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Abstract. Creating new fracture networks in coal seams with natural fractures through hydraulic fracturing techniques is an 
effective method for exploiting coal-bed methane. In this paper, a continuum-discontinuum element method (CDEM) is developed 
for simulating and assessing hydraulic fracture propagation in coal seams. An elastic-damage-fracture model is proposed for 
capturing the deformation and cracking processes of fractured coal. A stress-fracture percolation relation is implemented to 
simulate the hydro-mechanical coupling processes. The influence of X-direction angles, mechanical strengths, distances and 
lengths of natural fractures are analyzed in detail. The results are potentially useful to optimize the fracturing design. 

Keywords: Continuum-discontinuum element method (CDEM); Hydraulic fracturing; Fractured coal; Hydro-mechanical coupling. 

1. Introduction 

With the growth of global energy consumption, the exploitation of coal-bed gas has become a hot topic, as the process can be 
made cleaner and safer by utilizing modern techniques such as hydraulic fracturing. Hydraulic fracturing is a process in which 
fracturing fluids such as water and supercritical carbon dioxide are injected into coal seams through high pressure or at a high 
rate to create new fractures and ultimately build a fracture network, which greatly promotes the exploitation of gas. The new 
fractures, together with natural fractures in coal seams, facilitate the flow of fluid and gas. However, the strong interaction 
between hydraulic fractures and natural fractures complicates the hydraulic fracturing process. Numerical simulation of 
hydraulic fracture propagation can guide designers to optimize drilling and fracturing plans. 

For modelling the coupled hydro-mechanical continuous-discontinuous process, many methods have been developed, such as 
i) methods with remeshing strategies [1–6], ii) phase field methods [7–11], iii) mixed mode formulations [12–18], iv) nodal enriched 
methods (the extended finite element method (XFEM), numerical manifold method (NMM), and phantom node method) [19–25], v) 
a strong discontinuity embedded approach with the cracking element method (CEM) [26–32], and vi) particle-based methods such 
as the cracking particle method (CPM) [33–39]. However, the above methods cannot readily and fully consider the permeation of 
fractures compared with a crack opening model.  

In this paper, an explicitly integrated hybrid finite-discrete element method, called the continuum-discontinuum element 
method (CDEM), is adopted to simulate hydraulic fracturing. The associated coal mass is simulated using block elements, and the 
discrete crack is modelled using interface elements. An elastic-damage-fracture constitutive relation is utilized to simulate 
fracture initiation and propagation. A stress and fracture percolation coupling relation is introduced to capture the hydro-
mechanical effects. Moreover, the influence of inclinations, distances and lengths of natural fractures and geostress on the 
interaction of hydraulic fractures and natural fractures is analyzed. The results show that when the natural fractures are located 
symmetrically on both sides of the injection point, a favorable fracture network is created. 

The paper is organized as follows: In Section 1, the principle of the CDEM, the elastic-damage-fracture constitutive equation 
and the stress-fracture seepage coupling correlation models are introduced. The numerical model is built in Section 2. In Section 3, 
the simulation results are presented and discussed. Finally, concluding remarks are given in Section 4. 
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Fig. 1. The numerical model in the CDEM 

2. Numerical Methods 

2.1 Continuum-discontinuum element method 

The CDEM is a hybrid finite-discrete element method that was developed in the generalized Lagrangian system. The CDEM is 
solved using explicit integration and a global dynamic relaxation algorithm. The theoretical basis of CDEM is Lagrange equation, 
which is: 

i

i i

d L L
Q

dt v u

 ∂ ∂ + =  ∂ ∂ 
 (1) 

where vi and ui is the generalized coordinates, L is the kinetic energy of the system expressed in terms of each generalized 
velocity and each generalized coordinate, and Qi is the generalized force. 

The numerical model built in the CDEM is composed of blocks and interfaces (see Figure 1). The blocks are discretized with 
one or more finite elements, and the interfaces are inserted into the block elements. The dashed lines in Figure 1 represent the 
real interfaces, which are the natural discontinuities in the model, such as joints and faults in the rock. The solid lines, on the 
other hand, represent the virtual interfaces that are active during crack initiation and propagation or stay closed for transmitting 
mechanical information. 

2.2 Constitutive relation 

An elastic-damage-fracture constitutive relation is used for simulating hydraulic fracturing. The blocks comprise four basic 
parameters, namely, the density, Young’s modulus, Poisson’s ratio, and internal friction angle. The interfaces include five basic 
parameters, namely, the normal and shear stiffnesses, strength, normal and shear fracture energies, and internal friction angle.  

The linear elastic constitutive relation for the elements is written in incremental form as 
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where
ij
ε∆ and θ∆ are the increment strain tensor and the volumetric strain, respectively, K and G are the bulk and shear modulus, 

respectively, 
ij
σ∆ is the incremental stress tensor, 

ij
δ is the Kronecker mark, tl and tl-1 represent the last and present time steps, 

respectively. 

For the interfaces, the respective normal and shear contact forces Fn and Fs are calculated as: 
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where un(tl) and us(tl) are the normal and shear relative displacement (crack opening) at the present time step, respectively, kn 
and ks are the stiffnesses of the interfaces, respectively, and AC is the interface area. 

The linear softening effect is assumed for tensile failure of interfaces as 
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(4) 

where ft is the initial tensile strength, 1( )t lt −σ  is the residual tensile strength at the last time step, and Gft is the tensile fracture 

energy. 
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Table 1. Material parameters 

Coal mass 

Density ρ  (kg m-3) 2500 

Modulus of Elasticity E (GPa) 5.0 

Poisson’s ratio ν  (-) 0.28 

Virtual interfaces 

c0 (MPa) 3.0 

ft (MPa) 3.0 

Gft (Pa m) 0.01 

Gfs (Pa m) 0.01 

φ  (°) 35 

kn, ks (MPa/m) 1 · 105 

Natural interfaces 

c0 (MPa) 0.0 

ft (MPa) 0.0 

Gft (Pa m) 0.0 

Gfs (Pa m) 0.0 

φ  (°) 10 

kn, ks
 (MPa/m) 1 · 105 

Initial normal opening (m) 2.68 · 10-8 

 

 
Fig. 2. Numerical models and meshes (a) square block, (b) rectangular block 

 
The Mohr-Coulomb model is considered for shear failure of interfaces as 
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where c0 is the initial cohesion, c(tl-1) is the residual cohesion at the previous time step, φ  is the internal friction angle and Gfs is 

the shear fracture energy. 
Equations 4 and 5 indicate a linear softening relationship between cracking opening and traction, and other types of traction-

separation laws, such as exponential, bilinear, and hyperbolic laws, can also be implemented [40–42] similarly. 

2.3 Hydro-mechanical coupling 

For the CDEM, the natural and new cracks are modelled directly with interfaces, and block elements and interface elements 
share the same node. Hence, based on the effect stress theory, the equivalent flow pressures sfp (sf is the liquid saturation degree, 
and p is the pressure of the flow) can be directly applied on the cracks to account for the influence of flow pressure on cracks. 
Once cracks open, the seepage field is captured by the finite volume method (FVM), which has been discussed and applied in [43, 
44]. The seepage velocity v of the fracturing fluid is 

rek p
v

x

∂
=−

∂

λ

µ
 (6) 

where kre is the relative permeability coefficient, 2 (3 2 )re f fk s s= − ; λ  is the equivalent intrinsic permeability coefficient of cracks, 

and 2( ) / 12du= ∆λ  is assumed; and µ  is the viscosity of the flow. 



 Haifeng Zhou et. al., Vol. 7, No. 4, 2021 
 

Journal of Applied and Computational Mechanics, Vol. 7, No. 4, (2021), 2185–2195   

2188

3. Model Parameters 

To examine the performance of fracture propagation and their interaction, a square block with one natural fracture and two 
natural fractures is simulated. The dimension of the first model is 0.1 m  0.1 m, the model is divided by triangular mesh, which 
contains 4174 block elements and 2168 nodes. The size of the second model is 0.1 m  0.12 m, which consists of 5026 block units 
and 2602 nodes; see Figure 2. The injection point is located in the middle of the model with a diameter of 0.006 m. 

The material parameters are shown in Table 1. The initial geostress of the coal seam in the X direction is -10 MPa, and that in 
the Y direction is -5 MPa. The spring coefficients of the virtual interfaces are set to be consistent with the coal mass. 

A detailed discussion of random strengths is provided in the next section. The calculation includes two stages: i) geostress 
balance: the geostress is applied to the model, ii) hydraulic fracturing: the time step is set to 1 ⋅ 10−5 s, with a total calculation time 
of 6 s. 

4. Results and Analysis 

4.1 Influence of the natural fracture angle on the hydraulic fracture propagation 

In this section, the influence of the natural fracture angle θ on hydraulic fracturing is analyzed. The fluid is injected into the 
block with constant flow rate 5  10−7 m3/s. The injection point is located at the center of the block. 

As shown in Figure 3, the cracks mainly extend from the tips of the natural crack. When the geostress along the Y direction is 
larger than the value along the X direction, many vertical cracks appear. For the cases with 0=θ ο  and 90=θ ο , many small 
cracks appear that provide rich fracture networks. 

The pressure at the injection point is shown in Figure 4(a), and the pressure has an obvious drop point because of crack 
propagation. When defining the maximum pressure before a sudden drop as the fracture pressure, the values considering 
different α are as shown in Figure 4(b). When the geostress along the X-axis is a high compression stress, the fracture pressure of 

90=θ ο is the largest. 
The fracture aperture curves under different angles are shown in Figure 5 (a). When the angles are 15o, 30o, 45o, 60o, 75o and 90o, 

the fracture apertures at the injection point are approximately 4.72  10−6 m, 2.43  10−6 m, 3.83  10−6 m, 2.52  10−6 m, 3.70  10−6 
m and 5.23  10−6 m, respectively. When θ  between the natural fracture and X-direction is 45o and symmetrical, the size of the 
fracture opening also tends to be symmetrical and separate. For example, the difference between 30o and 60o is the smallest, the 
fracture opening curve is a “W” shape, and the fracture aperture at the injection point is the maximum when 90 .=θ ο  

Figure 5(b) shows the change curve of the rupture rate under different angles. The rupture rate curve presents an anti-
symmetric distribution trend with an angle of 45o. 

4.2 Influence of random strength on the hydraulic fracture propagation 

The numerical analysis in this section adopts the random strength model to study and analyze the influence of the 
combination of randomly set geostress strengths on hydraulic fracture propagation. In the actual calculation, θ  between the 
natural fracture and X-direction is set to 60o; the density, Young’s elastic modulus, and Poisson’s ratio are kept consistent; and 
only the strength parameters are randomized. The random mode uses a uniform distribution mode, and when random, the mean 
value of each intensity parameter is guaranteed to be consistent with the above parameters. The random range of cohesion is 1-5 
MPa, the random range of tensile strength is 1-5 MPa, and the random range of internal friction angle is 22-45o (the expectation of 
the tangent value is consistent). 
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Fig. 3. Fracture propagation considering different angles: (a) =0θ ο , (b) =30θ ο , (c) =60θ ο , (d) =90θ ο  
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Fig. 4. (a) Pressures at the injection point, (b) Fracture pressures 

    

Fig. 5. Curve of fracture aperture and rupture rate, and (a) Fracture aperture change curve at different angles, (b) Rupture rate curve 

 
 

  

Fig. 6. Displacement diagram (units: mm), and (a) no, (b) C1, (c) C4, (d) C7 
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Table 2. Random strength combination table 

Combination1 (C1) cohension 

Combination2 (C2) tension 

Combination3 (C3) friction 

Combination4 (C4) cohension, tension 

Combination5 (C5) cohension, friction 

Combination6 (C6) tension, friction 

Combination7 (C7) cohension, tension, friction 

 
 
The random influence of strength is analyzed through the combination of different strengths, and the combination is shown 

in Table 2. The fracture propagation results of the model are shown in Figure 6. 
Figure 6 shows the displacement variation diagram under different combinations. The development of coal seam cracks 

without a random intensity setting involves slowly growing individual cracks. The development of coal seam cracks with random 
intensity settings is relatively rich, and there are many tiny cracks. 

As shown in Figure 7(a), the fracture aperture changes under different combinations. The change trend of fracture aperture is 
the same, which is a gradual growth trend, and the growth rate becomes slower in the middle and later stages. As shown in 
Figure 7(b), the fracture pressure variation diagram under different combinations shows that the variation trend of fracture 
pressure is the same. Because the tensile strength of natural fractures is lower than that of coal seams, when natural fractures 
start to crack, the fracture pressure at the injection point suddenly decreases and then gradually decreases to a flat level. 

As shown in Figure 8, the variation diagram of coal seam fracture degree under different combinations shows that 
combination 5 has the highest fracture rupture rate, and the combination with friction has a higher value, which also shows that 
the fracture rupture rate is more sensitive to friction, followed by cohesion and finally tension. 

4.2 Influence of permeability change on the hydraulic fracture propagation 

In this section, the influence of a coal seam permeability change on hydraulic fracture propagation is studied and analyzed. 
Here, θ between the natural fracture and X direction of the coal seam is set as 60°, and the random mode of geostress intensity is 
a uniform distribution mode. Combination 7 (C7) in Table 2 is adopted. 

Figure 9 shows the diagram of coal seam fracture saturation under different permeabilities. When the permeability is very low, 
the fluid tends to persist in the fracture and does not diffuse out. If the permeability increases, the fluid gradually seeps out, and 
the fracture also expands outward. 

Figure 10 shows the fracture aperture and fluid volume transformation curves under different permeabilities. With the 
gradual increase in permeability, the values of the two fluctuate slightly, but the overall trend declines. 

 

Fig. 7. Variation curve of fracture aperture and fracture pressure, and (a) Fracture aperture diagram at random intensity, (b) Fracture pressure 
diagram at random intensity 

 

Fig. 8. Fracture rupture rate curve 
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Fig. 9. Diagram of seam fracture saturation, and (a) permeability is 0.0610−14 m2, (b) permeability is 0.510−14 m2 

 

Fig. 10. The relationship between fracture aperture, fluid volume and permeability coefficient 

 

Fig. 11. The fracture pressure and rupture rate as function of time 

4.3 Influence of horizontal geostress difference on hydraulic fracture propagation 

In this section, the influence rule of the horizontal geostress difference of the coal seam on hydraulic fracture propagation is 
analyzed. Two natural fractures are set 10 mm away from the injection port. The natural fracture is 50 mm long and 110−6m wide, 
with an angle of 30o to the X direction. The geostress differences are set as 0 MPa, 3 MPa, 179 5 MPa, 7 MPa, 10 MPa and 12 MPa. 

Figure 11 shows the curve of fracture pressure and rupture rate over time at the entrance of hydraulic fracturing. Here, 2.0 s is 
the time of fracture initiation, and at approximately 2.0 s, the hydraulic fracture begins to crack from the injection port and 
continues to expand. Over 2.0 s-2.2 s, the hydraulic fracture meets the natural fracture, the fracture pressure at the injection port 
suddenly drops, the fracture degree increases suddenly, the hydraulic fracture expands along the natural fracture direction, and 
the direction changes. After 2.2 s, the hydraulic fracture expands in the natural fracture. The fracture pressure at the injection 
port increases slowly and then remains stable, and the rupture rate increases gradually. 

The process of hydraulic fracture propagation under different geostress differences is shown in Figure 12. The numerical 
results show that under the action of two natural fractures, the hydraulic fracture can expand through three paths: (1) When the 
horizontal geostress difference is 12 MPa and 10 MPa, the hydraulic fracture first propagates along the direction perpendicular to 
the minimum principal stress. After intersecting with the natural fracture, the hydraulic fracture activates the natural fracture 
and preferentially propagates from the right end of the second natural fracture (as shown in Figure 12(e), (f)). (2) When the 
horizontal geostress difference is 7 MPa and 5 MPa, the hydraulic fracture preferentially propagates along the left end of the first 
natural fracture (as shown in Figure 12(c), (d)). (3) When the horizontal geostress difference is 3 MPa and 0 MPa, the hydraulic 
fracture propagates along the left direction of the first natural fracture and the right direction of the second natural fracture (as 
shown in Figure 12(a), (b)). In the first two paths, the scope of hydraulic fracture propagation is narrow, and the number of 
fractures is small; in the third path, the number of fractures is large, and the expansion range is wide. 
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Fig. 12. Propagation processes of a hydraulic fracture under the action of a natural fracture, and the horizontal geostress difference is (a) 0 MPa,    
(b) 3 MPa, (c) 5 MPa, (d) 7 MPa, (e) 10 MPa, (f) 12 MPa 

 

Fig. 13. Rupture rate and fluid volume as function of distance 

 

Fig. 14. Rupture rate as function of length 
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The extension direction of hydraulic fractures depends on the difference in geostress. The hydraulic fracture is parallel to the 
maximum horizontal principal stress, but the hydraulic fracture does not always extend along a specific direction. In the process 
of extension, the natural fracture extends along the natural fracture direction, that is, the hydraulic fracture changes in direction, 
forming a more abundant fracture network. The larger the geostress difference is, the less likely the natural fracture opens. The 
smaller the geostress difference is, the more hydraulic fractures tend to penetrate into natural fractures. A low geostress 
difference is conducive to the opening of natural fractures and the uniform development of fracture networks. 

4.4 Influence of fracture distance and length variation on hydraulic fracture propagation 

We keep the natural fractures above the injection port in place and adjust the positions of the natural fractures below the 
injection port so that the spacing is 0.015 m, 0.020 m, 0.025 m, and 0.03 m to study the effect of changes in natural fracture 
distance on hydraulic fractures. 

The relationship between fracture volume and fracture rate is shown in Figure 13. Specifically, with increasing fracture 
distance, the rupture rate and fluid volume in the fracture increase. When the distance between two fractures is 0.025 m, the 
rupture rate and fluid volume are the largest, and the range of the fracture network is the largest. When the fracture distance is 
greater than 0.025 m, the fracture rate and fluid volume decrease.  This is because the hydraulic fractures do not fully 
communicate with the natural fractures in time, resulting in a decrease in the fracture propagation area. The optimal fracture 
distance is 0.025 m. Because the hydraulic fracture and natural fracture communicate well, the fracture network expands 
sufficiently, and the fracture rate and fluid volume in the fracture reach the peak. 

Keep the natural fracture above the injection port still and adjust the length of the natural fracture below the injection port to 
0.01 m, 0.02 m, 0.03 m, 0.04 m, 0.05 m and 0.06 m. The influence of natural fracture length on hydraulic fracture propagation is 
studied. 

Figure 14 shows the relationship between fracture length and rupture rate. With increasing fracture length, the fracture range 
near the natural fracture increases, and the rupture rate increases.  When the fracture length is 0.05 m, that is, when the lengths 
of the two fractures are equal, the fracture rate is the largest. As the fracture continues to grow, the rupture rate of the coal seam 
decreases, which also indicates that the longer the natural fracture is, the greater the hydraulic fracture along the natural fracture. 
Therefore, when the lengths of the two natural fractures are equal, the rupture rate is the largest, and the hydraulic fracture 
network range is the largest. 

5. Conclusion 

In this paper, the Mohr-Coulomb model of brittle fracture and the coupling model of fracture seepage and stress are 
introduced into the continuous-discontinuous element method to simulate the hydraulic fracturing of coal seams with natural 
fractures. The conclusions are as follows: 

 Effect of angle : The larger the angle  between the natural fracture and X-direction is, the smaller the fractures and the 
more abundant the fracture network. The fracture pressure and fracture aperture at the injection point are symmetrically 
distributed at an angle of 45°, and the fracture degree curve is antisymmetric. 

 Effect of random strength: The development of hydraulic fractures in coal seams with random strength is more abundant, 
there are many micro-fractures, and the fracture degree is the most sensitive to friction. 

 Effect of permeability: With increasing permeability, the fracture degree, fluid volume and fracture opening of the coal 
seam show a downward trend. 

 Effect of horizontal geostress difference: The larger the horizontal geostress difference is, the less likely the natural 
fracture is to open. The smaller the geostress difference is, the more hydraulic fractures tend to penetrate into natural 
fractures. A low geostress difference is conducive to the opening of natural fractures and the uniform development of 
fracture networks. 

 Effect of natural fracture distance and length: With increasing fracture distance and length, the fracture rate of the coal 
seam increases. A distance of 0.025 m and a length of 0.05 m are the optimal distance and length; in other words, when 
two natural fractures are symmetrically and equally distributed on both sides of the injection point, the hydraulic 
fracture and natural fracture communicate well, the fracture network expands fully, the fracture rate reaches the peak, 
and the hydraulic fracture network has the largest range. 

Hydraulic fractures are parallel to the maximum horizontal principal stress, but  natural fractures can change the 
development path of hydraulic fractures. When natural fractures exist, hydraulic fractures develop along the direction of natural 
fractures, forming a more abundant fracture network. The angle  between the natural fracture and the X-direction, horizontal 
geostress difference and natural fracture distance has a predominant effect on the opening degree of the natural fracture. 
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Nomenclature 

vi, ui The generalized coordinates us(tl) The shear relative displacement (crack opening) at 
the present time step 

L The energy of the Lagrangian system 
1( )t lt −σ  The residual tensile strength at the last time step 

Qi The work of non-conservative forces Gft The tensile fracture energy 

ij
ε∆

 The increment strain tensor c0 The initial cohesion 

θ∆  The volumetric strain c(tl-1) The residual cohesion at the previous time step 

K The bulk φ  The internal friction angle 
G Shear modulus Gfs The shear fracture energy 

ij
σ∆

 The incremental stress tensor sf The liquid saturation degree 

ij
δ

 The Kronecker mark p The pressure of the flow 

tl The last time steps kre The relative permeability coefficient 
tl-1 Present time steps λ  The equivalent intrinsic permeability coefficient of 

cracks 
un(tl) The normal relative displacement (crack opening) at 

the present time step 

µ  The viscosity of the flow 

Abbreviations 

The following abbreviations are used in this manuscript: 
CDEM   Continuum-discontinuum Element Method  
FEM   Finite Element Method 
XFEM   eXtended Finite Element Method  
CPM   Cracking Particle Method 
CEM   Cracking Elements Method 
FVM   Finite Volume Method 
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