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Abstract. The filling of a plane gap with a non-Newtonian fluid under non-isothermal conditions is considered by assuming 
viscous dissipation and curing reaction induced by the heat supplied through the walls of the gap. The rheology of the medium is 
described by the modified Cross-WLF model accounting for the effect of temperature, strain rate intensity, and the extent of a 
chemical reaction on the viscosity. The curing reaction kinetics is determined by the equation based on the n-th order reaction 
with self-acceleration. The problem is solved numerically using an original computational technique. The curable fluid flow 
structure is revealed to include three characteristic zones during the filling process: a fixed layer on the solid wall with a high 
degree of curing; a central “core” with an almost uniform distribution of characteristics; and a transition zone serving as a 
"lubricating" layer between two abovementioned zones. The structure is governed by heating of the fluid through the wall, since 
the heating affects the rheological characteristics of the medium and the rate of the cured layer formation. Analysis of the 
similarity criteria for the considered flow conditions shows that the fluid flows in a creeping regime (Re < 0.01); the temperature 
distribution is mainly affected by convective heat transfer (Pe > 100); the influence of dissipative heating and exothermic effect of 
the curing reaction is insignificant. The effect of curing on the mass distribution of the liquid portions entering through the inlet 
section is shown. The variation of the pressure distribution is analyzed at various flow conditions. 

Keywords: non-Newtonian fluid, non-isothermal, curing, free surface, numerical simulation. 

1. Introduction 

Manufacturing of products from polymeric materials is characterized by complex hydrodynamic, thermophysical, and 
chemical processes. In the technology of their processing by the casting method, the filling of plane and axisymmetric molds is 
often involved. Specific features of the filling of molds by injection molding with account for complex rheology and non-
isothermal conditions in the absence of phase and chemical transformations have been studied in detail and described in [1-6]. It 
is noted that the flow in the vicinity of the free surface front has fountain-like behavior, and far from the front, the flow is one-
dimensional. 

Polymeric materials capable of curing when heated are known as thermosetting plastics. Curing is a chemical process that 
induces irreversible transformations of liquid reactive oligomers or polymers into solid, infusible, and insoluble cross-linked 
polymers. Thermosets are widely used in aircraft- and shipbuilding, as well as in rocket science and in the production of 
construction materials. For these purposes, the technology of their processing requires considerable efforts due to numerous 
affecting factors [7]. For instance, high temperature of the processed medium ensures its low viscosity; on the other hand, high 
temperatures activate a chemical reaction that leads to the formation of crosslinks, increases viscosity, and provides poor 
processability. 

Experimental studies show that the processing of curable materials is characterized by time-varying rheological parameters 
and is accompanied by a change in its phase state, for example, gelation or glass transition [8]. Moreover, the same material 
behaves differently under various processing conditions, which is clearly demonstrated by a TTT (time-temperature-
transformation) diagram [9-10]. Mathematical formulation of the problems describing a process of the product molding from 
thermosets includes a system of differential equations of motion, continuity, energy, and chemical kinetics, which are completed 
by functional dependences of the material characteristics on processing conditions, as well as by initial and boundary conditions. 
Overview of the models of polymer curing and rheological models considering the effect of temperature, strain conditions, and 
the extent of a chemical reaction, is presented in [11-13]. The analytical solution to the problems on the flow of such media is 
impractical, and the physical modeling is a very time-consuming and complex process that does not allow one to obtain detailed 
information on characteristics of the material. Numerical simulation gives comprehensive information on the process studied; 
although, it also requires significant computational capabilities. Numerical simulation results for the filling of the cavities of 
various shapes with a curable material are described in [14-16]. Calculations are performed using the OpenFOAM and Moldex3D 
packages. The process of the mold filling with a curable resin is studied in [17]. Here, the curing stage follows the completed mold 
filling. The results of the modeling of curing resin flows, which occur in technologies for producing cases of microelectronic 
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components, are presented in [18, 19]. The axisymmetric channel filling with a fluid, taking into account a chemical reaction, is 
considered in [20]. That being said, the level of development of mathematical models for curable liquid flows and the experience 
of their implementation are still insufficient.  

This work aims to numerically study the process of the plane channel filling with a non-Newtonian fluid considering the 
curing reaction induced by the heat supplied through a solid wall. It would appear that our study is the first to distinguish the 
flow structures of a curable liquid during the plane channel filling.  

2. Formulation of the Problem 

A plane gap flow with a free surface of a non-Newtonian fluid curing due to a heat-supply through the wall is considered. The 
flow region and the coordinate system are schematically shown in Fig. 1. In the considered temperature ranges and degrees of 
transformation, the density and the thermal conductivity are assumed to vary insignificantly and are specified by constant values, 
while the heat capacity depends on temperature. A mathematical formulation of the problem is written with account for 
dissipative heating and thermal effects of the curing reaction. Due to the symmetry of the problem, half of the flow region is 
considered. The fluid flows against gravity. 

The flow is described by a system of momentum, continuity, and energy equations 
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where ( )0, g= −g . The degree of cure is determined by the Kamal kinetic equation [21], which is based on the n-th order reaction 

with self-acceleration 
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The mathematical formulation of the problem is completed by a rheological equation, according to which the apparent 
viscosity is determined by the following expression: 
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The first factor describes dependence of the viscosity on strain conditions and temperature in compliance with the Cross-WLF 
rheological model [22, 23], and the second factor, dependence on the degree of cure in compliance with the Castro Macosko model 
[24]. The selected rheological model is often used to describe the behavior of curable polymers in various engineering applications. 

The mathematical formulation includes the boundary and initial conditions. In the inlet section 2 ,Γ  the fluid is supplied at a 
given flow rate and zero degree of cure. The velocity and temperature profiles correspond to a steady-state one-dimensional fluid 
flow with aforementioned rheology at a wall temperature equaled to Te and are determined by a one-dimensional problem 
solution. On the solid wall 3,Γ  the no-slip condition is used, and the fluid temperature is determined by formula 
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Fig. 1. Flow region and coordinate system 
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The value of Tw ensures the proceeding of the chemical reaction. In the inlet vicinity, a linear temperature increase from Te to 
Tw in a pipe section of length 3L prevents the flow from the cured layer formation on the wall in this region. On the free surface 

1 ,Γ  the condition of the absence of shear stress is assigned, and the normal stress is set equal to the external pressure, which is 
equaled to zero without loss of generality; a zero heat flux is specified on the surface. Capillary effects are not considered. The 
motion of the boundary is described by a kinematic condition. At the initial time instant, the channel is partially filled with the 
fluid up to a height L; the surface has a plane horizontal shape; the temperature of the medium in the flow region is equal to Te; 
the degree of cure is set to zero. On the symmetry plane 4 ,Γ  symmetry conditions are specified.  

The governing equations are rewritten in dimensionless variables. The following scales are used to make dimensionless the 
length, velocity, time, viscosity, pressure, and heat capacity: a half-width of the gap L, the average flow velocity in the inlet 
section 0 0 0 0 0, / , ( / , ,0), /s sU L U U L T U Lη η η= , and c0, respectively. The dimensionless temperature is introduced as follows:

0 0( ) /T T Tθ = − ; where T0 is the temperature scale. Keeping the same notations for dissipation function and heat capacity, the 
system of equations (1) is rewritten as follows: 
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where W = (0,-W). The problem formulation includes five dimensionless criteria 
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3. Solution Method 

The flow region is discretized using a staggered grid, whose fragment is shown in Fig. 2. The problem is solved numerically 
with the use of the original approach based on the finite volume method and the SIMPLE algorithm [25] to satisfy the continuity 
equation. Difference analogs of the differential equations are written implicitly using the upwind scheme for convective terms, 
the central differences for diffusion terms, and Euler's scheme for time terms. The resulting system of algebraic equations is 
solved by the Gauss-Seidel method. The convergence of the iterative process in the SIMPLE procedure is estimated by the 
modulus of the pressure correction gradient. At irregular nodes near the free boundary (blue symbols in Fig. 2), the required 
variables are found by linear interpolation using the values from regular nodes (black symbols in Fig. 2) and free surface nodes 
(red symbols in Fig. 2).  

The free surface is approximated by a set of markers which are arranged uniformly along the surface at the initial time 
instant. On the free surface, the dynamic boundary conditions are satisfied using the invariant method [26]. The movement of 
the markers is determined by difference analogs of the kinematic boundary condition. More details on the numerical algorithm 
are presented in [27]. 

As previously noted, when the gelation point is reached, the material loses its flow properties, and the apparent viscosity 
tends to infinity. In this regard, the rheological law is regularized in a similar way as in the case of viscoplastic fluids [28]. If the 
following condition is fulfilled in a finite volume 

gα α ε> − , (7) 

the volume is excluded from calculations of hydrodynamic flow characteristics. The regularization parameter ε  is approved by 
a set of numerical experiments. The value must be small enough to provide the adequacy of the original model, and the iterative 
processes must converge in a reasonable time. As a result of test computations, the value ε = 0.025 is chosen for further 
calculations. 

In parametric studies of the flow, the physical properties of the medium correspond to Vyncolit X655 glass fiber [16]:          
 = 2080 kg/m3, g = 0,7 ,  = 2.810-9 Pa, k = 0.432, C1 = 6.22, C2 = -5.05, C = 1.7105 Pa.s, Tb = 1.49104 K, A = 6.86106 1/s, Ea = 9.29104 
J/mol, B = 5.06106 1/s, Eb = 8.52104 J/mol, m = 0.892, n = 0.988,  = 0.86 W/(m K), H = 6529 J/kg and T0 = 503 K. The heat capacity is 
determined by formula 

2( )=2682.76 + 14.87  - 0.014 c T T T , (8) 

which represents an approximation of experimental data [16]. The heat capacity is scaled as follows: 0 0( )c c T= . 
The half-width of the gap L is 1 mm. The wall temperature in the inlet section Te is taken equal to 423 K, which ensures a 

minimum rate of the chemical reaction in the considered time intervals and allows one to use a zero-degree-of-cure condition in 
the inlet section vicinity. The wall temperature Tw and the average flow velocity in the inlet section U0 vary during parametric 
studies. The values of these characteristics and the corresponding dimensionless criteria are presented in Table 1. Distributions 
of the dimensionless velocity and temperature in the inlet section under the selected conditions are shown in Fig. 3. The velocity 
profiles are almost the same. The difference in the temperature profiles is related to dissipative effects.  

Table 1. Values of dimensionless parameters of the problem 

Condition Re W Pe Br Da 

U0 = 0.05 m/s, Tw = 503 K 0.0010 0.0041 132.9 0. 0006 1.57 

U0 = 0.1 m/s, Tw = 503 K 0.0031 0.0031 265.8 0.0015 3.14 

U0 = 0.2 m/s, Tw = 503 K 0.0093 0.0023 531.6 0.0041 6.27 

U0 = 0.1 m/s, Tw = 473 K 0.0031 0.0031 265.8 0.0015 3.14 

U0 = 0.1 m/s, Tw = 423 K 0.0031 0.0031 265.8 0.0015 3.14 
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Fig. 2. A fragment of the computational grid with hx = 1/8, hy = 1/4  
(○ – p pressure nodes, ↑ – v velocity nodes, → – u velocity nodes) 

 

Fig. 3. Distribution of characteristics in the inlet section 

 

Fig. 4. Variation in the rate of cure (a) and viscosity (b) of the sample as a function of temperature 
(black lines indicate the calculated data; red lines, the experimental data [16]) 

 

Fig. 5. Free surface shapes (a) and temperature distributions in section y = 3 (b) at time  = 5 (U0 = 0.1 m/s, Tw = 503 K) 

In the first stage of the study, a model of the material curing in a small volume is tested assuming the uniform distribution of 
characteristics and, thus, providing the conditions of calorimetric experiments [16]. The material is heated from a temperature of 
-60°C at a given constant heating rate. Figure 4a illustrates a plot of the rate of cure versus temperature. Under the given 
conditions, there is almost no reaction at temperatures below 120°C. The apparent viscosity as a function of temperature is 
shown in Fig. 4b. The material has the lowest viscosity in the range of approximately 100–140°C. The numerical and experimental 
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data presented are in satisfactory agreement. Idealized nature of the mathematical model used and the computational algorithm 
peculiarities related to the elimination of the rheological model singularity at the gelation point provide an error when 
accounting for the conditions of the physical experiment and could be a reason for the differences between experimental and 
computed data.  

The next stage of the study is devoted to verification of the approximation convergence of the computational algorithm 
developed for calculating plane channel filling with a non-Newtonian fluid with a free surface, taking into account the curing 
reaction. Figure 5 shows the free boundary shapes and a temperature distribution in section y = 3 at time τ = 5 which are 
obtained on a sequence of grids with a spatial step of hx = 1/8, 1/16, and 1/32 (hy = 2hx). The presented data confirm the 
convergence of the algorithm. The results reported in the next section are obtained with the regularization parameter ε = 0.025 
and grid steps hx = 1/32 and hy = 1/16. The time step is determined by formula Δ

20.1 xhτ = . Calculations with fractional steps 
Δ / 2τ  and Δ / 4τ  at fixed hx show that the difference in the coordinate of the free surface at x = 0 does not exceed 10-4 for the 
considered filling times. 

4. Results and Discussion 

Using the proposed algorithm, series of calculations are performed for the parameters presented in Table 1. All the flow 
characteristics in Figs. 3, 5 – 14 are presented in dimensionless form. The evolution of the free surface is shown in Fig. 6. The 
initially flat surface takes a convex shape over time and moves along the channel. The hotter the wall, the flatter the surface. As 
the surface changes its position, the material gradually warms up due to the heat transferred through the wall. As a result, a 
curing reaction proceeds in the heated layers. 

Flow kinematics under curing conditions is shown in Fig. 7 at Tw = 503 K, Te = 423 K, and U0 = 0.1 m/s. The material is 
considered as cured if the extent of the reaction is greater than that at the gelation point. Streamlines flow around the region 
with the cured material and around the adjacent thin layer with increased viscosity. In this layer, the gelation point has not yet 
been attained, but the viscosity is much higher than that in the vicinity of the flow symmetry plane. 

Distributions of flow characteristics at time τ = 15 are shown in Fig. 8. Near the lower boundary of the cured layer, the 
transverse flow is characterized by the highest intensity, and in the rest of the flow, its intensity is insignificant. Negative 
dimensionless temperature is due to the method of nondimensionalization. In the regions with negative , the dimensional 
temperature is less than Tw. The heaviest longitudinal velocity gradients are observed at some distance from the cured layer. This 
behavior is depicted in Fig. 9 that shows a longitudinal velocity distribution in section y = 5 (red line). In this section, three regions 
can be distinguished: a central “core” with small velocity gradients, a fixed cured layer on the wall, and a transition zone in 
between. The blue line indicates a distribution of the degree of cure in this section. In the central “core”, there is no significant 
increase in the degree of cure, while in the fixed layer, its value varies in the range of 0.4–1.0. Thus, even when the gelation point 
has not yet been attained (g = 0.7), the viscosity increases a lot, and the material behaves like a solid body under the given strain 
conditions. The yellow line indicates a viscosity distribution; the high viscosity in the central “core” is explained by low strain 
rates, and in the vicinity of the wall, it is a result of a high degree of cure. The low viscosity region is located in the transition 
zone. Analysis of the pressure distribution shows that the pressure is almost invariable in most of the flow except for the region 
near the lower part of the cured layer and the free surface vicinity. 

 

 
 

Fig. 6. Evolution of the free surface (U0 = 0.1m/s) Fig. 7. Distributions of streamlines and cured layer at different time instants (U0 = 0.1m/s, Tw = 503 K) 
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Fig. 8. Distributions of flow characteristics at  = 15 (U0 = 0.1 m/s, Tw = 503 K) 

  

Fig. 9. Distribution of flow characteristics in section y = 4 at  = 15 
(U0 = 0.1 m/s, Tw = 503 K) 

Fig. 10. Pressure distribution along the symmetry line at different time 
instants (U0 = 0.1 m/s, Tw = 503 K) 

Pressure distributions along the symmetry line at different times are shown in Fig. 10. At the initial stage of the filling (t = 0.5), 
the pressure decreases linearly. The linearity is broken over time as the cured layer forms. 

Thus, the flow structure is characterized by low-viscosity layer formation along the solid wall due to the medium heating – 
the so-called "lubricating" layer, and a central "core" – the so-called "plug" zone. The "lubricating" layer shifts to the symmetry 
line in the course of time due to the growth of the fixed layer on the wall caused by curing. The “lubricating” layer is conditionally 
distinguished in terms of apparent viscosity values less than ten dimensionless units (Fig. 11). The selected area is characterized 
by high intensity of the strain rate at the given flow conditions and, as a consequence, by low viscosity. 

When the wall temperature is not high enough to induce curing, a two-dimensional flow occurs in the free surface vicinity, 
and a one-dimensional steady flow, in the rest of the channel (Fig. 12). As the wall temperature increases, the effects of curing 
become apparent, and the "lubricating" layer starts to appear, which was discussed in detail earlier. 

Pressure variation with time in the inlet section, which maintains a constant flow rate, is shown in Fig. 14a. At the initial 
stage of the filling ( < 1), a higher wall temperature corresponds to a lower pressure in the inlet section due to the “lubricating” 
layer formation. However, in a case of Tw = 507 K at  > 1, the cured layer formation on the wall leads to greater hydraulic 
resistance than that at Tw = 200oC, although the "lubricating" layer occurs in both cases. 
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Fig. 11. Evolution of a "lubricating" layer (U0 = 0.1 m/s, Tw = 503 K) 

  

Fig. 12. Longitudinal velocity distribution at time  = 15 (U0 = 0.1 m/s) Fig. 13. Topograms of the mass distribution at time  = 15 (U0 = 0.1 m/s) 
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Fig. 14. Pressure in the inlet section as a function of time (a: U0 = 0.1 m/s, b: Tw = 503 K) 

Figure 13 shows the topograms of the mass distribution for liquid portions entering the channel sequentially within one 
dimensionless unit of time. In the figure, the portions are painted in different colors. For the case of low wall temperature, such a 
distribution corresponds to the fountain flow kinematics [3, 29]. As the temperature rises, the fountain effect weakens, and the 
distribution of the portions changes its behavior. 

The parametric studies have shown that the average velocity in the inlet section varying in the range of 0.05 – 0.2 m/s does 
not lead to significant changes in the distribution of temperature and cured layer within the considered time interval. The 
dimensionless pressure variation in the inlet section is shown in Fig. 14b for various average velocities of the flow. The curves 
coincide qualitatively and quantitatively. However, the dimensional values would not be the same due to a difference in the 
scales. 

5. Conclusion 

A mathematical formulation of the problem of a non-Newtonian fluid flow during the plane channel filling at a given flow 
rate in the inlet section was proposed with account for curing of the liquid medium. An original numerical algorithm was 
developed on the basis of the finite volume method, and the Lagrangian method was used for determining the free boundary 
location. Distributions of flow kinematic characteristics were analyzed with respect to the given wall temperature and average 
velocity in the inlet section. The wall temperature Tw varied in the range from 423 to 503 K, and the average velocity in the inlet 
section U0, from 0.05 to 0.2 m/s. Such a temperature range ensures the implementation of the process being studied for the 
material under consideration. Three characteristic zones were revealed in the flow of the curable fluid during the filling process: a 
fixed layer on the solid wall with a high degree of curing; a central “core” with an almost uniform distribution of characteristics; a 
transition zone between the central “core” and the fixed layer, which serves as a "lubricating" layer. Filling of the channel up to a 
height of 16 dimensionless units made it possible to fully observe the described flow structure. Analysis of the similarity criteria 
for the considered flow conditions showed that the fluid flows in a creeping regime (Re < 0.01); the temperature distribution was 
mainly affected by convective heat transfer (Pe > 100); the influence of dissipative heating and exothermic effect of the curing 
reaction was insignificant. The flow structure was determined by heating of the fluid through the wall, since the heating affected 
the rheological characteristics of the medium and the rate of the cured layer formation. 
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Nomenclature 

A, B 

Br 

c 

c0 

C 

C1, C2 

Da 

Ea, Eb 

g 

H 

k 

L 

m, n 

P 

p 

Pe 

Re 

t 

 

T 

Te, Tw 

 

Constants in the kinetic equation [1/s] 

Brinkman number 

Heat capacity [J/(kg K)] 

Heat capacity scale [J/(kg K)] 

Constant in the rheological model [Pa s] 

Constants in the rheological model 

Damköhler number 

Constants in the kinetic equation [J/mol] 

Gravitational acceleration [m/s2] 

Thermal effect of the chemical reaction [J/kg] 

Constant in the rheological model 

Half-width of the gap [m] 

Constants in the kinetic equation 

Pressure [Pa] 

Dimensionless pressure 

Peclet number 

Reynolds number 

Time [s] 

Dimensionless time 

Temperature [K] 

Wall temperature near and far from the inlet 

section, respectively [K] 

T0 

Tb 

U 

u=(u,v) 

U0 

W 

(x,y) 

 

g 

 

 

γɺ  
 

 

η  

 

 

 

 

 

Temperature scale [K] 

Constant in the rheological model [K] 

Velocity vector [m/s] 

Dimensionless velocity vector 

Average velocity in the inlet section [m/s] 

Dimensionless number 

Cartesian coordinate system 

Degree of cure 

Degree of cure at the gelation point (above 

this point, the material loses its flow 

properties) 

Intensity of the rate of strain [1/s] 

Regularization parameter 

Apparent viscosity [Pa s] 

Dimensionless apparent viscosity 

Dimensionless temperature 

Thermal conductivity [W/(m K)] 

Fluid density [kg/m3] 

Constant in the rheological model [Pa] 

Dissipation function [W/m3] 
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