J. Appl. Comput. Mech., 8(3) (2022) 1043-1053 ISSN: 2383-4536
DOI: 10.22055/jacm.2022.38275.3189 jacm.scu.ac.ir

it ol omputation Medaics
T

/-

Shahid Chamran
University of Ahvaz

Research Paper

A Kinetic Flux-vector Splitting Scheme for Two-layer
Shallow Flow Model

Saqib Zia'®, Saeed Ullah Khan?®, Omar Rabbani*®, Munshoor Ahmed*, Asad Rehman?®

1 Department of Mathematics, COMSATS University Islamabad, Park Road, Chak Shahzad Islamabad, Pakistan, Email: saqibzia81@hotmail.com
2 School of Mathematics and Statistics, Zhengzhou University, Zhengzhou 450001, China, Email: saeedkhan.u@gmail.com

3 Department of Mathematics, COMSATS University Islamabad, Park Road, Chak Shahzad Islamabad, Pakistan, Email: mathematixian@gmail.com

4 Department of Mathematics, COMSATS University Islamabad, Park Road, Chak Shahzad Islamabad, Pakistan, Email: manshoor@comsats.edu.pk

5 Department of Mathematics, University of Education, Lahore, Pakistan, Email: assad013@gmail.com

Received August 05 2021; Revised February 09 2022; Accepted for publication February 09 2022.
Corresponding author: S. Zia (saqibzia81@hotmail.com)
© 2022 Published by Shahid Chamran University of Ahvaz

Abstract. In this article, two-layer shallow flow model with non-flat basal topography is considered. The presence of coupling
terms in two layers make the system conditional hyperbolic. The kinetic flux-vector splitting (KFVS) scheme is applied to
approximate the corresponding one-dimensional two-layer shallow flow equations. Our interest lies in the numerical
approximation of the model referred to above, the complexity of which poses numerical problems. The higher order accuracy of
the scheme is achieved by using a MUSCL-type initial reconstruction and Runge-Kutta time stepping method. The scheme is able
to treat variety of flow conditions. A number of test cases are carried out to verify the performance of the suggested method. The
conservation and solution element (CESE) scheme is used for comparison. It is observed from the comparison that KFVS resolves
the shocks more effectively than CESE scheme.

Keywords: Two-layer SWEs, KFVS scheme, CESE, non-flat bottom topography, discontinuous solutions, conservation laws.

1. Introduction

The multilayer shallow water equations (SWE'’s) are commonly used to depict flows with different densities. The variations in
density are due to variations in salinity and/or temperature, so this type of layering appear in numerous regular streams, adrift
entryways, bays, estuaries and obviously manufactured structures like conduits furthermore, locks etc. A large portion of these
streams can be portrayed as shallow, remembering that even a sea may be dealt with as shallow if the profundity is contrasted
with the even measurements, particularly when consideration is limited to coastal regions.

Variations in density generally act as a barrier to blending the two superimposed liquids, so it is helpful to investigate the
layered flows as the layering has some kind of intrinsic stability. An illustration, which has as of late discovered serious
consideration in connected science and numerical investigation, is the superposition of the Mediterranean and the Atlantic in the
Strait of Gibraltar [1]. For the modelling of tsunamis generated by underwater landslides, two-layer SWEs can be used see e.g. [2, 3].

The layering is primarily stable, but this stability will be lost under certain conditions, resulting in Kelvin-Helmholtz instability.
The layers begin to mix, causing the current flow to change density and discharge as well as to change in type of PDEs. The SWEs
are unconditionally hyperbolic in nature, and are relatively simple to investigate numerically. A slight change in the nature of
these equations gives additional numerical complexity. It is important to mention that the two-layer SWEs are conditionally
hyperbolic. There is a possibility that the system lose hyperbolicity during approximation. Furthermore, with inclusion of non-flat
basal topography, some computational challenges are related to this type of mathematical models. For example, well-posedness
of the models in appropriate functional spaces and initial data, the balancing of source term with fluxes in the presence of non-
smooth basal topography, propagation of discontinuities in solution profile, the proper discretization of source terms in
heterogeneous media. Robust, reliable and efficient numerical algorithms are required to address the numerical issues posed by
these systems. Numerous authors have discuss about the loss of hyperbolicity in two-layer flows see e.g. [4-10]. Moreover, a lot of
researchers have done investigations to mitigate this effect by utilizing physically motivated discharge transfer to stabilize the
system [11, 12].

To address some of the above mentioned difficulties, a well-balanced numerical scheme is needed. A well-balanced scheme
can effectively handle small perturbations in the steady state solutions. Therefore, these schemes are better suited computing
turbulent fluctuations in steady flows, whereas the schemes which are not well-balanced can only handle perturbations at the
level of truncation error. A lot of work about well-balanced schemes to solve depth averaged models have been done in the
literature e.g. see [13-18].
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In the present paper a KFVS scheme [19-22] is applied to solve two-layer shallow flow model. The scheme is a Boltzmann-type
and the researchers chose it as it is positivity preserving, robust, efficient and free of Riemann solver property. In [21], the
mathematical model was strictly hyperbolic and the authors extended the KFVS to solve it by considering flat bottom topography.
This method does have some drawbacks as well i.e. (i) It depends on Maxwellian distribution function, therefore this method is
usually complicated due to complexities of the Maxwellian function, thus it is considered to be computationally expensive (ii) It
computes the viscous and inviscid fluxes as a single entity. Although this method is computationally expensive yet the scientists
prefer it due to its positivity preserving property for small values of physical variables.

The KFVS scheme was developed by Deshpande [23] as a result of the kinetic theory based on the fluid-in-class method for
classical compressible Euler equations. The Pulline’s flux equilibrium method [24] and Rietz’s kinetic numerical method [25] are
variants of the KFVS scheme. Significant improvements were made by Partheme [26] who used the characteristic function instead
of the Maxwellian distribution function (MDF).

In KFVS, the separation of flux vectors is the method for obtaining up winding bias as a function of numerical flux, which is
the obvious consequence if a liquid is treated as a group of particles [19]. Since the motion of the particles is in forward/ backward
direction, naturally the fluxes at the cell’s interface are also divided into forward/ backward direction, that is,

Fi+1/2 = FA(VVi) + Fi(wwl): (1.1)

W, and F(W,) denote the vectors of conserved quantities and fluxes respectively. Moreover, we extended this scheme to
second order and the results of suggested scheme are compared to the CESE scheme [27-29].
The manuscript is arranged as follows. The section 2 presents two-layer SWEs and sections 3 deals with the derivation of 1-D

KFVS scheme. The test case studies are incorporated in section 4. In the end conclusions and remarks are given in section 5.

2. Mathematical Model for Two-layer Shallow Water Flow

The one-dimensional two-layer SWEs with bottom topography are given [10] as,

0:hy +0,(a:) =0, 2.1)
0,4y + 0, (@yuy + %hf) = —gh,d,(h, + B(x)), 2.2)
0th, +0,(a,) =0, (2.3)
0,y + 0, (@u, + %hg) = —gh,d,(rh, + B(x)). (2.4)

The above equations describes the mass and discharge equations for each layer of two-layer system, h, and h, being the
heights of upper and lower layer respectively, while, u, and u, are velocities of the corresponding layers. Moreover, g, = hyy;
for i = 1,2 are flow discharges and B(x) is bottom topography. Furthermore, g is the gravity constant andris the ratio of the
densities (r = p, / p, < 1) .In vector notation, the above equations reads as,

W, +F(W), = S(W), (2.5)
where

70

i Gy + Ip2 0
11 Ty _ C
W= L5 CF= 2 . and S= gh,d, (h, + B(x)) ) (2.6)

h, 9 0
a G, + % n ~gh,0,(rh, + B(x))

Here, W is the vector of conserved variables, F represents the vector of fluxes and S is the vector of non-conservative source
terms. The discharges of two-layers are coupled through non-conservative product terms. The system given in Egs. (2.5) and (2.6)
can be written in quasi-linear form as,

W, + A(W)(W), = S(W), 2.7)
where the Jacobian matrix A(W) is given by,
0 1 0 0
_|gh-w 2w ghy
A(W)= o 0 0 1P (2.8)

rgh, 0 gh,—ul 2u,
and

0

_ [~9h:By(x)
0 .

—gh,B, (%)
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Using the characteristic polynomial, the computed eigenvalues of the modified Jacobian satisfy,
A+ ul =22y, —gh))(A +ul —2)\u, — gh,) = rgh;h, (2.10)

It can easily be observed that, the explicit form of eigenvalues cannot be evaluated. However, as long as r <1, the system
(2.1)-(2.5) will hyperbolic and the eigenvalues are turns to be real. There, we are concerned with flows in which the difference
between u, and u, is small enough means u, ~u, and r~1 as in [7]. This yields to the first-order eigenvalues
approximations as given by [5],

lext

/\i _ h1u1 ‘]:hzuz i\/g_h, (211)

and

2
£ _ hiuz ‘]:hzui :i:\/(l —T) ghlhz [1_ (uz 7“-1) . (2.12)

int h (1-r)gh

The obtained approximation in [7, 10], is similar to that of ours with h =h, +h, . From the eigenvalues, one can observe that
the hyperbolicity of the system is directly linked with the values of (u;, —u,)’. The system of Egs. (2.1) to (2.5), as discussed above
is conditionally hyperbolic and the system may lose the hyperbolicity if,

(w, —u,)* > (1 -r)gh. (2.13)

One may note that this condition is not inflexible because the Eqg. (2.13) is an approximation.

3. KFVS Scheme for Two-layer Shallow Water Equations

We split the derivation of KFVS scheme for the two-layer SWEs in three subsections. The derivation of this scheme is also
available in [21, 22].

3.1 Introduction of Maxwellian distribution function

In this section the KFVS scheme is implemented to solve the two-layer SWEs given in (2.5) and (2.6). The movement of
particles across the cell’s interfaces is associated with the flow of conserved quantities. The local MDF [21] is utilized here for the

distribution of moving particles in the x-direction. In normal direction n € {x} the MDF is stated as,

’ exp|-A(u, —w,)’ |\ ==, for k=1,2. (3.1)

A
t =h|Zx
gM( ’n’uvl) [ﬂ' gh’

where u, is the average particle velocity, v, is the individual particle velocity in n-direction and ), is normalization factor.
Particles are categorized into two groups by using g,, defined in Eq. (3.1). Both the groups move in opposite directions with
velocities (u, > 0) and (u, < 0) in right and left side of the interface. Let us first define the fluxes before splitting,

1

W), =1= f[ﬁ]ze’*‘f(""’“”’zdu, (3.2)
—oo 0
1
Wwh, =u, = f[ﬁ "y,e ) gy, (3.3)
—o 0
In simplified form, we can define,
% (A2 1
o) = [—k]ze’“”"’“”)zdu = Zerfc(\u,), 3.4
o= 13 » = erfelhu,) (G4)
% (A2 1
Vo) = [—k]ze’“”"’“”)zdu = Zerfe(\Uy,), 3.5
o= 13 » = erfelhu,) 2
and

oo 1 A

A )2 2 1 e
vy = [[APy eniwrgy =y oy 1 3.6
)= J[2]v =0+ 5 9)

) 1e ™
T - D%y e MuwPdy — oy (y°) = . 3.7
W= [ =) - 3 )

3.2 Implementation of finite volume scheme

To implement any numerical algorithm, one has to divide the computational domain into N sub-domains. We define the cell
L =[X;42,% 1] for i=1,2,3..N and Ax=Xx,,, —X,,,,. The cell center is denoted as x, =iAx, while the cell faces are defined
as X, =X +Ax/2.We proceed with the cell averaged initial data W' for time t" and calculate updated solution W' at
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next time level t"*'. In light of the preceding definitions, the flux functions in (2.6) are splitted as,

@
%m+%%
F(W;) = a =F'+F, (3.8)
2

%w+%%

where
0
h, 1,
S L PR R 39
= Y
ol [T 0002 (39)
h,u 1
S Y
The fluxes in left and right direction of I, are defined by,
F,=F,,+F, and F.+1 =F +F, (3.10)
. i+l .
Integrating Eq. (2.5) over the cell I, :=[x_,,,,X;,,,] yields the semi-discrete scheme shown below,
F,-F S .,-S
dW, g iy ey (3.11)
dt Ax Ax
here, W, is defined as,
1 X1
wﬁwm;aﬁjwmmx (3.12)
The modified Godunov-type methodology is utilized to discretize non-conservative terms in Eq. (2.5).
0
Q(hl)l[(hz)i+3 - (hz)ii + BP; - BF;]
S .-S .= AP (3.13)

where

3.3 Extension to second-order scheme

The scheme (3.11) is first order accurate in space. In order to achieve higher order accuracy, the following initial reconstruction
method is used for interpolation of the averaged cell variables. The slope vector W, piecewise constant solution W,, and the
extrapolated boundary values are use as in [21],

1 1

WY =W, *EWXI-,WRXI- =W, +§Wﬁ.. (3.14)
W and W™ are the MUSCL reconstruction of W, ,
W = MM{OAW_+1, %[AW_+1 + AW_J], HAW_l}, (3.15)
2 2 2 2

=W,

i+1

where 1<6<2.The central differencing is defined as: AW,

12 —W,. To handle the oscillations in the solution profile we
use the following limiter [22],

mix {x,} ifx;<0 Vi,

i

MM{x,,X,,X;...} = {min{x,} ifx,>0 Vi, (3.16)

i

0 otherwise.
Using the above procedure, the following high resolution scheme is obtained,
W) F (W5 W, %) S (WX, W™)—S (W, W)
g i : i i HE 1+ 1 175 1 1 (317)
. Ax Ax '

LX
dW. FH%(W B i
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where

Fl.%(wiixuwiRX) =F (W) +E, (W), (3.18)
and

SH% (wiLﬁ:wiRX) =S/ (wiRX) + S;+1(wi}i>;)- (3.19)

A total variation diminishing RK method is applied to solve Eq. (3.17) to get second order accuracy of the suggested scheme.
We take right side of Eq. (3.19) as L(W). To update W, the following two stages are used [22],

WO =W" + AtL(W"), (3.20)
1
WL — E(Wh +w(1) +AtL(W“))), (3.21)
where At=t"""' —t" . Moreover,
A= A%
2] iy |

with , beingthe maximum eigenvalue.

4. Numerical Case Studies

In this section, several test problems are considered to analyze the performance of the proposed KFVS and CESE schemes. The
outflow boundary conditions are used for problem 2-5.
Problem 1: Accuracy test problem.

This test case study is normally considered to find the accuracy order of a scheme see e.g. [30]. We also intend to calculate the
order of our suggested scheme. The initial data are,

h, =5+, h,=5-e"™  y (x,0)=u,(x0). (4.1)

The bottom topography is B(x)=sin’(rx) with x€[0,1], t=1.0. Periodic boundary conditions are considered. Table 1 shows
the experimental order of convergence (EOC) and L' -errors in the solutions of KFVS and CESE schemes. We can observe from
table 1 that our suggested KFVS scheme produces less errors as compared to the CESE scheme.

Problem 2: Steady state of rest

The motivation behind this example is a numerical demonstration of the capacity of our KFVS scheme to capture steady state
of rest. The initial data representing stationary steady-state is,

(0.59959,0,0.40152,0) if x€[-0.6,-0.5],

h,,q,,h =
(hy,q:,h,,0,) (0.6,0,0.4,0) otherwise. 4.2)
The problem is studied with bottom topography B(x) given as,
1 .
B(x) — Z[l + cos(10m(x — 0.5))] if xe[-0.6,-0.5], @3)

0 otherwise.

The value of g=10, density ratio r is 0.6 and our computational domain is [-1, 1]. The results are computed on two mesh
sizes Ax=1/100, Ax=1/200 and the reference solution is obtained on Ax=1/1000 . The results obtained by the KFVS and
the CESE schemes are shown in Fig. 1. We can observe disturbance initially in the solutions of h+ B(x). The oscillation-free
solution is obtained after some time.

Table 1. L*-error comparison.

h Uz

N KFVS CESE ECO(KFVS) KFVS CESE ECO(KFVS)

50 2.71x10*  3.41x10* - 3.81x10* 4.7x10* -

100 6.82x10°  9.58x10° 1.99 9.91x10°  1.20x10* 1.94
200 1.60x10°  2.34x10° 2.09 2.31x10°  3.42x10° 2.10
400 3.97x10°  6.04x10° 2.01 5.47x10° 9.11x10° 2.07
800 9.47x107  1.60x10° 2.06 1.20x10°  2.25x10° 2.18
1600 2.21x107 3.87x107 2.09 2.76x107  2.34x107 2.12
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Fig. 1. Problem 2: Small perturbation of steady state: Free surface displacement h + B(x) at different time steps as shown at Ax = 1/100 grids point on
left side and Ax = 1/200 grids point on right.

Problem 3: Interface propagation I.
This test case study is used to check the capability of the KFVS scheme to propagate and capture discontinuities over time.
Several authors frequently used this type of examples for validating their schemes for multi-layer flows [5, 12]. The initial data is

given as,
(0.50,1.250,0.50,1.250) for x < 0.3,
h ) vh ) = 8
(hs,8:.h;,2) (0.45,1.125,0.55,1.375) forx>0.3, (44)

with flat bottom topography B(x)= —1. The constant of gravity g=10 and the value of density ratio represented by r is 0.98.
The computational domain for this problem is [0, 1]. The interface is taken at x=0.3 initially. In this problem we take a smaller
initial jump near the interface. The results are obtained at final simulation time t=0.1 on two different mesh sizes, i.e.
Ax=1/200 and 1/800.The reference solution is obtained on 10000 mesh cells.
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Interface elevation Interface elevation
0.5 : T CESE 0.5
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= =
x o0
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) @
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= = 4
-2
-3H —Refrence . e : Refrencel . , ‘ NS
0.2 04 06 08 02 03 04 05 06 07 08

Fig. 2. Problem 3: Interface elevation on 200 grids point left and 800 grids point right.

The interface evolution of the fluid flow in the Fig. 2-3 shows that KFVS schemes guarantees better resolution as compared
to that of CESE scheme. In Figure 2 (top left), the low resolution indicates that the interface stays sharp while propagating to the
right and is diffusive due to the numerical viscosity. The results on refine mesh are displayed in (see Fig. 2(top right)).

The water surface h, +h, +B(x) and upper layer velocity u, are plotted respectively in Figs. 2 and 3. The original sharp
interface generates four waves that travel at four distinct distinctive speeds. We can clearly see that our proposed KFVS scheme
produce good results after mesh refinement, there is no oscillation in free surface displacement while the results of Fig. 2, in [7],
shows some oscillations even after refined mesh size up to Ax=1/800 which practically shows the superiority of our scheme.

Problem 4: Interface propagation II

This example is taken from [7, 10]. In this second problem of interface propagation, a much complicated case is considered at
the interface with a comparatively large initial jump,

(1.8,0.0,0.2,0.0) forx <o,

(0.2,0.0,1.8,0.0) for x>0, (4.5)

(hv%rhz:%) :‘[

with flat bottom function B(x)=-2 and same gravitational constant and density ratio is considered as in Problem 3. The results
for free-water displacement h are obtained on a computational domain [-5, 5], whereas solution for h, is obtained from x=0
to x=1. This example is also solved using time splitting scheme which produce unphysical stationary shock [6]. We have
computed the solution for h, -component of the flow and free water surface at t=1, using shock capturing KFVS scheme on
two different mesh sizes,i.e. Ax=1/50 and 1/100. The reference solution computed with KFVS scheme is obtained on a bit
refined grids with Ax =1/500 . The key feature of the proposed KFVS scheme is positivity preserving property, which can be seen
in Fig. 4 (top).

Problem 5: Lock exchange flows.

This problem is also considered in [10]. Here, the two layers of water are at rest initially and separated by a membrane. The
water with low density (lighter water) is on the left and that of high density (heavier water) is on the right. The data for the
problem is given as under,

(—B(x),0.0,0.0,0.0) forx <0,

(0.0,0.0,~B(x),0.0) for x> 0. (4:6)

(hl»%»hzqu):
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Fig. 3. Problem 3: Upper and lower layer velocities u: and u, on 200 grids point (left) and 800 grids point (right).

The Gaussian-shape B(x) is given as,

B(x) = exp(—x*) — 2. (4.7)

The constant of gravity is g=9.81, and however, r=0.98. The computational domain is from x=-3 to x=3, and at the
ends of our interval the condition g, =—q, , is imposed. The propagation of the heavier water is in the negative direction and vice
versa. Our expectation from the solution is to converge to a non-stationary steady state. The results are given in Fig. 5.

Problem 6: Internal dam break.

The present problem is also discussed in [10], over a continuous bottom topography function. Because of the presence of
hydraulic jump, the computation of steady-state problem is more difficult than that of previous one. The data for the said
problem is given as,

(1.95,0.0,—1.95 — B,0.0) for x <0,

h,,q,,h =
(hs,41,h:,4;) (0.05,0.0,—0.05—B,0.0) for x>0,

(4.8)

with continuous bottom topography function given by,

B(x) = 0.5exp(—x*)—2.5. (4.9)

Again the constant of gravity is same as in previous problem i.e. g=29.81, and value of density ratio r=0.998 is taken. The
domain [-5,5] is divided into 1/500 grid points with imposing free boundary conditions at the ends. The results are depicted in
Fig 6. We can clearly observe that KFVS is giving better results as compared to CESE scheme.

Problem 7: Dam break problem.
The data for this Riemann problem is,

(h,,h,,u,,u,), = (0.8,0.2,0,0), if x <0, (4.10)

(M, h,, Uy, 1,), = (1,0,0,0), if x> 0. (4.11)

The interface is located at x=0, with flat basal topography, i.e. B(x)= constant. For this problem, we have taken h, =0

after x > 0. The results are depicted in Fig. 7. We can observe that there is no oscillation produced in the solution profiles obtained
by KFVS and CESE schemes.
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A kinetic flux-vector splitting scheme for two-layer shallow flow model

1051

Interface elevation

H ——-KFVS
— Refrence

B(x)+h1 +h2

h=

Interface elevation

— Refrence

-1 -05 0 05 1

1 e CESE ||
-—-KFVS
— Refrence

Fig. 4. Problem 4: Interface elevation h; (left) and free surface displacement h: + h, + B(x) (right) on 50 and 100 grids.
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Fig. 5. Problem 5: Water surface (h: + h, + B(x)), interface (h, + B(x)) and B(x).

5. Conclusion

In this work, two-layer SWEs were studied numerically. The KFVS scheme was suggested to study the model equations
numerically. The model was conditionally hyperbolic and there was a possibility that system may lose hyperbolicity while solving
it. The proposed scheme effectively handled this problem. The test cases revealed the performance of the suggested method to
handle a wide number of flow conditions. The results were compared with those obtained from CESE scheme. The solutions by
both the schemes were in good agreement with each other. However, the KFVS scheme provided better resolution of shocks. In

addition, KFVS produced less L-1 error as compared to the CESE scheme.

N
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