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Abstract. The current paper examines the impact of radiation and Marangoni convective boundary conditions on the flow of 
ternary hybrid nanofluids in a porous medium with mass transpiration effect on it. Estimated PDEs are converted to ODEs with 
consideration of the corresponding similarity transformations. The obtained non-dimensional reduced equations are solved by 
analytical process. A unique access based on the Laplace transform (LT) is used to find analytical solutions to the resulting 
equations. With the use of graphs, the exact solution may be investigated in the presence of many physical parameters such 
as solid volume fraction parameter, mass transpiration, porosity, radiation. The fluid flow contains three types of nanoparticles: 
spherical Silver (Ag), cylindrical SWCNT, and platelet graphene. Because of the shape composition of ternary hybrid nanoparticles, 
variation in concentrations is a primary factor of thermal performance. The shape of nanoparticles in ternary hybrid nanofluids 
has a major impact, and its application has the advantage of improving the cooling system's thermo-hydraulic performance. 

Keywords: Marangoni convection, ternary hybrid nanofluid, mass transpiration, radiation, porosity. 

1. Introduction 

Recently, the role of nanofluids has substantially originated in various applications due to their properties being 
incomparably superior to those of other working fluids. The variety of nanoparticles is immersed in the working fluids to 
synthesize the nanofluids, and thus the optical, magnetic, thermal, mechanical, and electrical characteristics have been 
improved. Its relevance is found in micro reactors, solar collectors, microchannel heat sinks, enzymatic biosensors, bio 
separation systems, and micro-heat tubes. A steady fluid called a nanofluid is formed by suspending a particular type of 
nanoparticles in a basic fluid. But when there are two distinct types of nanoparticles, a hybrid nanofluid is developed and 
according to Shakya et al. [1], enhances the critical heat flux. The growing understanding of the development of nanofluids has 
resulted in the recognition of dimensions and forms of nanoparticles as a constant component affecting viscosity and thermal 
conductivity. Crane [2] and Wang [3] suggested the stretching sheet problem, which provides a diverse range of industrial 
services, as does incorporation of nanoparticles. Mahabaleshwar et al. [4] was one of the pioneer works on the investigation of 
outcomes of transferring heat in a viscoelastic liquid due to extending plate in the appearance of dissipation. Choi et al. [5] 
supported the notion of suspending nano regime particles in water-based fluids to increase the fluids' thermal conductivity in 
the beginning. Napolitano et al. [6-8] was the first study to examine the Marangoni boundary layer in their research, and also on 
the fields of identifications in mass and volume substances for non-Marangoni boundary layers which does contrarily depends 
about the configuration. On a thermo-solutal Marangoni permeable boundary with mass transpiration and heat source/sink, the 
impact of chemical radiation and heat penetration/formation of the viscous fluid flow was investigated by Mahabaleshwar et al. 
[9]. 

Recently, studies on the impact of ternary HNF on fluid flow and temperature distribution have begun. When it comes to 
energy exchanges, ternary hybrid nanofluid exceeds normal fluids, nanofluid, hybrid nanofluid, gasoline, and acetone. Hybrid 
nanofluids have a wide range of temperature-dependent effects, including freezing in high-temperature environments. Recently, 
Mahabaleshwar et al. [10-13] worked on Casson hybrid nanofluid, MHD flow micro polar fluid, and the MHD nanofluid through a 
penetrable and also stretching/shrinking surface, a horizontal surface having a radiated effect with mass transpiration. The 
incorporation of metal or metal oxide nanoparticles is a well-known technology for modifying the thermal conductivity of fluids. 
Due to their higher thermal conductivity over conventional heat transfer fluids, metal nanoparticles are the most beneficial. In 
modern research the suspension of the mixture of three different kinds of nanoparticles in a single base fluid is initiated which is 
called as ternary hybrid nanofluids. The thermal analysis of newly developed idea of ternary hybrid nanofluid with different 
shaped nanoparticles shows the promising heat transfer rate in many fields of sciences. Animasuan et al. [14] numerically 
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explored the influence of an induced magnetic field and various shaped nanoparticles Ag, Al2O3, Al on flow, in addition to effect 
of a heat source/sink. Manjunatha et al. [15], conducted a theoretical analysis of convective heat transfer in a ternary nanofluid 
flowing across a stretching sheet. Effect of nanoparticle mixture ratio on the rheological behavior and thermophysical properties 
of Al2O3-TiO2-Cu/water ternary hybrid nanofluids was studied by Xuan et al. [16]. 

The ternary hybrid nanofluids thermal performance can be further enhanced compared to the conventional binary hybrid 
nanofluid by the inclusion of more nanoparticles, but this also means that its particle composition is more varied and its 
production is more complicated. Due to the complexity of preparation and comparative instability of ternary hybrid nanofluids, 
few studies have investigated the thermophysical properties of such fluids. Sahoo et al. [17] examined the impact of temperature 
and volume fraction on the Al2O3-CuO-TiO2/W ternary hybrid nanofluid Comparing to the equivalent binary hybrid nanofluids, the 
0.1 vol.% ternary hybrid nanofluid showed increases in viscosity of 55.41% and 17.25%. After that, a comparable investigation was 
carried out on the Al2O3-SiC-TiO2/W ternary hybrid nanofluid [18]. A number of interesting numerical researches on the ideal fluid 
Marangoni boundary layers in varied configurations were interpolated through Refs. [19-20]. Manjunatha et al. [21] characterized 
the flow of a Cu-Al2O3-H2O hybrid nanofluid with changing viscosity. The radially extended infinite gyrating disc with numerous 
slip effects that generates three-dimensional magneto stagnation-point flow of ternary hybrid nanofluid has been analyzed by 
Gupta et al. [22]. In the presence of mass transpiration (suction/injection) and radiation, a hybrid nanofluid (HNF) flows over a 
stretching/shrinking sheet was studied using an accurate analytical solution by Vishalakshi et al. [23]. Udawattha et al. [24] 
showed that the awareness of numerous facts about nanofluids comprising spherical nanoparticles has resulted from the 
relevance of nanofluid. The researchers discovered that increasing the volume proportion of nanoparticles enhances heat 
transfer. According to the research conducted by Ekiciler et al. [25], it was shown that due to a smaller thermal barrier layer, the 
nanoparticle in the form of the platelet exhibits the most significant heat transfer development. To the best of the authors' 
knowledge, a few studies have revealed remarkable thermo-physical properties of ternary hybrid nanofluid. As a consequence, 
the present study is aimed to examine the impact of the Marangoni convective boundary layer condition and radiation on a flow 
of ternary nanofluid in a porous medium with mass suction/injection effect. The present study is also based on the ternary 
nanofluid composed of Silver, SWCNTs, and Graphene nanoparticles in a H2O as base fluid. By using the similarity 
transformation, a pair of nonlinear ordinary differential equations are constructed from the problem's governing equations. 
Analytical solutions are then determined by using the resulting similarity equations. The core of the proposed model is the 
analysis of the effects of different factors such as porosity parameter, solid volume fraction, mass suction/injection parameter, 
thermal radiation parameter on the flow and heat transfer behavior of the nanofluid. In addition, the effects of these factors on 
the flow of nanofluid regimes are sketched graphically. Thus, the novelty of the present problem includes the following aspects: 

 The present study is aimed to investigate the flow of ternary nanofluid in a porous medium under influence of the 
Marangoni boundary condition, thermal radiation and mass suction/injection effects. 

 Three various shaped nanoparticles are dispersed in the fluid flow viz, spherical Silver, cylindrical SWCNT and platelet 
graphene. Due to its shape configuration, variation in the concentrations of ternary hybrid nanoparticles acts as a major 
factor in thermal performance. Nanoparticle shape in ternary hybrid nanofluids affect significantly and its application has 
advantage in increasing the thermo-hydraulic performance of the cooling system. 

 It is important to consider the thermal radiation in the present study as it plays a significant role in the industrial process 
and space technology involving high operating temperature. 

2. Mathematical Modelling and Solution 

In this paper, we consider a Marangoni boundary surface flow through permeable media in a water-based nanofluids 
containing three various nanoparticles in two continuous dimensions, namely Silver (Ag), Single-walled CNTs and Graphene (see 
Fig. 1). The basic fluid and particles are thermally balanced, the fluid is regarded inviscid, the flow is irrational, and the fluid is 
considered inviscid. 
 

 

Fig. 1. Schematic representation of problem. 
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For the laminar boundary layer in the steady-state conditions, the governing equations of ternary nanofluid in Cartesian 
coordinates are stated as [27, 38]: 

0
u v

x y

∂ ∂
+ =

∂ ∂
, (1) 

2

2

tnf

tnf

u u u
u v u

x y y K
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p ptnf tnf
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+ = −

∂ ∂ ∂ ∂
. (3) 

The last terms of Eqn. (2) and Eqn. (3) denote the porosity (porous medium) and thermal radiation, respectively. u and v 
represent the components of velocity in x and y directions, respectively, and the permeability is K.  

The imposed boundary conditions are: 

wv v= , 2T T ax∞= + , tnf

u T

y T y

σ
µ

∂ ∂ ∂
=

∂ ∂ ∂
, at 0y= , 

0u= , T T∞→ , at y→∞ . 

(4) 

here tnfµ  is the dynamic viscosity of fluid, σ  represents the surface tension parameter and wv  describes the mass 
suction/injection parameter, respectively. Next, we introduce the stream function with suitable similarity variables as follows: 

2( ) ( )xfψ η ξ η= , 
2

( )
T T

ax
θ η ∞−

= , 1yη ξ= , (5a) 

where T∞  is the ambient temperature of the fluid. In the above equation, we have: 
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with velocities in the following forms: 

'
1 2 ( )u xfξ ξ η= , 2 ( )v fξ η=−  (6) 

The assumed surface tension with boundary condition (see [26-27]) is given by: 

0[1 ( )]T T Tσ σ γ ∞= − − , (7) 

where 0σ  represents the surface tension at the interface and Tγ  represents the rate at which the surface tension changes with 
temperature. The coefficient of surface tension for temperature is given by: 
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The formula for radiative heat flux is obtained using Rosseland approximation, as stated in [28-31]: 
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The temperature of flow changes as the continuous functions of 4T . As a result, we can obtain it by expanding the Taylor 
series up to the term 4T  about T by eliminating the higher order terms as: 

4 3 44 3T T T T∞ ∞≅ − . (10) 

Eqn. (9) and Eqn. (10) gives: 
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here *σ  is the constant of Stefan-Boltzmann, whereas *k  is the coefficient of mean absorption. Obviously in the view of 
similarity transformation, the continuity equation is satisfied. According to basic Eqns. (2) and (3), the following is transformed 
along with the boundary conditions. The dimensional form of ODEs are as follows: 
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The energy equation becomes: 

( )
4

2

3 2
Pr ( ) 2 ( ) 0

f
A Nr A f n

θ θ
θ η

η η η

  ∂∂ ∂ + + − =  ∂ ∂ ∂  
, (13) 

 



 Thippaiah Maranna et al., Vol. 9, No. 2, 2023 
 

Journal of Applied and Computational Mechanics, Vol. 9, No. 2, (2023), 487-497   

490 

Table 1. The thermo-physical properties of ternary hybrid nanofluids (see [32, 33]). 

Nanoparticles/base fluid  ρ (Kg/m3) κ (W/mK) p
C (J/KgK) Shapes 

Water (H2O)  997.1 0.613 4180 Pr = 6.1723 

Silver (Ag)  163.46 163.16 235 spherical 

Single-walled CNTs  103.70 103.42 425 cylindrical 

Graphene  73.46 74.38 790 platelet 

 
where 2 /tnf fA ρ ρ= , and 1 2/p f fK Kµ ρ ξ ξ=  is the porosity parameter. 3 /tnf fA κ φκ= , 4 ( ) / ( )p ptnf fA C Cρ ρ= , and Pr ( ) /pf f fv Cρ κ=  is 
the Prandtl number, * 3 *16 / 3( )p f fNr T C v kσ ρ∞=  is the thermal radiation parameter. The surface velocity can then be intended by 
using 
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In order to understand the water-based ternary nanofluids dynamics, the viscosity in a dynamic state is denoted as tnfµ , 
thermal conductivity is to be 

tnf
κ , 

tnf
ρ  is the density and heat capacitance is represented by ( )

tnfpCρ . The imposed boundary 
conditions have been modified as: 

2

2
10

2
f

A
η

φ

η
=

 ∂   =−  ∂ 
, ( )0 wf f= , 

0

0
f

η
η =

 ∂   =  ∂ 
, ( )0 1θ = , ( ) 0θ ∞ = . (15) 

The quantities of nanofluids are defined as follows (see [34-37]): 
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(16) 

here φ  is the volume fraction of the ternary nanofluid and 1φ , 2φ , together with 3φ  are the corresponding volume fraction of 
the spherical, cylindrical and platelet nanoparticles respectively. 

The spherical nanoparticle quantities are: 
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The cylindrical nanoparticle quantities are: 
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The platelet nanoparticle quantities are: 
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3. Analytical Solutions for Momentum 

3.1 Analytical solution of f(h)  

The assumed analytical solutions of the momentum Eqn. (12) with respect to the boundary condition in Eqn. [15], is given by 
[27]: 

1 2( ) exp( )f c cη βη= + − , (20) 
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here (see [22]): 

1 2wc f c= − , 2 2
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=  (21) 

Substituting Eqn. (20) and Eqn. (21) into Eqn. (12), we get the value of β : 
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where the positive resultant value is simply taken into account to arrive at the physical solution. In the next section, we will 
discuss the analytical solution of temperature equation. 

3.2 Analytical solution of ( )θ η using Laplace transformation 

In relation to the benefits of Laplace transformation discussed in the previous section and to solve the temperature Eqn. (13), 
we use this approach, and its proper condition (15). Another approach to the solution can be conducted using a variable 
transformation technique. In order to solve Eqn. (13), a new variable exp( )t = − −βη  is introduced and substituted in Eqn. (13), one 

obtains: 

( )
2

2
2 ( ) 0t n mt m t

t t

θ θ
θ

∂ ∂
+ − + =

∂ ∂
, (23) 

where 

2
1

2m
A

τφ

β
= , 

2
1

2
1 wn f

A

τ φ

β β

  = − +   
, (24) 

and 

( )
4

3

PrA

A Nr
τ =

+
 (25) 

subject to the accompanying set of boundary conditions: 
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Now, by introducing the Laplace transformation on both sides of Eqn. (23), we have 
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here ( )sΘ  is the Laplace transformation of ( )tθ , by integrating Eqn. (26), we get 
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where c  is an integration constant as to be determined later, now applying the inverse Laplace transform on Eqn. (27) leads to: 
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by putting the modified boundary conditions into action, i.e. (0) 0θ =  is spontaneously fulfilled. Moreover, another boundary 
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Consequently, ( )tθ  will be presented in exact arrangement 
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Relating to the generalized incomplete gamma function, we get the following exact solution by integrating Eqn. (32): 
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Finally, it will be stated as follows in relation to η : 
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In this part, it was determined that utilizing as a problem-solving tool, the Laplace transform produces a simpler unique 
attributes, but manipulating the alternative approaches, generates more complex special functions. 

4. Results and Discussion 

In a porous media with mass transpiration, we investigate the effects of radiation and Marangoni convective boundary 
conditions on the flow of various ternary hybrid nanofluids. The analytical approach is used to solve the dimensionless ordinary 
differential equations (12)-(15), as described in the previous section. Our findings are interpreted using Graphs in this section. 
Figures 2(a)-(c) display the velocity profile against the variation of mass transpiration parameter and the porosity parameter, and 
volume friction was highlighted. It has been revealed that by enhancing the values of φ , velocities diminish considerably. As a 
result, as the distance from the boundary rises, the momentum boundary layer's thickness reduces also approaches to zero. 
Thermal diffusivity increases as the thermal conductivity increases. As a consequence, changing the values of φ  affect the 
thickness of the boundary layer. 

Figures 3(a)-(c) and Figures 4(a)-(c) show the result of porosity against velocity profile and temperature distribution. It should 
be observed that as porosity values grows, indicating an enhances in permeability particles, mobility improves in both types of 
nanoparticles and is similar at suction injection and no permeability instances. This is, of course, agreed with the physical view. 
It should be noted here that, for K ≤ 0.1, when suction and injection instances are used, the present three types of nanoparticles 
have essentially identical thermal performance. 

 

  

(a) (b) 

 

(c) 

Fig. 2. (a) Velocity profile '( )f η for variation of φ with Kp =1 and fw = 1 (b) Velocity profile '( )f η for variation of φ with Kp =1 and fw = -1  

(c) Velocity profile '( )f η for variation of φ with Kp =1 and fw =0. 
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(a) (b) 

 

(c) 

Fig. 3. (a) Axial velocity for variation of Kp with fw =1 and φ = 0.1 (b) Axial velocity for variation of Kp with fw = -1 and φ = 0.1  

(c) Axial velocity for variation of Kp with fw = 0 and φ = 0.1. 

  

(a) (b) 

 

(c) 

Fig. 4. (a) Temperature distribution for variation of kp with fw =0.1 and Nr =1 (b) Temperature distribution for variation of Kp with fw = -0.1 and Nr =1  
(c) Temperature distribution for variation of Kp with fw = 0 and Nr =1. 
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(a) (b) 

Fig. 5. (a) Axial velocity for variation of fw with Kp=1 and φ = 0.1 (b) Axial velocity for variation of fw with Kp =1 and φ = 0.1. 

  

(a) (b) 

Fig. 6. (a) Temperature distribution for variation of fw with values of Nr = 1 and Kp =0.1 (b) Temperature profile for variation of fw with values of Nr = 1 
and Kp = -0.1. 

Figure 5(a)-(b) and Figure 6(a)-(b) describes the respectively, velocity and temperature variations. It has been demonstrated 
that exerting fluid suction reduces in relation to fluid temperature and the heat transfer layer, as well as flow rates and hence the 
hydraulic boundary layer thickness. Fluid injection, on the other hand, has the reverse effect, enhancing fluid velocity and 
temperature. At different conditions namely, suction/injection case the three nanoparticles have identical temperature and 
velocity variations. 

The radiation parameter estimates the relevance of thermal radiation transmission in comparison to convective heat 
transfer. Thermal characteristics enhance of radiation parameter increases for all three nanoparticles tested, as well as mass 
transpiration parameter scenarios studied, as shown in Figures 7(a)-(c), and in Figure 7(a) it is observed that density of all these 
three nanoparticles are identical. Therefore, the profiles show that thermal radiation has a greater impact on increasing the 
nanofluid temperature. Physically, strengthening radiative features stimulate the molecule mobility within the fluid, resulting in 
heat energy being converted through frequent collisions between nanoparticles when the surface wall is at both case of 
suction(fw > 0) or injection (fw < 0) and no permeability, and both types of nanoparticles. 

Figures 8(a)-(c) show how the percentage of volume influences the temperature curves, respectively. As the volume fraction of 
nanoparticles grows, the temperature within the nanofluid rises, generating more area for higher heat conduction. This raises 
the temperature of the nanofluid, as illustrated. This enhances heat absorption and helps the appliance to maintain an 
acceptable temperature and a long life. The fluid with them in their travel direction and thus the velocity of the fluid flow rises, 
as shown in this figure. All nanoparticles have nearly same temperature distribution. 

5. Conclusion 

The aim of the present paper was to examine the impact of radiation and Marangoni convective boundary conditions on the 
flow of various ternary hybrid nanofluids in permeable media along mass transpiration. Using similarity transformations, the 
governing partial differential equations were turned into ordinary differential equations. In the fluid flow, three different shaped 
nanoparticles were mixed: spherical Silver (Ag), cylindrical SWCNT, and platelet graphene. The following are the important 
observations: 

 The variation in the concentrations of ternary nanoparticles plays a critical influence in thermal performance owing to 
nanoparticle shape configuration. 

 Solid volume fraction increases with decreasing the thickness of the boundary layer. 
 Porosity enhances with enhancing the boundary layer thickness in both suction and injection cases, respectively. And 

mass transpiration in the case of suction, increases with decreasing the velocity, whereas in the case of injection it causes 
the inverse effect. 

 In the temperature/concentration profiles, the porosity, volume fraction and radiation will increase by increasing the 
concentrations. 
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(a) (b) 

 

(c) 

Fig. 7. (a) Temperature profile for variation of radiation with values of fw =- 0.1 and Kp = 1 (b) Temperature profile for variation of radiation with 
values of fw = 0 and Kp = 1 (c) Temperature profile for variation of radiation with values of fw = 0.1 and Kp = 1. 

  

(a) (b) 

 

(c) 

Fig. 8. (a) Temperature distribution for variation of φ with values of fw = -0.1 and Kp = 1 (b) Temperature distribution for variation of φ with values of 

fw = 0.1. and Kp = 1 (c) Temperature distribution for variation of φ with values of fw = 0. and Kp = 1. 
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The current work is limited by some previous works: 
 We acquired the result of ternary nanofluid flow in porous media by replacing the nanofluid. 
 In the absence of MHD, the results of the problem showed that the electrical conductivity of base fluid is so small. 
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Nomenclature 

a  

pC  

F  

pK  

Nr  

Pr  

rq  

T  

u  

v  

wu  

tnf  

PDEs  

ODEs  

Constant 

Specific heat [JK-1 Kg-1] 

Suction/injection parameter 

Permeability [N A-1] 

Radiation parameter                                                 

Prandtl Number                                                       

Radiative flux [Wm-2]                                                    

Fluid temperature [K] 

Velocity component of x-axis [ms-1] 

Velocity component of y-axis [ms-1] 

Surface velocity [ms-1] 

Ternary Nanofluid  

Partial Differential Equations 

Ordinary Differential Equations 

α  

η  

θ  

ψ  

φ  

1φ  

2φ  

3φ  

tnfµ  

tnfρ  

tnfυ  

0σ  

σ  

*σ  

Thermal diffusivity [m2 s-1]                                             

Similarity variable 

Temperature similarity variable                          

Stream function 

Volume fraction of the nanoparticle                             

Volume fraction of the spherical nanoparticle 

Volume fraction of the cylindrical nanoparticle 

Volume fraction of the platelet nanoparticle 

Dynamic viscosity [Ns m-2] 

Effective density [Kg m-3] 

Kinematic viscosity [m2 s-1] 

Equilibrium surface tension 

Surface tension [N/m]  

Stefan-Boltzmann constant                      
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