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Abstract. This article develops a mathematical model to study the static stability of bi-directional functionally graded porous 
unified plate (BDFGPUP) resting on elastic foundation. The power function distribution is proposed for the gradation of material 
constituent through thickness and axial directions. Three types of porosity are selected to portray the distribution of voids and 
cavities through the thickness of the plate. Unified theories of plate are exploited to present the kinematic fields and satisfy the 
zero-shear strain/stress at the top and bottom surfaces without shear correction factor. Hamilton’s principle is employed to derive 
the governing equations of motions including the higher terms of force resultants. An efficient numerical method namely 
differential integral quadrature method (DIQM) is manipulated to discretize the structure spatial domain and transform the 
coupled variable coefficients partial differential equations to a system of algebraic equations. Problem validation and verification 
have been proven with previous works for bucking phenomenon. Parametric studies are exemplified to exhibit the significant 
impacts of kinematic shear relations, gradation indices, porosity type, and boundary conditions on the static stability and 
buckling loads of BDFGP plate. The proposed model is economical in different applications in nuclear, mechanical, aerospace, 
naval, dental and medical fields. 

Keywords: Buckling; Bi-directional functional graded; Unified plate theories; Porous structurers; Differential integral quadrature 
method.       

1. Introduction 

Recently, advanced aerospace vehicles, nuclear reactors, naval, electronics and biomedical structures are operated under 
tremendous loading and high thermal and moisture environmental conditions. Therefore, functionally graded materials (FGMs) 
with enhanced properties such as lightweight, high stiffness, high-temperature resistance are exploited in these applications to 
overcome the disadvantages of classical composites (i.e., high interfacial stress concentrations, the crack formation, delamination, 
moisture sensitivity) [1, 2]. FGM which were invented during the space-plane project in Japan 1984 [3], can be used as thermal 
barrier capable of withstanding a surface temperature of 2000 K and a temperature gradient of 1000 K across a cross-section of 
size < 10 mm [4]. 

In some applications such as aerospace craft, nuclear and shuttles, distributions of the stress or thermal field in the structural 
elements of such advanced machines can be in two or three directions and thus, the conventional 1D FGMs are not sufficient. As 
a consequence, there is a need for multi-directional FGMs [5]. Wu and Huang [6] developed a semi-analytical finite element 
method to evaluate the stress and deformation of 2D FG truncated conical shells. Abo-Bakr et al. [7-9] evaluated the optimum 
weight of FG microbeam under the buckling and free vibrations constraints using multiobjective shape optimization. Abo-Bakr et 
al. [10] developed multi-objective optimization for lightweight design of 2D FG beams for maximum frequency and buckling load 
by using semi-analytical method. Pham et al. [11] exploited the isogeometric analysis (IGA) in free vibration analysis of 
bidirectional functionally graded (BDFG) rectangular plates in the fluid medium using power-law distributions and Mori-Tanaka 
model. Attia and Shanab [12, 13] studied the bending, buckling, and vibration characteristics of 2D FGM nanobeams with couple 
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stress and surface energy using Navier analytical solution. Chen et al. [14] investigated the nonlinear forced response 2D FGM 
plate with global and localized geometrical imperfections in the frame of Kirchhoff hypothesis and von Kármán’s nonlinear strain. 
Hendi et al. [15] studied nonlinear thermal vibration of pre/post-buckled two-dimensional FGM tapered microbeams based higher 
deformation theory. Ohab-Yazdi et al. [16] studied the vibration of 2D-FG rotary nonlocal nanobeam with even porosity 
distribution by generalized differential quadrature method (GDQM). Abo-Bakr et al. [9] obtained the optimal weight of FG beam 
structures under the variable axial loads based on the critical buckling constraint. Banh et al. [17] introduced a multigrid 
preconditioned conjugate gradient-oriented topology optimization methodology using multiple 2D FG models. Arasan et al. [18] 
presented a general solution to 2D elastic problems involving FGMs in radial co-ordinates with arbitrary geometry and 
boundary/loading conditions. Fu et al. [19] used the conjugate gradient method and fast Fourier transform to evaluate elastic 
shakedown limit of 2D thermo-elastic rolling/sliding contact for FG coating/substrate structure. Brischetto and Torre [20] 
investigated the 3D stress analysis of multilayered FG plates and shells under moisture conditions using exact layer-wise 
approach. Barati et al. [21] studied the vibration 2D FG nonlocal nanobeams under magnetic field using generalized differential 
quadrature method.  

The choice of displacement fields and transverse shear functions used in analyzing of beam and plate theories is critical to 
the accuracy of the obtained results. Even though, the fundamental of classical plate theory developed by Kirchhoff-Love is 
missing the influence of shear strain and hence the shear stress, [22]. Reddy [23] adopted the Mindlin's plate theory for isotropic 
plates to consider laminated anisotropic plates and include shear deformation and rotary inertia effects. In 1991 Touratier [24] 
exploited a classic plate theory with cosine shear stress distribution to study the mechanical behaviors of laminates and 
sandwich composite plates. Assie and Mahmoud [25] exploited a first order shear deformation and finite element method to 
investigate the dynamic response of thick hygrothermal viscoelastic composite laminates. Mantari et al. [26] investigated the 
bending response of FG plates by using a new higher order shear deformation theory as a combination of exponential and 
trigonometric functions of the thickness coordinate. Neves et al [27] considered the Zig-Zag and warping effects in studying the 
bending behavior of FG sandwich plates using a hyperbolic theory of plate. Sedighi et al. [28, 29] developed an analytical solution 
of the nonlinear vibration of buckled beam with generalized deadzone discontinuity. Mantari and Soares [30] included stretching 
effect in analyzing the static bending of FG plate using a new trigonometric shear deformation function. Assie et al. [31] presented 
an integrated model for optimum weight design of symmetrically laminated composite plates subjected to dynamic excitation 
using first order shear deformation theory. Yu et al. [32] studied the buckling and free vibration of laminated composites plates 
with cutouts by using a new simple first order shear deformation with 4 variables. Nguyen et al. [33] investigated analytically the 
bending and vibration of FG plates based on a refined simple first-order shear deformation theory. Vu et al. [34] developed a 
refined quasi-3D logarithmic shear deformation theory to study the mechanical response of isotropic and FG plates laid on elastic 
foundation. Raissi [35] used layerwise plate theory to investigate stress s in adhesive layers of a five-layer circular sandwich plate 
subjected to temperature gradient. Based on quasi-3D higher shear deformation theory with five unknowns (HSDT), Khiloun et al. 
[36] developed an analytical solution to study a bending and vibration of thick advanced composite plates using a four-variable 
quasi 3D HSDT. Fallahi et al. [37] studied free vibration, and static analyses of variable angle tow panels in the framework of the 
Carrera unified formulation. Fallahi [38] optimized the buckling and free vibration response of variable angle tow composites 
through layerwise theory.  

Arshid et al. [39] examined a vibration of FG porous modified couple stress microplates under hygrothermal effect. Pham et al. 
[40] exploited finite element method and a quasi-3D nonlocal theory to analysis the vibration of FGM nanoplates rested on elastic 
foundations in the thermal environment. Pavlovic et al. [41] studied the buckling response telescopic boom using finite element 
method by ANSYS. Daikh et al. [42,43] studied static and dynamic stability responses of sigmoidal FG and multilayer FG carbon 
nanotubes reinforced composite nanoplates using nonlocal strain gradient theory. Li et al. [44] analyzed the vibration response of 
FGM plates rested on Winkler/Pasternak/Kerr foundations using a new logarithmic shape function quasi-3D HSDT. Van [45] 
exploited hybrid quasi-3D plate theory to study the bending and vibration of 2D FGM sandwich plate laid on Pasternak’s elastic 
foundations. The unified plate theories are exploited in many studied, such as, Daik et al. [43] examined the static buckling and 
bending stability of axially temperature‑dependent FG carbon nanotube reinforced composite plates. Sadgui and Tati [46] used a 
trigonometric shear deformation theory in analyzing of buckling and free vibration of FG plates. Li et al. [47] presented a 
comparative analysis on higher-order shear deformation theories based on the existing shear deformation functions. Tran et al. 
[48] studied the vibration of FG plates resting on the elastic foundation in the thermal environment by using first order shear 
deformation theory. Sofiyev and Dikmen [49] evaluated the critical buckling loads of FG shells under mixed boundary conditions 
subjected to uniform lateral pressure. Civalek and Avcar [50] analyzed buckling and vibration response of CNT reinforced 
laminated non-rectangular plates by discrete singular convolution method.  

During fabrication of FGM, voids may be generated during sintering because of difference in solidification temperatures of 
materials. Voids and porosities have adverse effects on required properties of structures. In other case, representative porous 
materials extensively used in lightweight structures, aerospace and automotive industries, due to their outstanding multi-
functionality obtained by low density, efficient capacity of energy dissipation, reduced thermal and electrical conductivity, [51]. 
Different types of porous structures have been widely studied, [52]. Sobhy and Zenkour [53] used modified exponential porosity 
model to investigate the porosity and inhomogeneity effects on buckling and vibration of double FGM nanoplates. On the basis of 
cosine symmetric and antisymmetric porosity models, Coskun et al. [54] studied the mechanical response of FG porous modified 
couple stress microplates using a general third order plate theory. Kim et al. [55] investigated the bending, buckling and vibration 
of FG porous microplates based on classical and first-order shear deformation plate theories. Hamed et al. [51] analyzed the 
buckling stability of FG porous beam under variable axial load. Babaei et al. [56] studied the static and vibration responses of FG 
porous annular elliptical sector plate based on 3D finite element method, where the porosity defined by nonlinear symmetric, 
nonsymmetric and uniform functions. Esmaeilzadeh et al. [57] investigated the nonlinear dynamic of 2D FG porous nanoplate in 
the frame of a nonlocal strain gradient model. Cho [58] studied the interaction of oblique incident waves with a floating porous 
plate using the matched eigenfunction expansion method and Darcy’s law for the porous boundary condition. Hieu et al. [59] 
investigated the nonlinear bending, buckling and vibration of FG nanobeams resting on an elastic foundation in the frame of 
nonlocal strain gradient. Katiyar and Gupta [60] investigated the vibration of FG porous plate rested on elastic foundation and 
subjected to thermal influence by using refined non-polynomial trigonometric higher-order shear deformation theory. Abdollahi 
et al. [52] exploited power law with uniform porosity distribution to study aeroelastic behavior of honeycomb sandwich plates 
with FG porous faces. Akbaş et al. [61,62] studied the dynamic response of viscoelastic FG porous thick beams under pulse load. 
Sah and Ghosh [63] studied free vibration and buckling of multi-directional FG sandwich plates with porosity using even and 
uneven functional distributions.  

Based on the previous works and literature survey, the buckling static stability of bidirectional FG porous plate surrounded by 
elastic foundation and modelled by unified higher order shear plate theories has not been addressed. Therefore, this article aims 
to present this topic in comprehensive analysis. The rest of the article is organized as following: - the problem formulation 
including the kinematic displacement filed, constitutive relations, porosity models, equilibrium equations, and boundary 
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conditions are developed in section 2. Section 3 presents a solution methodology, a discretization of spatial coordinates, 
formulations of geometrical and stiffness matrices. Model validations numerical results, and parametric studies are discussed 
through section 4. Conclusions and main features are summarized in section 5.   

2. Problem Formulation 

2.1 A general kinematic field 

The displacement field based on four variables high-order shear deformation theory with no shear correction factors can be 
expressed as: 

( ) ( ) ( ), , , b s
o

w w
u x y z u x y z F z

x x

∂ ∂
= − −
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 (1.a) 

( ) ( ) ( ), , , b s
o

w w
v x y z v x y z F z

y y

∂ ∂
= − −
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 (1.b) 

( ) ( ) ( ), , , ,sbw x y z w x y w x y= +  (1.c) 

where: 
 ou , ov , bw and sw are the displacements defined at the midplane.  
 bw and sw stand for bending and shear parts, respectively.  
 ( )F z is a shape function that estimates the distribution of transverse shear.   
The proposed unified theories are based on single equivalent layer theory; therefore, several forms are adopted to describe 

adequately the change of the transverse shear strain across the thickness direction as shown in Table 1.   
The normal and shear strains associated with the displacement field portrayed by Eq. (1) are: 
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2.2 Constitutive equations 

The stress-strain constitutive relations (plane stress) for 2D shear deformation plate theory 0zε =  under isothermal 
conditions can be defined by: 
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Table 1. Forms of the transversal shear strain shape functions F(z) 
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For isotropic materials, the plane stress stiffnesses are: 
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 (4.b) 
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where E is the Young modulus and ν  is the Poisson’s ratio. By assuming that, the FG material properties are graded in both axial 
directions (x -axis) and transverse directions (z -axis) according to power law and including porosity and voids as: 
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in which P denotes a generic material property like E that variates in z- and x-directions according to power laws with indices, nz 
and nx. The subscript c and m represent the ceramics and metals constitutions, respectively. Poisson’s ratio, ν  is assumed to be 
constant. The porosity distribution function ( )zΦ  has been proposed to have the following three forms: 
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in which φ  is the porosity coefficient. 

2.3 A general kinematic field 

The governing equilibrium equations and associated boundary conditions of the developed model are derived on the basis of 
Hamilton’s Principles, which states: 
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The virtual potential work of applied in-plane loads can be expressed in the form Vδ : 
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The variation, Vδ using Hamilton’s Principles results in the following: 

sbw w w w= = +  (8.b) 

The variation of potential energy of the elastic foundation (Winkler -Pasternak type as shown in Fig. 1) can be expressed as: 
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Fig. 1. Geometrical dimension of 2D FG plate rested on elastic Winkler-Pasternak foundation at gradation indices 0.5
x z

n n= =  
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Because of the static analysis will be considered only through this analysis, the virtual Kinetic Energy can be presented as: 

0Kδ =  (9) 

The virtual strain energy Uδ : 
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The virtual strain energy, Uδ  in terms of stress resultants is derived as: 
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Rigidities terms are obtained as functions of x by: 
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/2

2
ij ij

/2
, ( )

h
s

h
A x Q x z G z dz

−
= ∫ ,  ij 44,55=  (12.b) 

where ( )ij ,Q x z  and ( ),E x z  are defined by Eqs. (4) and (5.a), respectively. Substituting Eqs. (8), (9) and (10) for Vδ , Kδ  and Uδ , 
respectively, into Eq. (7) and performing integration by parts, the equations of FGM porous plate in terms of stress resultants are 
obtained as: 

:            0 xyx
o

NN
u

x y
δ

∂∂
+ =

∂ ∂
 (13.a) 

:             0xy y

o

N N
v

x y
δ

∂ ∂
+ =

∂ ∂
 (13.b) 

( ) ( )
2 22

2
2 2:          2 0

b bb
xy y ox

P s w sb b b

M MM
w N K w w K w w

x x y y
δ

∂ ∂∂
+ + + + ∇ + − + =

∂ ∂ ∂ ∂
 (13.c) 

( ) ( )
2 22

2
2 2:         2 0

s s ss s
xy y yz ox xz

s P s w sb b

M M SM S
w N K w w K w w

x x y y y x
δ

∂ ∂ ∂∂ ∂
+ + + + + + ∇ + − + =

∂ ∂ ∂ ∂ ∂ ∂
 (13.d) 

associated with the following boundary conditions: 

0 :                0x x xy yu N n N nδ + =  (14.a) 

:            0o xy x y yv N n N nδ + =  (14.b) 

( ) ( ) ( ), , , ,:      0b b
x x xy y x x

b
y y
b

xy ybw M M n M M n P wδ + + + + =  (14.c) 

:            0b bb
x x xy y

w
M n M n

x

δ∂
+ =

∂
 (14.d) 

:               0b bb
xy x y y

w
M n M n

y

δ∂
+ =

∂
 (14.e) 
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( ) ( ) ( ), , , ,:      0s s s s s s
s x x xy y xz x xy x y y yz yw M M S n M M S n P wδ + + + + + + =  (14.f) 

:           0s ss
x x xy y

w
M n M n

x

δ∂
+ =

∂
 (14.g) 

:           0s ss
xy x y y

w
M n M n

y

δ∂
+ =

∂
 (14.h) 

( )
( ) ( ) ( ) ( )o o o o

x xy x xy y y

w w w w
P w N N n N N n

x y x y

   ∂ ∂ ∂ ∂   = + + +     ∂ ∂ ∂ ∂   
 (14.i) 

By substituting Eqs. (2), (3) and (11) into Eq. (13), the governing equilibrium equations can be acquired in terms of 
displacements, as following: 

( ) ( ) ( )( ) ( ) ( ) ( )

( ) ( )( ) ( ) ( )( ) ( ) ( )

( ) ( ) ( ) ( )

2 2 2
' '0 0 0 0 0

11 12 66 66 11 122 2

3 33 3

12 66 12 66 11 112 2 3 3

2 2 2 2
' ' ' '
11 12 11 122 2

0

2

:           

  2      2    

uδ
∂ ∂ ∂ ∂ ∂

+ + + + +
∂ ∂ ∂ ∂ ∂ ∂

∂ ∂∂ ∂
− + − + − −

∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂ ∂
− − − −

∂ ∂ ∂ ∂
b

s s sb s b s

s sb s s

u v u u v
A x A x A x A x A x A x

x x y y x y

w ww w
B x B x B x B x B x B x

x y x y x x

w w w w
B x B x B x B x

x y x y2 0=

 (15) 

( ) ( ) ( )( ) ( ) ( )

( ) ( )( ) ( ) ( )( ) ( )

( ) ( ) ( )

2 2
'0 0 0 0 0

22 12 66 66 662 2

3 33

12 66 12 66 222 2 3

23 2
' '

22 66 66

0

3

:    

 2 2

2 2 0

vδ
 ∂ ∂ ∂ ∂ ∂  + + + + +  ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂∂
− + − + −

∂ ∂ ∂ ∂ ∂

∂∂ ∂
− − − =

∂ ∂ ∂ ∂ ∂

2

s sb s b

s ss b s

v u v u v
A x A x A x A x A x

y x y x y x

w ww
B x B x B x B x B x

x y x y y

ww w
B x B x B x

y x y x y

 (16) 

( ) ( ) ( ) ( )( ) ( ) ( )( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

( )

3 3 3 3 2
' '0 0 0 0 0

11 22 12 66 12 663 3 2 2

4 42 2 4
' ' '' ''0 0 0 0
66 11 11 12 11 22 222 2 4 4 4

12 6

         
:   2 2

        
2 2

2 2

bwδ
 ∂ ∂ ∂ ∂ ∂ + + + + + +  ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂∂ ∂ ∂ ∂ ∂
+ + + + − − −

∂ ∂ ∂ ∂ ∂ ∂ ∂

− +

sb b s

u v u v v
B x B x B x B x B x B x

x y x y x y x y

w wu u u v w
B x B x B x B x D x D x D x

y x x y x y y

D x D ( )( ) ( ) ( )( ) ( ) ( ) ( )( )

( ) ( )( ) ( ) ( ) ( ) ( ) ( )
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4 34 4
' '

6 12 66 11 12 662 2 2 2 4 2
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2
'' 0

12 2

      
2  2   2 2

        
2 2 2 2

 
N

∂ ∂∂ ∂
− + − − +

∂ ∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂∂ ∂ ∂
− + − − − − −

∂ ∂ ∂ ∂ ∂ ∂ ∂

∂
− +

∂

s s sb s s b

s s s ss b s b s b

s s

w ww w
x D x D x D x D x D x

x y x y x x y

w w ww   w w
D x D x D x D x D x D x D x

x y x x x x y

w
D x

y

'

( ) ( )2 0P wK K+ ∇ + − + =s sb bw w w w

 (17) 

( ) ( ) ( ) ( )( ) ( ) ( )( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )( )

3 3 3 3 2
' '0 0 0 0 0

11 22 12 66 12 663 3 2 2

4 42 2
' ' '' ''0 0 0 0

66 11 11 12 11 222 2 4 4

4

12 66 2

: 2 2

2 2

2 2

swδ
 ∂ ∂ ∂ ∂ ∂ + + + + + +  ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ 

∂ ∂∂ ∂ ∂ ∂
+ + + + − −

∂ ∂ ∂ ∂ ∂ ∂

∂
− +

∂ ∂

us s s s s s

s s s s s sb b

s s b

v u v v
B x B x B x B x B x B x

x y x y x y x y

w wu u u v
B x B x B x B x D x D x

y x x y x y

w
D x D x

x
( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( )( ) ( ) ( )

( ) ( ) ( ) ( )

34
' '

12 66 12 662 2 2 2

34 4 3 3
' ' ' '

11 22 12 66 11 114 4 2 3 3

2 2 2 2
'' '' '' ''

11 12 11 12 42 2 2 2

2( 2 2 2

2 2 2 

       

∂∂
− + − +

∂ ∂ ∂ ∂

∂∂ ∂ ∂ ∂
− − − + − −

∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂ ∂
− − − − +

∂ ∂ ∂ ∂

s s s ss b

s s s s s ss s s b s

s s s sb b s s

ww
H x H x D x D x

y x y x y

ww w w w
H x H x H x H x D x H x

x y x y x x

w w w w
D x D x H x H x A

x y x y
( ) ( )

( ) ( )

2 2

4 552 2

' 0 2
55 0P wN K K

∂ ∂
+

∂ ∂
∂

+ + + ∇ + − + =
∂

s ss s

s s
s sb b

w w
x A x

y x

w
A w w w w

x

 (18) 

Note that the superscripts '  and ''  denote the first-and second derivatives with respect to x.  
In buckling analysis, the plate is subjected to in-plane compressive loads of the following form: 

0
1x crN Nγ= , 0

2y crN Nγ= , 0  0 xyN =  (19.a) 

where 1  γ  and 2 γ  are non-dimensional load parameters and crN  is the critical buckling load.  
Substituting Eq. (19.a) in Eq. (8.b) and considering crN  as a compressive load, therefore: 

2 2
0

1 22 2cr

w w
N N

x y
γ γ
 ∂ ∂  =− +   ∂ ∂ 

 (19.b) 



Static Buckling of 2D FG Porous Plates Resting on Elastic Foundation based on Unified Shear Theories   
 

Journal of Applied and Computational Mechanics, Vol. 9, No. 1, (2023), 239-258 

245 

The types of buckling loads, 1 2( ,  )γ γ  are (1, 0), (0, 1) and (1, 1). The used boundary conditions are: 

Clamped edge: ,   ,   ,   , ,   , , b s b s
s n sb

w ww w
w w u u

n n s s

∂ ∂∂ ∂
∂ ∂ ∂ ∂

 (20.a) 

Simply supported edge: ,   , , , ,b s
s s nn nn nnbw w u N M M  (20.b) 

Free edge:  , , ,  , , b s b s
nn ns nn nn n nN N M M V V  (20.c) 

where 

n o x o yu u n v n= +      ,s o y o xu u n v n=− +  (20.d) 

2 2
             2nn x x y y xy x yN N n N n N n n= + +    ( )2 2

        ( ) ns y x x y xy x yN N N n n N n n= − + −  (20.e) 

2 2
   2b b b b

nn x x y y xy x yM M n M n M n n= + +    
2 2

   2s s s s
nn x x y y xy x yM M n M n M n n= + +  (20.f) 

2 2
   ( ) ( )b b b b

ns y x x y xy x yM M M n n M n n= − + −    
2 2

   ( ) ( ),s s s s
ns y x x y xy x yM M M n n M n n= − + −  (20.g) 

( ) ( )   
bb
xy s sb bb o ox

x x xy

M w w w wM
Q N N

x y x y

∂ ∂ + ∂ +∂
= + + +

∂ ∂ ∂ ∂
   

( ) ( )   
b b
xy y s sb bb o o

y xy y

M M w w w w
Q N N

x y x y

∂ ∂ ∂ + ∂ +
= + + +

∂ ∂ ∂ ∂
 (20.h) 

( ) ( )   
ss
xy s sb bs s o ox

x xz x xy

M w w w wM
Q S N N

x y x y

∂ ∂ + ∂ +∂
= + + + +

∂ ∂ ∂ ∂
 (20.i) 

( ) ( )   
s s

xy s sb bs s o o
yz y x

y

yy

M M w w w w
Q S N N

y x y x

∂ ∂ ∂ + ∂ +
= + + + +

∂ ∂ ∂ ∂
 (20.j) 

   
b b b
n x x y yQ Q n Q n= +       

s s s
n x x y yQ Q n Q n= +  (20.k) 

b
b b ns

n n

M
V Q

s

∂
= +

∂
   

s
s s ns
n n

M
V Q

s

∂
= +

∂
 (20.l) 

      i i i
x y

w w w
n n

n x y

∂ ∂ ∂
= +

∂ ∂ ∂
         i i i

x y

w w w
n n

s y x

∂ ∂ ∂
= −

∂ ∂ ∂
 (20.m) 

where i refer to b or s, n  and s  are normal and tangent directions at a point having direction cosines    )and(  x yn n  on a curved 
boundary. 

3. Basic Idea of Differential/Integral Quadrature Method 

The stress resultants included in Eq. (13) have been defined in Eq. (11) as functions of displacements   ,  ( ,)ou x y    ( , ), ov x y  
  ( , ),bw x y   ( , )sw x y and their derivatives with respect to ( , ) x y . Furthermore, due to the assumption that the material properties 
change in the x-direction, the coefficients in these functions are dependent on the coordinate x. Such system of variable 
coefficients partial differential equations is very hard to be solved analytically. So, in this work, the efficient Differential/Integral 
Quadrature method (DIQM) is adopted and modified to solve this system. The mathematical fundamentals, recent developments 
and major applications of differential quadrature method (DQM) and DIQM in science and engineering can be found in [67-71].  

3.1 Classical DQM for ordinary differential equations (1-D problems) 

Let the domain 0 x a≤ ≤  of the problem be discretized using n nodes; 1 20, ,..., nx x x a= = . To attain the DQM efficiency, these 
discrete nodes must be distributed according to the Chebyshev–Gauss–Lobatto formula [67]. Let the unknown function ( )xθ  be 
represented by the unknown vector 1 2[ , ,..., ]Tnθ θ θ θ=  where ( )i ixθ θ= . According to the DQM, the first order derivative of ( )xθ  at a 
given node,   ix , is approximated using a weighted sum of the values of 1 2, , , nθ θ θ⋯  such that: 

1

  ,     1,2, ,
i

n

ij j
jx x

d
d i n

dx

θ
θ

==

≅ =∑ ⋯  (21) 

where dij denotes the corresponding weighting coefficients [68]. Equation (20) can be put in the matrix form as: 

 D=θ θ  (22) 

where vector =θ ' ' '
1 2[ , ,..., ]Tnθ θ θ , ' ( / )

ixi d dxθ θ=  is the DQM approximation of the first derivative /d dxθ  and D  is the first order 
weighting matrix of dimension n n×  with typical elements dij. The DQM approximations of higher order derivatives can be 
obtained through matrix multiplication. For example, the second derivative 2 2 /d dxθ and third order

 

3 3/d dxθ  are approximated 
by DQM as 2D θ  and 3D θ , respectively.  
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3.2 DQM for a partial differential equation (2-D problem) 

Consider a partial differential equation in the unknown function ( , )x yθ . The two-dimensional domain of the independent 
variables 0 < x < a, 0 < y < b is discretized by n- and m-points, respectively. However, the objective of the discretization process is to 
transform the partial differential equation into an algebraic system in an unknown vector θ  consisting of all discrete values of 
the unknown function. For this purpose, the unknowns ( , ),   1, , ,  1, ,ij j ix y i m j nθ θ= = =⋯ ⋯  defined on the rectangular domain are 
rearranged vector after vector to form the whole unknown vector: 

θ [ ]11 21 1 12 22 2 1 2, , , , , , , , , ,  T

m m n n mnθ θ θ θ θ θ θ θ θ= ⋯ ⋯ ⋯⋯ ⋯  (23) 

Let Dx be the first order derivative matrix with respect to x of dimension n n×  and let Dy be the first order derivative matrix 
with respect to y of dimension m m× . To be consistent with the arrangement of unknowns given in Eq. (23) for vector θ , the 
Kronecker product is used to construct global derivative matrices of dimension ( ) mn mn×  as: 

 

 
x x m

y n y

D I

I D

   ⊗      =      ⊗      

D

D
 (24) 

where nI  and mI  are the identity matrices of dimensions n n×  and m m× , respectively and ⊗  denotes the Kronecker 
product. Based on Eq. (24), DQM can approximate higher and mixed partial derivatives such as 2 2/ xθ∂ ∂ , 2 2/ yθ∂ ∂ , 2 / x yθ∂ ∂ ∂  by 

xxD θ , yyD θ  and xyD θ , respectively, where 2 2,    xx x yy y= =D D D D , and xy x y=D D D .  

3.3 DQM discretization of stress resultants and governing equations  

As derived in Sec. 2, the modeling of BDFG unified plate results in a set of variable coefficients partial differential equations 
(Eq. (13)).  To extend the application of DQM to solve such system we first consider a typical variable coefficient term 

θ( , ) ( ) /T x y A x y= ∂ ∂ . Since DQM approximates θ / y∂ ∂  by the nm -vector yD θ  and to enable direct contribution of this term to the 
algebraic system, the variable coefficient ( )A x  has to be properly discretized as nm -vector. The resulting nm -vector A  is used to 
approximate θ( ) /A x y∂ ∂  as follows: 

( ) ( )y y=� �D DA Aθ θ  (25) 

The operator ‘ � ’ in Eq. (25) is defined such that for a vector V  of dimensions ( )1n×  and a matrix M  of dimensions 
( )n m×  (i.e. each of V  and M  must have the same number of rows), �MV = Y , implies that Y  is a ( )n m× -matrix such that 

ij i ij= �Y MV .  
Using these terminologies, stress resultants (Eq. (11)) can be discretized by DIQM as 
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 (26.a) 

44 44

55 55

0
 

0

s s s
yz

s s s
xz

y Dy

x Dx

      
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s
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 (26.b) 

Now, since the mathematical model for the unified BDFG plate consists of four equations in the unknown functions 

0( , ),u x y 0( , ),v x y ( , ),bw x y and ( , ),sw x y  the overall discretized unknown vector is defined by , , ,
TT T T T

sbX  =   U V W W  where each of 
, , , sbU V W W  is ( )1nm×  vector.  

Finally, DQM discretization of Eq. (13) for buckling analysis can be put in the form of eigenvalue problem in the matrix form as: 

( ) 0crN− =XK  N  (27) 

where  

( ) ( )
( ) ( )

1 2 1 2

1 2 1 2 

xx yy xx yy

xx yy xx yy

 
 
 
 
 = + + 
 
 + +  

γ γ γ γ

γ γ γ γ

N

O O O O

O O O O

O O D D D D

O O D D D D

 (28) 

where O  and I  are the zero and identity matrices of dimensions ( )mn mn× , respectively. The elements of the stiffness [ ]K  

matric can be evaluated by: 

( ) ( )11 11 66x yK x y= +� �D D D DA A    ( ) ( )12 12 66   y xK x y= +� �D D D DA A  (29.a) 

( )13 11 12 66(   ) 2xx yy xyK x y=− + −� � �D D D D DB B B  (29.b) 
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( )14 11 12 66(   ) 2s s s
xx yy xyK x y=− + −� � �D D D D DB B B  (29.c) 

( ) ( )21 66 12y xK x y= +� �D D D DA A    ( ) ( )22 66 22x yK x y= +� �D D D DA A  (29.d) 

( )23 66 12 222 (   )xy xx yyK x y=− − +� � �D D D D DB B B  (29.e) 

( )24 66 12 222 (   )s s s
xy xx yyK x y=− − +� � �D D D D DB B B  (29.f) 

( ) ( ) ( )31 11 66 12  2x y xK xx xy yy= + +� � �D D D D D DB B B  (29.g) 

( ) ( ) ( )32 12 66 22  2y x yK xx xy yy= + +� � �D D D D D DB B B  (29.h) 

( ) ( ) ( ) ( )( )33 11 12 66 12 22(   ) 2 2 (   )xx yy xy xx yy p wK xx xy yy K xx yy K=− + − − + + + −� � � � �D D D D D D D D D D ID D D D D  (29.i) 

( ) ( ) ( )( ) ( )( )34 11 12 66 12 22(   ) 2 2  s s s s s
xx yy xy xx yy p wK xx xy yy K xx yy K= − + − − + + + −� � � � �D D D D D D D D D D ID D D D D  (29.j) 

( ) ( ) ( )41 11 66 12  2s s s
x y xK xx xy yy= + +� � �D D D D D DB B B  (29.k) 

( ) ( ) ( )42 12 66 22  2s s s
y x yK xx xy yy= + +� � �D D D D D DB B B  (29.l) 

( ) ( ) ( ) ( )( )43 11 12 66 12 22  2 2 (   )s s s s s
xx yy xy xx yy p wK xx xy yy K xx yy K=− + − − + + + −� � � � �D D D D D D D D D D ID D D D D  (29.m) 

( ) ( ) ( ) ( ) ( ) ( )( )44 11 12 66 12 22 55 44  2 2  s s s s s s s
xx yy xy xx yy p wK xx xy yy x y y y K xx yy K=− + − − + + + + + −� � � � � � �D D D D D D D D D D D D D D IA AH H H H H  (29.n) 

4. Numerical Results 

This section is divided into two main subsections. The first one presents the validation of the present model with many 
previous peer works.  The second subsection illustrates parametric studies to present the influence of no of nodes of DQM on the 
solution conversion, effects of shear functions, buckling load types, boundary conditions, gradation indices, porosity types, and 
elastic foundation on the critical buckling loads (eigenvalues) and associated mode shapes (eigenvectors) of bi-directional 
functionally graded porous unified plate. The material properties for metal and ceramic ingredients used through the analysis are 
presented in Table 2, and the notation for boundary conditions of plate are illustrated in Fig. 2.  

4.1 Model Validations 

 Table 3 illustrates a comparison of uniaxial critical buckling load 2 3/ ( ) cr mN N a E h=  between the obtained results with 
different shear functions and results of Sadgui and Tati [46] and Thai and Choi [72] for isotropic 2 3/Al Al O SSSS square plates with 
the following parameters ( )1 21, / 10,  0, 1, 0xh a h n γ γ= = = = = . As shown, the obtain results of Reddy, Thai and Kim, and Taibi 
shear functions are approximately identical with the results of Thai and Choi (2012) at different values of gradation index through 
thickness direction (nz) and deviated by 0.1% from the results of Sadgui and Tati [64]. It is found that the buckling load in case of 
Karama shear function is higher than the other shear functions and less than the buckling obtained by Sadgui and Tati [46].  

To validate the porosity models, the obtained buckling load for SSSS porous plate under uniaxial load vs gradation index 
through the thickness direction is compared with [65] at the same conditions, as shown in Fig. 3. It is found that the current 
porosity model is accurate and identical with the results obtained previously by [37]. As presented, the buckling load decreases 
exponentially with increasing of the gradation index and the buckling load for nonporous is higher than the two porosity models 
(Type 1 and Type 3).     

 
 
 

Table 2. Material properties of BDFGM plate 

Property/ 

Material 

Metal Ceramic 

Aluminum 

(Al) 

Stainless Steel 

(Sus3O4) 

Ref. [54] 

 

Alumina 

(Al2O3) 

Silicon Nitride 

(Si3N4) 

Silicon Carbide 

(SiC) 
Ref. [54] 

E (GPa) 70 201.04 1.44 380 348.43 420 14.4 

ν  0.3 0.24 0.38 0.3 0.3 0.3 0.3 

ρ (kg/m3) 2707 2370 1220 3800 8166 3800 12200 
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Table 3. Comparison of the critical uniaxial buckling load 2 3/ ( ) 
cr m

N N a E h= of isotropic 2 3/Al Al O SSSS square plates  

( )1 21, / 10,  0, 1, 0
x

h a h n γ γ= = = = =  

Shear function  
nz 

0 1 4 10 

Touratier 

Present 

18.5801 9.3398 6.2371 5.4541 

Karama 18.5849 9.3418 6.2357 5.4546 

Reddy 18.5785 9.3391 6.2399 5.4553 

Thai & Kim 18.5785 9.3391 6.2399 5.4553 

Taibi 18.5793 9.3395 6.2432 5.4574 

 Ref. [46] 18.6015 9.3508 6.1961 5.41 

 Ref. [72] 18.5785 9.3391 – 5.4528 

 

 

Fig. 2. The notation for plate boundary conditions 

 

Fig. 3. Comparison of critical buckling load 2 3/
m

N Na E h= of SSSS plate at different TFG indices and different porosity types with [50] 

Table 4 validates the effect of elastic foundation influence on the buckling load of unidirectional FG SSSS square plates. As 
predicated, the current results are very close to the results obtained by Thai and Kim 2013) for all values of gradations and elastic 
parameters and deviate with 0.2% as maximum from the results obtained by Vu et al. (2021). It is found that, the critical buckling 
load for uniaxial is higher than that for biaxial load under the same boundary and geometrical conditions. 

4.2 Parametric analysis   

i. Convergence study 

As we used a differential quadrature method in solving the proposed model, therefore, we should check the convergence of 
solution according to the number of discretization points for various boundary conditions (see Table 5 and Fig. 4). As concluded, 
the fully clamped and fully simply supported are convergent at any no of discrete points (i.e., ranging from 8 to 20 the deviation in 
results around 0.8% for CCCC and 0.9% for SSSS). However, the CCCF and CFCF boundary conditions are very sensitive to the no. of 
discrete points. The deviation for these two cases may around 9% and 6% respectively, as the no. of points increased from 8 to 20. 
It is found that for lower number of discrete points, the critical buckling load is underestimate for SCSC and overestimate for 
CCCF boundary conditions. It is also noted, the buckling loads for all boundary conditions are convergent after NDQ  14. Therefore, 
in the next analysis, we used NDQ = 15 to confirm the convergence of the solution of buckling loads. 
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Table 4. The critical buckling load 2 3/ ( )
m

N Na E h= of isotropic 2 3/Al Al O SSSS plates at 

4 3 22/ ( )/ 1 (1 )
w w m

K k a E h ν= − , 2 3 2( / 12 )/ (1 )
p p m

K k a E h ν= − ,   / 5, , 17.6  , 0
x

a h b a h m nµ= = = =  

 
( ),

w p
K K  

 nz 

 0.5 1 2 5 

Touratier 

(100,10) 

U
n

i-
ax

ia
l 

13.3701 10.9866 9.1019 7.3315 
Karama 13.3794 10.9936 9.1052 7.3258 
Reddy 13.3664 10.9839 9.1025 7.3470 

Thai&Kim 13.3664 10.9839 9.1025 7.3470 
Taibi 13.3670 10.9845 9.1056 7.3666 

Ref. [34] 13.3519 10.9793 9.1599 7.7612 

Ref. [65]  13.3847 10.9838 9.1025 7.3459 

Touratier 

(1000,100) 

27.0872 24.1630 21.6871 18.7675 

Karama 27.1148 24.1843 21.6983 18.7679 
Reddy 27.0740 24.1530 21.6858 18.7860 

Thai&Kim 27.0740 24.1530 21.6858 18.7860 

Taibi 27.0729 24.1525 21.6914 18.8143 
Ref. [34] 26.5837 23.8605 21.6016 19.1802 
Ref. [65]  27.0943 24.1530 21.6857 18.7837 

Touratier 

(100,10) 
B

i-
ax

ia
l 

6.6851 5.4933 4.5510 3.9022 
Karama 6.6897 5.4968 4.5526 3.9001 
Reddy 6.6832 5.4919 4.5513 3.9064 

Thai&Kim 6.6832 5.4919 4.5513 3.9064 
Taibi 6.6835 5.4923 4.5528 3.9114 

Ref. [34] 6.5705 5.4131 4.5106 3.9272 

Ref. [65]  6.6924 5.4919 4.5513 3.9062 

Touratier 

(1000,100) 

19.1021 17.9104 16.9681 15.7770 

Karama 19.1068 17.9139 16.9697 15.7725 
Reddy 19.1003 17.9090 16.9683 15.7895 

Thai&Kim 19.1003 17.9090 16.9683 15.7895 

Taibi 19.1006 17.9093 16.9699 15.8052 
Ref. [34] 18.7865 17.6719 16.8016 15.8832 
Ref. [65]  19.1094 17.909 16.9683 15.7886 

 

Table 5. Convergence of DQM of the critical buckling load 2 3 )/(
m

N Na E h= for 2 3/Al Al O FG square plate under compression along x-direction for 

various boundary conditions 

BCs 
DQ

N  

8 10 12 14 16 18 20 

CCCC 15.4318 15.3823 15.3242 15.3156 15.3107 15.3072 15.3059 

SCSC 10.1383 10.5447 10.5900 10.5868 10.5861 10.5855 10.5857 

CCCF 7.9558 7.5360 7.3375 7.2678 7.2497 7.2229 7.2164 

CFCF 6.5707 6.3463 6.2283 6.1845 6.1763 6.1663 6.1663 

SSSS 6.2108 6.2577 6.2666 6.2668 6.2668 6.2669 6.2669 

SCSF 2.7527 2.6965 2.6937 2.6942 2.6948 2.6947 2.6946 

SSSF 2.3156 2.2923 2.2911 2.2914 2.2916 2.2918 2.2918 

SFSF 1.5915 1.5740 1.5784 1.5726 1.5727 1.5728 1.5729 

  

8 10 12 14 16 18 20

 

Fig. 4. Convergence of DQM of the critical buckling load ( )N for 2 3/Al Al O BDFG square plate under compression along x-direction with different 

boundary conditions 1; / 20
x z

n n a h= = =  
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Table 6. DQM Comparison of the critical buckling 2 3/
m

N Na E h= of isotropic 2 3/Al Al O SSSS square plates 

Shear functions Type of loading 
/a h  

5 10 20 

Touratier 

1 21,  0γ γ= =  

4.9039 5.9709 6.2669 

Karama 4.9132 5.9729 6.2674 

Reddy 4.8991 5.9702 6.2668 

Thai & Kim 4.8991 5.9702 6.2668 

Taibi 4.8983 5.9705 6.2669 

Touratier 

1 21,  1γ γ= =  

2.6779 3.1080 3.2358 

Karama 2.6807 3.1088 3.2360 

Reddy 2.6767 3.1077 3.2358 

Thai & Kim 2.6767 3.1077 3.2358 

Taibi 2.6769 3.1078 3.2358 

Touratier 

1 21,  1γ γ= = −  

7.0210 10.8286 12.1683 

Karama 7.0683 10.8377 12.1707 

Reddy 6.9882 10.8249 12.1675 

Thai & Kim 6.9882 10.8249 12.1675 

Taibi 6.9716 10.8256 12.1679 

 

Table 7. DQM Comparison of the critical uniaxial buckling 2 3/
m

N Na E h= of isotropic 2 3/Al Al O square plates 1 2 )1, 1 ,(   1, 0
x

b a n γ γ= = = = =  

 
BC 

  nz 

0 0.5 1 2 5 

Touratier 

CCCC 

22.4997 17.4882 15.3166 13.5987 12.2980 

Karama 22.5056 17.4922 15.3201 13.6008 12.2986 

Reddy 22.4975 17.4866 15.3156 13.5989 12.2998 

Thai & Kim 22.4974 17.4863 15.3157 13.5988 12.2999 

Taibi 22.4983 17.4868 15.3160 13.6002 12.3027 

Touratier 

SCSC 

14.5215 11.7489 10.5875 9.6758 8.9378 

Karama 14.5252 11.7514 10.5897 9.6775 8.9389 

Reddy 14.5202 11.7480 10.5868 9.6756 8.9382 

Thai & Kim 14.5202 11.7480 10.5868 9.6756 8.9382 

Taibi 14.5208 11.7484 10.5871 9.6763 8.9395 

Touratier 

CCCF 

11.1236 8.4346 7.2668 6.3632 5.7378 

Karama 11.1250 8.4299 7.2673 6.3604 5.7371 

Reddy 11.1243 8.4264 7.2678 6.3635 5.7372 

Thai & Kim 11.1222 8.4272 7.2702 6.3616 5.7371 

Taibi 11.1224 8.4311 7.2656 6.3613 5.7387 

Touratier 

CFCF 

9.4702 7.1836 6.1884 5.4147 4.8825 

Karama 9.4730 7.1804 6.1891 5.4154 4.8822 

Reddy 9.4699 7.1798 6.1845 5.4138 4.8830 

Thai & Kim 9.4694 7.1835 6.1865 5.4156 4.8823 

Taibi 9.4685 7.1840 6.1882 5.4141 4.8836 

Touratier 

SSSS 

9.2917 7.1761 6.2669 5.5552 5.0439 

Karama 9.2927 7.1768 6.2674 5.5555 5.0440 

Reddy 9.2913 7.1759 6.2668 5.5552 5.0442 

Thai & Kim 9.2913 7.1759 6.2668 5.5552 5.0442 

Taibi 9.2915 7.1760 6.2669 5.5554 5.0445 

Touratier 

SCSF 

4.2244 3.1459 2.6941 2.3533 2.1232 

Karama 4.2246 3.1460 2.6942 2.3534 2.1232 

Reddy 4.2243 3.1458 2.6942 2.3533 2.1233 

Thai & Kim 4.2243 3.1458 2.6942 2.3533 2.1233 

Taibi 4.2244 3.1458 2.6943 2.3534 2.1234 

Touratier 

SSSF 

3.6034 2.6778 2.2914 2.0008 1.8052 

Karama 3.6035 2.6779 2.2915 2.0009 1.8052 

Reddy 3.6033 2.6777 2.2914 2.0008 1.8053 

Thai & Kim 3.6033 2.6777 2.2914 2.0008 1.8053 

Taibi 3.6034 2.6777 2.2914 2.0009 1.8053 

Touratier 

SFSF 

2.4888 1.8404 1.5726 1.3739 1.2387 

Karama 2.4889 1.8396 1.5726 1.3739 1.2387 

Reddy 2.4888 1.8394 1.5726 1.3739 1.2387 

Thai & Kim 2.4888 1.8397 1.5725 1.3746 1.2387 

Taibi 2.4888 1.8395 1.5729 1.3740 1.2388 
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ii. Effect of uni/bi-directional loading and shear functions 

In the current analysis, uniaxial (x-direction) at 1 21,  0γ γ= = , uniaxial (y-direction) at 1 20,  1γ γ= = , biaxial compression 
occurs at 1 2  1,γ γ= =  and biaxial compression-tension by 1 21,   1γ γ= =− . Table 6 presents comparison of critical buckling load, 

crN  using transverse shear shape functions, ( )F z in Table 1 for a simply supported perfect square plate ( 1 2     1, 1,  0 x zn n γ γ= = = = ) 
vs /a h . As concluded from Table 6, the lowest critical buckling load is noticed under bidirectional compression loads and highest 
critical buckling loads is observed for biaxial compression-tension loads which are compatible with a physical explanation (i.e., 
the stiffening of structure by a tension load).  As shown, by increasing the ratio /a h  the plate becomes stiffer and hence, the 
critical buckling loads increased. Based on shear functions, the obtained results for Reddy, Thai and Kim, and Taibi are 
approximately equal, however, Karama shear functions has the highest critical buckling load than the others.    

iii. Effect of boundary conditions 

Table 7 illustrates dimensionless critical uniaxial buckling load, crN versus boundary conditions and graduation index, zn at 
0,   / 1b aφ = = ,   / 20,a h = 1xn = , without elastic foundation. It is observed that the maximum critical buckling load is noticed in 

case of fully clamped boundary condition, and the minimum critical buckling load is observed in case of SFSF boundary condition. 
By increasing the gradation parameter through the thickness direction, the buckling load is decreased significantly due to the 
changing of constituent from ceramic phase with higher Young modulus to metal phase with lower Young modulus, at the same 
other geometrical and boundary conditions. For example, in case of CCCC, the critical buckling load decreased by around 50% as 

zn  changed from 0 to 5. Removing the constraint from one side of CCCC/SSSS boundary conditions to free (CCCF/ SSSF), the 
critical buckling load is reduced by around 50-60%. Therefore, the boundary conditions have significant impact on the critical 
buckling load of bi-directional FG plates. The qualitative presentation of Table 7 for all boundary conditions with adding porosity 
and elastic foundation parameters is shown in Figure 5. Figure 6 illustrates the influence of gradation index through the axial 
direction on the 1st mode shape of BDFG plate versus different boundary conditions. As shown from this figure, the gradation 
index through the axial direction xn  tends to change the amplitude of mode shape rather than change in the geometrical shape. 
The gradation index is more significant for both CCCC and SFSF rather than the other boundary conditions.  
    

 

 

a) 1
z

n =  

0 1 2 3 4 5
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16
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28

32

 
 

b) 1
x

n =  

Fig. 5. Dimensionless critical buckling load,
cr

N of a square plate against four types of buckling loads, gradation indexes,
z

n and
x

n at all types 

of boundary conditions ( 1 21,  0γ γ= = , 0.5,    / 1b aφ = = ,   / 20, a h = 100,  and  100
w P

K K= = ) 
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x
n = ,   5

z
n = , CCCC 

 
 

5
x

n = ,   5
z

n = , CCCC 

Fig. 6. First buckling mode shapes,
cr

N of square 2 3/Al Al O plates 1 2( / 5, 1, 0)a h γ γ= = = versus boundary conditions 
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Fig. 6. Continued 
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Fig. 6. Continued 

iv. Effect of gradation indices and geometrical dimensions   

Dimensionless critical uniaxial buckling load, crN  of a clamped BDFG plate against gradation indices zn and xn , side to 
thickness ratio, ( /a h ) and plate aspect ratio ( /b a ) without elastic foundations and porosity is presented in Fig. 7. As shown in 
Figs. 7a and 7b, by increasing side to thickness ratio ( /a h ) the plate becomes thinner and stiffener therefore, the critical buckling 
load increased. The impact of plate aspect ratio ( /b a ) on the critical buckling load is presented in Figs. 7c and 7d. As shown, by 
increasing the aspect ratio ( /b a ), the geometry of plate changes from square plate (at / 1b a = ) to rectangle plate (at / 1b a ≠ ) 
and the plate becomes less stiff, therefore the critical buckling load is decreased.  It is also noted that, by increasing the gradation 
indices in x-direction xn  or z-direction zn  the critical buckling load decreased exponentially due to the softening in the plate 
(increasing the phase of metal material relative to the phase of ceramic). The gradation index through x-direction is more 
pronounce than the gradation in z-direction as depicted in Figs. 7a vs 7b or Figs. 7c vs 7d.  
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a) Buckling load ( )N versus gradation index
z

n  

(at 1, / 1 
x

n b a= = and 1 21,  0γ γ= = ) 

b) Buckling load ( )N versus gradation index
x

n  

(at 1, / 1 
z

n b a= = and 1 21,  0γ γ= = ) 

  

c) Buckling load ( )N versus gradation index
z

n  

(at 1, / 5 
x

n a h= = and 1 2  1,  0γ γ= = ) 

d) Buckling load ( )N versus gradation index
x

n  

(at   1, / 5 
z

n a h= = and 1 2  1,  0γ γ= = ) 

Fig. 7. The effect of the gradient indices
x

n and
z

n on the dimensionless critical uniaxial buckling load 2 3/
m

N Na E h= of BDFG CCCC plate 

 

 

 

 
Fig. 8. Dimensionless critical uniaxial buckling load ( )N of CCCC plate at different gradient indices

x
n and different porosity types at 

1, / 1, / 20
z

n b a a h= = =    
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Fig. 10. Dimensionless critical uniaxial buckling load ( )N of CCCC plate at different gradient indices
x

n and
z

n for different porosity types 

( / 1, / 20)b a a h= =  

 
 

  

a) 0, / 1, / 20
p

K b a a h= = =  b) 0, / 1, / 20
w

K b a a h= = =  

Fig. 11. Dimensionless critical uniaxial buckling load, Ncr of a perfect simply supported square plate against gradation indexes,
x

n and
z

n , and elastic 

foundation parameters,
w

K and  
P

K  

 
 

Fig. 9. Dimensionless critical uniaxial buckling load ( )N of CCCC plate at different gradient indices
z

n and different porosity types at 

1, / 1, / 20
x

n b a a h= = =  
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v. Effect of porosity types  

Figures 8 and 9 present a critical uniaxial buckling load, crN  of a clamped square plate vs porosity coefficient with different 
porosity types and various gradation indices xn  and zn , respectively, at / 1, / 20b a a h= = . As shown from these figures, by 
increasing the internal void (porosity parameter), the material stiffness is decreased and hence the critical buckling load is 
reduced linearly. As predicted, the porosity types 2 and 3 are most significant on the softening of the material rather than the 
Type 1 (see Figs. 8-10). For a case in hand at 0xn = , the reduction in buckling for porosity Type 1 around 37% as the porosity 
parameter increased from 0 to 0.75. However, at the same conditions, the reduction in buckling is around 50% for porosity Types 2 
and 3. By increasing the gradation index, the critical buckling is reduced.    

vi. Effect of elastic foundations  

The influences of elastic foundation parameters wK  and   PK  on the critical buckling load of BDFG plate with SSSS boundary 
conditions are presented in Fig. 11. As predicted, the critical buckling load is increased linearly by increasing both elastic 
foundation parameters wK  and   PK . However, it is noticed that effect of   PK  is more significant than the effect of wK  on the 
buckling load. In our case at 2 z xn n= = , by increasing the elastic foundation parameter   PK  from 0 to 100, the buckling load is 
increased from 5 to 18 (increased by around 260%). However, if the elastic foundation parameter wK  increased from 0 to 100, the 
buckling load is increased from 4.6 to 5.8 (increased by 26%). Therefore, it can be concluded that the effect of   PK  is ten times the 
effect of wK on the critical buckling loads.   

5. Conclusions  

Through this study, the mathematical model for buckling analysis of bi-directional FG porous plate resting on elastic 
foundation was developed. Bi-directional gradation through axial and transverse directions was portrayed by power function 
distribution with three porosity types. Unified equivalent single layer theories of plate were used to describe the kinematic fields 
and without the necessity of shear correction factor. The governing equilibrium equations of BDFGPUP including the higher terms 
of force resultants and an efficient numerical approach named DIQM was exploited to solve the problem. The main points drawn 
from the parametric studies can be summarized as: 

 For convergence analysis, the buckling loads for all boundary conditions are convergent after NDQ  14. 
 The lowest critical buckling load is noticed under bidirectional compression loads and highest critical buckling loads is 

observed for biaxial compression-tension loads which are compatible with a physical explanation (i.e., the stiffening of 
structure by a tension load). 

 In the case of CCCC boundary conditions, the critical buckling load decreased by around 50% as nz changed from 0 to 5.  
 Removing the constraint from one side of CCCC/SSSS boundary conditions to free (CCCF/ SSSF) ones, the critical buckling 

load is reduced by around 50-60%. 
 By increasing the aspect ratio (b/a), the plate becomes less stiff, therefore the critical buckling load is decreased. 
 By increasing the gradation indices in x-direction (nx) or z-direction (nz) the critical buckling load decreased exponentially 

due to the softening in the plate. 
 The gradation index through the axial direction nx tends to change the amplitude of mode shape rather than change in the 

geometrical shape 
 By increasing the internal void (porosity parameter), the material stiffness is decreased and hence the critical buckling load 

is reduced linearly.  
 The porosity patterns of types 2 and 3 are most significant on the softening of the material rather than that of type 1.  
 The effect of KP on the critical buckling loads is ten times higher than that of Kw. 
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