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Abstract. Large scale of hydrogen storage is needed to balance the energy supply-demand fluctuation issues. Among few of the 
large scale storage systems, depleted oil and gas wells are widely employed. The construction of wellbore is normally in 
cylindrical shape and formed by layers of cement, casing and formation. As failure of wellbore is costly, proper structural integrity 
assessment is essential. In this article, an analytical solution derived based on recursive algorithm for estimating the 
thermomechanical stresses across the wellbore structure was proposed and verified. The temperature and stresses distribution 
results obtained from proposed analytical solution were compared with numerical results and they were found in good 
agreement. The percentage of difference was observed to be less than 0.1%. Besides that, a comparison study was performed on 
two, four and six layers wellbore structure. It was observed that four and six layers structure can produce much lower tangential 
tensile stress on the steel casing of the wellbore. 

Keywords: Underground hydrogen storage, Multilayered wellbore, Thermomechanical stresses, Recursive method. 

1. Introduction 

In the effort to reduce carbon footprint and mitigate climate change, renewable energy use for power production has 
increased substantially in recent years [1-3]. As electricity generated from these renewable sources are often dynamic and 
intermittent, the success of integration of renewable energy sources in grid requires an efficient energy management and storage 
systems [4]. Many solutions have been proposed by researchers to overcome the intermittency [5-7]. Among them, conversion of 
surplus electric generated from renewable sources to hydrogen energy has been the promising solution to address demand-
supply fluctuation issues. To make it feasible, underground storage system may appear to be a sensible solution for large scale of 
hydrogen energy storage, so that stored hydrogen can be used as fuel in a power plant during the peak load [8, 9]. 

Underground hydrogen storage is similar to underground gas storage and it can be done in underground gas storage 
infrastructure, therefore the experience and statistic in underground gas storage since year 1915 are important and relevant [10]. 
Depleted oil and gas fields have the potential to reduce cushion gas required for storage and it offered higher safety standard due 
to its previous construction [11]. The structure of oil and gas wellbore is typically constructed by layers of cement, casing and 
formations [12]. However, well use to store hydrogen appears to be more challenging because of phenomenon such as hydrogen 
embrittlement can cause adverse effect on the mechanical properties of casing material (steel) [9,13]. As failure of a large scale 
underground fuel gas storage is costly, a proper structural integrity assessment of well is important, so that safety margin can be 
accounted in the operation of the well [9, 14-16]. In the past, researchers have proposed various analytical methods to study the 
wellbore structure under different conditions. For example, Xie et al. [17] demonstrated the use of calliper survey data coupled 
with finite element analysis to study mechanisms of oil and gas well’s casing collapse, buckling and shear. Manceau et al. [18] ran 
experiments on a one-to-one scale model of a wellbore in a rock laboratory to study different aspects of well integrity under 
different loadings. Shi et al. [19] proposed an analytical solution to estimate stress state of casing-cement-sheath formation with 
the consideration of initial loading and wellbore temperature variation under plane strain condition. Zhang et al. [20] performed 
analytical assessment on the underground gas storage cement’s integrity by introducing cyclic loading to represent cyclic 
injection and production of the well. Bai et al. [21] developed a method that evaluate underground CO2 storage well by using 
combined qualitative and quantitative analysis. The qualitative analysis consists of features, events and processes analysis while 
the quantitative analysis is represented by a mechanical model that shows the stress distribution within the casing/cement/rock 
composite wall. Song and Dan [22] performed finite element analysis on the casing joint and coupling section of an underground 
compressed natural gas (CNG) storage well. 
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Fig. 1. Multilayered cylindrical wellbore structure that subjected to thermomechanical loading. 

 
On the other hand, many researchers have explored the analytical techniques to analyze the thermomechanical of 

multilayered cylindrical problem. For example, Bakaiyan et al. [23] presented an exact elastic solution for thermal stresses and 
deformations of multilayered filament-wound composite pipes under internal pressure and temperature gradient. Lou et al. [24] 
developed a nonlinear theoretical model for calculating the tensile load under the boundary conditions of an arbitrary reinforced 
layer by using continuous displacement conditions, constitutive relation of elastic-plastic materials with the influence of thermal 
stress. The authors presented the model and used it to study the effect of temperature on tensile properties of reinforced 
thermoplastic pipe. He et al. [25] reported theoretical analysis for thermoplastic composite pipes under combined pure torsion 
and thermomechanical loading due to a constant surface temperature in the liner and convection to the seawater in the outer 
cover layer. Yeo et al. [26] modified the research works reported in Vedeld & Sollund [27] to obtain the exact solution for 
thermomechanical loaded multilayered hollow cylinder problem under plane strain assumption. As most analytical works 
reported in literatures are based on plane strain condition and analysis of oil and gas wellbore structure is often involved with 
uniform loading from structural weight above a wall section [19-21, 26, 28]. This paper aims to propose a reliable analytical 
solution for thermomechanical behavior of multilayered cylindrical wellbore structure under generalized plane strain condition 
which will consider for axial loading in the solution. The proposed analytical solution will be derived based on recursive 
algorithm and verified by comparing with thermo-elastic results produced from numerical analysis tool. 

2. Heat Conduction and Stresses Equations for Multilayered Cylindrical Wellbore Structure under 
Thermomechanical Loading 

2.1 Priori assumptions  

The important assumptions used in this study are: (1) both temperature and pressure loadings on the well are constant; (2) 
the conduction heat transfer across the wall of wellbore structure is in a steady state condition; (3) small displacement and 
generalized plane strain conditions were applied when deriving the stress and displacement equations; (4) the multilayered 
cylindrical wellbore are perfectly bonded together for continuity of loadings.  

2.2 Geometry and material properties  

The multilayered cylindrical wellbore with n-layers is illustrated in Fig. 1. The inner and outer wall are subject to thermal and 
mechanical loading. The notations represents the outer radius of i-th layer. As shown in Fig. 1, material properties for i-th layer 
can be represented as follows, Poisson’s ratio is iν , elastic modulus is iE , thermal conductivity is ik , and the thermal expansion 
coefficient is iα . 

2.3 Boundary and interface conditions 

The inner and outer layers are subjected to temperature and pressure loadings. Based on the assumptions, the boundary and 

interface conditions for deriving the analytical solution can be identified. On the innermost and outermost surfaces, the 

boundary conditions can be written as 1 0 0 int( )T r T T= = , ( ),1 0 0 intrr r p Pσ =− =− , ext( )n n nT r T T= = , ( ), extrr n n nr p Pσ =− =− ; where intT  

and intP

 

are the temperature and pressure on the innermost surface; 1 0( )T r  and ( )0,1rr rσ  represent the temperature and radial 

stress on the innermost surface of first layer; extT  and extP

 

are the temperature and pressure on the outermost surface, 

respectively; ( )n nT r  and ( ),rr n nrσ  indicate the temperature and radial stress on the outermost surface of n-th layer, respectively. 

On the other hand, interface conditions in terms of temperature, heat flux, displacement and radial stress can be written as 

1( ) ( )i i i iT r T r+= , 1( ) ( )i i i iq r q r+
′′ ′′= , , , 1( ) ( )r i i r i iu r r r+= , , , 1( ) ( )rr i i rr i ir rσ σ += , respectively. 
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2.4 Heat conduction equations 

The governing equation of heat conduction in the cylindrical coordinates is generally written as, 

 
2 2 2

2 2 2 2

( ) ( ) ( ) ( ) ( )1 1i i i i i
i i i i

T r T r T T z T t
k R c

r r r r z t
ρ

 ∂ ∂ ∂ ∅ ∂ ∂ + + + + =   ∂ ∂ ∂∅ ∂ ∂ 
ɺ  (1) 

where k , Rɺ , ρ  and c , respectively, denote the thermal conductivity, the internal heat generated per unit volume, the mass 
density and the specific heat [29]. In the absence of heat generation, the governing equation for one-dimensional steady state 
problem can be simplified as,  

 
( )

0iT r
r

r r

 ∂∂  =  ∂ ∂
 (2) 

Integrating Eq. (2), temperature equation can be obtained as, 

 ( ) lni i iT r A B r= +  (3) 

The heat flux equation can be written as, 

 ( ) ( )i
i i

dT r
q r k

dr
=−′′  

( ) i
i i

B
q r k

r
=′′ −  

(4) 

In order to get the temperature distribution across any layer i, the integration constants iA  and iB  need to be identified by 
using the boundary and interface conditions. From interface condition of 1( ) ( )i i i iT r T r+=  and 1( ) ( )i i i iq r q r+

′′ ′′= , the following two 
relations can be established, 

 1 1ln lni i i i i iA B r A B r+ ++ = +  (5) 

 1
1

ii
i i

i i

BB
k k

r r
+

+

      =−        
 (6) 

Rewriting Eq. (6) and Eq. (5), 

 1

1

ln 1 i
i i i i

i

k
A A B r

k+
+

  = + −   
 (7) 

 1

1

i
i i

i

k
B B

k+
+

  =   
 (8) 

Writing inner and outer interface temperatures of two adjacent layers, 

 1 1lni i i iA B r T− −+ =  (9) 

 1 1 1 1lni i i iA B r T+ + + ++ =  (10) 

Hence, by substituting Eq. (7) and Eq. (8) into Eq. (9) and Eq. (10), iA  and iB  can be written as follows, 

 1 1i i i i
i

i i

T x T y
A

x y
+ −−

=
−

 (11) 

 1 1

1

( )

ln ( )
i i i

i

i i i

x T T
B

r x y
− +

−

−
=

−
 (12) 

where, 

 1i i ix δ δ +=  (13) 

 ( )1 1

1

1i
i i i

i

k
y

k
δ δ+ +

+

= − −  (14) 

 1ln

ln
i

i

i

r

r
δ −=  (15) 

The temperature at outer radius of layer i is, 
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 ( ) lni i i i i iT r A B r T= + =  (16) 

Putting Eq. (11) and Eq. (12) into Eq. (16) to obtain the relationship between temperatures at adjacent layers, 

 
( )1

1

( )

( 1)
i i i i i i i i

i

i i

T y x T x y
T

x

δ δ

δ

−
+

− + −
=

−
 (17) 

Hence, for any layer i, constant iA  and iB  can be written in terms of inner and outer temperatures of the layer by using Eq. 
(11) and Eq. (12), 

 1

1
i i i

i

i

T T
A

δ

δ
−−

=
−

 (18) 

 1

1

( )

ln ( 1)
i i i

i

i i

T T
B

r

δ

δ
−

−

−
=

−
 (19) 

To determine iA  and iB , it is necessary to write iT  in terms of defined boundary values 0T  and nT . By introducing 
two simple recurrence relations, 

 
( )1

1

( )

( 1)
i i i i i i i i

i

i i

a y x a x y
a

x

δ δ

δ

−
+

− + −
=

−
 (20) 

 
( )1

1

( )

( 1)
i i i i i i i i

i

i i

b y x b x y
b

x

δ δ

δ

−
+

− + −
=

−
 (21) 

where i = 1,2,3,… (n-1). Next, temperature iT  can be related to recurrence coefficients a  and b  as, 

 1 0i i iT a T bT= +  (22) 

Initial values of the recurrence coefficients can be set as, 

 0 1 0 10, 1, 1, 0a a b b= = = =  (23) 

when i = n, 1T  can be found through Eq. (22) and subsequently temperature i at all layer interfaces through Eq. (24), 

 0
1

n n

n

T b T
T

a

−
=  

0
ni

ni i i

n n

a b
T T b a T

a a

  = + −   
 

(24) 

By using temperature i  at all layer interfaces, constants iA  and iB  can be identified. Hence, the temperature at each radius 

point can be found by using Eq. (3).   

2.5 Displacement and stresses equations for hollow cylindrical structure  
The axisymmetric multilayered hollow cylinder section has varying temperature in radial direction with ri iT Tθ = −  for rT  

being the material initial temperature. Under small displacement and generalized plane strain conditions, the strain-
displacement relations are as follows, 

 ,
,

r i
rr i

du

dr
=ε  (25) 

 ,
,

r i
i r

u
∅∅ =ε  (26) 

 , constantz
zzz i

du
C

dz
= = =ε  (27) 

 , , , 0r i rz i z i∅ ∅= = =ε ε ε  (28) 

 ( ) ( ), , , ,[ 1 ( ) 1 ]
(1 )(1 2 )

i
rr i i rr i i i zz i

i

ii i

i

E
v v v

v v
σ α∅∅= − + + − +

+ −
∆ε ε ε  (29) 

 ( ) ( ), , , ,[ 1 ( ) 1 ]
(1 )(1 2 )

i
i i i i rr i zz i i i

i i

i

E
v v v

v v
σ α θ∅∅ ∅∅= − + + − +

+ −
ε ε ε  (30) 
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 ( ) ( ) ( ), , , ,[ 1 1 ]
(1 )(1 2 )

i
zz i i i rr i i zz i i i

i i

i

E
v v v

v v
σ αθ∅∅= + + − − +

+ −
ε ε ε  (31) 

It is known that the equilibrium equation for axial symmetry in a multilayered cylinder is, 

 , , , 0rr i rr i id

dr r

σ σ σ∅∅−
+ =  (32) 

By substituting Eq. (25) - Eq. (27) into Eq. (29) and Eq. (30), the equilibrium equation in terms of radial displacement, ,r iu  can 
be obtained as, 

 
( ), 11

1
r i i i

i

i

d u r v dd

dr r dr v dr

θ
α

  +  =  −  
 (33) 

By Integrating Eq. (33), the displacement under generalized plane strain condition can be written as, 

 ( ) ( ) ( ), ,

( )
; 0;i i

z z zzr i i i i i

D I z
u r C r u r u r C z

r L
β λ ∅

+
= + = = = ε  (34) 

where, 

 
1

(1 )(1 2 ) (1 )
( ) , ,

1
i

r

i i i i i
i i i i i

i i ir

E
I I r rdr

E E

α ν ν ν
θ β λ

ν
−

+ − +
= =− = =−

− ∫  (35) 

where iC  and iD  are the integration constants. Based on the Eq. (34), the stresses equations can be written in terms of iC  and 

iD , 

 ( ), 2
i i

rr i i i

D I
r C

r
σ ϕ

+
= + + ; ( )

( ), 2 1
i i i i i

i i i

i

D I E
r C

r v

αθ
σ ϕ∅∅

+
= − + −

−
 ; (36) 

 ( )
( ),

(1 )
2

1
zzi i i i

zz i i i

i i

E
r C

v

ν α θ
σ ν

β

−
= + −

−
ε

 (37) 

where /zzi i ivϕ β= ε .  The thermal stresses across the multilayered cylindrical structure can be computed after obtaining the 
temperatures distribution at all interface points. By using the boundary and interface conditions of displacement and radial 
stresses across the structure, the constants iC  and iD  can be determined. By applying the interface conditions, following relation 
can be obtained, 

 
0

1 1
1 12 2

i i i+ i+
i i i+ i+

i i

D + I D + I
C + + C + +

r r
=φ φ  (38) 

 
( ) ( )0

1 1

1 1 1

i i+i i
i i i i i+ i+ i i+

i i

D + ID + I
C r + = C r +

r r

+
β λ β λ  (39) 

where ( )0 1 1
1 1

1

0
1

i

i

r
i+ i+

i+ i+ i i
r

i+

E
I = I r = rdr =

v

−
− ∫
α

θ ; ( )
11

i

i

r
i i

i i i i
r

i

E
I = I r = rdr

v −

−
− ∫
α

θ . 

Solving Eq. (38) and (39) to obtain 1iC +  and 1iD + , 

 ( ) 2 21 1 1
1 1

1 1 1 1 1 1

i i+ i i+ i+ i
i+ i i i i i+ i

i+ i+ i+ i+ i+ i+

D = D + I +C r + r
     − − −                − − −     
λ β β β φ φ

β
λ β λ β λ β

 

1 1 1
1 12

1 1 1 1 1 1

i i i+ i i+ i i i+
i+ i i+

i i+ i+ i+ i+ i+ i

D + I
C = +C +

r +

     − − −                        − − −      

λ λ λ β φ φ
λ

λ β λ β λ β
 

(40) 

Since it is assumed that the layers are perfectly bonded, the radial stresses of two adjacent layers are set to be equal 
to the corresponding contact pressure, 

 ( )1 1rr,i i ir = p− −−σ => 
0

12
1

i i
i i i

i

D I
C + + = p

r −
−

+
−φ  

( )1 1 1rr,i+ i+ ir = p +−σ  => 1 1
1 1 12

1

i+ i+
i+ i+ i+

i+

D I
C + + = p

r

+
−φ  

(41) 

where, 

 ( )
1

1

0
1 0

1

i

i

r

i i
i i i i

i r

E
I = I r = rdr =

v
θ

−

−

−

−
− ∫
α

 (42) 

Substituting Eq. (41) into Eq. (40) yields, 
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( ) ( ) ( ) ( )2 1 1 1 1 1 1 1 1 1 1 1 1 1 11i i i+ i+ i+ i i i+ i+ i+ i+ i+ i+ i i i+ i i+ i+ i+

i i i
i i i i

p G p + G + I S + I
D = r

S G S G
−

 − − − − − − −   − − 

λ β φ β γ λ φ β γ γ γ λ β
γ  (43) 

 
( ) ( ) ( ) ( )

( )
1 1 1 1 1 1 1 1 1 1 1 1 1 1

2
1

1i i i+ i+ i+ i i i+ i+ i+ i+ i+ i+ i i i+ i i+ i+ i+
i

i i i i i

p S + p S + + I S I
C = +

S G r S G
−

−

− − − − − + −
− −

λ β φ β γ λ φ β γ γ γ λ β
 (44) 

where ( ) ( )1 1 1i i i+ i i+ i+ i iS = +− −γ γ λ β λ λ γ ; ( )1 1 1i i+ i i i+ i+G = +− −λ β β β γ ;  2 2
1 1/i+ i i+= r rγ  

The contact pressure on the outer surface of i-layer can be expressed as, 

 ( )rr,i i ir = p−σ  => 
2

i i
i i i

i

D + I
C + + = p

r
−φ  (45) 

Hence, substituting Eq. (43) into Eq. (45) to obtain the relation of the adjacent contact pressures as, 

 
( ) ( )
( )( )

( )( )

( )( )
( )( )

( )

1 1 1 1

1 1 1
1 2

1 1 1 1

1
1

1 1

i
i+ i+ i+ i+ i i i

zzi i i i i i i i i+ i i+
i+

i i+ i+ i i i i i+ i+

S
I + I G

p S G p S G v v
p =

r S G
−

  − − −  − − − − − ∈ 
− −

− − − − −

γ λ β γ
γ γ γ

γ λ β γ λ β
 

(46) 

Next, substituting Eq. (46) into Eq. (43) gives constants iD  and iC  in terms of contact pressures, 

 
2

1 21
i i i

i i i

i i

r I
D = p p +

r−

  −  −  
γ

γ
 (47) 

 1 2

1

1
i

i i i i i

i i

I
C = p p

r−

  − − −  −  
γ φ

γ
 (48) 

Two recurrence relations for recursive coefficients ic  and id  can be proposed as below, 

 
( ) ( )
( )( )

1
1

1 11
i i i i i i i

i+

i i+ i+

c S G c S G
c = − − − −

− −
γ

γ λ β
 (49) 

 
( ) ( )
( )( )

( )( )

( )( )
( )( )

( )

1 1 1 1

1 1 1
1 2

0 01 1 1 1

1
1

1 1

i
i+ i+ i+ i+ i i i

zzi i i i i i i i i+ i i+
i+

i i+ i+ i i i i i+ i+

S
I + I G

d S G d S G v v
d =

p r S G p
−

  − − −  − − − − − ∈ 
− −

− − − − −

γ λ β γ
γ γ γ

γ λ β γ λ β
 

(50) 

where i = 1,2,. . . , (n-1). Express ip  in terms of 0p  and 1p , a recurrence relation can be written as follows, 

 1 0i i ip = c p + d p  (51) 

with the initial values of 0 1 0 10 1 1 0c = , c = , d = , d = . Since 1p  can be written as 1 0( ) /n n np = p d p c− , contact pressure at each 
interface ip  can be expressed as a function of the recurrence relations with boundary values as below, 

 0
ni

ni i i
n n

c d
p = p + d c p

c c

  −   
 (52) 

 

 

Fig. 2. Flow chart of computational procedure. 
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Table 1. Material properties [28] 

Material 
Young’s Modulus, 

E (MPa) 
Poisson’s Ratio, 

 ν 
Heat Conductivity,  

k (Wm-1K-1) 
Heat Expansion Coefficient,  

α (K-1) 

Steel 2 x 105 0.2 45 1.1 x 10-5 

Cement 1.4 x 104 0.35 1.5 1.3 x 10-5 

 

Table 2. Geometry information and loadings subjected to the wellbore structure [28] 

 Geometry Loadings 

Model Layer Material 

Inner 

Radius 

(m) 

Outer 

Radius 

(m) 

Internal 

Pressure 

(MPa) 

External 

Pressure 

(MPa) 

Internal 

Temperature 

(°C) 

External 

Temperature 

(°C) 

2L 
1 Steel 0.113 0.125 

15 10 60 45 
2 Cement 0.125 0.155 

2.6 Computational Procedure 
To estimate the temperature and stresses distribution across the multilayered cylindrical wellbore structure, a simple 

computational procedure can be implemented as below, 

1. Determine the sequences of { }ix , { }iy  and { }iδ  following Eq. (13) to Eq. (15) 

2. Compute the sequences { }ia  and { }ib  by using Eq. (20) and Eq. (21) with initial values from Eq. (23) 

3. Identify sequences of { }iT  by using Eq. (24) 

4. Calculate sequences of { }iA  and { }iB  by using Eq. (18) and Eq. (19) 

5. Hence, temperature distribution can be obtained through Eq. (3) and the sequences of { }iθ  can be computed 

6. Establish the sequences of { }iβ , { }iλ , { }iφ and { }iI .   

7. Determine the sequences of { }iγ , { }iG  and { }iS  in Eq. (11). 

8. Compute the sequences of { }ic  and { }id  by using Eq. (16) and (17) with initial values from Eq. (18). 

9. Identify { }ip  in Eq. (52). 

10. After that, { }iC  and  { }iD  can be determined from Eq. (47) and (48). 

11. Lastly, stresses stated in Eq. (36) can be computed by using { }iC  and { }iD . 
Figure 2 illustrates a computational procedure flow chart that shows the sequence of parameters to be computed to obtain 

temperature and stresses across the multilayered cylindrical wellbore structure.  

 

 

 

Fig. 3. Two-dimensional axisymmetric cylindrical FE models. 
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3. Results and Discussion 

3.1 Validation of the proposed analytical solution 
Validation of the proposed analytical solution is done by comparing generated results with those obtained from numerical 

simulation. A depleted gas well structure reported in Hartmann et al. [28] was used as model for validation studies. The wellbore 
design consists of two layers which formed by steel casing (as inner layer) and cement (as outer layer). Table 1 shows the 
respective material properties while Table 2 summarizes the model’s geometry and loadings. The wellbore structure was 
modelled as a two-dimensional (2D) axisymmetric cylinder in finite element analysis (FEA) software ANSYS. Figure 3 illustrates 
the axisymmetric cylindrical FE models used in present work. In terms of meshing, the quadrilateral and PLANE13 elements with 
converged mesh size of 0.0001 m were applied to the model. The two layers were bonded together to ensure for mesh connectivity. 
Based on generalized plane strain assumption, a downward axial displacement of 0.005 mm was applied to the top boundary of 
the model wall section.  

As shown in Fig. 4, the results of temperature distribution obtained from FEA are in-line with the results produced by using 
analytical solution. For the stress analysis, the Von Mises stress obtained from analytical solution can be written as 

2 2 20.5[( ) ( ) ( ) ]VM rr zz zz rr= + +φφ φφ− − −σ σ σ σ σ σ σ  [31]. Figure 5 and 6 show the radial, tangential, axial and Von Mises stresses 
produced by both proposed analytical solution and FEA ANSYS. It is found that the results are in well agreement to each other. In 
general, the percentage of difference for temperature and stresses results produced by using the proposed analytical solution and 
FEA were recorded at less than 0.1%. Therefore, the proposed analytical solution based on recursive method can be a reliable 
alternative to numerical method. As analytical solution does not require meshing operation, the computing cost for solving a 
problem analytically is much lower as compared to numerical simulation. Besides that, the advantage of present proposed 
analytical solution will be noticeable especially when the number of layers increases. 

3.2 Comparison of two layers with four and six layers wellbore structure  
Depleted oil and gas wells are widely adopted for large scale hydrogen storage mainly because the facilities needed are not 

differ very much [6]. Over hundred years of development, guidelines for design and construction of oil and gas fields have 
improved for better quality of well. Codes such as NORSOK standard D-010 stated that an oil and gas wells should be designed to 
have double barrier to provide better isolation of formation fluid [32]. However, there may be some old oil and gas wells 
constructed before the establishment of these codes are having single barrier design [33]. As there is not much of research work 
that present the effect of number of layers on the thermal elastic behaviour of well, this section is to investigate the differences in 
terms of temperature distribution and stresses development between a two layers wellbore (single casing), four layers (double 
casing) and six layers (triple casing) wellbore under same loading conditions. 

 

Fig. 4. Temperature distribution across the wellbore structure. 

 

Fig. 5. Radial and tangential stresses across the wellbore structure. 
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Fig. 6. Axial and Von Mises stresses across the wellbore structure. 

 

 

Fig. 7. Temperature distribution across two layers (2L), four layers (4L) and six layers (6L) wellbore structures. 

 
A four- and six-layers wellbore with geometry stated in Table 3 were used for comparison with the 2 layers model reported in 

Table 2. The material properties and loadings of the four and six layers were modelled same as those stated in Table 1 and Table 2. 
To enable a fair comparison, a dimensionless parameter 0 0( ) / ( )n= r r r r− −ζ  was introduced in the results presentation. 

Fig. 7 to 10 depict the temperature distribution and stresses development of the two, four and six layers wellbore. From the results, 
maximum tangential tensile stress across the four layers wellbore was found to be lower, 19.2MPa as compared to two layers 
wellbore, 31.4 MPa. It marked a reduction of 38.8% in the maximum tangential tensile stress. As the number of layers increased 
from four to six, the maximum tangential tensile stress was found to be further decreased. As for other stresses such as of radial, 
axial and Von-misses stresses, only marginal effect was observed. Besides providing additional layers to prevent gas leaking [16], 
the increasing number of layers can also reduce the tangential tensile stress which is the main stress component that often 
results in wellbore failure such as radial cracking [21]. As storage of hydrogen often demand for safe and high quality of wellbore 
structure, present analysis showed the design with four or more layers could be the favourable option.  

Table 3. Geometry of four and six layers wellbore models 

 Geometry 

Model Layer Material Inner Radius (m) Outer Radius (m) 

4L 1 Steel 0.113 0.125 

 2 Cement 0.125 0.155 

 3 Steel 0.155 0.167 

 4 Cement 0.167 0.197 

6L 1 Steel 0.113 0.125 

 2 Cement 0.125 0.155 

 3 Steel 0.155 0.167 

 4 Cement 0.167 0.197 

 5 Steel 0.197 0.209 

 6 Cement 0.209 0.239 
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Fig. 8. Radial stress across two layers (2L), four layers (4L) and six layers (6L) wellbore structures. 

 

Fig. 9. Tangential stress across two layers (2L), four layers (4L) and six layers (6L) wellbore structures. 

 

Fig. 10. Axial and Von Mises stresses across two layers (2L), four layers (4L) and six layers (6L) wellbore structures. 
 

4. Conclusion 

In this article, a reliable analytical solution to predict the thermomechanical stresses of multilayered wellbore structure has 
been formulated and verified. The thermoelastic results generated by using the present analytical solution and FEA were found in 
agreement to each other. Generally, the percentage of difference between proposed analytical solution and FEA was less than 0.1%. 
Also, a study of comparing two, four and six layers wellbore was performed by using the proposed analytical solution. It was 
demonstrated that four or more layers wellbore structure was found to be more suitable for hydrogen storage as it can reduce the 
maximum tangential tensile stress. In conclusion, the proposed analytical solution can be served as an efficient and inexpensive 
tool for wellbore integrity assessment.  
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Nomenclature 

CNG Compressed natural gas  ib  Recursive relation; Defined by Eq. (21) [-]  

CO2 Carbon dioxide iφ  Polar angle coordinate  

iE  Elastic modulus for i-th layer [Pa] z  Axial coordinate [m] 

iv  Poisson’s ratio for i-th layer [-] iθ  riT T= −  [ oC ] 

iα  Thermal expansion coefficient for i-th layer [ 1oC− ] ,rr iε  Radial strain for i-th layer [-] 

ik  Thermal conductivity for i-th layer [ 1 1oWm C− − ] ,iφφ
ε  Tangential strain in azimuthal angle direction for 

i-th layer [-] 

ir  Outer radius for i-th layer [m] ,z iu  Axial displacement for i-th layer [m]  

r  Radial coordinate [m] ,zz iε  Axial strain for i-th layer [-]  

0r  Inner radius for first layer [m] ,rr iσ  Radial stress distribution for i-th layer [Pa] 

nr  Outer radius for outermost layer [m] ,iφφ
σ  Tangential stress distribution in azimuthal angle 

direction for i-th layer [Pa] 

intP  Pressure loading at inner surface of vessel [Pa] ,zz iσ  Axial stress distribution for i-th layer [Pa]  

extP  Pressure loading at outer surface of vessel [Pa] iI  
1

[ / (1 )]
i

r

i i i i
r

E rdrα ν θ
−

=− − ∫  [m2 Pa]  

intT  Temperature at inner surface of vessel [ oC ] iβ  (1 )(1 2 ) /i i iEν ν= + −  [Pa-1]  

extT  Temperature at outer surface of vessel [ oC ] iλ  ( )1 /i iEν=− +  [Pa-1]  

iT  Temperature at surface/interface points [ oC ]  iC  Integration constant for i-th layer  

iT  Temperature distribution for i-th layer [ oC ] iD  Integration constant for i-th layer 
"
iq  Radial heat flux for i-th layer [Wm-2] iϕ  /zzi iν β= ε  [Pa] for cylinder 

,r iu  Radial displacement for i-th layer [m] ip  Radial contact pressure at surface/interface 

points [Pa]  

iA  Integration constant for i-th layer iγ  2 2
1 /i ir r−=  [-] for cylinder 

iB  Integration constant for i-th layer iS  1 1 1( ) ( )i i i i i i iγ γ λ β λ λ γ+ + += − + −  [Pa-1] 

ix  1i iδ δ += [-]  iG  1 1 1( )i i i i iλ β β β γ+ + += − + −  [Pa-1] 

iy  1 1 1( )(/ 1)i i i ik kδ δ+ + += − −  [-]  ic  Recursive relation; Defined by Eq. (49) [-]  

iδ  1ln n/ li ir r−=  [-]  id  Recursive relation; Defined by Eq. (50) [-]  

ia  Recursive relation; Defined by Eq. (20) [-]    
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