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Abstract. Motorcycles under heavy braking conditions can experience a self-excited oscillation known as ‘chatter’. A simplified 
three degrees of freedom model of the rear of a motorcycle is developed to study the stability of this mode with the inclusion of 
lateral dynamics introduced by roll angle. Since motorcycles achieve high roll angles during operation, the study of chatter during 
these manoeuvres is a topic of interest. The equations of motion are linearised about a quasistatic equilibrium and simplified to 
accommodate symbolic inspection. Power analysis, eigensystem analysis, eigenvalue sensitivity and Routh-Hurwitz stability 
criterion are used to study the stability of the system in the braking region. It was found that a driveline mode can become unstable 
at about 19 Hz, and that its tendency towards instability is increased with added roll angle. This mode is sensitive to model 
parameters affecting the system inertia and stiffness, as well as the chain geometry. Finally, it is found that the lateral dynamics 
and roll angle play no direct role in chatter but have a significant indirect effect on it through the working point of the force 
characteristic function of the tyre. 

Keywords: Motorcycle dynamics; stability; chatter; driveline; roll angle. 

1. Introduction 

Motorcycles and single-track vehicles are complex systems that can present difficult stability problems, the modelling and 
prediction of which is a subject of great interest [1]. Specifically in high performance and racing motorcycles, there exists lightly 
damped or unstable oscillatory motions of front and rear wheels experienced during heavy braking manoeuvres which are typically 
denoted ‘patter’ and ‘chatter,’ respectively. For chatter, though mitigation of the phenomenon might be achieved through improved 
damper technology [2], it is also important to understand the causes and mechanisms of the instability, including possible sources 
from both in-plane and out-of-plane dynamics. This unstable mode typically has a frequency of 17 Hz to 22 Hz. Tezuka et al. [3] 
used a full multibody model to characterise the instability as out of phase oscillations of the sprung mass on the suspension springs 
and the unsprung masses on the vertical stiffness of the tyres, during running manoeuvres. Later, Catania and Mancinelli [4, 5] 
produced an in-plane multibody model that was used to numerically time-integrate a heavy braking manoeuvre. In [4], root loci 
were used to show the interaction of tyre parameters with the damping of the rear hop mode, as well as the coupling of the front 
and rear modes, and the effect on stability of the swingarm length was also investigated. In [5], the model was numerically 
integrated, and the instability was shown to rise from interaction between tyre forces and torsional vibrations of the tyre. 

Cossalter et al. [6, 7] were the first to introduce a viscoelastic transmission element and showed via both root loci and numerical 
simulation that this created an additional driveline mode that shared similar frequency and lighter damping than the rear hop 
mode. In contrast, Sharp and Watanabe [8] used a commercial multibody software to show that an instability of around 25 Hz occurs 
with sufficient torsional compliance in the steering head, affecting mainly the front wheel during high lateral acceleration operation. 
Catania et al. [9] expanded their previous model into a full out-of-plane multibody model using numerical integration and linearised 
root loci to study the stability of the chatter mode. It was concluded that a vertical load dependent longitudinal relaxation length 
can cause a phase lag between vertical and longitudinal forces, able to destabilize the system. 

Leonelli [10] introduced a simplified planar model to study the phenomenon analytically. This model, including rear wheel spin, 
vertical rear suspension travel and a chain drive component, was used to examine the stability regions analytically. It was found 
that the phase relationship between tyre forces brought upon by a variable relaxation length and chain forces are the cause of 
chatter instability. For comparison, a full multibody simulation was also presented, similar to that of [9]. Further, in [11], the authors 
examine three models of increasing complexity and conclude that the tyre longitudinal slip gradient can be a cause of instability 
even with constant relaxation length. In [12], the authors return to the two degrees of freedom model presented in [10], but add in 
a more complete chain drive geometry, as well as considering a null relaxation length. Within, the stability boundaries are studied 
analytically, and it was determined that instability exists despite the lack of relaxation length and is caused by the phase lag 
introduced by asymmetric stiffness matrices in the linearised equations of motion. This is driven by the tyre vertical and 
longitudinal slip force gradients. In [13] these findings were validated using a planar multibody model. Again, no relaxation length 
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was considered, and the relevant stability boundaries and important parameters were compared to the two degrees of freedom 
model, showing close relation. The similar patter phenomenon at the front wheel was investigated by the authors in [14]. 

The objective of this study is to investigate the roles, if any, that motorcycle roll angle and tyre lateral force dynamics play in 
the stability of the chatter mode. Motorcycles, specifically racing machines, tend to experience large non-negligible roll angles [15], 
and therefore it is of practical interest to understand whether or not a static roll angle, or in fact a roll angle degree of freedom, is 
required to fully predict the behaviour of this mode. This study will extend the two degrees of freedom model presented in [12] to 
three degrees of freedom with the addition of a roll angle, with the study of driveline stability at increasing roll angles and the 
possible interactions of the lateral dynamics being the topics of interest. This study seeks to show the effects of both a varying 
static lean angle and the role lateral force oscillations play on the stability of the chatter mode. To this purpose, an adequate tyre 
model has been adopted, according to Pacejka [16] (Magic Formula). To date, the studies investigating the driveline mode have done 
so only in straight braking manoeuvres. It is anticipated that the addition of roll angle will also allow the minimal model to predict 
instabilities of the rear system in more than just braking manoeuvres, such as in cornering and acceleration manoeuvres, topics 
for future studies. This paper will present the full equations of the new model in section 2 and demonstrate its use analysing a 
braking manoeuvre. Section 3 compares the minimal model to a full multibody simulation and provides the resulting stability 
analysis of the minimal system, as well as some root cause investigations and parameter sensitivities. 

2. Model Description 

The model in this study is developed as an extension to that of Sorrentino and Leonelli [12]. The roll angle of a motorcycle in a 
curve is added as a third degree of freedom in the model, accompanied by some nomenclature and methodology changes due to 
the increased complexity. 

The geometry of the model is presented in Fig. 1, which show rear and planar (aligned with roll angle )φ views. The model 
represents the rear part of a motorcycle, which in this case is attached to an infinite inertia frame, translating, and rotating with 
stationary velocities Vfx, Vfy, and fzΩ on a perfectly flat plane. In the model, stationary values for velocities are imposed even though 
a braking torque on the rear wheel is present, in order to get the stationary operating points necessary for performing stability 
analysis. The reference frame is attached to the infinite inertia frame and given in x-forward, y-right, z-down SAE convention. On 
this frame at point F, at a height of zf from the ground plane, is a revolute joint aligned parallel with x-axis. To this joint connects 
the first part of the rear frame which serves to model the main mass of the motorcycle, onto which is attached the front sprocket 
of the drivetrain, whose radius is rp. This member is defined by the joint's angleφ and the line FS, whose geometry is defined by xf 
and hf. The mass of the reference frame mfr is located a fraction frη down its length from point F, and the reference system in which 
its inertia matrix Jfr is defined is aligned along the x-axis with its z-axis rotated throughφ to remain in-plane with the rest of the 
system. At point S there is a revolute joint perpendicular to the x-axis and the line FS, this is the swingarm pivot. The swingarm is 
represented by the line SA, with a length of lsa and an angleα of the joint. The swingarm's mass msa is located a fraction saη along 
line SA, and the reference system in which the inertia matrix Jsa is aligned has its x-axis along the line SA while its z-axis remains 
in-plane with the system. Connected at point A is the final revolute joint which is parallel to swingarm pivot. This joint connects 
the body representing the wheel, tyre, and rear sprocket. This body is characterised by the joint's angle θ (which breaks convention 
and is aligned along the negative y-axis, so that wheel rotation is positive with motion in the forward x-direction), the outer radius 
of the tyre Rr, the toroid radius of the tyre rρ , and the rear sprocket radius rc. The rear wheel mass mwh is centred at point A, and the 
reference system in which the inertia matrix Jwh is aligned has its y-axis aligned with the revolute joint and is symmetric about that 
axis. All inertia matrices Ji are assumed to be in the principal axes, with no cross-terms. 

  

(a) Rear view (b) Planar side view 

Fig. 1. Model free body diagrams shown in acceleration condition. 
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(a)  = –1 (acceleration) (b)  = 1 (braking) 

Fig. 2. Geometry of the drivetrain. 

The kinetics of the model are given corresponding to the three degrees of freedom: ,α θ and .φ The non-constraint forces and 
moments in this model consist of the tyre forces (Fx, Fy, and Fz), chain force (Fc), braking moment (Mbrake), swingarm rotational spring 
and damper acting on joint S (ks and cs), and the optional frame rotational spring and damper acting on joint F (kf and cf). The 
equations of motion are formulated using the Lagrange equations as outlined in [17, 18], and are given by: 

α α α αsa sa sa cent, cor, gyro,wh

sa c c sa x sa R s s0 s brakefc

cos( )cos( )( )
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where q represents the vector of degrees of freedom, ( , , )α θ φ , g is acceleration due to gravity, lfc and lc represents the free and 
dynamic total length of the chain respectively, while the variable δ determines the active portion of the chain (1 for braking and –1 
for acceleration), s0α and f0φ give the spring preloads,

α
J and Jφ are reduced inertia and the inertia elements (Mcent,i, Mcor,i, Mgyro,i) are 

collected here but are negligible and omitted hereafter due to their numerical insignificance. Finally, FR and Rc can be solved for 
geometrically: 

R y z( , ) sin( ) ( , ) cos( ) ( , )F F Fφ φ= −ɺ ɺ ɺq q q q q q  (4) 

c r r r( , ) cos( )( ( , ))R R zα φ ρ φ ρ α φ= − + −  (5) 

sa r r rf f( , ) cos( )( sin( ) )z h l R zα φ φ α ρ ρ= + + − − +  (6) 

while the other dependent terms need further derivation, as shown in the subsequent sections. 

2.1 Chain Geometry 

The chain is modelled as a spring wrapped around two wheels (the front and rear sprockets) with no slip. Chain damping is 
neglected, as the term tends to be small in chain systems [19]. The length of the spring lc varies as the wheels spin, and as the 
configuration geometry changes due to variations in the generalized coordinates. Typical chain geometries are shown in Fig. 2, both 
in the acceleration and braking cases. Shown is the swingarm with length lsa and angle ,α at the end of which is the rear sprocket 
with a radius of rc. The front sprocket is held offset from the swingarm pivot by a distance of lp and an angle of pβ from the horizontal 
and has a radius of rp. Also shown in the figure is the centre distance between the sprockets d, the chain tangential distance ltc, and 
the chain angle ψwhile in acceleration ( 1).δ =− The equations for chain geometry are given by: 

c tc p c p p c( , ) ( ) ( )( ( ) (0)) ( )l l r r r rα θ α δ α ψ α ψ δ θ θ= − − + + − −  (7) 

tc p p p c sa p p

2

( ) sin( ) ( )( cos( ))
sin( ( ))

( )

l l r r l l

d

α β α δ β α
ψ α

α

− − − + −
=  (8) 

2 2 2
tc p c( ) ( ) ( )l d r rα α= − −  (9) 

2 2 2
sa p sa p p( ) 2 cos( )d l l l lα β α= + + −  (10) 

2.2 Tyre Model 

The tyre is modelled geometrically as a torus with minor radius rρ and major radius (Rr – rρ ). Tangential (Fx, Fy) and normal (Fz) 
forces are produced at the tyre contact point C. In this study the tyre moments (overturning, self-aligning, and rolling resistance) 
are neglected. Lateral and longitudinal deflections of the tyre carcass and contact point are also neglected. Relaxation length is 
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considered small enough in racing tyres as to be neglected, as demonstrated by [11]. Rigid ring tyre models are not used as they 
have been demonstrated as unnecessary for the modes of interest [20]. 

Normal force is produced by vertical deflection in the tyre carcass in the z-direction, similar to the MF-MCTire model presented 
by Schmeitz et al. [21]: 

z z( , ) ( , )F k z α φ=−ɺq q  (11) 

In this study, theoretical tyre slips will be used ( x y, ,σ σ ϕ as used in chapter two of [22]) due to the ease of use when deriving 
equations. Further, tyre camber reduction factor rε is assumed to be zero and spin slip ( )ϕ is assumed to have negligible effect on 
the forces. Tyre tangential forces are produced based on the system kinematics given by generalised functions Fx x y( , ,σ σ Fz, )φ and 
Fy x y( , ,σ σ Fz, )φ , which are chosen to be the magic formulae given by Pacejka [16]. The full nonlinear forms of these equations are 
used in the calculation of equilibrium conditions, but for the linearised model only the Taylor expansion terms are required and 
are presented here for clarity. 

Given the tyre force gradients 
σx ,x ,C

σy ,x ,C
z ,x ,FC ,x ,Cφ σx ,y ,C

z ,y ,FC and ,y ,Cφ and introducing the congruence equations and their 
derivatives, the required tyre force variation equations are: 
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where the subscript 0 defines a stationary operating point while the diacritic ~ is used to define the perturbation portion of the 
Taylor expansion, ω is the wheel speed, RR the rolling radius, iχ and ijλ are compact notation of the tyre gradient terms (defined in 
the appendix), k is a ‘total system stiffness' (defined in the appendix), and LR is given as: 

R sa 0 r rf sin( )L h l Rα ρ= + + −  (14) 

2.3 Model Linearisation 

To assess the stability of the minimal model, the eigenvalues of the linearised system are used. The system is assumed to 
contain only small oscillations about a stationary operating point and therefore a Taylor series approximation is applied. Taking 
the Jacobian of Eqns. (1)-(3) and substituting for the formulae found in Eqns. (4)-(14) gives the linearised equations of motion about 
an operating point, actually an equilibrium point (denoted by the subscript 0). To simplify the expressions, the rotational coordinates 
are transformed into linear displacements using characteristic lengths. The equations of motion are expressed with non-
dimensional parameters normalized to the swingarm degree of freedom. This eases the ensuing calculations and their readability. 
The new coordinates and their characteristic lengths are given by: 
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Trigonometric expressions are shortened to cx, sx and xτ for cos(x), sin(x), and tan(x), respectively. The simplified equations of 
motion are given as: 

2
tyre n tyre nchain( )2 ( )ζω ω+ + + + + =ɺɺ ɺMq C C q K K K q 0  (16) 

where nω is a resulting natural frequency of the normalisation, ζ the damping ratio, and the matrices are given by: 
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where the simplified compact notation terms are the normalised inertiae Ii, a normalised frame rotational damping f ,ψ near-unity 
geometric factors i ,ξ tyre force gradient damping terms ijγ and i,Γ normalized stiffnesses i ,Φ gravitational terms gij, chain geometry 
terms σ and ,σ ′ and tyre force gradient terms ij.λ Note that there is an additional tyre force stiffness matrix arising from the 
stationary tyre forces, but it is omitted here due to its numerical insignificance. 

The role of the linearised tyre forces Eqns. (12) and (13) are shown in the Ctyre and Ktyre matrices. Effective damping terms from 
the tyre forces arise from the tyre gradients, given by ij,γ which are the reduced gradients of tyre force i in slip j (Cj,i), and iΓ which 
are linear combinations of the ijγ based on operating conditions. Similarly, force gradient terms from the tyre arise from ij,λ which 
depend on the tyre tangential force gradient due to vertical load (CFz,i). The stiffness matrix Kchain represents the terms due to chain 
stiffness c( )Φ and chain geometry ( ,σ which depends on the chain-to-swingarm angle ).ψ The definitions of the compact notation 
terms are reported in the appendix. 

2.4 Stationary Conditions 

In order to study the stability of the linearized model, it is required to extract quasistatic conditions from a time-varying 
manoeuvre performed by a motorcycle in simulation. According to Rosenbrock [23], in time-varying systems the real part of the 
eigenvalues is no longer a sufficient condition for stability and an additional bound exists on the size of the time derivative of the 
system matrix. In vehicle braking conditions, Salisbury [24] has shown this additional bound causes a slight change in the stability 
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boundary from that found using frozen-time eigenvalue analysis. To reduce the likelihood of any discrepancy in stability boundaries, 
the quasistatic conditions are selected to be where the operating conditions are slowly varying, namely the tyre tangential forces. 
While this limitation means the definitive stability of the system requires an extra condition, the eigenvalue method remains a 
sufficient predictor for system instability. For this study, the stationary conditions are obtained from an optimal manoeuvre as 
calculated by the model developed by Leonelli and Limebeer [25]. A simple 180° corner trajectory is obtained from an optimal control 
problem, considering the limitations of rider, motorcycle model, and track. The result is shown in Fig. 3. The selected braking region 
is highlighted in red and occurs during the front rollover limit where tyre forces remain nearly constant. This area of operation has 
been experimentally shown to exhibit the instability in question, when tyre vertical load is near its minimum and a small 
longitudinal braking force is applied to the wheel through the chain [13]. 

This optimal data set gives the required tyre forces, slips, and parameters as well as the kinematics of the frame. The tyre force 
gradient parameters are given in the practical slip convention and need to be converted using: 

σ κ σ α

σ κ σ α

x y slip

x y slip

2 2
,x ,x ,x ,xslip

2 2
,y ,y ,y ,yslip

( 1) , cos ( )( 1)

( 1) , cos ( )( 1)

C C C C

C C C C

κ α κ

κ α κ

=− + =− +

=− + =− +
 (18) 

The nonlinear equations of motion (1)-(3) are used for the remaining equilibrium values. 0α is found geometrically using Eqn. 
(6) with z given by Eqn. (11) (Fz0 is provided by the optimal data set): 

1
z0 z r f

0 r rf
sa 0

1
sin( )

cos( )

F k z
h R

l

ρ
α ρ

φ

− − − +  = − − +   
 (19) 

The equilibrium chain stretch cl∆ is found with Eqn. (2), balancing the tyre force. The optimal manoeuvre data does not include 
the braking moment Mbrake and its effects on tyre loads, so it is set to zero. The equilibrium chain stretch is then given as: 

c0
c x0

c c

R
l F

k r
∆ =  (20) 

With these data the model has all that is required to solve for quasistatic equilibrium states. 

3. Results and Discussion 

3.1 Comparison to a multibody Model 

To validate the addition of the roll angle to the minimal model, data is extracted from a full multibody simulation as provided 
by the commercial software VI-Motorcycle and used to compare to the results of the minimal model. The multibody simulation 
consists of a full rigid-body model of a motorcycle as provided by VI, includes 37 degrees of freedom, and is operated in a braking 
manoeuvre similar to (but not exactly the same as) that provided in section 2.4. The frozen-time eigenvalues at multiple points are 
extracted and compared to those the minimal model produces using the same input data and model parameters. The results are 
compared in Fig. 4. 

 

Fig. 3. Manoeuvre used to extract quasistatic equilibrium states, as computed by Leonelli and Limebeer [25]. Y-axes have been normalised due to 
confidentiality agreements. The braking region used is highlighted in red. 

It can be seen that mode one of the minimal model is a pseudo-mode that captures the lower frequency modes of the multibody 
model, such as bounce and pitch , while mode two and mode three show similar values and behaviour to the rear hop and driveline 
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modes, respectively. The driveline mode from the minimal model does show less stability and a lower frequency than that of the 
multibody simulation. This is attributed to two things: first, the multibody simulation uses a small chain damping term, moving 
the eigenvalues slightly towards stability. This is assumed to be a negligible addition which only acts to add a small amount of 
stability to the system, while not affecting the overall behaviour. Second, the multibody simulation also includes powertrain 
rotational dynamics, whereas the minimal model assumes an infinite inertia drivetrain. This results in a lower perceived driveline 
frequency in the minimal model. The most effective way of accommodating for this discrepancy is to raise the chain stiffness or 
lower the wheel inertia of the minimal model accordingly. These adjustments have shown to accurately represent the modal 
frequency of the driveline oscillations of the multibody model, without affecting the behaviour of the other modes. 

3.2 Minimal Model Analysis 

This section will focus on the analysis of the linearised model during the exact quasistatic manoeuvre provided in section 2.4, 
using parameters from that dataset. The eigenvalue analysis of the quasistatic braking region is presented in Fig. 5. The first mode 
is similar to that of “Bounce” and has been denoted such. The second mode is a rear hop mode with frequencies of 14 Hz to 17 Hz, 
and the third mode is the driveline mode with frequencies in the neighbourhood of 19 Hz that begins stable then crosses the 
stability boundary. This region of the manoeuvre progresses through a forward speed of 260 km/h to 220 km/h, a static roll angle of 
8° to 26°, a swingarm angle of 14.3° to 10.6°, and has an average normal load on the tyre of 134 N. Figure 5 also contains the 
eigenvectors and their evolution through the manoeuvre in the form of polar plots. The bounce mode (Fig. 5b) mainly contains the 
roll angle oscillations, with an increased presence of swingarm angle as the manoeuvre progresses. The rear hop mode (Fig. 5c) is 
driven primarily by swingarm oscillations, though as the manoeuvre progresses and static roll angle increases, there is a larger 
presence of both wheelspeed and roll angle oscillations, suggesting interactions between the modes. Finally, the driveline mode 
(Fig. 5d) has its main contribution come from the wheelspeed oscillations, the major factor in determining the chain and tyre forces, 
while also having a small contribution from the swingarm oscillations. In the sequel, focus is put on the stability of the driveline 
mode, which represents the chattering experienced during heavy braking. 

 

Fig. 4. Comparison of the minimal model eigenvalues with those of a multibody simulation. 

 

    

(a) Eigenvalues (b) Bounce eigenvector (c) Rear hop eigenvector (d) Driveline eigenvector 

Fig. 5. Quasistatic linear model eigenvalue analysis of the braking region. Evolution of the eigenvectors are shown normalized and phased to 
their largest component, while the bar chart legends show the average component magnitudes. 
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3.3 Energy Analysis 

To investigate the source of instability, an energy balance method is employed, as in [12] and [26]. If there exists a switching 
mechanism whose energy flow into the system is greater than that dissipated over one oscillation cycle, vibration amplitude 
increases. First, recall the linearized equations of motion (16) and recast them with the tyre force terms separated: 

( ) ( )x ychain= + + + − + =ɺɺ ɺG Mq Cq K K q f f 0  (21) 

where q is the vector of system coordinates, M the mass matrix, C the damping matrix due to dissipative elements (in this case the 
damper), K and Kchain the matrices of conservative elastic elements (springs), while fx and fy are vectors arising from the tyre 
tangential ground forces in the longitudinal and lateral directions, respectively. Note that fx and fy are linearised vectors containing 
state-dependent non-stationary components, and therefore are not considered as external forces, but as dissipative elements in 
the linearised equations. 

At the stability boundary, the free response of the system converges to harmonic oscillation with a period of T. The energy 
balance over one period can be expressed as: 

potkin dis
0

0
T

E E E E dt∆ =∆ +∆ +∆ = =∫ ɺGq  (22) 

where Ekin and Epot are the change in kinetic and potential energies over one cycle. If the corresponding matrices are symmetric, 
then these terms will be zero. For this analysis, the asymmetry of the chain matrix is assumed to be negligible R( 1).ξ = It follows 
that: 

T T
x ydis

0
( ) 0

T

E dt ∆ = − + =  ∫ ɺ ɺ ɺq Cq q f f  (23) 

which means that over one period of oscillation, the energy dissipated by the damper is balanced by the energy introduced by the 
ground force terms. If we cast fx and fy as xFɶa and y ,Fɶb where iFɶ are the oscillating portion of the ground forces, and a and b are 
transformation vectors arising from the equations of motion, Eqn. (23) can be reformed as: 

sxT
sx x sy y

0
sy

) 0,
T V

V F V F dt
V

 = ⋅ − + =     = ⋅
∫

ɶ ɺ
ɶ ɶ ɶ ɶɺ ɺ

ɶ ɺ

a q
q Cq

b q
 (24) 

where the oscillating slip velocities sxVɶ and syVɶ have been introduced as a result. Due to the harmonic motion, the latter two terms 
in the first of Eqn. (24) will be products of two cosine waves of equal frequencies and distinct phase offsets. It can be shown that 
for the multiplication of cosine waves with relative offset, the result contains a constant term proportional to the cosine of that 
offset. This allows for a non-zero result of the integration and therefore can cause positive energy flow into the system during phase 
offsets between -90° and 90°, and energy dissipation outside of this range. Therefore, the source of an instability must come from 
the phase offset between tyre tangential forces and tyre slips, as described more generally in [26]. Even though the tyre is a 
dissipative element (as a friction element), under the combined effect of oscillating ground and vertical forces acting with certain 
values of phase-lag, it can become the channel of an energy flow feeding the system and sustaining a self-excited oscillation. In 
general, this kind of switching mechanism to instability is classified as ‘due to normal fluctuating forces’, as explained in [26]. In 
the specific case of the present analysis, the external source of energy able to sustain the self-excited oscillation is the kinetic 
energy of the frame, travelling at imposed constant speed. 

The tyre force and slips for both tangential directions at the stability boundary are given in Fig. 6a and Fig. 6b. Phase offset in 
the x-direction is found to be approximately 53.6° resulting in energy flow into the system. The phase offset in the y-direction is 
90.8° resulting in an insignificant energy dissipation. 

The source of the offset in the x-direction is the phase that exists between the tyre normal load zFɶ and the longitudinal slip 
velocity sx ,Vɶ and the fact that the longitudinal force is made up of a weighted linear combination of these terms (through the 
coefficients Cx,x and CFz,x). The phase relationship between normal load and tyre slip is displayed in Fig. 6c to Fig. 6f. There it is 
shown that slip is largely dependent on the θɺɶ term, while normal load fluctuations are primarily driven by theαɶ term. Figure 6d and 
Fig. 6e show the makeup and phase relationships of the tyre longitudinal force. The contribution from the tyre slip x x( )F σɶ is 180° out 
of phase with the slip velocity sxVɶ which makes it dissipative, while the phase for the normal load term is 32.1° and is the main 
contributor to instability (all other terms from Eqn. (12) are negligible). This shows that the tyre force gradient terms Cx,x and CFz,x 
have major influences on stability, which is further supported in the following sections. 

3.4 Eigenvalue Sensitivity 

To investigate the stability boundary of the driveline mode, eigenvalue sensitivity is calculated using the eigenvalue 
perturbation method [27]. This gives the gradient of the eigenvalue of interest with respect to changes in model parameters, 
allowing the stability boundary sensitivity to be discerned. The sensitivity of an eigenvalue iλ with respect to a parameter ,τ on 
which the system matrix A depends, is defined as: 

T ( )i
i iy x

λ τ

τ τ

∂ ∂
=

∂ ∂
A

 (25) 

where xi and yi are the right and left eigenvectors of ,iλ respectively, normalised such that yi
Txi = 1. The gradient of interest is along 

the real axis, so the left-hand side of Eqn. (25) is decomposed into: 

Re iImi i
i

λ λ
λ

τ τ

   ∂ ∂  ′= +        ∂ ∂
 (26) 

and the real portion is taken as the sensitivity of the stability boundary to parameter .τ These results are then scaled by the 

magnitude of the parameter ( Re( )iτ λ′ ), to make the sensitivities proportional to a fractional change in any parameter. 
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(a) Longitudinal force and slip signals (b) Lateral force and slip signals (c) Tangential and vertical force signals 

   

(d) Makeup of the longitudinal force (e) Makeup of the longitudinal slip (f) Makeup of the vertical load 

Fig. 6. Tyre force and slip signals used in the energy analysis. 

 

  

(a) Full Plot (b) Magnified plot 

Fig. 7. Sensitivity of the driveline stability boundary with respect to several model reference parameters. 

 
 

To get a practical understanding of the system's stability boundary, the sensitivity procedure is performed with dimensional 
model parameters. The parameters to which the stability is most sensitive to, and their evolution during the braking manoeuvre, 
are presented in Fig. 7. Here the sensitivity of each parameter is shown as they evolve through the quasistatic reference manoeuvre, 
which reaches instability where the vertical bar is shown on the graphs. A positive sensitivity to a parameter means the system 
stability decreases with an increase in that parameter, and vice versa. The parameters with the biggest effect can be grouped into: 

1) Frequency parameters: those that effect the natural frequencies of the driveline and rear hop modes, such as tyre vertical 
stiffness kz, chain stiffness kc, rear sprocket ratio rc (which is prominent in the equivalent chain stiffness about the wheel 
axis), wheel moment of inertia Jwhy, wheel mass mwh, and swingarm mass position sa ;η  

2) Tyre force gradient parameters: Cx,x, CFz,x, and CFz,y; and, 
3) Geometric parameters: those that effect chain geometry and the chain matrix, such as front sprocket radius rp, and tyre 

outer radius Rr. 
As expected, system damping cs produces a small stabilising effect. Swingarm length lsa has a significant yet complicated effect, as 
it crosses the x-axis meaning the sensitivity changes sign and any stabilising effects will be reversed after that point. This is 
assumed to be due to its appearance throughout many of the system's terms. 

To test the results of the sensitivity analysis presented in Fig. 7, the stability regions of the nondimensional equations of motion 
(16) are plotted with varying parameter inputs. These regions are calculated using the Routh-Hurwitz criterion of the system's 
characteristic polynomial and are shown in Fig. 8. The regions are plotted with respect to the nondimensional tyre force gradient 
parameters to facilitate comparisons to previous studies [12], and each subfigure has a nondimensional parameter selected from 
the groups above varied by ±10%. The top row shows that varying the frequency parameters �θ and cΦ have a large effect on the 
stability boundary, as does the manoeuvre-dependent slip parameter xν . The second row confirms that geometric parameters Rξ

and σ have a smaller effect, similar to that of the system damping ζ . There is agreement both between the eigenvalue sensitivities 
and their respective changes in stability regions, and with previous work [12], where x1λ λ≅ and xxγ γ≅ − and Fig. 8 can be compared 
to the general case presented there. 
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Fig. 8. Stability regions with respect to non-dimensional parameters. The black point gives the linearisation point, the dotted box shows the 
region boundaries, and the dashed line traces the whole manoeuvre. 

 
Finally, an attempt is made to determine the symbolic underpinnings of the eigenvalue sensitivities found in Fig. 7, by 

investigating the complete linearised equations of motion (16). The main matrices (mass, damping, and stiffness) are all positive 
semidefinite, and the asymmetric factor Rξ in the chain matrix remains close to one, making it effectively symmetric. This leaves 
the system stability to depend mainly on the tyre slip matrices, as supported by the above findings. Negative terms in the diagonal 
of the damping matrix lead to decreased stability, as do asymmetric terms in both the damping and stiffness matrices [28]. Reducing 
the total damping and total stiffness matrices by removing negligible and unimportant terms gives: 

x xx yx

tyre x n xx xy x xx

... ( ) ...
ˆ 2 ...

... ... ...

s

s
α φ

α φ

ν τ γ γ

ζν ω τ γ γ ν γ

 − 
 = + = − − 
   

C C C  (27) 

c

2
tyre n R c x1 cchain

... ...
ˆ ...

... ... ...

δσ

ω δξ σ λ

 Φ 
 = + + = Φ − Φ 
 
 

K K K K  (28) 

where the role some of the important parameters can be seen. The factors ζ and xν tend to increase damping in scalar manner. The 
tyre slip term xx,γ normally negative in regular operation of the tyre, gives positive damping to the matrix. If this term changes sign, 
such as when peak tyre grip is exceeded, it introduces negative damping to the diagonal term which can lead to instability. The tyre 
slip terms xy yx,γ γ and x1λ influence the asymmetry of both matrices, and show increased stability when reduced. In the case of yx,γ
the asymmetry is multiplied by x ,ν but the scalar damping effect of xν is stronger than its asymmetric effect. The parameter Rξ also 
brings about asymmetry in the total stiffness matrix (28), but its value tends to stay close to unity, affected by tyre toroidal geometry 
and rolling radius characteristics. Finally, the chain geometry term σ links the α and θ equations in the total stiffness matrix (28), 
where asymmetry introduced by x1λ can cause instability. 

3.5 Stabilisation via Natural Frequencies 

Figure 9 shows the changes in the eigenvalues with respect to the parameters that effect the natural frequencies of the driveline 
and rear hop modes. It can be seen on the right of the figure that with stabilising changes in kc, rc, or Jwhy, the driveline mode's 
natural frequency is raised and damping increased. While on the left of the figure, with stabilising changes to kz or mwh, the rear 
hop mode's frequency is lowered, and damping of the driveline mode is increased. This result suggests that a separation of the 
natural frequencies of the two modes leads to more stable behaviour. 

3.6 Stabilisation via Chain Geometry 

Another stabilising factor found is the chain geometry factor ,σ although this parameter is highly based on the manoeuvre and 
dependent on swingarm angle .α The stability with respect to varying σ is shown in Fig. 10a. An interesting insight is that there can 
be a stabilising effect by increasing σ (and therefore increasing the chain-to-swingarm angle ),ψ but that effect quickly vanishes as 
the system approaches instability. A parallel swingarm and chain ( 0)σ = remains stable throughout the whole manoeuvre. The 
change in sign of the eigenvalue sensitivity is due to the gradient of these curves. 
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Fig. 9. Changes to eigenvalues with respect to natural frequency parameters. 

  

 

(a) Chain geometry  (b) Swingarm angle  

Fig. 10. Stability with varying chain geometry σ and swingarm angle .α Solid lines represent the region's beginning, end, and reference stability 

boundary, while the dashed lines represent the same analysis with a frozen chain geometry ( σ = 0.23). The black dotted line shows the 

manoeuvre's reference trajectory. 

 
 

 

Fig. 11. Driveline stability boundary with respect to forward speed Vfx and roll angle ,φ along with some altered parameter boundaries to show 

stabilising effects. 
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3.7 Effect of Swingarm Angle Equilibrium Condition 

The effects of swingarm length are fairly complex, as it is a characteristic length of the system and appears throughout the 
equations of motion. It also is not an effective parameter for stabilising the system, due to its sensitivity gradient changing sign as 
seen in Fig. 7. In contrast, the swingarm equilibrium angle, which can effectively be set by the parameter hf, does have a significant 
effect since it changes the chain geometry, which has an effect on stability as the last section shows. To discern between the effects 
of chain geometry and a possible secondary effect of swingarm angle, analysis is performed with a chain geometry factor σ frozen 
at a value of 0.23, see Fig. 10b. 

While the non-frozen analysis shows a negative gradient as swingarm angle is increased (moving towards a parallel swingarm 
and chain), the frozen analysis loses this effect, and the dashed curves show flatter behaviour. There is a small secondary effect, 
with the manoeuvre operating close to the peak of instability on theα -curves. In the stable region, an increase in swingarm angle 
leads to higher stability (with frozen chain geometry), while in the unstable region the effect is reversed with a more horizontal 
swingarm being more stable. Note that the main effect of braking moment Mbrake is the change in the stationary swingarm value

0 ,α and thus ,σ and therefore would affect system stability. Unfortunately, this cannot be properly captured in the linearized 
minimal model analysis. 

3.8 Effect of Roll Angle Equilibrium Condition 

The effect of roll angle on stability is difficult to characterise with the simplified model due to so many externally determined 
equilibrium value dependencies. For example: the vertical height of point F, zf, depends on ,φ as do many of the tyre parameters. To 
view the effects of roll angle on system stability, the stability boundary with respect to the forward speed Vfx (critical speed) is 
determined during the manoeuvre as roll angle increases. This is shown in Fig. 11, along with similar manoeuvres with altered 
parameters to display some of the stabilising and destabilising effects they can have. The increase in rear sprocket radius (with 
corresponding increase in front sprocket radius to maintain final drive ratio) proves to be a useful adjustment in stabilising the 
system as described previously. The shortening of the swingarm length also initially shows increased stability, but at 21° of roll 
angle the effect is reversed. The conclusion from this figure is that with increased roll angle, the stability of the system with respect 
to forward speed decreases. 

The decrease in system stability is not directly due to the presence of roll angle in the dynamics, seen in the eigenvector plot in 
Fig. 5d, but due to some indirect effect on other equilibrium parameters. As shown in Fig. 7, the tyre force gradient parameters Cx,x 
and CFz,x have a large effect on stability and are also highly dependent on roll angle (tyre camber). This effect is highlighted in Fig. 
12 where an increase in roll angle shows destabilising changes in tyre force gradient parameters, as proven in the energy and 
sensitivity analyses. This is the method by which increasing the roll angle φ indirectly destabilises the system. Further 
investigations into the effect of roll angle on system stability would require a more complete multibody model, but the current 
results suggest that the two degree of freedom model presented in [12] could be augmented to include a quasistatic roll angle 
parameter for increased accuracy during braking manoeuvres that include a leaning motorcycle. 

3.9 Remarks on Relaxation Length and Nonlinear Effects 

In the adopted model the effects of tyre relaxation have been considered negligible, as in other similar studies [12, 13]. It should 
be recalled, however, that increasing the relaxation length to sufficiently high values would produce destabilizing effects on the 
model, reducing the interval of stability with respect to travelling speed [9]. An effect that can be explained considering that tyre 
relaxation influences the phase-lag between the factors of the power exchanged at the ground contact point (and thus the energy 
flow), which is able to bring the system to critical conditions. 

As a final remark, for assessing the validity of the presented linear analysis in predicting stability, the post-bifurcation behaviour 
of the related nonlinear system should be investigated, focusing on bifurcation diagrams and existence of limit cycles. Some 
preliminary results on the effects of nonlinear terms on this kind of self-excited oscillation have recently been presented in [29], 
showing that the nonlinear system (at zero roll angle) has a non-critical behaviour, with a single stable limit cycle in the parameter 
domain of technological interest, and growing with linearised instability, suggesting that the linearised model is valid in predicting 
stability. 

 
 

 

Fig. 12. Tyre tangential force gradient parameters as a function of roll angle. Inset is the tyre gradient domain showing the stable region and the 
manoeuvre proceeding to unstable. 
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4. Conclusions 

In this study a new simplified model of the rear of a motorcycle was developed with a three degrees of freedom framework that 
includes the lateral dynamics introduced by roll angle. This allows the expansion of previous works from straight braking 
investigation into more complex manoeuvres. The model is linearised about equilibrium values in a quasistatic braking region and 
linear methods such as eigensystem analysis, eigenvalue sensitivity, and Routh-Hurwitz stability criterion are used, as well as an 
energy flow analysis to detect sources of instability. 

Results agree with those in [12], showing an unstable driveline mode with a frequency of around 19 Hz. Instability arises from 
the longitudinal force affected by tyre force gradient parameters Cx,x and CFz,x and the phase relationship between swingarm angle
αɶ and wheel speed θɺɶ oscillations. It is found that the biggest factor to stability is the natural frequencies of the driveline and rear 
hop modes, parameters such as tyre vertical stiffness kz, chain stiffness kc, rear wheel mass mwh, rear wheel inertia Jwhy, and rear 
sprocket radius rc having the greatest effect. Stabilisation can also be achieved by reducing the chain-to-swingarm angle ,ψ while 
the effect of the equilibrium value of swingarm angle is minimal when ψ is held constant. The out-of-plane dynamics did not play 
a role in the stability of the system, as supported by the eigenvectors and the energy flow analysis, but the equilibrium value of the 
roll angle plays a significant role through its effect on the tyre force gradient parameters Cx,x and CFz,x, both of which move in a 
destabilising direction as roll angle is increased. 

Future work will include investigating mid-corner and acceleration manoeuvres at high roll angle, using the minimal model to 
analyse the stability of the rear swingarm system. The model will also need to be validated in these conditions, again using a 
complex multibody simulation. These operating conditions, and the stability of the rear swingarm system within them, are not yet 
studied in literature. The results here only explore a part of the potential of the developed model. Further, an augmentation could 
be made to the minimal model parameters so as to simulate a torsional degree of freedom in the swingarm pivot and be used to 
investigate the swingarm's torsional rigidity and its effects on stability. 
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Nomenclature 

α  Swingarm angle 
iI  Normalized inertia coefficient 

0sα  Suspension spring preload 
frJ  Inertia matrix of the rolling frame 

slipα  Slip angle 
saJ  Inertia matrix of the swingarm 

pβ  Front sprocket locating angle 
whJ  Inertia matrix of the rear wheel 

iχ  Compact notation for tyre force gradient terms Jα  Reduced moment of inertia about α  

δ  Chain activation (1 for braking and –1 for 
acceleration) 

Jφ  Reduced moment of inertia about φ  

φ  Roll angle K  Stiffness matrix 

f0φ  Frame torsional spring preload k  Total stiffness of the system 

iΓ  Linear combination of the ijγ coefficients 
fk  Torsional stiffness at the frame joint F 

ijγ  Damping terms arising from ground tyre forces 
sk  Torsional stiffness at the swingarm pivot S 

iΦ  Normalised stiffness coefficients 
RL  Characteristic length 

frη  Locating variable for frame centre of mass lα  Characteristic length 

saη  Locating variable for swingarm centre of mass lφ  Characteristic length 

ϕ  Spin slip 
cl  Dynamic total length of the chain 

ijλ  Compact notation for tyre force gradient terms 
pl  Front sprocket locating distance 

iν  Normalised velocity component 
tcl  Tangential length of the taut branch of the chain 

θ  Wheel angular displacement 
cl∆  Equilibrium chain stretch 

rρ  Toroid radius of the tyre 
fcl  Free total length of the chain 
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,σ σ ′  Chain geometry characteristic coefficients M  Mass matrix 

xτ  Compact notation for tan(x) 
brakeM  Braking moment 

fΩ  Angular speed of the frame (stationary) 
cent,iM  Centrifugal moment 

ω  Angular speed of wheel 
cor,iM  Coriolis moment 

nω  Natural frequency resulting from normalisation 
gyro,iM  Gyroscopic moment 

iξ  Near-unit dimensionless geometric factor 
frm  Mass of the rolling frame 

ψ  Chain angle 
sam  Mass of the swingarm 

fψ  Normalised rotational damping coefficient 
whm  Mass of rear wheel 

ζ  Normalised Damping ratio q  Vector of Lagrangian coordinates 

C  Damping matrix 
cR  Loaded radius 

,i jC  Components of the tyre force gradients 
RR  Rolling radius 

fc  Torsional damping coefficient at the frame joint F 
rR  Outer radius of the wheel 

sc  Torsional damping coeff. at the swingarm pivot S 
cr  Radius of rear sprocket 

xc  Compact notation for cos(x) 
pr  Radius of front sprocket 

d  Sprocket centre distance 
xs  Compact notation for sin(x) 

iE∆  Energy variation over a period T T  Period of oscillation 

cF  Chain elastic force 
fV  Velocity of the frame (stationary) 

RF  Planar resultant of combined forces Fx, Fy sx sy,V V  Slip velocity components 

x y z, ,F F F  Tyre ground force components , ,x y z  Coordinates of reference system 

g  Acceleration due to gravity 
fx  In-plane distance from point S to point F in x 

direction 

fh  Distance from point S to point F normal to x direction 
fz  Height of point F from ground plane 

Appendix 

Tyre Notation 

0 0 0 0 0 0

, ,fx fy fz

x y
R R R

V V

R R Rψν ν ν
ω ω ω

Ω
= = =  (A1) 

, , , 0 , 0sin( ) ( cos( ))
x y x yx x x x y x R x safC C C L C x lσ σ σ σ ψχ ν ν φ α ν = + + − +    (A2) 

, , , 0 , 0sin( ) ( cos( ))
x y x yy y x y y y R y safC C C L C x lσ σ σ σ ψχ ν ν φ α ν = + + − +    (A3) 
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Kchain Matrix 
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Ctyre Matrix 
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( )x xx x xy y xx xy fl x lφ φ α ψγ ν γ ν γ τ γ ν Γ = + + − +    (A10) 
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( )y yx x yy y yx yy fl x lφ φ α ψγ ν γ ν γ τ γ ν Γ = + + − +    (A11) 

Equations of Motion Notation 
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m l kmα α α
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2 2( )say sa sa sa whJ J l m mα η= + +  (A13) 
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