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Abstract. We analyze bifurcation for a cylindrical membrane capable of swelling subjected to combined axial loading and internal
pressure. The material is conceptualized as an isotropic and absorbent matrix (it can swell when it is exposed to some swelling
agent, for instance) containing nonabsorbing fibers. More in particular, fibers are symmetrically arranged in two helically distributed
families which are (also) mechanically equivalent. Arterial wall tissue has been modeled using this theoretical framework. The
matrix of the membrane is taken to be a swellable neo-Hookean material. The swollen membrane is then inflated and axially
stretched so that the circular cylindrical geometry is initially preserved. Nevertheless, prismatic, bulging, and bending (composite)
bifurcation conditions are analyzed. It is shown that for membranes with and without fibers, prismatic bifurcation does not play a
major role. On the other hand, bending and bulging are feasible for fiber-reinforced membranes. Results capture the onset of
bifurcation configurations corresponding to bending and bulging and highlight possible coupling during postbifurcation as it might
occur, for example, in the formation and development of an abdominal aortic aneurysm.

Keywords: Bulging bifurcation; bending bifurcation; prismatic bifurcation; swelling; fibers; hyperelasticity.

1. Introduction

Abdominal aortic aneurysms are reported to be responsible for 1-2% of all deaths in industrialized countries [1]. In many cases,
this pathology remains undiagnosed until rupture occurs and it has a mortality rate that is greater than 80% [2]. This has been a
main motivation for researchers in different areas to develop models to capture and to understand the formation, development
and, rupture of aneurysms.

There are many factors that play an important role in the formation of such pathological dilatations of arteries, among them,
one can include geometry, mechanical properties as well as numerous biochemical processes. Different research works study the
formation and development of aneurysms from a mechanical point of view as a mechanism related to various bifurcation and post-
bifurcation behaviors of extended and pressurized soft hollow cylinders. Indeed, the formation of instabilities depends on the
material as well as on both the internal pressure of the cylinder and the axial loading (stretch), which has been shown in different
theoretical and experimental works during the last decades [3-17].

This article focuses on three bifurcation modes that may occur in the context of axially loaded and inflated anisotropic and
volume changing cylinders, namely bulging bifurcation, prismatic bifurcation, and bending (composite) bifurcation. In the context
of hyperelastic materials, the conditions for the existence of such instability modes have been derived, for example, by [9]. Bulging
bifurcation has been investigated in various contexts [9, 10], but the same attention has not been paid to the other two bifurcation
modes. Very recently it has been recognized that coupling of different bifurcation modes during postbifurcation is important to
capture the development of abdominal aortic aneurysms [15, 16]. With this in mind, we pay attention to the onset of different
bifurcation modes for a swellable material reinforced with two preferred directions. Prismatic bifurcation analyses can be found for
both cylindrical membranes [5] and for thick-walled tubes [18]. Similarly, different bifurcation modes have been studied in the
modeling of arterial tissue that is affected by Marfan’s syndrome, which is a connective tissue disorder [8, 19]. Residual stresses
have an influence on the bifurcation of extended and inflated cylinders [20, 21]. In particular, Haughton and Merodio [22] presented
a computational bending and bulging bifurcation analysis for residually stressed hyperelastic tubes under combined inflation and
extension to model aneurysms in arterial tissue.

Published online: July 21 2022 AV,‘



114 Heiko Topol et al., Vol. 9, No. 1, 2023

t \ // N / ‘
L4 A\ A
P \ ! NEY I
Neoe—— |- » — { X ! —_— N
/’\ N I
R 7N /N
: ;A 7N '

Fig. 1. A cylinder that is subjected to both an inflation pressure P and an axial load N. The material consists of a swellable isotropic ground
substance material that is reinforced by two families of fibers.

Many works on bifurcation consider a volume-preserving context, whereas different factors such as edema, mechanical trauma,
and inflammations [23-25] lead to swelling of biological materials. Swelling may not only increase the volume, but also the stiffness
of the swollen material. Both, the change in the geometry and in the mechanical properties have an impact on bifurcation, i.e.,
swelling may stabilize the cylinder against the occurrence of one particular bifurcation mode while it may trigger the formation of
other bifurcation modes. In hyperelastic materials, swelling has been taken into account in different modeling works for isotropic
[26, 27] and anisotropic materials [28]. It has been shown that collagen remodeling processes may be driven by changes in the tissue
volume (see [29,30]). Our previous works have shown that changes in the material volume may have a beneficial effect with respect
to preventing bulging bifurcation [31, 32]. [33] then explore the role of swelling on the formation of instability modes, namely
prismatic and bending bifurcation in some fibrous cylinders, which motivates this work. For most of the works that invoke swelling
to study bifurcation of inflated and extended cylinders the material stiffness is taken to be independent of swelling [31-33]. Here
we also pay attention to that aspect. In addition, many of the works on the formation of an instability have their focus on the
individual analysis of bifurcation modes. This work compares the occurrence of bulging, prismatic, and bending bifurcation in
fibrous and swelling cylinders with the aim to establish possible coupling of different modes during post-bifurcation.

This article is structured as follows: Section 2 introduces the main kinematics of the problem at hand as well as the material
models. Section 3 discusses the bifurcation modes which in Section 4 are examined for the material models under consideration.
More in particular, Section 4 studied bifurcation for an isotropic cylinder (without fibers) based on the assumption that the material
stiffness is independent from swelling effects. On the other hand, in Section 5, bifurcation is studied for a fibrous material in which
the mechanical properties of the ground substance are negligible. Finally, Section 6 illustrates the impact of swelling-dependent
stiffness changes in a ground substance with embedded fibers on bifurcation. The last section, Section 7, concludes the article with
a discussion of the results and a brief outlook.

2. Kinematics and Mechanical Behavior of the Cylindrical Membrane

In a reference (unloaded) configuration Q,,an undeformed and hollow cylinder with inner radius 4, outer radius B, and length
L is described in terms of a cylindrical coordinate system (R, 0,Z) with unit vectors (Eg, Eg, E7), respectively, as

A<R<B 0<6<2m -L/2<Zc<]L/2 (1)
Any point of this cylinder can be given by the position vector
X = RER(0)+ ZE,. )

The cylinder is subject to both an inflation pressure P and an axial load N so that it preserves the shape of a circular tube (see
Fig. 1). In the deformed configuration €, the cylinder is described in terms of a cylindrical coordinate system (r,6,z) with unit
vectors (e, ey, e,), respectively, as

a<r<b 0<6<2n -—-1/2<z<I1/2 (3)
and any point of this cylinder can be given by the position vector
x = re.(0) + ze,. ©]

The material is capable of swelling, which is described by the ratio of the swollen material volume to the unswollen material
volume by means of the parameter v. At each time during the swelling process, the material is taken to be incompressible. Such an
idealization is reasonable in arterial tissue, for instance, due to the high water content of the tissue. Our considerations focus on
uniform swelling of the material without local variations. For such a deformation of the cylinder, the deformation gradient has the
form

F =diag(},,14,1,), ©

where 2, is the radial stretch, 1y =r/R =21 is the circumferential (azimuthal) stretch and 1, =l/L is the axial stretch. The
condition det F = v for the swollen material allows to write the radial stretch as A, = vA™14;1.

For such a swelling solid the relation between the Cauchy stress tensor ¢ and the deformation can be expressed via
10
o =—pl +;—FT, (6)

where I is the second order identity tensor and p is a scalar that results from the (incompressibility) constraint. The Cauchy stress
tensor satisfies the condition dive =0 in the absence of body forces. There exist numerous material models that have been derived
to describe the mechanical behavior of fibrous soft tissue [37]. In these models, the material is treated in a homogenized sense so
that each material point contains both ground substance and fiber constituents. We consider orthotropic materials with two
preferred directions which are mechanically equivalent and are symmetrically disposed. The mechanical behavior of such materials
is often defined in terms of a strain energy density function which may be decomposed into a contribution W, of the ground
substance material and into a contribution W, of the embedded fibers, i.e.

W = W, + W, @)

Here, the mechanical behavior of the isotropic ground substance is described by the Treloar model [38],
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-2/
Wil v) = 252 1, = 302, ®)
where
2
11=trC=/1’2’—/1§+/12+/1§, 9)

is the first invariant of the right Cauchy-Green deformation tensor € = F'F, the parameter v accounts for swelling, and p is the
shear modulus for an unswollen material. The term uv972/® can be seen as a swelling-dependent shear modulus, in which the
parameter g quantifies the change of the ground substance stiffness with swelling. If g =2/3, then the ground substance is
swelling-independent. The matrix stiffness decreases with swelling if g < 2/3, and it increases with swelling if g > 2/3. The model
(8) is a generalization of the incompressible neo-Hookean model that accounts for swelling, and it has found its application in
different modeling works [32, 33, 39, 40]. Despite their relatively simple form, neo-Hookean type models are used to model arterial
tissue. For example, it has been shown that such types of models can (sufficiently) describe the mechanical behavior of arterial
elastin [41]. Furthermore, the neo-Hookean form can be understood as a particular case of many constitutive equations used in the
modeling of soft tissue constituents. For instance, Mooney-Rivlin materials are a generalization of the neo-Hookean model, and
swelling of Mooney-Rivlin type models have been studied to capture bulging bifurcation in [35]. Different works that account for
swelling in the examination of bifurcation neglect the role of the parameter ¢ in (8), which, in addition, motivates the present work.
With respect to the fibers, it is assumed that they are embedded in the ground substance and are incapable of swelling. In the
membrane, fibers are grouped in two (fiber) families with equal mechanical properties. The initial (undeformed) orientation of each
fiber family is given by a unit vector in the reference configuration Q,. Both families are symmetrically disposed with respect to
the axial direction. It follows that the two unit vectors in Q, giving the directions of the two families of fibers can be written as

M, = cosBE + sinBEg, (10a)

M, = cospE; — sinBEg, (10Db)

in which B, the fiber winding angle, gives the orientation of each fiber family with respect to the axial direction of the membrane.
The mechanical behavior of the first fiber family is described in terms of the invariant I,, and the mechanical behavior of the
second fiber family is described in terms of the invariant I, (which are sometimes referred to as “pseudo-invariants”), which are

I,=C:M; ® M, = A2cos?B + A%sin?p, (11a)

I =C:M, ® M, = 22cos*B + A*sin?p. (11b)

Under the circumstances at hand, I, and I; are equal. These invariants are interpreted as the squared magnitude of the fiber
stretch. The fibers bear tension, whereas they are taken to be incapable of carrying (fiber) compression. This means that I, and I,
can just take values that are equal to one or greater than one. While in this article the elastic fiber behavior is described in terms
of the invariants I, and I, higher invariants may be introduced to account for different mechanical properties of the fibers and
their interplay. We should also note that in this work we assume that the fibers are in a perfect parallel arrangement within each
fiber family. Modifications of I, and I, and higher invariants that account for fiber dispersion are discussed in [42]. In addition, in
our modeling, all constituents are taken to share a common natural configuration, and, for convenience, this configuration is taken
to be the reference configuration. Topol et al. [43] consider bulging bifurcation in a pressurized cylinder, in which the natural
configuration of the constituents may differ.

We further consider a strain energy density for the fibers in the form of an exponential function as

Ky R (Ii—
Wiy Ig) = - Sz o€ 07" 1], (12)

where k, is a stiffness parameter and k, can be regarded as a sensitivity parameter. These strain energy functions in exponential
form are used to model arteries [44, 45], and they are motivated by a peculiar mechanical behavior of fibers, namely, fibers are
initially crimped when unloaded, then they unwind (or un-crimp) as they begin to be extended until, finally, the fibers fully bear
(axial) loading as they are fully unwound [46].

Since the fiber families are mechanically equivalent and symmetrically disposed, it follows that I, = I;, and, furthermore, that

LR 1] = R B e -1 (13
which, in turn, allows to write the strain energy contribution (12) of the two families of fibers as
Wy (1) = 2 [eF " — 1], (14)
Notice that the energy form (14) reduces to the so-called standard reinforcing model in the limit
: _ _ 112
}]iglo W (ly) = ky [l — 1% (15)

In summary, the strain energy is considered to be W (I, v,1,) = W, (I3,v) + W;(I,,Is). Both terms W, (I;,v) and W;(l,,Is) will be
analyzed independently as well as combined with regard to bifurcation. Due to the dependence of the invariants on the stretches
2 and 4, and on the swelling field we introduce the (convenient) notation W(v,4,1,) = W(l;,v,1,). Similarly, and accordingly, one
can also write W,, and W;.In the next section, firstly, bifurcation modes of the cylinder are introduced in an illustrative way.

3. Bifurcation Modes in the Membrane Approximation

We consider the cylinder in the membrane approximation, in which the cylinder is taken to have the midsurface radius R =
(A + B)/2 and the wall thickness H = (B — 4A) « R.The cylinder is assumed to have an infinite length L - » or, alternatively, R « L.

This membrane approximation permits to obtain analytical expressions for bifurcation modes. The results from these
investigations give a basic understanding of bifurcation and serve as guidelines for future works dealing with thick-walled tubes,
which may have to be carried out numerically.
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Fig. 2. Bulging bifurcation of a circular cylinder.

In this membrane approximation, the relation between the inflation pressure P, the axial normal force N, and the deformation
is given by [47]

LA S (16)

where here and in the following we apply the notation W, = % in order to describe the partial derivatives of the strain energy

density function W. The radial normal stresses are negligible in the membrane approximation, i.e. g,. = 0, and the components
oge and a,, of the Cauchy stress tensor (6) can be written as

Ogg = VAW, 0 = vTIA W, (17)

Note that the scalar p arising from the incompressible constraint has already been eliminated in (17).

We study three bifurcation modes, namely, bulging bifurcation, prismatic bifurcation, and bending bifurcation. Using
incremental displacements, the bifurcation criterion for incompressible and anisotropic cylinders can be found in [11]. Their result
is in agreement with the analysis of [6] for isotropic materials, and in recent papers, the bulging condition has been used to analyze
axial propagation of bulging for thin-walled cylinders under internal pressurization [48]. To investigate the possible bifurcation, we
consider incremental displacements with respect to the deformed configuration under equilibrium. In the general form, one
considers [11]

Su = 6u.(0,2)e, + duy(0,z)ey + 6u,(0,2)e,, (18)
in which § is the increment and u is the displacement with components (u,, ug, u,).

3.1 Bulging Bifurcation

Figure 2 depicts bulging bifurcation in a circular cylinder. The origin of this analysis goes back a while ago (see [4, 6]).
Nevertheless, this topic is being studied extensively by different research groups [16, 18-20]. In order to investigate the possible
bulging bifurcation mode of the cylinder, we particularize (18) and consider incremental displacements

Su = Su.(2)e, + du,(z)e,, (19)
The bulging condition for a cylindrical membrane of radius R and length L is (see for instance [11, 34, 49])
F(W,2,2,) + (#)2 AWy Wy, =0, (20)
where
FOW,2,2,) = 22W, 0, (A2W 2, — AW,) — (A2, Wy, — AW)™. (21)

For a cylinder of infinite length, L — « , the second term on the left side of (20) becomes negligible. Under these
circumstances, for the material model at hand, the bulging condition (20) can be written as
f=f+h=0, (22)
in which the term f;, results from the mechanical behavior of the swellable neo-Hookean ground substance given in (8), while the
term f;, represents the behavior of the fibers given in (14). More in particular, it is easy to obtain that,

a-2/312(_ 3448 4922 2942 4
f = [uv P(—A228 + 4252702 + 42202 + 3v )’ (23a)
! (4344
fi, = [2{%[4ksin?B[I, — 1] + 8k, A2sin*B + 16k, ky A%sin*B[1, — 112]|—4k,sin?B[1, — 1]}[4k,cos?B[I, — 1] + 8k, A2cos* B
+16k, ky A2cos*B1, — 112] — {1,A[8k, A, Acos2B sin?B + 16k, kyA,Acos?B sinP [I, — 112] — 4k, A2sin?B[1, — 1]}2e2k1la=1?

(23b)

The fibers do not support compression which means that f;, =0 for combinations of 1, and A give rise to values of I, that
are smaller than one.
Note that if f < 0, it follows that the membrane is unstable with regard to bulging, whereas if f > 0 the membrane is stable.

3.2 Prismatic Bifurcation

In a cylindrical membrane, a sufficient condition for prismatic bifurcation to exist is a turning point in the curve giving values of
azimuthal stress vs azimuthal stretch. Figure 3 depicts prismatic bifurcation in an initially circular cylinder. In the prismatic
bifurcation mode, the inflated cylinder bifurcates into a prismatic shape with a non-circular cross-section. In this case we
particularize (18) and consider incremental displacements of the form

Su = su.(0)e, + Suy(0)ey. (24)
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Fig. 3. Prismatic bifurcation of an initially circular cylinder.

Fig. 4. Bending bifurcation of a circular cylinder.
After some manipulations, we obtain for a membrane cylinder that the bifurcation condition for the lowest (and typically most
likely) mode is given by [11, 36]
g=Win=0. (25)

This condition has also been derived by [6] for thin-walled isotropic and non-swelling cylinders, while in [21] the analysis was
broadened to consider thick-walled cylinders. If g <0, it follows that the membrane is unstable with regard to bulging, whereas if
g > 0 the membrane is stable.

For the material model at hand, the prismatic bifurcation condition (25) can be written as

9=9,+9,=0, (26)

in which, as before, the term g,, represents the mechanical behavior of the ground substance (8), while the term g,,represents the
mechanical behavior of the fibers (14). From (8), (14), and (26), we obtain the terms g, and g,, in the form

qu_z/3 6v?
o= |mm*?} (27a)
g1, = 8l A2eF1 0=V sin* B + 4k, eF1 =D sin? B[1, — 1] + 16k, ky A2e*1 (s~ sin* B[1, — 117 (27b)

For the ground substance, one can immediately notice that g; > 0 for positive values of 1,, 21 and v. For the fibers, taking k; > 0
and k, , we notice that g, = 0 for # = 0, i.e. when fibers are oriented in the axial direction. Further discussions regarding (27b) are
given in Section 5.1.

3.3 Bending Bifurcation

Figure 4 depicts bending bifurcation of a circular cylinder. To study bending bifurcation it is not necessary to simplify the form

of su given in (19) any further. It is straight forward to show (see [11]) that the bending bifurcation (or composite mode) occurs when
h = gy — 20,, = 0. (28)

If h < 0 the membrane is stable, whereas if h > 0 the membrane is unstable. For the material model under consideration, the

bending bifurcation condition (28) can be written as
h=h, +h, =0, (29)

in which the term h,, is due to the mechanical behavior of the ground substance (8), and the term h,, results from the mechanical
behavior of the fibers (14). It follows that

CwITEBQAAL - 220 + v?)

hy, = a5 : (30a)

hy, = —4k,e*107D% 224 cos* B — 2A2cos?f + A2sin®B — A*sin*f + A2AZcos?Bsin? ). (30b)

4. Bifurcation for W,,, the Ground Substance without Fibers

Many articles on bifurcation of a cylindrical membrane have their focus on a single mode of bifurcation, whereas these modes
of bifurcation may not occur as isolated events. One mode of bifurcation may join another mode during the inflation process, i.e.,
one mode may occur at an earlier stage of the inflation process, and another mode may then follow at a later stage of the inflation
process. On the other hand, due to a change in the perfect cylindrical geometry, after the occurrence of the first bifurcation mode,
a second bifurcation mode may not occur at all. In order to understand the order of occurrence and coupling of bifurcation modes,
we first study the bifurcation modes in the different constituents individually before we turn to the examination of bifurcation in
fibrous materials.

Let us consider a ground substance material without fibers for which the mechanical behavior of the material is solely
determined by the strain energy density (8). It follows easily that

p‘p‘vq—z/3
m=

S

172
= <ﬁ Ny LIy 31;2/3). (31)
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Fig. 5. Values (normalized) of f=f;, g=g,, and h=h; vs 1 for 1, =1 and a ground substance material (without fibers) with different values of
the swelling parameter v. Red curves give values of the bulging function f = f; , black curves give values of the prismatic function g = g;, and blue
curves give values of the bending function h = h; . Negative values of f and g and positive values of h are associated with bulging bifurcation,
prismatic bifurcation and bending bifurcation, respectively, i.e. with unstable configurations of the initially perfect circular cylindrical membrane.
The undeformed and unswollen configuration of the membrane is given by the point (4,1,) = (1,1). Close to this configuration for v =1 as well as
greater than 1 (swelling) and 2> 1 (inflation of the membrane), values of h are positive, which means that bending is expected as soon as the
membrane begins to be inflated. In addition, it is clear that the values of 2 obeying f =0 are also associated with values h>0. This is an indication
that while bulging does not give the onset of bifurcation (it is not the lower bound for bifurcation), during postbifurcation (after bending occurs)
bulging might be expected. Values of g are positive; therefore, prismatic bifurcation is not expected. Nevertheless, prismatic bifurcation cannot be
ruled out completely during post-bifurcation since, among other reasons, the g-based analysis only characterizes the first prismatic bifurcation
mode.

Moreover, the pressure inflation relation (16) takes the form

P== [A*22 — v2]. (32)

To prevent negative values of (inflation) pressure P it follows from (32) that 2*2% > v2. For a ground substance without fibers, the
bifurcation conditions (22), (26), and (29) reduce to f = f;, = 0, for bulging bifurcation, g = g;, = 0 for prismatic bifurcation, and h =
h;, = 0 for bending bifurcation. It is clear that these conditions are independent of the swelling-dependent shear modulus pw?-2/3
Indeed, this is true for the ground substance without fibers, while bifurcation of a ground substance with embedded fibers is
affected by swelling-dependence ground substance stiffness. This will be shown in Section 6. Nevertheless, for illustrative purposes,
we turn our attention to swelling-independent ground substance stiffness for which q = 2/3. This case is representative of other
situations. We also establish the role of the axial stretch.

4.1 Swelling-independent ground substance stiffness and a fixed axial stretch

For q = 2/3, the shear modulus of the strain energy density of the ground substance (8) is independent of swelling. Under this
circumstance and 4, > 1, Fig. 5 shows values of f = f; , g = g;,, and h = h;, vs A for different values of the swelling parameter v. Let us
focus on the bifurcation modes separately. Bifurcation is associated with either f = 0, g = 0 or h = 0. The undeformed and unswollen
configuration of the membrane is given by the point (4,4,) = (1,1). Values of 1 obeying f = 0 (red curves) for bulging are greater for
greater values of swelling. Blue curves for bending bifurcation show that a swollen (v > 1) and an unswollen (v = 1) material is
unstable as inflation begins, i.e., h > 0 close to (4,1,) = (1,1). On the other hand, deswelling (0 < v < 1) can stabilize the material
with respect to the bifurcation modes under consideration for values close to (4,1,) = (1,1) since h < 0. For a given value of v, the
values of 1 obeying f = f;, = 0, are associated with h = h;, > 0, i.e., comparing corresponding curves of f and h, it is easy to conclude
that bending occurs at smaller values of 1 (earlier stages of inflation) and it is the lower bound for bifurcation.

Black curves for prismatic bifurcation are associated with values g = g,, > 0 for the herein considered parameter values. Indeed,
from (27a) one can immediately notice that g;, > 0 for positive, and therefore physically meaningful, values of 4,, 4, and v. This result
is in agreement with results given in [36].

4.2 Unswollen ground substance and different axial stretches

In this section, we compare the different bifurcation modes for an unswollen material (v = 1) subject to several values of the
axial stretch 2,. We follow accordingly the procedure, arguments, and results established in Sec 4.1.1. For ¢ = 2/3and v = 1, Fig.
6showsvaluesof f=f,, g =g, andh=h, vs 1 fordifferent values of the axial stretch 1,.Valuesof 1 obeying f = 0, (red curves)
for bulging are smaller for greater values of the axial stretch. Blue curves for bending bifurcation show that an extended membrane
(4, > 1,) is stable as inflation begins, i.e., h <0, close to (4,1,) = (1,1). In Fig. 6, for a given 1,, it is not always easy to deduce the
lower bound for bifurcation since it is not easy to check the value of h = h; for the value of 1 obeying f = f; = 0. Clearly, for 1, =
1 the lower bound is bending while for 1, = 1.3 the lower bound is bulging. While values f = 0, red curves, shift to smaller values
of the azimuthal stretch A for greater values of the axial stretch 1,, the opposite effect is observed for bending bifurcation, i.e., blue
curves shift downwards and to the right side (values h < 0) for greater values of 1,. Nevertheless, one can conclude that the
extension of the membrane stabilizes the material against bending bifurcation.

The observations from Fig. 6 immediately leads us to establish the deformation conditions associated with the lower bifurcation
mode, which can be either bulging or bending. This is obtained by establishing points (4,4,) that simultaneously obey f;, =0 and
h;, =0 for a given material. Figure 7 shows points (4,4,) obeying f;, =0 (red curve) and h; =0 (blue curve) for an unswollen
material v =1. When (4,4,) = (Afp,A,5,) = (1.57,1.18) both curves intersect and bulging and bending bifurcation are initiated
simultaneously. It follows that for 1, < 1.18 the lower bifurcation mode is bending while for 1, > 1.18 the onset of bifurcation is
given by bulging.
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Fig. 6. Values (normalized) of f=f; =0, g=g, =0 and h=h;, =0 vs 1 for an unswollen ground substance material (v = 1) without any fibers
and different values of the axial stretch 1,. Negative values of f and g and positive values of h are associated with bulging bifurcation, prismatic
bifurcation, and bending bifurcation, respectively. For 1, = 1 and the associated value of A obeying f = f; =0, itis clear that h = h;, > 0 and,
whence, bending is the lower bifurcation mode. On the other hand, for 1, = 1.3 and the associated value of 1 obeying f = f; = 0, itis clear that
h = h;, < 0and it follows that bulging is the lower bifurcation.
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Fig. 7. Points (4,4,) obeying f =f; =0 (red curve) and h =h;, =0 (blue curve) for a ground substance without fibers that remains unswollen v = 1.
Both curves intersect for (1,4,) = (A, A,,n) = (1.57,1.18) so that bulging and bending bifurcation are initiated simultaneously. It follows that for 1, >
1.18 the onset of bifurcation is given by bulging while for 1, < 1.18 the lower bifurcation mode is bending.

5. Bifurcation for Wy, the Fibers

In this section, we assume that the mechanical behavior given by the ground substance material is negligible compared to the
mechanical behavior given by the fibers. One could think that this is a highly anisotropic material. The mechanical properties of
the fibers dominate the properties of the matrix, i.e. p/k; - 0. This is a useful case to understand the role of the fibers in the
bifurcation of cylinders although it is a subtle case with limitations since the matrix response cannot be completely disregarded
for a well-posed constitutive equation. Nevertheless, the purpose of this analysis is to illustrate the fibers’ effect with regard to
bifurcation and this is described in what follows.

The strain energy density function W for this material is completely determined via (14),

W= Vl‘/f Y [ekl(lgcoszﬁJrlzsinzB—l)z _ 1]. (33)
k1

The pressure-inflation relation (16) for the fibers takes the form
P= 4%%eﬁl(A%C”SZB*AZSi”ZB’l)ZSinZB [A2cos?B + A%sin?B — 1], (34)

which is equal to zero for g =0 or for A2cos? + A%sin?*p=I, = 1. Furthermore, the bifurcation conditions given in (22), (26), and (29)
reduceto f = f;, =0 forbulgingbifurcation, g = g;, = 0 for prismatic bifurcation,and f = f;, = 0 for bendingbifurcation. It is clear
that these conditions are independent of k;.

We recall that in the limit

klir_r}o% [e"1(’@”‘”2'3*’125‘4"2'3’1)2 - 1] = ky[A%cos?B + A%sin?B — 1]?, (35)
1 1

i.e. the strain energy density for the fibers (33) approaches the so-called standard reinforcing model [40, 50-52]. Note that this
standard form, the right hand side of (35), is not only the limiting case for the exponential form since it (the standard form) can be
derived from logarithmic forms of strain energy densities for fibers, see, for instance [53]. In what follows we analyze separately
two cases: one obeying that k, - 0 for which the strain energy is the so-called standard reinforcing model, and the exponential,
which is used for any other value of k;.In the modeling of collagen fibers in arterial wall tissue, fibers are often taken to be incapable
of supporting compression [46]. For that reason, fibers are considered to contribute if and only if I, >1.

5.1 The standard reinforcing model

We first consider the specification k; - 0, for which the strain energy density (33) yields the so called standard reinforcing
model (35). Figure 8 shows values (normalized) of f = f;, (red curves), g = g,, (black curves) and h = h,, (blue curves) vs 1 for
different values of the axial stretch 1, and selected values of the fiber winding angle . More in particular, Figure 7 (a) is for g =
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/6, Figure 7 (c) is for B = n/3 and Figure 7 (e) is for g = m/2, while Figure 7 (b) is just a magnification of Figure 7 (a) near the point
(1,0) and, similarly, Figure 7 (d) is just a magnification of Figure 7 (c) near the point (1,0). The labeled curve styles shown in Figure 7
(a) apply to the other panels. In Fig. 8 (e), for g = n/2, there is only one curve for f = f;, as well as for g = g;, and h = h,,, since the
fibers are in the azimuthal direction and f =f;,, g =g, and h=h;, are independent of 1,. One can immediately notice that
prismatic bifurcation is not expected to occur since g > 0.

Let us pay attention to the curves for 1,=1.2, in Figure 8 (b) (8 = n/6) and Figure 8 (d) (8 = n/3). The curves show that around the
undeformed configuration (4,1,) = (1,1) there are points (4,1,) obeying that h < 0 (blue curves) while for these points f (red
curves) is always positive. Furthermore, for 1 > 1 blue curves change from negative to positive values while for these points the
values of f (red curve) are positive. This means that the lower bifurcation mode is bending. This argument also applies to the other
values of 2,. It is also shown in 8 (a) and Figure 8 (c), that the f-curves have a maximum, which, comparing panels (a) and (c),
decreases for greater values of f.In addition, Figure 7 (e) shows that f is negative while h is positive, which, in turn, means that
as B — n/2 bending and bulging may occur almost simultaneously. It follows that, as the membrane is inflated, greater values of
B make the membrane more unstable with regard to both bulging and bending. Conversely, smaller values of g make the
membrane more stable with regard to bulging and bending. It also follows for a given B that greater values of 1, stabilize the
membrane with respect to bending since the values of 1 associated with h =0 are greater as 1, increases (see, for instance, panel
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Fig. 8. Values (normalized) of f = f;, (red curves), g = g;, (black curves) and h = h,;, (blue curves)vs A for different values of the axial stretch 2,
and selected values of the fiber winding angle p.The legend in panel (a) applies to all panels. More in particular, panel (a) is for g = /6, while its
magnification is given in panel (b); panel (c) is for g = n/3, while its magnification is given in panel (d); and panel (e) is for g = n/2. In the latter case,
since the fibers are perpendicular to the axial direction, the results are independent of the axial stretch 1,., so that there are only three curves, one
for f=f;, aswellasonefor g =g, and h=h,,.
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The different panels of Fig. 8 show results for selected values of the fiber winding angle g. With the purpose of gaining a
complete illustration of the analysis, now we broaden our attention and focus on the development of bifurcation conditions for all
possible values of B. Results are shown in Fig. 9 for different values of the axial stretch 4,.Since g > 0 we justfocuson f and h.

Figure 9 shows (normalized) values of f = f;, (red curves) and h = h;, (blue curves) as a polar plot with respect to the angle g
for different values of the axial stretch 1, and A= 1.5, panel (a) and its magnification, panel (b), and 1 =2, panel (c) and its
magnification, panel (d). The symmetry of the results is due to the fact that both fiber families are mechanically equivalent and are
symmetrically disposed with respect to the axial direction. It follows that it is sufficient to consider values n/2 > g = 0. More in
particular, Figure 9 shows that close to and around g = 0, f = f;, > 0 (red curves) and h = h;, <0 (blue curves), i.e., there is neither
bulging nor bending. On the other hand, Figure 9 shows that close to and around g =m/2, f = f;, <0 (red curves) and h=h;, >0
(blue curves), i.e., the membrane is unstable with respect to both bulging and bending. Panel (b) for 2 = 1.5 shows that f=f;, =0
for values of g a little greater than /3, while Panel (d) for 2 = 2 shows that f = f;, = 0 for values of § a little smaller than /3,
i.e. greater values of 1 require smaller values of g for the membrane to be stable regarding bulging. This means that smaller values
of B stabilize the membrane with respect to bulging. A similar argument follows for the blue curves associated with bending
bifurcation although numbers are not given. The values (and interpretation) of these plots are in agreement with the ones given in
Figure 8.

This analysis has disentangled deformed configurations given by points (4, 1,), around the undeformed configuration (4,1,) =
(1,1), that have been understood in terms of bending and bulging. This limiting case of just fibers has shown the effect of the fibers
for different values of g although this case is just an extreme idealization. To interpret the results further and understand the
limitations and the subtle scenario of this fiber-only case let us consider that the tube has been subjected first to a given uniaxial
tension so that 1 = 1/,/4,. The value of 1, is then fixed and the tube inflated, with 1 increasing. This path of deformation is
acceptable if and only if I, > 1, which also depends on B. Indeed, for g = /6 it is easy to show that this path of deformation is
admissible for any value of 1,. For greater values of g, for instance g =m/3, and some values of 1,, the value of 1 given by 1 =
1 /Jl_z is associated, in turn, with I, < 1, which is not permitted. Our analysis, then, considers for the 1,, at hand a greater value of
A until I, = 1, which is associated with the value P = 0. To eliminate completely the matrix response and simultaneously consider
that I, > 1 leaves that scenario, which only considers some deformations. This fiber kinematics behavior also applies to the next
section and will be exploited later on to study and understand bifurcation for a matrix reinforced with fibers.

5.2 The exponential form

We now turn to study the bifurcation conditions for the exponential form (33), i.e., for values of k, that are greater than zero.
From (27b), it is easy to show that g = g,, > 0, and we do not focus on prismatic bifurcations. Figure 10 illustrates the effect of k,
on both bulging and bending bifurcation. In particular, curves in Figure 10(a), 8 = n/6, and Fig. 10 (b), B = n/3, give, for different
values of the axial stretch 2,, points (4,k,) that obey f = f;, =0 (bulging, red curves) and points (4,k,) that obey h=h, =0
(bending, blue curves).

Blue curves are vertical lines. The reason is the following. The bending bifurcation condition (30b) for h = h;, = 0 becomes

h;, = 223cos*B — 22%cos*B + Asin®B — A*sin*B + 12 Acos®B sin* B = 0, (36)

which depends on the stretches 1 and 1, as well as the angle g, butitisindependent of the parameter k,. Furthermore, it follows
from (30b) that h is negative for g = 0 while it is positive for g = n/2 under fiber extension (1 > 1). Hence, smaller values of g
stabilize the membrane with respect to bending in agreement with the result established for the standard reinforcing model.
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Fig. 9. Values of f = f;, (red curves) and h = h,;, (blue curves) as a polar plot with respect to the angle g for different values of 1, and 1 = 1.5, panel
(a) and its magnification panel (b), and 2 = 2, panel (c) is its magnification panel (d). Left panels (a) and (c) show the general development of
f/k? and h/k,, whereas right panels (b) and (d) highlight the behavior of these functions close to their zero values. The symmetry of the results is
due to the fact that both fiber families are mechanically equivalent and are symmetrically disposed with respect to the axial direction.
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Fig. 10. For different values of 4,, the top panels (a), for 8 = n/6, and (b), for g = /3, show values of k; vs 1 obeying either f =0 (bulging
bifurcation, red curves) or h = 0 (bending bifurcation, blue curves). The bottom panels (c) and (d) give the corresponding values of 1, 1,,,and k, that
fulfill f =0 given in panels (a) and (b), respectively.
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Fig. 11. Curves give values of circumferential stretch 1 (radial value in the plot) and the fiber winding angle g obeying h =0 for different values of
the axial stretch 2,.Panel (b) is a magnification of panel (a). In panel (a), it is easy to deduce that when h = 0 for 8= 11/6 greater values of 1 are
associated with greater values of 1,, in agreement with the order shown by the blue curves in Fig. 10 (a). Similarly, in panel (b), it is easy to deduce
that when h =0 for B =n/3 greater values of 1 are not associated with greater values of 1,,in agreement with the values of 1 given by the blue
curves shown in Fig. 10 (b).

The top panels (a) and (b) of Fig. 10 show that for sufficiently large values of k, the condition f = f;, = 0is not satisfied, while
for sufficiently small values of k, the condition f = f;, = 0is satisfied by just one point (4,k;). On the other hand for a given value
of k, in between these two cases, f = f;, = 0is satisfied by two values of 1. As the membrane is inflated panels (a) and (b) show
that the lower bifurcation mode is bending. Furthermore, during post-bifurcation, it may be followed by bulging bifurcation for
sufficiently small values of k;. This might be expected although it is not certain since the membrane is not a perfect circular
cylinder. Nevertheless, for sufficiently large values of k, bulging is not expected even after bending. Furthermore, a simple
comparison of the curves f = f;, = 0in panels (a) and (b) establishes that smaller values of § stabilize the membrane with respect
to bulging in agreement with the result established for the standard reinforcing model. In addition, an interesting observation for
h=h;, =0 (blue curves) by comparison of Fig. 10 (a) and (b) is the shift in the order of these curves for the different values of the
axial stretch 2, due to the change of the value of g.In Fig. 10 (a) the blue curves are ordered accordingly with the greater values of
A, i.e. greater values of 1 are associated with greater values of 4,, which does not occur in Fig. 10 (b). This motivates the analysis
of h =0 with the winding angle.
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Fig. 12. Values of v vs A obeying either f = 0 (red curves in panels (a), (c) and (e)) or h = 0 (blue curves in panels (b), (d) and (f)) as well as their
associated values of P* = PR/(uH) vs A (black curves) for 1, = 1.0, three selected values of q (¢ = 1/3, ¢ =2/3,and g = 1) and some values of S, in
particular, g =n/6 (panels (a), (b)), B = /3 (panels (c), (d)) and B =r/2 (panels (e), (f)). Results show for v > 0.5 that q does not have a qualitative

effect on the bifurcation curves but it does have a qualitative effect on pressure curves.

The blue curves in Figure 11 give values of the circumferential stretch 1 (radial value) and the fiber winding angle Sthat obey
the bending bifurcation condition h = h;, = 0 for different values of the axial stretch 1,. Figure 11 (b) is a magnification of Fig. 11
(a). Results for 1 =1 are associated with the trivial solution for an unloaded (undeformed) tube. The values of 1 given by the blue
curves in Fig. 10 (a) can be deduced from Figure 11 (a) when g = /6. Similarly, the values of 1 given by the blue curves in Fig. 10 (b)
can be deduced from Figure 11 (b) when g = n/3.

6. Bifurcation for the Ground Substance Matrix with Fibers

Previous sections deal with bifurcation for the ground substance and for the fibers separately. In this section we turn to consider
a ground substance with embedded fibers to examine bifurcation phenomena that occur when both constituents define the elastic
behavior of the cylinder. We consider deformations for which the inflation pressure is held by both the fibers and the matrix, i.e.
the fibers are extended since otherwise the analysis involves just the matrix (which was given previously in Section 4.1) and
simultaneously the matrix also supports pressure. The following results are restricted to bulging and bending since prismatic
bifurcations have been shown not to play a major role.

For the material at hand, the parameter q describes the change in the ground substance stiffness with swelling v, and,
therefore, it is associated with the ratio of the ground substance stiffness to the fiber stiffness. For swelling, v > 1, greater values of
v972/3 are associated with q > 2/3 (the ground substance behavior becomes relevant compared with the one given by fibers) while
smaller values of v97?/3are associated with q < 2/3 (the ground substance behavior is less relevant than the one associated with
the fibers). Conversely, for deswelling, v < 1, greater values of v972/3are associated with q < 2/3 while smaller values of v9-2/3are
associated with q > 2/3. The effect of this stiffness change on the occurrence of bifurcation is illustrated with the next analysis in
which the strain energy density function W in (7) is composed of both a ground substance with an elastic behavior W, given by
(8) and embedded fibers with the strain energy density function W, given by (14). For the elastic parameters we take k,/u = 0.1 and
k, » 0 (standard reinforcing model). Values of the dimensionless (and normalized) pressure P* = PR/(uH) are also shown.
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Fig. 13. This figure gives simultaneously the bulging and bending bifurcation curves shown in Fig. 12 and, therefore, establishes accordingly the
expected onset of bifurcation for 1, = 1.0. Panels (b), (d) and (f) are magnifications of panels (a), (c) and (e), respectively, near the region in which
these curves intersect each other.

6.1 Bulging and bending

Figure 12 shows values of v vs 1 obeying either f = 0 (red curves in panels (a), (c) and (e)) or h = 0 (blue curves in panels (b), (d)
and (f)) as well as their associated values of P* vs 1 (black curves) for 1, = 1, three selected values of q (9 =1/3,q9 =2/3,and q = 1)
and some values of 3, in particular, 8 = /6 (panels (a), (b)), 8 = n/3 (panels (c), (d)) and g = n/2 ( panels (e), (f)). Values of v < 0.5 are
shown for completeness although these are extreme cases and in what follows we focus on values v > 0.5. In general, for v > 0.5,
the bulging bifurcation curves (f = 0) are monotonically increasing. On the other hand, the bending bifurcation curves (h = 0) are
monotonically decreasing. The parameter q shows a quantitative effect rather than a qualitative one on the bifurcation curves since
they keep close to each other in all panels. On the other hand, the associated pressure curves show a qualitative effect due to g and,
in particular, they are not monotonically increasing or decreasing. A variety of results depending on v, f and 1 are shown in the
different panels. Nevertheless, panels (c) and (e) in Fig. 12 (for sufficiently large values of g) show that for sufficiently large values
of A (around 2 = 1.7) pressure curves are monotonically increasing and these values are associated with both v > 1 and v < 1. With
regard to bending, for sufficiently large values of v, i.e., v > 0.8, pressure curves are monotonically decreasing.

We now turn our attention to establish the lower bound for bifurcation in an extended and pressurized cylinder membrane
capable of swelling. Figure 13 gives simultaneously the bulging and bending bifurcation curves shown in Fig. 12 and, therefore,
establishes accordingly the expected onset of bifurcation for 4, = 1. The panels (b), (d) and (f) are magnifications of panels (a), (c)
and (e), respectively, near the region in which these curves intersect each other. In general bulging gives the onset of bifurcation
under two situations: 1) for sufficiently large values of swelling v > 1 as well as 2) for sufficiently large values of deswelling v < 1,
and in both cases the value of v depends on the axial stretch. During post-bifurcation bulging might be coupled with bending, which
occurs in an abdominal aortic aneurysm (AAA).

Our analysis has considered that both matrix and fibers hold pressure. This means that fibers are extended. To interpret further
the analysis and the results let us turn our attention to the effect that fiber extension has on pressure vs 1 curves, which is the
subject of the next section.
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Fig. 14. Values of pressure P* vs A that are stable with regard to both bulging and bending, taking q = 2/3, k;/u = 0.1 and k; - 0. Top panels (a), (b)
are for 8 = 11/6; middle panels (c), (d) are for 6 = 7/3; and bottom panels (e), (f) are for 6 = n/2. For the red curves the stable inflation process is
interrupted by bulging, whereas for the blue curves the stable inflation is interrupted by bending bifurcation.

6.2 Ground substance with embedded fibers that may or may not be extended

The previous examples analyze bifurcation modes in a cylinder, in which both the ground substance and the fibers contribute
to the elastic behavior. These examples examine deformations (combinations of azimuthal and axial stretches), as well as values
of the swelling field and the parameter q associated with bulging or bending. A cylinder may inflate or deflate due to a change in
the pressure or due to swelling. Similarly, as a result of remodeling processes, the stiffness of the fibers and their orientation may
change. As a result, fibers may or may not be extended and here we analyze this effect in the context of our previous results. From

(11a) one can conclude that I, =1 if
~AZcos?
A= /10 = % (37)

Consider a tube which is subjected to an inner pressure P for a given axial stretch 1,, a value of v, ¢ = 2/3 (matrix stiffness is
independent of swelling), a value of B, k,/u =0.1 and k, - 0 (standard reinforcing model). Let us analyze the relation between the
inflation pressure and the deformation 4 given by (16). We consider also deformations for which the fibers do not contribute since
they are not extended and just the matrix holds pressure. Under these circumstances, Figure 14 shows values of the normalized
pressure P* vs Athat are stable with regard to both bulging and bending bifurcation, i.e., f >0 and h < 0, for different values of
the parameters g, 1, and v. In particular, in all panels each curve is associated with a value of v. The curve at the left of each
panel is associated with the smallest value of v (indicated at the top of each panel), and greater values of v are associated with
the other curves to the right. More in particular, left panels (a), (c) and (e) are for g = n/6,7/3 and n/2, respectively, 1, =1 and
swelling values between v = 0.05 (left bold curve) and v = 0.95 (right bold curve) with increments of Av = 0.05. Similarly, right
panels (b), (d) and (f) are for g =n/6,7/3 and /2 , respectively, 1, = 1.2 and swelling values between v = 0.1 (left bold curves) and
v =160 or v =190 (right bold curves) with increments of Av = 0.1. The value of 1, for each panel is obtained easily using (37). It
follows that in panel (b) fibers are extended for all values of 1. On the other hand, in the other panels a vertical dashed line indicates
the value of 1,.1f 2 < 1, (left of the dashed line) then the fibers are wavy or crimped and loads are only held by the matrix. If 1 > A,
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then the fibers are recruited and both matrix and fibers bear loads. In the left panels, 4, =1 and it is independent of the fiber
winding angle B.In panel (d) 4, = 0.923760431 and in panel (f) 1, = 1.

In general, for sufficiently small values of 1, and sufficiently large values of B (for instance, in panels (c) to (f)) if the material
is deswollen and the inflation pressure is relatively small, then, the crimped or wavy fibers are not extended since this is associated
with small values of 1. If the inflation pressure and swelling are sufficiently large, then, fibers resist the inflation pressure. For 1 > 4,
fibers are extended and curves in the panels show a change in their slopes.

7. Discussion and Outlook

This article has shown that the occurrence and the order of the bifurcation modes in a symmetrically reinforced swellable
membrane tube depend on different factors, including the geometry of the examined problem, the elastic properties of the
constituents, and the arrangement of the fibers. An understanding of the circumstances under which geometrical instabilities occur
may help to understand the formation and propagation of aneurysms, i.e. it may help to predict such formation and its rupture.

For the swellable neo-Hookean type ground substance and for the exponential form of the fibers strain energy density function
prismatic bifurcation is not expected and attention has been paid to bulging and bending. Nevertheless, it should be pointed out
that our considerations for bifurcation have been restricted to fibers that cannot support compression and also to internal inflation.
If, for example, an external pressure exceeds the inner pressure in the cylinder, then, the onset of instability might be given by the
prismatic bifurcation (see, e.g. [36]).

It has been shown that swelling may stabilize the material [31, 34] with respect to bulging bifurcation, whereas deswelling
stabilizes the material with respect to bending bifurcation. Both deswelling and axial stretch may change the lower bound for
bifurcation during extension and inflation of cylinders. Indeed, our results show that to fully understand and capture bifurcation
of extended and inflated cylinders, it is necessary to compare the mechanical properties and deformations associated with the
onset of the different bifurcation modes.

In passing, we also mention that material models are mostly restricted to a limited number of phenomena and a certain time
frame. In our considerations, the mechanical properties of the material have been taken to be time-independent. This assumption
is reasonable when the considered time-scale is small in comparison to the typical time-scale for remodeling or viscoelastic effects.
Material models that account of a deformation-dependent remodeling of the fibrous constituents have been studied in [54]. Such
deformation-mediated remodeling process may be caused by external loading, but it may also be induced by swelling [32,33]. A
factor that needs to be considered into account in the relation between stress and strain for the development of fibers remodeling
is the maximum lifespans of the individual fibers and differences in the natural configurations of the different constituents [55, 56].
A comprehensive review on the mechano-regulated remodeling of collagen fibers has been presented in [57]. It is clear that future
integration of these variables in bifurcation analyses needs the framework established in this analysis to further model aneurysms.

Our considerations take place in a membrane treatment of the cylinder, which permits analytical work in the study of
geometrical instabilities. A natural extension of this work is a deeper examination of the different bifurcation modes and post-
bifurcation in thick-walled cylinders, which most of the time requires the application of numerical methods. The analytical
membrane analysis is a guide for the thick-walled cylinder case, which may be carried out numerically.
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