical plate theory and
elasticity for simply supported and clamped BCs. The first four axisymmetric frequencies were calculated using the GDQR
method for values of the non-dimensional scale parameters, eo/R=0, 0.05, 0.10, 0.15, and 0.20, and compared with their counterpart
values in Ref. [11]. This comparison is shown in Table 7. In this case, the total number of discrete grid points along r direction was
selected as N=10. This comparison confirms the accuracy of the proposed procedure in this analysis.

Finally, to evaluate the convergence of the results obtained from the GDQR method, the first four dimensional axisymmetric
natural frequencies of the circular nano-plate with clamped, simply-supported, and free BCs with h/R = 0.01, v=0.33 and n=1, as
well as three size parameters of L=0.01, 0.05, 0.10 are shown in Figs. 3 to 6. According to these figures, the convergence occurs at
N=15.

SGT,L =0.01 — — —SGT,L _=0.05 SGT, L _=0.10
a b c
15 (a) (b) 127 (c)
14.8 6.85
12,6
68 _ - — == = - = 1
14.6 ,
675
< 144 s
6.7
14.2 6.65
14 6.6
13.8 6.55
10 15 20 10 15
N N

Fig. 3. Evaluating the convergence of the first mode for (a) clamped, (b) simply-supported, and (c) free BCs for h/R=0.01, v=0.33, and n=1.
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Fig. 4. Evaluating the convergence of the second mode for (a) clamped, (b) simply-supported, and (c) free BCs for h/R=0.01, v=0.33, and n=1.
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Fig. 5. Evaluating the convergence of the third mode for (a) clamped, (b) simply-supported, and (c) free BCs for h/R=0.01, v=0.33, and n=1.
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Fig. 6. Evaluating the convergence of the fourth mode for (a) clamped, (b) simply-supported, and (c) free BCs for h/R=0.01, v=0.33, and n=1.

Similarly, to evaluate the convergence of GRWM, the first four axisymmetric natural frequencies of the circular nano-plate
with clamped, simply-supported, and free B. Cs, based on the NSG, model are presented in Tables 7 to 9 for different values of n,
2, and Lc The results are extracted based on the functions attained from the SG model and kernel function given in eq. (53).

1 s —
¢, (s,p)=-—-exp *%]

23 (53)

As can be observed from Tables 7-9, good convergence is obtained.

8. Results and discussions

According to the governing equations of motion for the circular nano-plate (given in egs. (30-1) and (30-2)), that were obtained
based on the non-local SG model, the non-local size parameter A, material size parameter L., heterogeneity index n, aspect ratio
h/R, and different B. Cs appeared to be the influential parameters on the vibrational behavior of the structure. To investigate the
effects of these parameters, the first dimensionless axisymmetric natural frequencies of the circular nano-plate were extracted
for different values of h/R, A, L, n, different B. Cs, and material properties given in Table 10.
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Table 7. Convergence evaluation of the first four dimensionless axisymmetric natural frequencies of the circular nano-plate with clamped B.C.,
based on the NSG model and GWRM for different values of n, 4, and L.

n A N, O Q Q3 Q4
L=0.05 L=0.10 L=0.05 L=0.10 L=0.05 L=0.10 L=0.05 L=0.10
1 10.344 10.931 40.823 47.721 91.567 116.259 163.455 226.569
2 10.334 10.901 40.628 46.928 91.615 116.514 163.321 226.290
0.05 4 10.335 10.902 40.644 46.947 91.721 116.653 163.698 226.825
o 6 10.335 10.902 40.644 46.947 91.721 116.653 163.698 226.825
1 10.078 10.629 36.592 42.233 74.802 95.076 121.938 169.037
2 10.079 10.630 36.609 42.253 74.895 95.193 121.943 168.930
01 4 10.081 10.632 36.654 42.308 75.120 95.489 122.546 169.799
6 10.081 10.632 36.654 42.308 75.120 95.489 122.546 169.799
1 14.023 14.793 55.126 63.674 124.262 158.043 221.824 307.478
0.05 2 14.023 14.793 55.134 63.684 124.333 158.125 221.664 307.129
4 14.024 14.794 55.158 63.712 124.490 158.330 222.224 307.924
6 14.024 14.794 55.158 63.712 124.490 158.330 222.224 307.924
B 1 13.677 14.424 49.659 57.314 101.523 129.039 165.505 229.435
01 2 13.678 14.426 49.685 57.345 101.659 129.212 165.548 229.338
4 13.681 14.429 49.752 57.425 101.993 129.652 166.440 230.628
6 13.681 14.429 49.752 57.425 101.993 129.652 166.440 230.628

Table 8. Convergence evaluation of the first four dimensionless axisymmetric natural frequencies of the circular nano-plate with simply supported
B.C., based on the NSG model and GWRM for different values of n, 4, and L..

n A N., O Q Q3 Qa4
L=0.05 L=0.10 L=0.05 L=0.10 L=0.05 L=0.10 L=0.05 L=0.10
1 4971 5.030 29.613 31.888 73.534 86.207 136.448 174.550
2 4.972 5.030 29.617 31.891 73.563 86.232 136.607 174.779
0.05 4 4.972 5.030 29.625 31.898 73.626 86.300 136.861 175.091
o 6 4.972 5.030 29.625 31.898 73.626 86.300 136.861 175.091
1 4.868 4.926 26.903 28.962 60.634 71.019 102.557 131.038
2 4.869 4.926 26.913 28.971 60.692 71.076 102.771 131.320
01 4 4.869 4.926 26.935 28.993 60.829 71.229 103.188 131.840
6 4.869 4.926 26.935 28.993 60.829 71.229 103.188 131.840
1 6.746 6.826 40.185 43.273 99.789 116.986 185.170 236.878
0.05 2 6.747 6.826 40.192 43.277 99.832 117.023 185.400 237.205
4 6.747 6.826 40.203 43.288 99.925 117.125 185.776 237.666
1 6 6.747 6.826 40.203 43.288 99.925 117.125 185.776 237.666
1 6.606 6.684 36.510 39.303 82.290 96.383 139.195 177.851
01 2 6.607 6.684 36.524 39.316 82.375 96.469 139.509 178.261
4 6.607 6.685 36.556 39.349 82.579 96.695 140.125 179.031
6 6.607 6.685 36.556 39.349 82.579 96.695 140.125 179.031

Table 9. Convergence evaluation of the first four dimensionless axisymmetric natural frequencies of the circular nano-plate with free-edge B.C.,
based on the NSG model and GWRM for different values of n, 4, and L.

n A N., O Q Q3 Qq

L=0.05 L=0.10 L=0.05 L=0.10 L=0.05 L=0.10 L=0.05 L=0.10

1 9.078 9.241 38.533 42.198 87.910 105.348 157.563 206.460

0.05 2 9.077 9.241 38.524 42.201 87.903 105.383 157.109 205.443

4 9.077 9.241 38.535 42.214 87.997 105.498 157.448 205.946

6 9.077 9.241 38.535 42.214 87.997 105.498 157.448 205.946

0 1 8.906 9.077 34.959 38.537 72.517 87.963 118.915 158.106
2 8.905 9.078 34.964 38.551 72.580 88.063 118.692 157.430

01 4 8.907 9.079 35.000 38.590 72.797 88.325 119.249 158.218

6 8.907 9.079 35.000 38.590 72.797 88.325 119.249 158.218

1 12.319 12.540 52.290 57.264 119.300 142.964 213.826 280.184

0.05 2 12.317 12.540 52.279 57.269 119.295 143.017 213.229 278.826

4 12.318 12.540 52.295 57.288 119.435 143.188 213.729 279.560

1 6 12.318 12.540 52.295 57.288 119.435 143.188 213.729 279.560
1 12.086 12.318 47.443 52.298 98.422 119.385 161.399 214.593

01 2 12.085 12.319 47.451 52.318 98.518 119.534 161.127 213.713

4 12.087 12.321 47.504 52.377 98.840 119.922 161.949 214.873

6 12.087 12.321 47.504 52.377 98.840 119.922 161.949 214.873

Table 10. Mechanical properties of circular nano-plate.
E. (Gpa) En (Gpa) p (Kg/m?) pn (Kg/m) v Nn
380 211 3600 7860 0.33 4
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Fig. 7. Evaluating the influence of A on the first dimensionless axisymmetric natural frequency of circular nano-plate with (a) clamped, (b) simply-

Fig. 8. Influence of A on the second dimensionless axisymmetric natural frequency of the circular nano-plate with (a) clamped, (b) simply-supported

Fig. 9. Influence of A on the third dimensionless axisymmetric natural frequency of the circular nano-plate with (a) clamped, (b) simply-supported
and (c) free BCs for h/R=0.01, v=0.33 and n=2.

8.1. Effect of non-local parameter A and BCs on the vibrational behavior

In this section, the influence of A and BCs on the vibrational characteristics of the circular nano-plate are assessed. For this
purpose, the first four dimensionless natural frequencies of a nano-plate with clamped, simply-supported, and free-edge BCs,
based on the NSG model, are plotted against the non-local parameter of A in Figs. 7 to 10. According to these figures, increasing A
produces a decreasing trend in the frequency ratio in all modes, for all postulated BCs and L.. This indicates that this parameter
leads to a softening behavior on the plate vibrational behavior. The highest and lowest decreasing rates in the natural
frequencies were associated with the clamped and simply-supported BCs, respectively. Additionally, the highest increase in the
frequency ratio was related to the fourth mode; while the lowest increase was related to the first mode. Also, sharper decreasing
trends were observed for the first to the fourth modes.
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Fig. 10. Influence of A on the fourth dimensionless axisymmetric natural frequency of the circular nano-plate with (a) clamped, (b) simply-supported
and (c) free BCs for h/R=0.01, v=0.33 and n=2.
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Fig. 11. Influence of L. on the first dimensionless axisymmetric natural frequency of the circular nano-plate with (a) clamped, (b) simply-supported
and (c) free BCs for h/R=0.01, v=0.33 and n=0.
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Fig. 12. Influence of L. on the second dimensionless axisymmetric natural frequency of the circular nano-plate with (a) clamped, (b) simply-
supported, and (c) free BCs for h/R=0.01, v=0.33, and n=0.

8.2. Effect of material size parameter L. and BCs on the vibrational behavior

This section is devoted to the influence of material size parameter L. as well as BCs on the vibrational characteristics of the
circular nano-plate. Accordingly, the first four dimensionless natural frequencies with clamped, simply-supported and free-edge
BCs obtained from the NSG model were plotted against material size parameter L., as shown in Figs. 11 to 17. According to these
figures, an increasing trend in frequency ratio is observed in all modes and BCs as L. is increased. This indicates that based on the
strain gradient theory the increase in this parameter leads to a stiffer plate. The highest and lowest increase rates were
associated with the clamped and simply-supported BCs. In addition, the highest increase in the frequency ratio was related to
the fourth mode while the lowest decrease was associated with the first mode.
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Fig. 15. The effect of A, L., and BCs on the dimensionless natural frequency ratio of the first mode, a) clamped, (b) simply-supported, and (c) free edge

BCs with h/R=0.01, v=0.33, and n=1.

8.3. The effects of size parameter L. and the non-local parameter A on the vibrational behavior

This section investigates the influence of size parameter L, non-local parameter A, and BCs on the vibrational behavior of the

circular nano-plate. Accordingly, the variations in frequency ratio, R; = youeca / ©

i,local »

based on the NSG model, are shown in

terms of L and A for clamped, simply-supported, and free-edge B. Cs Fig. 16 to 19. According to Figs. 15 to 18, increasing L. results
in an increase in the frequency ratio in all modes and all used B. Cs. This indicates that this parameter has a stiffening effect on
the vibration behavior of the nano-plate. The highest increasing rate in the frequency ratio was associated with the clamped BCs,
while the simply-supported BCs. attained the lowest rate of increase. Moreover, the first and fourth modes had the lowest and
highest increase in the frequency ratio, respectively. Results in Figs. 15 to 18 indicate that the increase in A leads to a decrease in
the frequency ratio for all types of BCs, in all modes. This indicates that based on the non-local model, this parameter appears to
have a softening effect on the plate vibrational behavior. The highest and lowest decreases in the frequency ratios were
associated with the fourth and first modes, respectively.

~\/~
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Fig. 16. The effect of A, L., and BCs on the dimensionless natural frequency ratio of the second mode, a) clamped, (b) simply-supported, and (c) free
edge BCs with h/R=0.01, v=0.33, and n=1.
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Fig. 17. The effect of A, L. and B. Cs on the dimensionless natural frequency ratio of the third mode, a) clamped, (b) simply-supported, and (c) free
edge BCs with h/R=0.01, v=0.33, and n=1.

A=0.00 —-—-— 2=0.05 2=0.10 |

2

1.5

0.5 0.5 0.5

0.05 0.1 0.156 0.05 0.1 0.15 005 0.1 0.156
L L L
c c c
Fig. 18. The effect of 4, L., and B. Cs on the dimensionless natural frequency ratio of the fourth mode, a) clamped, (b) simply-supported, and (c) free
edge BCs with h/R=0.01, v=0.33, and n=1.
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Fig. 19. The effect of n, L. and 1 on the natural frequency of the first mode, (a) clamped, (b) simply-supported, and (c) free-edge condition with
h/R=0.01, v=0.33, and n=1.
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Fig. 20. The effect of n, L. and A on the natural frequency of the second mode, (a) clamped, (b) simply-supported, and (c) free-edge condition with
h/R=0.01, v=0.33, and n=1.
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Fig. 21. The effect of n, L. and A on the natural frequency of the third mode, (a) clamped, (b) simply-supported, and (c) free-edge condition with
h/R=0.01, v=0.33, and n=1.
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Fig. 22. The effect of n, L. and 1 on the natural frequency of the fourth mode, (a) clamped, (b) simply-supported, and (c) free-edge condition with
h/R=0.01, v=0.33, and n=1.

8.4. The effect of heterogeneous index n on the vibration behavior

According to the presented results in Figs. 19 to 22, the increase in the heterogeneity index parameter n is followed by an
increase in the natural frequency of the circular nano-plate for all BCs. The increasing rate is more pronounced at larger values of
the non-local parameter. The highest increase in the natural frequency was associated with the clamped BCs, while the simply-
supported and free BCs experience approximately the same trends. Increasing L. and n, increased the frequency, for all types of
BCs and modes. Decreasing A and n, increased the frequency value in all modes and all types of BCs.

9. Conclusions

In this paper, a new methodology for solving the linear free-vibration of a circular nano-plate was formulated by applying
Hamilton's principle, based on the NSG model in the integral form. The proposed model had two independent size parameters
that could lead to a softening or stiffening effect for the nano-plate. Considering L.=1=0, the derived governing equations were
reduced to those represented by the local elasticity theory. To seek a solution, the derived governing equations, in the integral
form, were transformed to differential forms. However, the integral forms of the governing equations were solved directly using
the specified Kerl function. The obtained governing equations were solved using the application of GDQR and GWRM methods
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based on different BCs, which included clamped, simply-supported, and free-edge. Results, as well as the solution method, show
that the proposed methodology seems to be straightforward, useful, and a powerful technique for modeling the nano-structure
such as plates. In addition, the proposed solution method is appropriate for analyzing the linear vibrational phenomena when the
size effect is included. Moreover, results show an increase in the frequency ratio for all types of introduced BCs and modes when
the material size parameter L. increases. This means that the presence of this parameter leads to a stiffening behavior for the
vibrational behavior of the nano-plate. Moreover, the highest increasing rate of frequency ratio was achieved for the clamped BC,
while the lowest rate was associated with the simply-supported edge. Additionally, the highest and lowest increases in the
frequency ratio were attributed to the fourth and first modes, respectively. Additionally, it was shown that for all types of BCs and
modes, the increase in non-local parameter A was followed by a decrease in the frequency ratio. This means that the presence of
this parameter leads to a softening behavior for the nano-plate. Finally, the highest decrease in frequency ratio was related to the
fourth mode while the lowest decrease was associated with the first mode.
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Nomenclature
E Elastic modulus [GPa] Orr , Ooo Components of stress tensor along r and 6
axes
p Density [Kg/m?] Do 1P Kernel function
v Poisson's ratio l,L, The dimensional and non-dimensional
material size parameter
n Heterogeneity index of the FG material eod, A The dimensional and non-dimensional
non-local size parameter
m Indices specify the metal phases of FG material Wn Natural frequency
c Indices specify the ceramic phases of FG material On Dimensionless natural frequency
% Volume ratio L(x) Legendre interpolation function
Ur, Uz Radial and transverse components of the displacement (U}, {w,} Mode shapes
field
Uo , Wo Displacement functions along the radial and transverse Nm Number of modes
axes of the nano-plate mid-plane
A,B,D Elastic constants of the circular nano-plate Io, In, I Inertial constants
0,0 Normal strain components of the mid-plane along r and 09,5 Zero-order of stress components in the SG
6 axes model
Kirr , Koo The curvature of the nano-plate along r and 6 axes oW, oW Firs('; olrder of stress components in the SG
mode
Nr,Neo  Stress resultant force along r and 6 axes Emr oS First order of strain components in the SG
model
MmMe  Stress resultant moment along r and 6 axes
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