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Abstract. This paper deals with the pull-in instability of cantilever nano-switches subjected to electrostatic and intermolecular
forces in the framework of the two-phase nonlocal theory of elasticity. The problem is governed by a nonlinear integro-differential
equation accounting for the external forces and nonlocal effects. Assuming the Helmholtz kernel in the constitutive equation, we
reduce the original integro-differential equation to a sixth-order differential one and derive a pair of additional boundary
conditions. Aiming to obtain a closed-form solution of the boundary-value problem and to estimate the critical intermolecular
forces and pull-in voltage, we approximate the resultant lateral force by a linear or quadratic function of the axial coordinate. The
pull-in behavior of a freestanding nanocantilever as well as its instability under application of a critical voltage versus the local
model fraction are examined within two models of the load distribution. It is shown that the critical voltages calculated in the
framework of the two-phase nonlocal theory of elasticity are in very good agreement with the available data of atomistic simulation.
Keywords: Nano-switch, nanocantilever, two-phase nonlocal theory, intermolecular forces, pull-in instability.

1. Introduction
Micro- or nanocantilevers are often used as sensing elements in various kinds of MEMS and NEMS and, in particular, in
capacitive sensors and switches [1-7]. Consider a typical beam-type electrostatic nanoscale switch. It consists of a nanocantilever
beam electrode suspended above a stationary conductive ground electrode [7]. Under an applied voltage, the flexible beam electrode
deflects towards the fixed one, and when the voltage reaches a critical value, called as pull- in voltage, the movable electrode
collapses onto the substrate. This phenomenon, known as pull-in instability, is the subject of numerous studies aimed at
determining the critical voltage, which is very sensitive to all physical and geometric parameters characterizing the nanoscale
device. Indeed, if the gap between the electrodes is too small, a cantilever beam may deflect and stick to the fixed electrode due to
the intermolecular forces even if no voltage is applied [8]. The effects of van der Waals (vdW) and Casimir forces on the pull-in
instability of nanocantilevers were studied by many researchers (among many others, see [9-18]). These forces originate from the
electrostatic interaction among dipoles and act between bodies separated by a few micrometres (μm) to nanometers (nm). Both
forces refer to the same physical phenomenon and thus they do not act simultaneously. The main difference between them consists
in their range of applicability. Indeed, van der Waals forces act at separation distances shorter than few tens of nanometers, while
the Casimir forces prevail at larger distances, and the transition from these forces occurs smoothly. With reference to the simple
geometry of two parallel plates the magnitude of the van der Waals forces is inversely proportional to the third power of the
separation distance, whereas that of the Casimir forces is inversely proportional to the fourth power. Therefore, the analytical
expression of the intermolecular forces may change as the nanocantilever deflection increases. With the increasing miniaturization
of devices, the effects of the intermolecular forces become more and more important. In particular, they may cause a significant
reduction of the pull-in voltage as the size of the device decreases. These forces are also responsible for the stiction phenomenon
that may occur in a nanocantilever switch when their magnitudes overcome the restoring elastic forces, thus keeping the flexible
electrode attached to the ground, also in the absence of electrostatic actuation. The occurrence of stiction is exploited in
applications such as nonvolatile memory cells, where the switch is held in the closed state with no need for continued power input.
However, in applications such as nanoresonators and nanoactuators it may lead to permanent adhesion and other undesirable
consequences, which may limit the functionality of the device.
Very small dimensions of 1D and 2D bodies exploited as sensing elements of MEMS/NEMS make it necessary to take into account
both the small scale effects and intermolecular forces acting between components of a nanostructure. To date, there are many
papers studying the phenomena caused by small sizes (among many others, see [19-23]). In particular, examining nonlinear
oscillations of a CNT nanoresonator, Goharimanesh and Koochi [19] showed that the Casimir forces reduce the nanoresonator
frequencies, while the nonlocal parameter has a hardening effect and enhances the system’s frequency. Malikan et al. [20] analyzed
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buckling of a non-concentrated double-walled carbon nanotube taking the van der Waals interaction between inner and outer tubes
into account, within the nonlocal strain gradient theory of elasticity. Applying the nonlocal elasticity theory, Dastjerdi and Malikan
[21] simulated nonlinear bending analysis of an eccentric defected bilayer graphene sheets considering the effect of van der Waals
forces, and Sedighi et al. [22] and Jena et al. [23] adopted this theory to study vibrations of hybrid composite nanotubes and
functionally graded porous nanobeam embedded in an elastic foundation. Koochi et al. [24] examined the dynamic instability of a
CNT nano-sensor taking into account the impacts of the material length scale, van der Waals forces, damping and the longitudinal
magnetic field. Moreover, the mechanical behavior of nanosize beams is studied within nonlocal elasticity also in some other related
papers [25-27], where different physical effects are considered, like a varying heat source and a dynamic load [25], and magnetoelastic phenomena [26, 27].
As for the problem of pull-in instability of nano-switches, to date there are only a few papers taking into account both nonlocal
phenomenon and intermolecular forces induced by small sizes [28-33]. The modified couple stress theory was introduced in [28,
29] to demonstrate the effects of dispersion forces and size dependence on the pull-in instability of cantilever micro- and
nanobeams. Based on the so-called modified strain gradient theory, Taati and Sina [30] considered the static pull-in behavior of
electrostatically actuated functionally graded micro-beams resting on an elastic foundation, whose nonlinear governing equation
was solved using an iterative numerical method being a combination of the fourth-order Runge–Kutta and shooting methods. The
Eringen nonlocal theory [34, 35] was used in papers [31-33] to consider the effect of the internal length scale. In particular,
introducing the nonlocality scale parameter and assuming a linear distribution of the resultant external force acting on a cantilever,
Yang et al. [31] obtained a closed-form solution. Mousavi et al. [32] solved the same problem numerically by differential quadrature
method, and Sedighi and Sheikhanzadeh [33] used this method for investigating the static and dynamic pull-in behavior of
nanobeams resting on the elastic foundation. An interesting experimental study was carried out by Sadeghian et al. in [36], where
the phenomenon of electrostatic pull-in instability was used to estimate the size-dependent effective Young's modulus of silicon
nanocantilevers.
The main conclusion of most of the aforementioned studies is that an increase in the small scale factor leads to higher pull-in
voltage and allows eliminating the gap between the experimental observations and data predicted by various theoretical
approaches. It should be noted that when claiming the use of Eringen’s theory [34, 35], which originally has an integral form, most
authors actually set the problem within the framework of the stress gradient model of the nonlocal elasticity theory. However, such
a differential approach does not allow capturing the nonlocal effects in a neighborhood of the beam edges [37], especially when
boundary conditions are set in the terms of stresses [38, 39].
Motivated by the mentioned drawback of available studies on the pull-in behavior of a nanocantilever within the Eringen’s
theory, we aim to perform the pull-in instability analyses of a nanocantilever based on the two-phase nonlocal (TPNL) model of
elasticity [34, 35]. This model combines the purely nonlocal (PNL) model of elasticity with classical elasticity and is immune from
the inconsistencies of the PNL model [40].
The paper is organized as follows. First, following TPNL theory of elasticity [34, 35], we set the problem in Section 2 in integrodifferential form introducing the local and nonlocal volume fractions in the constitutive equations. In Section 3, assuming the
Helmholtz kernel in the constitutive equation, we reduce the nonlinear integro-differential equation accounting both for
electrostatic and intermolecular forces to the so-called “equivalent” differential equation of the sixth order and we derive a pair of
additional boundary conditions accounting for nonlocal effects near the edges. Two approximated models of the distributed lateral
force acting on the beam, obtained by assuming linear or quadratic load distributions, are proposed in Section 4. Calculations of
critical intermolecular forces and applied voltage resulting in the pull-in instability of a nanobeam versus the local model fraction
for the linear and quadratic distributions of the external force are given in Sections 5 and 6. The comparative analysis of our results
with outcomes of atomistic simulations by Dequesnes et al. [41] is also presented in Section 6. Finally, in Section 7, we draw some
conclusions regarding the scale effect on the pull-in behavior of electrostatic nanoscale switches.

2. Mathematical Model
Consider a micro/nano-switch consisting of a fixed electrode and a micro/nanocantilever of length L, width b and thickness h
separated by a dielectric spacer with an initial gap g, as shown in Fig. 1. A voltage V applied to the electrode yields a distributed
electrostatic load Fe acting on the cantilever. This force together with an intermolecular force Fm , where m = 3 and m = 4 correspond
to the van der Waals and the Casimir forces, respectively, result in the deflection w( x ) of the beam towards to the electrode. At a
critical voltage value, called the pull-in voltage, the phenomenon of the pull-in instability of the nano-switch occurs, which consists
in the retraction of the cantilever onto the stationary electrode.
For the flexural beam, the vertical equilibrium implies the following equation
d2 M
= −q( x ),
dx 2

(1)

where M is the bending moments, and q( x) = Fe + Fm is the distributed lateral load per unit length. The electrostatic force, including
the fringing one, and the van der Waals (vdW) and Casimir forces as well are given by:
Fe =

ε0 bV 2 
g − w 
1 + 0.65
,
2 
b 
2 (g − w) 

F3 =

Ab
6 π (g − w)

3

,

F4 =

π2 h c b
240 (g − w)

4

(2)

Fig. 1. Schematic configuration of a nano-switch (a). Cantilever beam model of a nano-switch (b).
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where ε0 = 8.854 ⋅ 10−12 C2 N−1m−2 is the permittivity of vacuum, A is the Hamaker constant, h = 1.055 ⋅ 10−34 Js is the Plank’s constant
divided by 2π , and c = 2.998 ⋅ 108 m s is the speed of light. The boundary conditions for the cantilever read

w(0) = w′(0) = 0, M(L) = M′(L) = 0 ,

(3)

where prime means the derivative with respect to the x-coordinate.
In the framework of the local theory of elasticity, the bending moment is defined as M = −EI w′′ , where EI is the bending rigidity
of the beam. In accordance with the TPNL model of elasticity, we have [37, 38]
L
 d2 w
d2 w 
M = −EI ξ1 2 + ξ2 ∫ K ( x − xˆ , κ) 2 dxˆ ,
dxˆ
 dx

0

(4)

where K(| x − xˆ |, κ ) is the attenuation kernel,  is the internal length scale parameter, and ξ1 , ξ2 are the volume fractions
corresponding to the local and nonlocal phases, such that ξ1 + ξ2 = 1 and ξ1ξ2 > 0 . The kernel K is the positive, symmetric function,
which rapidly decays far from x and satisfies the condition

∫ K ( x − xˆ , κ)dxˆ = 1 .

(5)

R

Equation (1) with the constitutive relation (4) then provide an integro-differential governing equation. The boundary conditions
(3) for the free edge x = L also take the integro-differential form. If ξ2 = 0 , then the problem degenerates into the classical local form
considered earlier in many papers [9-15].

3. Reduction of the Problem to the Differential Form
In our study we assume the Helmholtz kernel

K ( x − xˆ , κ ) =

 x − xˆ 
1
 ,
exp −
κ 
2κ


(6)

which is frequently used for 1D nanosized objects and allows for reducing the above stated problem to the purely differential form.
First, we introduce the dimensionless quantities

x
w
, u= ,
L
g

s=

µ=

κ
,
L

β=

ε0 bV 2 L4
,
2g3EI

π 2 hcbL4
g
AbL4
γ = 0.65 , α3 =
, α4 =
.
4
b
6π g EI
240g5EI

(7)

The substitution of (2) into Eq. (1), taking Eqns. (4)-(7) into account, results in the integro-differential equation in dimensionless
form

ξ1

d4u ξ2 d2
+
ds4 2µ ds2

1

∫
0

−

e

s−sˆ
µ

d2u
dsˆ = f (u)
dsˆ 2

(8)

with
f (u) =

γβ
β
α3
α4
.
+
+
+
1 − u (1 − u)2 (1 − u)3 (1 − u)4

(9)

We will seek a solution of Eq. (8) on the set of functions u ∈ C6 [0,1] . Performing the mathematical manipulations with Eq. (8) as
done in [38], we get the following sixth-order differential equation:

µ2 ξ

d2 f (u)
d6u d4 u
− 4 = µ2
− f (u),
6
ds
ds
ds2

(10)

where ξ = ξ1 .
The main boundary conditions (3) can be also rewritten in the purely differential form [38], the first pair of conditions at the left
end remaining the same as in the classical problem

u(0) = u′(0) = 0,

(11)

while the second pair for the right edge becomes:

M(L) = 0

⇒

µ2ξ uIV (1) − u′′(1) − µ2 f (uT ) = 0,

M′(L) = 0

⇒

µ2ξ uIV (1) + µξ u′′′(1) − (1 − ξ )u′′(1) − µ2 f (uT ) = 0,

(12)

where uT = u(1) is the dimensionless tip deflection of the nanocantilever.
Owing to double differentiation of the original integro-differential Eq. (8), the derived purely differential Eq. (10) might have
spurious solutions. To rule them out, one needs to impose additional boundary conditions (the so-called constitutive conditions
[42]). Indeed, by differentiating the original Eq. (8) once with respect to s and then evaluating it at the beam edges, one arrives at
the following pair of conditions:

µ3 ξ uV (0) − µ2 ξ uIV (0) − (1 − ξ )  µ u′′′(0) − u′′(0) = −µ2 f (0) + µ3 fs′(0),
µ3 ξ uV (1) + µ2 ξ uIV (1) − (1 − ξ )  µ u′′′(1) + u′′(1) = µ 2 f (uT ) + µ3 fs′(uT ),
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with fs′ = df ds.
Therefore, the cantilever deflection u follows from the solution of the boundary-value problem (10)-(13). Then, to calculate the
pull-in voltage, it becomes necessary to find the maximum positive value of the parameter β for which uT < 1 . For µ = 0 and ξ = 1
this problem degenerates into the problem of a macro-sized cantilever, which was studied in many papers (among many others,
see in [9, 14, 15]). Assuming ξ = 0 and omitting the additional boundary conditions (13), we obtain the problem (10)-(12) considered
by Yang et al. [31] within Eringen’s stress gradient theory. However, we note that the problem considered in [31] is not equivalent to
the problem formulated above as ξ → 0 . Indeed, the boundary-value problem (10)-(13) is singularly perturbed because it contains a
small parameter ξ by the highest derivatives, both in the governing equations and boundary conditions. As ξ → 0 , the singular
problem (10)-(13) degenerates into a problem with boundary conditions not coinciding with the original boundary conditions being
formulated within the PNL model of elasticity. We do not discuss here the link between these two problems formulated within TPNL
and PNL models (e.g., see some discussions related to nanorods in [43]) as well as ill-posedness of PNL models and refer to paper
[40].

4. Simplified Models Based on the Approximation of the Lateral Force
Due to the nonlinearity of the external force experienced by the cantilever, problem (10)-(13) does not allow an exact solution
in the explicit form. We use here an approach based on the approximation of the lateral force by a linear or quadratic function of
the nondimensional abscissa s , namely
f (s) = f [u(s)] = f0 + ( fT + f0 ) sn ,

(14)

where n = 1, 2 and f0 = β + γβ + α3 + α4 . We note that the case n = 1 at f (0) = f0 = 0 was earlier considered by Yang et al. [31] when
studying a nanobeam in the framework of the stress gradient theory of nonlocal elasticity.

4.1 Linear Distributed Load Model
Consider the linear distributed load (LDL) model with n = 1 in (14). Substituting (14) into Eq. (10) and integrating four times, we
arrive at the following equation
4

µ2 ξ u′′ − u = ∑
k=0

f − f0 5
1
1
aksk −
f 0 s4 − T
s,
k!
24
120

(15)

where αk are arbitrary constants. Its general solution reads
s

5

−

u = ∑ cksk + a4 e µ ξ + a5 e

s
µ ξ

(16)

k= 0

with
c 0 = µ 2 ξ ( µ 2 ξ f 0 − a2 ) − a 0 ,
c3 =

1 2
µ ξ ( fT − f0 ) − a3  ,
6 

c1 = µ2 ξ  µ2 ξ ( fT − f0 ) − a3  − a1 ,
c4 =

1
f0 ,
24

c5 =

c2 =

1 2
( µ ξ f 0 − a2 ) ,
2

1
( fT − f 0 ) .
120

(17)

Note that, if the nanocantilever deflection under the actual distributed load is expected to be a convex function, then the
approximation of the distributed load with a linear function having the correct values at s = 0 and s = 1 turns out to overestimate
the actual load distribution. To decrease the total load acting on the nanocantilever with respect to the linear distribution, then a
quadratic load distribution is also considered in the following.

4.2 Quadratic Distributed Load Model
For n = 2 , namely for the quadratic distributed load (QDL) model, Eq. (10) has the following general solution
s

6

−

u = ∑ cksk + a4 e µ ξ + a5 e

s
µ ξ

,

(18)

k=0

where
c0 = µ 4 ξ (ξ − 1)( fT − f0 ) − µ2 ξa2 − a0 ,
1
c3 = − a3 ,
6

c4 =

c1 = −µ 2 ξa3 − a1 ,

µ2
(ξ − 1)( fT − f0 ),
12

c5 = 0,

c6 =

1
c2 = µ2 (ξ − 1)( fT − f0 ) − a2 ,
2

1
( fT − f0 ) .
360

(19)

4.3 Equation for Estimation of Pull-in Voltage
Regardless of the model assumed, let the function u(s; a0 , a1 ,…, a5 ; fT ) denote the general solution of problem (10)-(13), which
depends on six constants αk (k = 1,…,6) and the unknown parameter fT corresponding to the force at the cantilever tip. The six
constants αk are readily found from the boundary conditions (11)-(13). Let us denote with u* (s; fT ) the solution of problem (10)-(13),
evaluated by relations (16), (17) or (18), (19). Then, the tip deflection uT will be a function of fT :
uT = u* (1; fT ).

(20)

As it follows from (9), the force at the cantilever tip is
fT =

β
γβ
α3
α4
+
+
+
.
1 − uT (1 − uT )2 (1 − uT )3 (1 − uT )4

(21)
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Fig. 2. Tip deflection uTPI of a freestanding cantilever nanobeam versus the local model fraction ξ based on LDL
(a) and QDL (b) models taking the van der Waals force (m = 3) into account, for different values of the dimensionless internal length scale
parameter µ .

Fig. 3. Tip deflection uTPI of a freestanding cantilever nanobeam versus the local model fraction ξ evaluated on the base of LDL (a) and QDL (b)
models taking the Casimir force (m = 4) into account, for different values of the dimensionless internal length scale parameter µ .

Fig. 4. Dimensionless parameter α3 for a freestanding cantilever nanobeam versus the local model fraction ξ evaluated on the base of LDL (a) and
QDL (b) models taking the van der Waals force (m = 3) into account, for different values of the dimensionless internal length scale parameter µ .

The substitution of (21) into the right-hand side of Eq. (20) yields the relationship β = β(uT ). The extreme value βPI
corresponding to the pull-in instability and associated maximum amplitude of the cantilever tip can be found from the condition
dβ duT = 0.

5. Freestanding Nanocantilever
When the gap between the fixed electrode and the nanobeam is very small and the cantilever is long enough, it may fall onto
the base due to the intermolecular forces. For correctly designing a nano-switch in NEMS devices, it becomes very important to
estimate the optimal geometrical parameters and to predict a deflection of a nanobeam accounting for the intermolecular forces.
Relying on the condition dαm duT = 0 , we calculated the critical value αmPI of a parameter αm ( m = 3, 4) and the associated tip
displacement, uTPI , versus the local model fraction ξ based on LDL ( n = 1) and QDL ( n = 2) models for different values of the
Journal of Applied and Computational Mechanics, Vol. 8, No. 4, (2022), 1456-1466
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dimensionless internal length scale parameter µ = 0.01, 0.05, 0.075, 0.1. The tip deflections uTPI caused by van der Waals forces
based on two different models are presented in Fig. 2. The analogous plots of uTPI generated by Casimir forces are shown in Fig. 3.
The associated critical values α3PI , α4PI of parameters α3 and α4 are given in Figs. 4 and 5, respectively. In all cases, the calculations
were performed for β = 0, γ = 1.
Figures 2 - 5 show that decreasing the internal length scale parameter µ and/or increasing the local model fraction ξ (that
corresponds to the transition to the macro-scale model) results in decreasing the tip deflection uTPI caused by the intermolecular
forces and in increasing the parameters α3 and α4 . It is seen that QDL model gives higher values both of the tip deflection and
parameters αm than the LDL model. This outcome allows considering the LDL model as the one predicting the upper bound for the
tip deflection corresponding to the pull-in instability, since a linear distribution of the loading definitely overestimates the actual
distribution. The curves plotted in Fig. 4 and 5 make it possible to estimate the freestanding nanobeam length and the gap between
it and the fixed electrode. From Eqs. (7) it follows:
L 4 πα3 PI Eh3
(for the nanobeam subjected to the van der Waals force),
<
g
2A

L< 4

20 α4 PI Eh3 g5
,
π2 h c

g> 5

π 2 hcL4
(for the nanobeam subjected to the Casimir force).
20 α4 PI Eh3

(22)

(23)

The parameters α3PI and α4PI are taken from Fig. 4 or Fig. 5, depending on the model assumed, for the fixed values of ξ and µ.

6. Pull-in Voltage
In this section we give the results of calculations of the critical parameter βPI and the corresponding displacement uTPI of the
cantilever tip relying on LDL and QDL models taking the intermolecular forces into account. Computations were made for
γ = 1, µ = 0.05 at different values of the parameters ξ and αm , where m = 3, 4 correspond to the van der Waals and Casimir forces,
respectively. Figs. 6 and 7 are obtained for m = 3 and Figs. 8 and 9 refer to m = 4. It is clearly seen that the QDL model gives higher
values for the pull-in voltage with respect to LDL model, since in the latter model the loading distribution is overestimated and
thus the pull-in voltage provided by the LDL model may be assumed as a lower bound to the effective pull-in voltage. Regardless
both the model assumed and the type of an intermolecular force, the critical value βPI corresponding to the pull-in voltage is an
increasing functions of ξ , but a decreasing one of the parameter αm . As the parameter βPI is known, the required pull-in voltage
VPI is defined as

E (gh) βPI
6 ε0 L4
3

VPI =

(24)

When comparing the effects of different intermolecular forces on the pull-in voltage, one can conclude that at the same
geometrical parameters and the local model fraction ξ , the pull-in voltage of a nanobeam under the Casimir force is much lower
than under the van der Waals force that is in full agreement with outcomes of previous studies (e.g., see in [31]). An unexpected
result is the behavior of the tip deflection uTPI as a function of the local model fraction ξ under applied voltage and different
intensity of the intermolecular force: there is a special value αm = α * m for which the tip deflection is weakly independent of ξ , for
αm < α * m the deflection uTPI decreases as ξ increases, and for αm > α * m the tip deflection increases together with the local model
fraction ξ . Because the parameter αm is strongly affected by the nanobeam length and initial gap, one can conclude that there
exist some geometrical parameters, L* , g* , for which the profile of the nanobeam subjected to the critical electrostatic force is
weakly influenced by the parameter ξ .
Figure 10 displays the effects of varying gap ratio g b and the local model fraction ξ on the pull-in voltage evaluated on the
basis of LDL model with the Casimir force taken into account. The data used in this numerical example are L = 200 nm, b = 30 nm,
h = 3,5 nm, E = 166 GPa, µ = 0.1, α = 0. The values of the pull-in voltage VPI calculated by Yang et al. [31] for the same parameters
but relying on the Eringen’s stress gradient model are also depicted in Fig. 10. It is seen that the results based on these two different
approaches are in very good correlation for some value of the parameter ξ . In particular, for µ = 0.1 , our outcomes and those
obtained by Yang et al. [31] turn out to be close for the local model fraction ξ varying from 0.5 to 0.75. However, for ξ < 0.25 the
stress gradient model [31] gives overestimated values of VPI with respect to the values found here within TPNL theory.

Fig. 5. Dimensionless parameter α4 for a freestanding cantilever nanobeam versus the local model fraction ξ evaluated on the base of LDL (a)
and QDL (b) models taking the Casimir force (m = 4) into account, for different values of the dimensionless internal length scale parameter µ .
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Fig. 6. Tip deflection uTPI of a cantilever nanobeam versus the local model fraction ξ evaluated on the base of LDL (a) and QDL (b)
models taking the van der Waals force (m = 3) into account, for different values of the parameter α3 .

Fig. 7. Dimensionless parameter βPI of the pull-in voltage for a cantilever nanobeam versus the local model fraction ξ evaluated on the base of
LDL (a) and QDL (b) models taking the van der Waals force (m = 3) into account, for different values of the parameter α3 .

Fig. 8. Tip deflection uTPI of a cantilever nanobeam versus the local model fraction ξ evaluated on the base of LDL (a) and QDL (b)
models taking the Casimir force (m = 4) into account, for different values of the parameter α4 .

The accuracy of our models can be also verified by comparing their predictions with available data of atomistic simulations
(AS). Following Dequesnes et al. [41], we consider a double-wall carbon nanotubes (DWCNT) suspended over a graphitic electrode
and an equivalent nanocantilever with a rectangular cross-section. The width b and the thickens h of the nanobeam cross section
are chosen so that its moment of inertia is equal to that of the DWCNT [41]:
I=

π 4
4
(Rext − Rint
),
4

Journal of Applied and Computational Mechanics, Vol. 8, No. 4, (2022), 1456-1466

(25)

Pull-in Instability of a Nanocantilever Based on the Two-Phase Theory of Nonlocal Elasticity

1463

Fig. 9. Dimensionless parameter βPI of the pull-in voltage for a cantilever nanobeam versus the local model fraction ξ evaluated on the base of
LDL (a) and QDL (b) models taking the Casimir force (m = 4) into account, for different values of the parameter α4 .

Fig. 10. Pull-in voltage VPI , evaluated accounting for the Casimir force on the basis of LDL model, versus the gap ratio g b for a cantilever
nanobeam with different values of the local model fraction ξ .
Pull-in voltages found within the Eringen’s stress gradient model [31] are marked in the plot.

Fig. 11. Pull-in voltage VPI , evaluated based on the LDL and QDL models neglecting the intermolecular forces, versus the gap g for cantilever
nanobeams of various widths b . Pull-in voltages found by the atomistic simulation [41] are marked in the plot.

where Rext and Rint are the exterior and interior radii of the DWCT, respectively. It is worth noting that AS performed in [41] closely
matched results of both numerical calculations based on the equivalent continuum model and the experimental data reported for
carbon-nanotube-based nano-switches and nano-tweezers [44]. The Young’s modulus of CNT is taken to be E = 1.2 TPa, which is
consistent with the theoretical and experimental data [45-47]. The DWCNT is 50 nm long and has the radii Rext = 1 nm,
Rint = 0.665 nm, which are the same as in [41]. The internal length scale parameter is calculated as κ = e0a , where e0 is the material
constant of nonlocality and a = 0.142 nm is the length of the C-C bond for a single walled carbon nanotube [49]. Here, we assume
e0 = 0.39, as given by Eringen [48], then the small parameter µ = 0.001 follows from (7)3. In Figure 11, the analytical pull-in voltage
calculated both for the LDL and QLD models neglecting the contribution of intermolecular forces is shown as a function of the
initial gap g for different width of the equivalent beam. The curves displayed in Fig. 11 were plotted for the local model fraction
ξ = 0.1 . We note that for µ = 0.001 outcomes of calculations performed within TPNL theory are weakly dependent on the parameter
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ξ . The data of the AS performed in [41] are also plotted in Fig. 11 for six available values of the initial gap. The uneven distribution
of the AS points in Fig. 11 (as well as in Fig. 12) is explained by the fact that the corresponding points in Fig. 12 obtained from paper
[41] were depicted in a coordinate system with a logarithmic scale. It may be observed that the theoretical values of the pull-in
voltage calculated on the basis of TPNL theory and within the framework LDL/QDL models depend on the chosen nanobeam width:
for very narrow nanobeam both models give similar results, which are close to the AS data.
However, the theoretical outcomes begin to diverge and turn to be higher the AS point as the initial gap g increases. For b = 3
nm, the best matching between the theoretical results and the AS data is provided by the QLD model for the initial gap g varying in
the range between 3 and 5 nm, and for b > 5 nm, the LDL model gives the best results.
The vdW or Casimir forces are taken into account in the plots depicted in Fig. 12. Calculations were carried out only for b = 3
nm both for the LDL and QDL models. Since the Casimir forces prevail at larger distances, we plotted the corresponding curves for
a relatively large value of the initial gap. The dotted red line is the result of interpolation based on the available AS data. One can
see that there is a critical value of the initial gap b = b* provided by the LDL or QDL models, such that for b ≤ b* the cantilever is
unstable in the absence of electrostatic actuation. The analysis of plots presented in Fig. 12 allows drawing the following
conclusions. For the chosen value of the beam width b ensuring the same moment of inertia of the beam cross-section as for the
carbon nanotube, the best matching between our results and the AS data strongly depends on the assumed model (LDL or QDL)
and the initial gap g. For very small value of the initial gap, the best matching to the AS outcomes is assured by the LDL model
accounting for vdW forces, while for large values of g this model results in errors with respect to the AS data. In its place, the QLD
model might be used for estimating the pull-in voltage by taking the Casimir forces into account, for values of the initial gap lying
in the range from 9 to 11 nm. Since the atomistic simulation in [41] was carried out only for g ≤ 10 nm, the accuracy of the QDL
model within the TPNL theory of elasticity for larger values of the initial gap has to be the subject of further investigations.

7. Conclusion
The effects of nonlocal material behavior on the pull-in instability of a nanocantilever switch was investigated here by using
the TPNL model of elasticity and taking the intermolecular forces into account. The original integro-differential problem was
reduced to a differential governing equation of the sixth order. The additional boundary conditions were properly derived, thus
making the model free from the inconsistencies of the PNL model. The problem was strongly nonlinear since the loading
distribution depends on the beam deflection. To make the problem analytically tractable, two levels of approximation were
introduced on the distributions of the electrostatic and intermolecular forces along the nanobeam axial coordinate, which were
assumed in the form of a linear or quadratic function. While the linear distribution generally overestimated the actual loading
distribution and thus provided a lower bound to the pull-in voltage, the quadratic loading distribution could provide better
approximated results for some ranges of the material and geometric parameters, in particular for large initial gaps. The effect of
nonlocal material behavior mainly consisted in an increase in the pull-in voltage and in the freestanding length of the
nanocantilever as a consequence of the increase in the critical level of the intermolecular forces causing the collapse of the switch
in the absence of electrostatic actuation. A limited effect of nonlocal material parameter was instead observed on the pull-in tip
deflection. The comparative analysis of the theoretical outcomes obtained within the TPNL theory of elasticity, with available data
of AS pointed out on a satisfactory accuracy of the models presented in the study, thus validating them and providing the most
appropriate range of values of the local model fraction to be considered in the simulations according to the geometric parameters.
The obtained results were thus particularly relevant for the accurate design of micro and nano-switches, according to the current
trend of minimizing the size of devices as much as possible.
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