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Abstract. The head-discharge relationship for sharp-crested weirs is developed based on the energy consideration upstream and 
at the crest of the weir. The discharge for weirs of finite crest length is estimated by correlating the critical depth and total energy 
at the upstream of the weir. In both cases, discharge is linked with the total head. Therefore, prediction of discharge for both 
sharp-crested weirs and weirs of finite crest length requires an iterative solution method. The present technical note formulates 
the relationship between the discharge coefficients based on water and total heads to estimate the error associated with 
implementation of head-discharge equation based on the head. The proposed prediction curves are used to convert the iterative 
solution method based on the total head to a direct solution strategy based on the water depth at the upstream of sharp-crested 
weirs and weirs of finite crest length with either a sharped-edge or rounded entrance. Based on the similarity of velocity profiles 
in gate flow, it is concluded that a distance as short as 2.4 times of the water head is suitable enough to measure the upstream 
water depth. In sharp-crested weirs, the effect of velocity head is negligible for the approach velocity ratio smaller than 0.1. 
Different correction curves were developed for weirs of finite crest length based on the ratio of water head to the crest length of 
weirs. 
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1. Introduction 

Weir structures are used for discharge measurement, flow diversion, and water level control and several types of weirs have 
been designed and tested for different flow conditions and geometries [1]. Amongst all weir models, sharp-crested weirs are 
frequently used in the field of civil engineering and irrigation canals with relatively small discharges [2]. Sharp-crested weirs are 
not structurally stable for relatively high discharges and weirs of finite crest length have been employed instead for controlling 
water level and discharge measurement in rivers and natural streams [3, 4]. Both sharp-crested weirs and weirs of finite crest 
length perform well in both free flow [5, 6] and in case of floods when the weir structure is submerged [7-10]. A relationship 
between the performance of weirs of finite crest length in reference to sharp-crested weirs of the same height was formulated by 
[11]. It was found that in almost all flow conditions, sharp-crested weirs perform better than weirs of finite crest length.  

To obtain reliable results, a certain minimum approach length has to be provided for flow measurement of full width 
rectangular sharp-crested weirs. This length is generally assumed to be about 10 times the width of the channel in which the weir 
is installed [2]. The flow development upstream of sluice gates in rectangular channels has shown similar pattern of velocity 
development. The region immediately upstream of vertical sluice gates has some similarity to the region immediately upstream 
of the vertical sharp-crested weir but there are some differences as well. Velocity measurements on sluice gates in rectangular 
channel indicated that the velocity profile changes from an almost uniform to a jet-like profile, in a rather relatively short length, 
approximately equal to 2.4 times the gate opening [12]. For the weir, the corresponding length may be the same with the gate 
opening replaced by the head on the weir. Particle Image Velocimetry (PIV) measurements of the velocity profiles immediately 
upstream of a broad-crested weir, appears to indicate roughly the same length [13].  

The relationship between the total head at the upstream of the weir and the discharge in sharp-crested weirs is formulated by 
employing the energy equation between the upstream and downstream of the weir. A relationship between the total head and 
discharge in weirs of finite crest length is developed by knowing the existence of a control point in the vicinity of the weir 
structure. The head-discharge formula for weirs of finite crest length is achieved knowing the fact that the total energy at the 
upstream of the weir in rectangular channels is 1.5 times the critical depth. Discharge coefficients for sharp-crested weirs and 
weirs of finite crest length are extracted from laboratory measurements by equating the measured discharge with the right-hand-
side of the head-discharge equation. Many formulas have been proposed for prediction of discharge coefficients of weirs with 
different geometries and flow conditions [1, 14-16].  
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Fig. 1. Schematic sketch of free flow over weirs: a) sharp-crested weir; b) weir of finite crest length with sharp upstream edge; c) weir of finite crest 
length with rounded upstream edge. 

The disadvantage of head-discharge equations based on the total head is that the unknown discharge appears in both left and 
right-hand-sides of the equation and requires an iterative procedure. The present technical note is motivated by finding a 
relationship between the discharge coefficients based on water and total heads and present conversion curves for these two 
methods of discharge prediction. The prediction curves provide the range of errors for different types of weirs based on the initial 
estimation of discharge. The comparison of the discharge coefficients is performed for sharp-crested weirs and weirs of finite 
crest length with sharped-edge and rounded entrance (Fig. 1). 

2. Discharge Equation in Sharp-crested Weirs 

Consider a rectangular sharp-crested weir of width B located normally across a rectangular channel of width B, with a 
reasonably long approach channel. The head over this weir, measured some distance upstream is ho and the total discharge is Q 
(Fig. 1a). The classical Bernoulli type of analysis, with the nappe pulled-up so that it is horizontal and the pressure distribution 
across this nappe is hydrostatic, provides the following Weisbach equation for the total discharge: 
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where ua is the approach velocity, assumed to be uniform across the full depth of (ho+P), where P is the height of the weir crest 
above the channel bed and g is the acceleration due to gravity. By expanding the first term inside the brackets using Binomial 
theorem as: 
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The Binomial coefficient in Eq. (2) is obtained by: 
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By employing the values of x = ho, y = (ua
2/2g), and n = 3/2, it can be shown that the two terms in Eq. (1) reduce to: 
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By neglecting the smaller higher power terms in the series expansion, it can be shown that the above expression may be 
reduced to ho3/2 with the error being less than 2.6 % for ho/P = 1.0. For ho/P = 5.0, the error increases to 16 %. The range of ho/P from 
zero to 1.0 is quite large and in this range, Eq. (1) can be rewritten as: 

3/22
2
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A discharge coefficient, Cd, is added to equate the measured discharge with the right-hand-side of Eq. (5) as: 
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 Based on laboratory experiments, Kandaswamy and Rouse [17] provided an equation for prediction of discharge coefficient in 
full-width rectangular sharp-crested weirs as: 
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 = +   
 (7) 

The proposed formula by Kandaswamy and Rouse [17] is the simplified version of the Rehbock equation [18]. The head-
discharge relationship is often proposed based on the total head, Ho = ho+ua

2/2g where the mean approach velocity can be 
calculated as ua = Q/[B(ho+P)], and the resulting discharge equation is expressed as: 
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Since both Eqs. (6) and (8) are used in the literature, a summary of the proposed equations can be found in [1], it is useful to 
have a direct relationship between Cd and Cd*. The relationship between the discharge coefficients based on water and total heads 
is given by: 
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By incorporating the definition of total head and approach velocity into Eq. (9), the relationship between discharge coefficients 
based on water and total heads is expressed as: 
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Including Eqs. (6) for the head-discharge relationship in sharp-crested weirs and Eq. (7) for the definition of discharge 
coefficient, Eq. (10) is simplified to: 
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Eq. (11) shows that the ratio of discharge coefficients based on water and total heads is only a function of ho/P. Eq. (11) was 
evaluated and the results are shown in Fig. 2 for a range of ho/P between zero to five. It may be observed that for very small values 
of ho/P from zero to 0.1, Cd* is approximately the same as Cd but as ho/P increases the ratio of Cd*/Cd becomes less than unity. The 
variations of Cd*/Cd with ho/P shows that for ho/P greater than 0.1, this ratio is always less than unity and falls to about 0.93 for ho/P 
equal to 1.0 and to approximately 0.85 and 0.67 for ho/P = 2 and 5, respectively.  

3. Discharge Equations for Weirs of Finite Crest Length 

Weirs of finite crest length are designed for flow measurement and water level control in both free and submerged flow 
conditions [6, 9]. The head-discharge equation is developed based on occurrence of critical flow on the weir and the discharge 
equation is developed from the relationship between critical depth and total energy as: 
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Fig. 2. Effect of approach velocity, ho/P, on variations of C*
d/Cd for sharp-crested weir. 
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The head-discharge equation for weirs of finite crest length and the proposed formulations for prediction of discharge 
coefficient were based on the total head, Ho, which is also a function of flow discharge [5]. Therefore, an iterative solution strategy 
is required to estimate and correct the predicted values of discharge, total head, and discharge coefficient. Azimi and Rajaratnam 
[6] used a number of experimental data on weirs of finite crest length from the literature and proposed a head-discharge equation 
based on the water head as: 

3 /2

3/22
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 =   
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Depending on the ratio of water head, ho, to the crest length, L, weirs of finite crest length are classified as Long-crested weirs 
(0 < ho/L < 0.1), Broad-crested weirs (0.1  ho/L  0.4), Narrow-crested weirs (0.4 < ho/L < 2) and Short-crested weirs (ho/L  2) [6, 19]. A 
rounded upstream edge in weirs of finite crest length has shown a significant improvement in increasing discharge coefficient. 
Therefore, separate empirical equations were proposed by Azimi and Rajaratnam [6] for weirs of finite crest length with sharp-
edged and rounded entrances (see Figs. 1b and 1c).  

The proposed discharge equation for squared-edged Long- and Broad-crested weirs in the study of Azimi and Rajaratnam [6] 
was only a function of ho/(ho+P), therefore, the crest length did not change the variations of normalized discharge coefficient with 
ho/P. By employing Eq. (10) and the proposed formulation for prediction of discharge coefficient based on water head, CD, the 
variation of CD*/CD with ho/P is shown in Fig. 3a. As can be seen, both Long- and Broad-crested weirs behave similarly for ho/P  1.2 
and the prediction curves deviate afterwards. The variations of CD*/CD with ho/P shows that for ho/P greater than 0.2, this ratio is 
always less than unity and for ho/P = 2 fall to about 0.913 and 0.9 for Long- and Broad-crested weirs, respectively. 

The discharge coefficient of Narrow-crested weirs with sharp upstream edge varies linearly with ho/L. Therefore, a family of 
curves describe the correlation of CD*/CD with ho/P based on variations of the weir aspect ratio, P/L. Figure 3b shows the graphical 
representation of Eq. (10) for Narrow-crested weirs with sharp upstream edge. As can be seen, the effect of aspect ratio, P/L is 
negligible for ho/P  0.4 and for larger values of ho/P, the difference between discharge coefficient based on water and total heads 
increases with increasing P/L. For example, the reduction of discharge coefficient based on the total head at ho/P = 1 and for P/L = 
0.2 and 2 were 0.965 and 0.925, respectively.  
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Fig. 3. Effect of approach velocity, ho/P, on variations of C*
D/CD for weirs of 

finite crest length with sharp upstream edge: a) Long- and Broad-crested 
weirs; b) Narrow-crested weirs with different aspect ratio, P/L. 

Fig. 4. Effect of approach velocity, ho/P, on variations of C*
D/CD for weirs of 

finite crest length with rounded upstream edge: a) Long-crested weir; b) 
Broad-crested weir; c) Narrow-crested weirs with different aspect ratio, 

P/L. 
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The variations of discharge coefficient ratio with ho/P are evaluated for weirs of finite crest length with rounded upstream 
entrance. Azimi and Rajaratnam [6] proposed a power law equation for prediction of Long-crested weirs with an upstream round 
edge which was a function of both ho/(ho+P) and ho/L. Figure 4a shows the correlation of normalized discharge coefficient, CD*/CD 
with ho/P for Long-crested weirs with a rounded upstream (see Fig. 1c). The variations of discharge coefficient ratios between P/L = 
0.2 and 2 for ho/P = 1 and 2 were −1.6% and −3.1%, respectively. The discharge coefficient of Broad-crested weirs with a rounded 
upstream is linearly correlated with ho/(ho+P). The estimated discharge based on the water head, and discharge coefficient 
prediction formula by Azimi and Rajaratnam [6] were employed in Eq. (10) and the results are plotted in Fig. 4b. The results show 
that the difference between discharge predictions based on water and total head for ho/P  0.4 is less than 2% and a 5% 
underestimation occurs for ho/P = 1. Azimi and Rajaratnam [6] proposed a linear formula for prediction of discharge coefficient 
with variations of ho/L for Narrow-crested weirs with rounded upstream. Figure 4c shows the effect of weir’s aspect ratio, P/L, on 
variations of normalized discharge coefficient. As can be seen, for ho/P = 1 the discharge coefficient ratio varies between 0.953 and 
0.92 for aspect ratios of P/L = 0.2 and 2, respectively. 

4. Conclusions 

A theoretical approach was utilized to formulate a correlation between predictions of discharge coefficient based on the total 
head as a function of discharge prediction based on the water head measured at the upstream of the weir structure. In sharp-
crested weirs, the difference between estimated discharge from water head and total head is negligible for ho/P  0.1. Therefore, no 
iteration is needed for such a low values of ho/P. However, the error in estimation of discharge using the water depth increases up 
to 7% for ho/P = 1. The difference between the first estimation of discharge using water depth and the final prediction of discharge 
in sharped-edge Long- and Broad-crested weirs is 5% for ho/P = 1 and negligible for ho/P  0.2. In Narrow-crested weirs with sharp-
edged entrance, the accuracy of employing water depth instead of total head depends on the weir’s aspect ratio and less error was 
achieved in small aspect ratio of P/L = 0.2. A comparison between the prediction curves of discharge coefficients for weirs of finite 
crest length with sharp and rounded upstream entrance indicated that employing water head in head-discharge formulation (i.e., 
Eq. (8)) caused a smaller error in weirs with a sharp-edged upstream.     
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Nomenclature 

B 
Cd 
Cd

* 

CD 
CD

* 
g 

Weir width (m); 
Discharge coefficient in sharp-crested weirs based on water head; 
Discharge coefficient in sharp-crested weirs based on total head; 
Discharge coefficient in weirs of finite crest length based on water head; 
Discharge coefficient in weirs of finite crest length based on total head; 
Gravitational acceleration (m/s2); 

 ho 
Ho 

L 
P 
Q 
ua 

Water head upstream of the weir (m); 
Total head upstream of the weir (m); 
Crest length (m); 
Weir height (m); 
Flow discharge (m3/s); 
Approach velocity (m/s); 
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