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Abstract. This paper is the first part of a two-part research work aimed at performing a systematic computational
and experimental analysis of the principal data-driven identification procedures based on the Observer/Kalman Filter
Identification Methods (OKID) and the Numerical Algorithms for Subspace State-Space System Identification (N4SID).
Considering the approach proposed in this work, the state-space model of a mechanical system can be identified with
the OKID and N4SID methods. Additionally, the second-order configuration-space dynamical model of the mechani-
cal system of interest can be estimated with the MKR (Mass, Stiffness, and Damping matrices) and PDC (Proportional
Damping Coefficients) techniques. In particular, this first paper concentrates on the description of the fundamental
analytical methods and computational algorithms employed in this study. In this investigation, numerical and ex-
perimental analyses of two fundamental time-domain system identification techniques are performed. To this end,
the main variants of the OKID and the N4SID methods are examined in this study. These two families of numer-
ical methods allow for identifying a first-order state-space model of a given dynamical system by directly starting
from the time-domain experimental data measured in input and output to the system of interest. The basic steps
of the system identification numerical procedures mentioned before are described in detail in the paper. As dis-
cussed in the manuscript, from the identified first-order state-space dynamical models obtained using the OKID and
N4SID methods, a second-order configuration-space mechanical model of the dynamic system under consideration
can be subsequently obtained by employing another identification algorithm described in this work and referred to as
the MKR method. Furthermore, by using the second-order dynamical model obtained from experimental data, and
considering the hypothesis of proportional damping, an effective technique referred to as the PDC method is also
introduced in this investigation to calculate an improved estimation of the identified damping coefficients. In this
investigation, a numerical and experimental comparison between the OKID methods and the N4SID algorithms is
proposed. Both families of methodologies allow for performing the time-domain state-space system identification,
namely, they lead to an estimation of the state, input influence, output influence, and direct transmission matrices
that define the dynamic behavior of a mechanical system. Additionally, a least-square approach based on the PDC
method is employed in this work for reconstructing an improved estimation of the damping matrix starting from
a triplet of estimated mass, stiffness, and damping matrices of a linear dynamical system obtained using the MKR
identification procedure. The mathematical background thoroughly analyzed in this first research work serves to
pave the way for the applications presented and discussed in the second research paper.

Keywords: Applied System Identification, Experimental Modal Analysis, Observer/Kalman Filter Identification Methods (OKID), Nu-
merical Algorithms for Subspace State-Space System Identification (N4SID), Mass, Stiffness, and Damping Matrices Identification
(MKR).

1. Introduction

In this section, an overview of the problems addressed in the first part of this two-part paper is reported. For this purpose, this
introduction section covers several important topics, such as some fundamental background material on the computational and
experimental methods of applied system identification, a literature review describing the principal developments that can be found
in the field of reference focused on system identification and vibration control, a summary of the contributions within the scope of
the present work, and the structure used to organize this manuscript.

1.1 Background Material and Research Significance

From a wide perspective, system identification can be defined as the iterative process aimed at developing or improving the
mathematical model of a given physical system using experimental observations [1]. This versatile computational technique is

Published online November 22 2022

J. Appl. Comput. Mech., 9(2) (2023) 529-549 ISSN: 2383-4536
DOI: 10.22055/jacm.2022.41537.3770 jacm.scu.ac.ir



based on the input and output data available, which are typically obtained in the presence of disturbances and/or noise [2]. There-
fore, all system identification methods are based on input and output signals, recorded from the system to be identified, and have
the main goal of constructing the most accurate and robust mathematical model that fits the observed data [3, 4]. In general, an
identified model should be accurate in the sense that it must reproduce the dynamic behavior of the system of interest, namely a
numerical set of output data that is identical to the original set of output measurements recorded on the real system in correspon-
dence with the same set of input excitations [5]. Furthermore, an identified mathematical model is said to be robust when it is able
to reproduce, to a certain degree, the same output measurements obtained from the real system to be identified, even when the
excitation signals have a frequency content that is distant from the one used to perform the identification process [6, 7]. Thus, the
development of system identification techniques that lead to accurate and robust mathematical models represents a challenging
task that can be properly exploited in several engineering applications [8,9].

This paper is part of a wider framework in which the research of the authors is collocated. The research outline of the authors
is concerned with the inter-dependencies between three main fields of interest that are multibody system dynamics, nonlinear
optimal control, and applied system identification. Multibody system dynamics deals with the dynamic analysis of mechanical sys-
tems constrained by kinematic joints and subjected to external forces as well as driving control actions [10–12]. Nonlinear optimal
control is the scientific discipline that studies the advanced methods suitable for the design of effective control laws which can be
successfully implemented in the case of nonlinear dynamical systems [13, 14]. Applied system identification can be defined as the
art of creating linear and/or nonlinear mathematical models of physical systems using experimental data and resorting to the basic
principles of mechanics [15,16]. Therefore, the present research work fits the third field of research of the authors. This investigation
is indeed focused on performing a comparative analysis of the two principal data-driven identification procedures of interest for
practical engineering applications. The computational procedures considered in this work are based on the numerical methods of
dynamic identification developed in the domain of time.

As discussed in detail below, immediately after a detailed literature survey on the issues of interest for this work, the cen-
tral problem that represents the object of this investigation is the definition and the comparison of appropriate numerical pro-
cedures based on input-output experimental signals to construct first-order state-space dynamical models and/or second-order
configuration-space dynamical models of linear time-invariant mechanical systems.

1.2 Literature Review on System Identification and Vibration Control

The system identification approach was firstly developed for control theory applications [17]. However, in the last twenty years,
the system identification approach has become an independent field of scientific research that is used to estimate mathematical
models of physical systems and describe the kinematic and dynamic behaviors of mechanical systems using simulation or exper-
imental data [2]. In the literature, state-space system identification methods, such as the combination of the Observer/Kalman
Filter Identification Method (OKID) with the Eigensystem Realization Algorithm (ERA) and the Numerical Algorithms for Subspace
State-Space System Identification (N4SID), are effectively used to describe mechanical systems [1,3]. Valasek et al. applied the OKID
method to a six-degree-of-freedom simulation of an AV-8B Harrier for online identification [18]. Tiano et al. studied experimental
identification of an autonomous underwater vehicle [19]. Heredia et al. studied sensor fault detection of unmanned aerial vehi-
cles with the OKID method using real helicopter flight data [20]. Yang et al. presented a structural damage identification method
applied to a five-story linear shear-beam type building employing the extended Kalman filter approach and using vibration signals
[21]. Abreu et al. studied the vibration modeling and control of a flexible aluminum beam using the OKID method together with
the ERA method [22]. Gagg Filho et al. studied the experimental identification of a cantilever beam, which was driven with white
noise, and a linear quadratic regulator method was applied to the estimated model for determining the first two natural frequen-
cies of the system of interest [23]. Ni et al. modeled a flexible space manipulator to identify its payload parameters, such as the
mass and the moments of inertia, using torque input and vibration signals [24]. In [25], Favoreel et al. compared the results of a
prediction error method applied to industrial processes and the performance of several subspace identification techniques, such as
the N4SID, the IV-4SID, the Multivariable Output-Error State sPace (MOESP), and the Canonical Variate Analysis (CVA) procedures. In
[26], Douat et al. modeled a parallel robot and achieved the vibration attenuation of its endpoint with two degrees of freedom using
the N4SID family of identification methods. In [27], Costa Junior et al. applied the subspace identification method together with the
N4SID technique to a robotic manipulator with five degrees of freedom. In [28], Costa Junior et al. estimated a discrete-time linear
state-space model of a prototype of a jaw crusher using the N4SID method with appropriate MOESP weighting matrices. In [29], a
methodology was proposed for deriving physical parameters from the state-space models of mechanical systems. De Angelis et al.
developed a new solution for the identification of physical parameters of mechanical systems from dynamical models identified in
the state space [30]. While a full set of sensors and a full set of actuators were needed to obtain the physical parameters in their
previous research work, Angeles et al. proposed in [31,32] a new approach that requires only one sensor or one actuator at all degrees
of freedom. Rabah et al. applied the N4SID identification algorithms to a sewage sludge incineration process [33]. Anandakumar
et al. identified the structural and crack parameters in a continuous mass model using the OKID and ERA techniques [34]. In [35],
Piramoon et al. used the OKID and ERA identification techniques to identify the modal parameters of a centrifugal machine. Iyer
et al. identified the modal parameters of a coaxial octocopter using the ERA-OKID algorithm [36]. In [37], Huang et al. revised the
kinematics, dynamics, and optimization of parallel robots with lower mobility.

In [38], Phan et al. analyzed a time-domain method for identifying a state-space model of a linear system given a general set
of input-output data. Guida et al. analyzed and tested the ERA-OKID identification method on a linear mechanical system [39].
In [40], Sampaio Silveira Júnior et al. automatically estimated the parameters of the fuzzy model through multivariable input and
output data sets using proper identification methodologies such as OKID and ERA methods. Subramanian et al. implemented sev-
eral identification algorithms for a four tank system demonstrating the superiority of the N4SID method [41]. Manrique-Escobar
et al. analyzed the main aspects concerning the kinematic, dynamic, control, and identification characteristics of two-wheeled
vehicles modeled as articulated mechanical systems using the multibody formulation approach [42]. In [43], Pappalardo and Guida
analyzed and tested the ERA-OKID algorithm to identify a second-order mechanical model related to the structure of interest. They
also developed and tested a method to reduce the vibrations induced on structural systems based on new inertial-based vibration
absorber [44]. Borjas et al. focused on implementing N4SID and MOESP identification techniques for industrial processes [45]. In
[46], Juricek et al. discussed and tested various system identification numerical techniques such as, in particular, the CVA and the
N4SID procedures. In [47], Mola et al. developed a new identification method using the Local Linear Model Trees (LOLIMOT) toolbox
for nonlinear system identification implemented in MATLAB and subsequently tested their approach on a flexible robot arm. In
[48], Brunton et al. investigated the identification and feedback control of unstable and imprecise dynamic models. Tronci et al.
studied the vibration analysis of the Rieti civic tower using the OKID identification algorithm and tried to determine the integrity
level of the structure [49]. Borjas et al. tested the ERA-OKID identification algorithms in the presence of slight nonlinearities [50].
In [51], Mercère et al. studied the problem of identifying multiple models in the presence of several inputs and outputs. Deistler et
al. provided a coherence test between two subspatial methods through a simulation study [52]. Peternell et al. introduced three
new dynamic identification algorithms and compared them with the identification obtained through the N4SID algorithm [53]. In
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[54], Jamaludin et al. analyzed the MOESP and N4SID algorithms. Flint et al. described a statistical performance analysis method
for subspatial systems identification algorithms [55]. In [56], Simay et al. compared the different identification algorithms of the
subspatial procedures referred to as N4SID, CVA, and MOESP. Heredia et al. presented a small autonomous helicopter failure de-
tection and diagnosis system using a sensor and the OKID identification algorithm [57]. In [58], Chang et al. focused on improving
the OKID algorithm by providing experimental data and a comparison with other identification algorithms. In [59], Qin provided an
overview of subspatial identification methods for open-loop and closed-loop systems. Dong et al. studied the efficiency of the OKID
identification algorithm with numerical simulations and experimental studies of active vibration control [60]. In [61], Wang et al.
presented a variant of the OKID algorithm for the identification of unknown nonlinear dynamic systems. Bauer et al. examined the
asymptotic properties of the MOESP algorithm [62]. In [63, 64], the dynamic analysis of a large deployable reflector and its opening
system was performed and an optimized geometry was found by measuring the error around the feed.

Aktas et al. carried out the experimental modal analysis on a large number of samples to investigate the damping characteristics
of sleepers for railways applications [65]. Wang et al. proposed a camera-based experimental modal analysis with impact excitation
considering an experimental validation on a clamped-clamped beam excited by an impact hammer [66]. Koyuncu et al. determined
a mathematical model of an amplified stack-type piezoelectric actuator employing a nonlinear system identification method for
performing the experimental modal analysis [67]. Song et al. proposed a numerical and experimental method to predict the modal
properties of the three-dimensional multi-axial hybrid composite materials for engineering applications [68]. Berninger et al. stud-
ied the effects of structural dynamics on the performance of biped walking robots by using the applied methods for the experimental
modal analysis [69]. The computational methods of applied system identification are also used to improve the mathematical model
of lithium-ion batteries by considering the time variations in the current, voltage, and temperature [70,71]. To this end, Wang et al.
carried out an experimental study considering system identification methods of fractional-order mathematical models aimed at de-
scribing lithium-ion batteries and ultra-capacitors [72]. In [73], Peng et al. analyzed the State of charge (SOC) of lithium-ion batteries
and used an improved Adaptive Dual Unscented Kalman Filter (ADUKF) method to estimate the unknown parameters of the battery
mathematical model. In [74], Ren et al. proposed an improved recursive least square algorithm for the parameter identification
of the mathematical model of a lithium-ion battery. The large number of scientific works found in the literature demonstrates the
importance and the interconnections between the complex fields of research concerning structural dynamics, system identification,
and optimal control.

1.3 Scope and Contributions of this Study

This paper is the first part of a two-part research work intended at performing a systematic computational and experimental
analysis of the principal data-driven identification procedures based on the Observer/Kalman Filter Identification Methods (OKID)
and the Numerical Algorithms for Subspace State-Space System Identification (N4SID). More specifically, this first paper focuses on
the description of the fundamental analytical methods and computational algorithms employed in this investigation.

The system identification methodologies of interest for this research work are the OKID method (Observer/Kalman Filter Iden-
tification Methods) and the N4SID algorithm (Numerical Algorithms for Subspace State-Space System Identification). In this paper,
the fundamental aspects that stand behind the computer implementation of the numerical and experimental comparisons of the
two fundamental system identification techniques mentioned before are thoroughly analyzed. Both the OKID and the N4SID nu-
merical procedures can be effectively employed for identifying a first-order dynamical model of a mechanical system as well as to
carry out the modal analysis of a structural system based on experimental measurements. More specifically, in this first paper, the
mathematical background and the algorithmic steps of the principal variants inherent in the OKID procedure and the N4SID pro-
cedure are described, namely, the ERA-OKID method (Eigensystem Realization Algorithm), the ERA/DC-OKID method (Eigensystem
Realization Algorithm with Data Correlation), the CVA-N4SID method (Canonical Variate Analysis), the MOESP-N4SID method (Mul-
tivariable Output-Error State sPace), and the SSARX-N4SID method (Subspace State-space AutoRegressive with eXogenous variables)
are analyzed in detail.

This work is grounded in the field of the computational methods of applied system identification that are used for estimating
the modal parameters of structural and mechanical systems. In particular, this investigation focuses on the development of a sys-
tematic comparison of the principal system identification numerical procedures that are based on time-domain data, which can
be effectively used for obtaining time-invariant dynamical models of mechanical systems having a linear structure. For a general
mechanical system, the state-space model identified by means of the numerical algorithms discussed in this work can be used
for describing the system input-output mapping, as well as for computing the system natural frequencies, damping ratios, and
mode shapes. In the second part of this research work, the effectiveness and efficiency of the identification methods considered
in this investigation are tested through numerical experiments and by considering input-output experimental data obtained from
a laboratory test rig. On the other hand, the first part of this research work focuses on the mathematical background and on the
computational aspects of the main identification methods of interest for this investigation. To this end, this paper also focuses on
the description of a method labeled as the MKR method that is suitable for extracting a second-order configuration-space model of
a given mechanical system whose first-order state-space dynamical model was previously identified with the use of another iden-
tification algorithm, which is chosen, for example, between the OKID method and the N4SID technique. Finally, considering the
hypothesis of proportional damping, which is always reasonable in the case of metallic structures having small internal dissipation
effects, this paper reports a computational procedure called the PDC method for improving the estimation of the damping matrix
of a mechanical system.

This investigation deals with the estimation of the structural parameters of mechanical systems using the computational meth-
ods of applied system identification. More specifically, this first paper is focused on the mathematical background necessary for
obtaining first-order and second-order models of linear mechanical systems. The OKID and N4SID methods considered in this first
paper are particularly suitable for this task since they allow for constructing an estimation of the state-space model of the dynam-
ical system of interest using a proper set of input-output measurements. Additionally, the MKR method represents an effective
technique for extracting a configuration-space model from an identified state-space model converted from the discrete-time do-
main to the continuous-time domain. The PDC procedure, on the other hand, is a viable tool for improving the estimation of the
damping coefficients of a given mechanical system. The key points of these important identification procedures are described in
detail in this paper to allow the reproduction of the results proposed in this work by other independent researchers interested in
the topics analyzed in this investigation. Therefore, compared to the existing approaches, this first paper belonging to the present
two-part research work proposes a systematic approach for identifying and refining the estimation of the structural parameters of
mechanical systems when the focus is on experimental modal analysis.

A flowchart that conceptually describes the proposed approach is shown in Figure 1.
In summary, the proposed approach consists of four fundamental steps. In the first step, the experimental or numerical input

and output signals of the structural system of interest are generated or measured. In the second step, the identification techniques
are applied to estimate the mathematical models of the system under study using two different system identification methods, such
as the OKID and N4SID methods. In the third step, the mass, spring, and damping matrices of the system of interest are determined
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Fig. 1. Flowchart of the proposed approach.

by using the state space model estimated employing the MKR method. Since the damping matrix obtained by using the MKR method
is negatively affected by the noise produced by the measurement apparatus, the PCD method is used in the fourth and last step to
improve the estimation of the system damping.

Future research works will be devoted to the investigation of the performance of the ERA/OKID and N4SID families of identi-
fication procedures in the case of more complex mechanical systems such as, for example, three-dimensional vibrating systems
in which the torsional natural frequencies are in the same range of the natural frequencies associated with the structural bending
along two orthogonal directions.

1.4 Organization of the Manuscript

The remaining parts of this two-part manuscript are organized as follows. In Section 2., the basic analytical tools used to describe
the dynamical behavior of mechanical systems characterized by a linear mathematical structure are recalled. Section 3. provides
the fundamental algorithmic steps of the principal time-domain data-driven numerical procedures suitable for identifying state-
space and configuration-space dynamical models of linear mechanical systems, as well as an operative method for improving the
estimation of the damping matrix of a dynamical system. In Section 4., a summary of the manuscript, the conclusions reached in
this two-part investigation, and some ideas for future research directions are given.

2. Linear Models of Dynamical Systems

In this section, the basic aspects necessary for defining linear dynamical models of structural systems are described. To this end,
the transformation from the space of the configurations to the space of the states is introduced first. Subsequently, the substantial
differences between continuous-time dynamical models and discrete-time dynamical models are highlighted. The latter family of
state-space models directly arises from the former type of dynamical models and represents the fundamental starting point for the
construction of the system identification numerical procedures useful in practical engineering applications. Finally, a sequence of
discrete dynamical parameters grouped in a matrix form that is referred to as the set of Markov parameters is introduced.

2.1 Continuous-Time State-Space Dynamical Models

In this subsection, the general form of the dynamical model of a linear mechanical system is described considering the state-
space representation in the continuous-time domain [2,75]. For this purpose, consider a mechanical system having a linear structure
and endowed with nf degrees of freedom. By using a coordinate representation based on a minimal set of generalized coordinates,
the equations of motion for the linear dynamical system are mathematically represented by a set of nx = nf linear differential
equations of the second order having constant coefficients, where nx is indeed the number of generalized coordinates that is equal
to the degrees of freedom of the system. Thus, the equations of motion can be expressed using the following compact matrix
notation:

Mẍ+Rẋ+Kx = F (1)

where x = x(t), ẋ = dx/dt, and ẍ = dẋ/dt = d2x
/
dt2 respectively represent the system generalized coordinate, velocity, and

acceleration vectors having dimensions nx × 1, t is the time variable, while K, R, and M respectively identify the system stiffness,
damping, and mass matrices having dimensions nx × nx, whereas F = F (t) embodies the system generalized external force vector
having dimensions nx×1. The generalized external force vector F can be conveniently rewritten in terms of an input vector u = u(t)
having dimensions nu × 1 by using an appropriate actuator collocation matrix denoted with Ba of dimensions nx × nu as follows:

F = Bau (2)
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where nu represents the number of control inputs. The use of the generalized coordinate vector x allows for writing the system
equations of motion in the configuration space. On the other hand, let’s introducing the following state vector denoted with z = z(t)
and having dimensions nz × 1 with nz = 2nx:

z =

[
z1

z2

]
=

[
x

ẋ

]
(3)

By doing so, one can easily transform the previous configuration-space dynamic model into the following state-space dynamic
model by adding an identity equation: {

ż1 = z2

ż2 = −M−1Kz1 −M−1Rz2 +M−1Bau
(4)

which can be written in the following compact matrix form:

ż = Acz +Bcu (5)

where Ac represents the continuous-time system state matrix having dimensions nz × nz and Bc identifies the continuous-time
input influence matrix of dimensions nz × nu which are respectively defined as:

Ac =

[
O I

−M−1K −M−1R

]
, Bc =

[
O

M−1Ba

]
(6)

In practical applications, one cannot directly measure the entire system state vector z. Therefore, the system state must be
reconstructed from a set of available measurements contained in an output vector denoted withy = y(t)having dimensionsny×1. In
general, the dimension of the output vector ny is smaller than the dimension of the state vector nz . The output vector can be written
as a linear combination of the system generalized displacements, velocities, and accelerations in relation to the particular types of
sensors that are actually available in the experimental test rig. Thus, in order to mathematically model the sensor measurements,
a set of measurement equations is added to the system continuous-time dynamic model. In the configuration space, the output
equations can be readily expressed as follows:

y = Cpx+Cvẋ+Caẍ (7)

where Cp, Cv , and Ca respectively represent the output influence matrices of dimensions ny × nx associated with the system
generalized displacements, velocities, and accelerations. These output influence matrices are generated taking into account the
mathematical relationships between the configuration vectors x, ẋ, and ẍ and the measurement vector y. In analogy with the
dynamic equations given by Equation (1), the measurement equations given by Equation (7) can be represented in the state-space
form by introducing the definition of the state vector, thereby leading to:

y = Ccz +Dcu (8)

where Cc is the continuous-time output influence matrix of dimensions ny ×nz and Dc is the continuous-time direct transmission
matrix having dimensions ny × nu that are respectively defined as:

Cc =
[

Cp −CaM
−1K Cv −CaM

−1R
]
, Dc = CaM

−1Ba (9)

In mechanical engineering problems, it is important to note that the direct transmission matrix disappears from the output
equations when the accelerometers are not used for obtaining the vibration measurements. Therefore, the system equations of
motion and the corresponding measurement equations form the basis of a continuous-time state-space model of the linear dy-
namical system of interest. This continuous-time state-space dynamical model has a model order equal to nz , where nz is the
fundamental dimension associated with the system state matrix.

2.2 Discrete-Time State-Space Dynamical Models

In this subsection, a simple transformation process is used for converting the continuous-time state-space representation of the
linear dynamical model of a general mechanical system into its discrete-time counterpart [76,77]. In fact, any linear time-invariant
mechanical system with discrete inputs can be represented by a discrete-time space-state model. To this end, the system state
vector z is discretized in an equispaced fashion along the time axis employing a constant sampling time equal to ∆t. By doing so,
one can approximate the continuous-time state vector z, evaluated at an arbitrary instant of time t, with its discrete counterpart
denoted with the vector zn, where the subscript n denotes a generic discrete instant of time corresponding to the continuous-time
variable tn. The same procedure is applied to the continuous-time input and output vectors u and y, leading to their corresponding
discrete-time counterparts denoted respectively with un and yn. Thus, the discretization process yields:

tn = n∆t, n = 0, 1, 2, . . . , N ⇒


zn = z(tn)

un = u(tn)

yn = y(tn)

(10)

where ∆t is the discrete time step, N = floor(T/∆t) is the number of discretization points excluding the zero, T is the total time
interval, floor(x) is the function that takes as input a real number x and gives as output the greatest integer less than or equal to x,
and l = N +1 is the length of the discretized arrays associated with the data records. After performing the discretization process to
the vector variables of interest, the discrete-time state-space dynamic model can be obtained from the continuous-time state-space
model by applying the Duhamel principle. The Duhamel principle provides the analytical solution of the state-space equations of
motion expressed in the continuous-time domain. This analytical method can be mathematically stated as follows:

z = eAc(t−t0)z0 +

∫ t

t0

eAc(t−τ)Bcu(τ)dτ (11)
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where t0 is the initial instant of time, z0 is the vector of initial conditions, and τ is a fictitious time variable used for computing the
definite time integral. By substituting the discretization of the vector variables of interest into the Duhamel principle, one obtains:

zn+1 = eAc∆tzn +
∫ (n+1)∆t
n∆t eAc((n+1)∆t−τ)Bcu(τ)dτ

= eAc∆tzn +
∫∆t
0 eAcτ̄Bcdτ̄un

(12)

where the input vector u is assumed to be constant between the sample times and the new fictitious time variable τ̄ = (n+ 1)∆t−τ
is employed for simplifying the calculation of the definite integral. By doing so, one obtains the following discrete-time version of
the system equations of motion represented in the space of the states:

zn+1 = Adzn +Bdun (13)

where Ad denotes the discrete-time system state matrix having dimensions nz × nz and Bd embodies the discrete-time input
influence matrix of dimensions nz ×nu. By adopting the numerical procedure introduced above, these matrices can be respectively
determined as follows:

Ad = eAc∆t, Bd =

(∫ ∆t

0
eAcτ̄ dτ̄

)
Bc (14)

The measurement equations, on the other hand, are not affected by the discretization process since these equations are al-
gebraic equations instead of differential equations. Therefore, for the discrete-time output equations, one can readily replace the
continuous-time vector variables with their discrete-time counterparts and directly write:

yn = Cdzn +Ddun (15)

where Cd is the discrete-time output influence matrix of dimensions ny×nz and Dd is the discrete-time direct transmission matrix
having dimensions ny ×nu, which are both identical to their continuous-time counterparts Cc and Dc. These equations constitute
the fundamental mathematical relationships that define a discrete-time space-state dynamical model of a mechanical system.
Since in practical applications the experimental data are measured in a discrete fashion, this discrete set of state-space equations
stands at the base of the construction of each system identification numerical procedure suitable for modeling linear time-invariant
dynamical systems.

2.3 System Markov Parameters

In this subsection, a fundamental set of discrete-time matrices that is suitable for the development of system identification
numerical procedures based on the time domain is introduced [76,77]. These parameters are associated with a discrete-time state-
space dynamical model and are called Markov parameters. The set of Markov parameters forms a sequence of discrete impulse
response functions and, therefore, it is also known as the sequence of matrix impulse responses. The set of Markov parameters is
useful for defining the time-domain input-output relationships that stand behind the dynamical behavior of linear time-invariant
systems. In particular, three different families of discrete sequences can be constructed, namely the system Markov parameters,
the observer Markov parameters, and the observer gain Markov parameters. For this purpose, assuming a discrete-time state-space
representation of the dynamic equations and the measurement equations, one can write the system time response to an arbitrary
input vector as follows: 

zn = An
dz0 +

n∑
h=1

(
Ah−1

d Bdun−h

)

yn = CdA
n
dz0 +Cd

n∑
h=1

(
Ah−1

d Bdun−h

)
+Ddun

(16)

where z0 denotes a given set of initial conditions. The previous matrix equations represent a general recursive formulation of the
system discrete-time state-space model to which an arbitrary set of input functions can be applied. If, for simplicity, a homogeneous
set of initial conditions is assumed and a particular set of input functions is considered, such as a sequence of unitary impulse
functions applied one by one only at the initial instant of time, one obtains a sequence of matrix responses based on the so-called
set of the system Markov parameters. Thus, one can calculate the system impulsive responses as follows:

zn =
n∑

h=0

(Zhun−h)

yn =
n∑

h=0
(Y hun−h)

(17)

where Zn and Y n denote two sequences of discrete impulse response functions described by rectangular matrices having dimen-
sions nz × nu and ny × nu, respectively. This set of dynamic parameters identifies the system Markov parameters that can be
expressed in the following compact matrix form:

Z0 = O, Z1 = Bd, Z2 = AdBd , . . . , Zn = An−1
d Bd

Y 0 = Dd, Y 1 = CdBd, Y 2 = CdAdBd, . . . , Y n = CdA
n−1
d Bd

(18)

It immediately follows that the two families of system Markov parameters are connected by the following relation:

Y n = CdZn (19)

The system Markov parameters stand at the base of the development of different computational procedures for performing the
system identification of dynamical models. In fact, the family of Markov parameters associated with the discrete-time measurement
equations can be calculated by using a simple least-squares approach based on experimental input-output data sets. Furthermore,
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it is important to note that the system Markov parameters contain key information on the dynamical behavior of time-invariant
discrete-time dynamical systems since they are constructed considering the system response to an impulsive sequence of discrete
inputs applied one by one. The system Markov parameters are a unique metric for describing the dynamics of a discrete-time
system in which the state-space model is encapsulated. By writing the time response of a dynamical system in terms of the system
Markov parameters Zn and Y n, one can also observe that they represent the weights associated with the system state vector
zn and to the measured output vector yn at a general discrete time step denoted with n, which are respectively induced by the
current input vector un and by the input vectors applied at the previous time steps un−h. For this reason, the system Markov
parameters are also known as discrete weighting sequence description. The weighting sequence description formed by the system
Markov parameters simply defines the input-output relationship of linear dynamical systems in terms of discrete impulse response
functions. Thus, the fundamental difference between the dynamical description based on the state-space representation and the
dynamical representation founded on the weighting sequence description is that the latter makes use of sequences of impulse
response matrices instead of employing a finite set of state matrices as in the former approach. In particular, the advantage of the
discrete weighting sequence description over the state-space representation is the compact dimensions of the matrices associated
with the system Markov parameters. In particular, the dimensions of the matrix sequence Y n that appear in the system input-
output relationship are induced only by the number of inputs nu and outputs ny , independently of the dimensions of the system
state vector nz . However, the set of system Markov parameters, as previously formulated, involves the drawback of requiring a large
number of discrete matrices in the input-output sequence in order to be consistent with the dynamic behavior of lightly damped
mechanical systems because, in this case, a large number of terms must be retained in the discrete summation. In order to solve
this important issue, a viable approach is based on the introduction of an optimal state estimator called observer.

2.4 Observer Markov Parameters and Observer Gain Markov Parameters

In this subsection, two dual sets of Markov parameters are introduced [1,8]. These discrete sequences are respectively called ob-
server Markov parameters and observer gain Markov Parameters. From a mathematical point of view, a state observer is represented
by a rectangular matrix aimed at computing an estimation of the system state by filtering the influence of the process and mea-
surement noise. Therefore, since in realistic applications the system state is not directly measurable, or it is only partially tangible,
the introduction of the state observer leads to an improvement in the prediction of the dynamical behavior of the linear system of
interest by using the information contained in the input-output data set. From a physical viewpoint, the discrete-time state-space
dynamical model of the linear system of interest can be rewritten by including the state observer in the following manner:

ẑn+1 = Adẑn +Bdun +Ld (ŷn − yn)

ŷn = Cdẑn +Ddun

(20)

where Ld denotes a rectangular matrix of dimensions nu + ny associated with the state observer. Equation (20) immediately leads
to: 

ẑn+1 = Ādẑn + B̄dvn

ŷn = Cdẑn +Ddun

(21)

where ẑn identifies the state vector having dimension nz estimated by means of the observer, ŷn represents the measurement vector
of dimension ny estimated employing of the observer, Ād is the modified discrete-time state matrix having dimensions nz ×nz , B̄d

is the modified discrete-time state influence matrix of dimensions nz × (nu + ny), and v(k) denotes the generalized input vector
having dimension nu + ny modified by the introduction of the observer. These matrix and vector quantities are respectively given
by:

Ād = Ad +LdCd, B̄d =
[

Bd +LdDd −Ld

]
(22)

and

vn =

[
un

yn

]
(23)

It this, therefore, apparent that the introduction of a state estimator leads to a linear discrete-time state-space observer dynam-
ical model having a mathematical structure that is identical to the original time-invariant discrete-time state-space model. In the
resulting mathematical model, the main goal of the state estimator Ld is to conveniently change the eigenvalues of the modified
state matrix Ād called the observer state matrix. By doing so, the discrete-time state-space observer dynamical model produces
compact time histories of the observed state vector ẑn that can be properly used for the deriving the time evolutions of the original
state vector zn. More importantly, the state observer Ld works also as a dynamic filter which reduces the influence of the process
and measurement noise, leading to an improvement of the numerical results obtained from actual experimental measurements. It
is worth to note that the discrete-time state-space dynamical model associated with the state estimator is mathematically identical
to the original discrete-time state-space dynamical model. Thus, in analogy with the previous case, one can introduce another
weighting sequence description based on the so-called observer Markov parameters. The observer Markov parameters are defined
in the following sequential form:

Z̄0 = O, Z̄1 = B̄d , Z̄2 = ĀdB̄d , . . . , Z̄n = Ā
n−1
d B̄d

Ȳ 0 = Dd, Ȳ 1 = CdB̄d , Ȳ 2 = CdĀdB̄d , . . . , Ȳ n = CdĀ
n−1
d B̄d

(24)

where Z̄n denotes a rectangular matrix of dimensions nz × (nu + ny) and Ȳ n represents another rectangular matrix having dimen-
sions ny×(nu + ny) which form the sequences of the observer Markov parameters. At each time step, these discrete sets of dynamic
parameters satisfy the following restriction:

Ȳ n = CdZ̄n (25)

On the other hand, one can conveniently partition the two sequences of the observer Markov parameters Z̄n and Ȳ n in matrix
blocks to yield:

Z̄n =
[

Z̄
I
n −Z̄

II
n

]
, Ȳ n =

[
Ȳ

I
n −Ȳ

II
n

]
(26)
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where Z̄
I
n, Z̄II

n , Ȳ I
n, and Ȳ

II
n denote rectangular matrices of the observer Markov parameters of dimensions nz×nu, nz×ny , ny×nu,

and ny × ny , respectively. These matrix quantities are respectively given by:

Z̄
I
n = (Ad +LdCd)

n−1 (Bd +LdDd) , Z̄
II
n = (Ad +LdCd)

n−1Ld (27)

and
Ȳ

I
n = Cd(Ad +LdCd)

n−1 (Bd +LdDd) , Ȳ
II
n = Cd(Ad +LdCd)

n−1Ld (28)

where:
Ȳ

I
n = CdZ̄

I
n, Ȳ

II
n = CdZ̄

II
n (29)

Another important advantage associated with the use of the observer Markov parameters relies on the fact that the original
system Markov parameters are amenable to be calculated from the former set of sequential parameters. Thus, general purpose
system identification numerical algorithms can be specifically designed by employing as input data the observer Markov parameters
Z̄n and Ȳ n instead of the system Markov parameters Zn and Y n. Assuming a homogeneous set of initial conditions, the estimated
state vector ẑn and the observed measurement vector ŷn can be recursively derived from the time history of the augmented input
vector vn by using the definition of the observer Markov parameters as follows:

ẑn =
n∑

h=0

(
Z̄hvn−h

)

ŷn =
n∑

h=0

(
Ȳ hvn−h

) (30)

One can also explicitly write the observed measurement vector ŷn in terms of the block matrices Ȳ
I
n and Ȳ

II
n arising from the

partitioning of the observer Markov parameters Ȳ n to yield:

ŷn +
n∑

h=1

(
Ȳ

II
h yn−h

)
=

n∑
h=1

(
Ȳ

I
hun−h

)
+Ddun (31)

As mentioned before, the structure of the observer state matrix Ād is significantly influenced by the introduction of the state
observer matrix Ld. In particular, one can devise an appropriate state observer identified by the discrete gain matrix Ld such that
the matrix power Ā

p
d quickly approaches the null matrix considering a small integer exponential p. This reasoning implies that, if

the rectangular matrix of the observer is properly designed, one can retain only the first few p terms in the summations used for
computing the observed state vector ẑn and the estimated output vector ŷn. This approach is efficient and effective in the resolution
of practical system identification problems because it leads to the use of smaller input-output data sets. By doing so, one can write:

ŷn +

p∑
h=1

(
Ȳ

II
h yn−h

)
=

p∑
h=1

(
Ȳ

I
hun−h

)
+Ddun (32)

where p is an integer number associated with the selection of the matrix of the state observer Ld that is smaller than the current
number of time steps n. The resulting observer weighting sequence description forms a linear difference model associated with the
discrete-time state-space dynamical model of the system under consideration. An effective approach for computing the coefficients
of the observer linear difference model is to resort to the definition of another sequential set of Markov parameters called observer
gain Markov parameters. The observer gain Markov parameters represent a dual set of observer Markov parameters defined as:

Z0
1 = Ld , Z0

2 = AdLd , . . . , Z0
n = An−1

d Ld

Y 0
1 = CdLd , Y 0

2 = CdAdLd , . . . , Y 0
n = CdA

n−1
d Ld

(33)

where Z0
n identifies a rectangular matrix having dimensions nz × ny and Y 0

n indicates another rectangular matrix of dimensions
ny × ny that constitutes the sequences of observer gain Markov parameters. As in the cases of the system Markov parameters and
the observer Markov parameters, it is straightforward to prove that the observer gain Markov parameters comply with the following
simple relation:

Y 0
n = CdZ

0
n (34)

Essentially, the observer gain Markov parameters represent an auxiliary sequential set of discrete parameters useful for facilitat-
ing the process of the system identification in the sense that they allow for estimating the matrix of the state observer in conjunction
with the system state-space dynamical model. Moreover, the system Markov parameters and the observer gain Markov parameters
can be recovered from an identified set of observer Markov parameters by means of a simple least-squares estimation procedure
directly based on the measurement of input and output data. Subsequently, one can conveniently use the set of the system Markov
parameters and the set of the observer gain Markov parameters in combination with a general system identification approach.

2.5 Computation of the Markov Parameters

In this subsection, a least-squares method based on the use of the Moore-Penrose generalized inverse matrix is used for the
computation of the sequence of the system Markov parameters together with the observer gain Markov parameters starting from
experimental input and output data [1, 8]. The straightforward numerical procedure discussed in this section also leads to the
determination of the set of the observer Markov parameters. In order to achieve this goal, the starting point is the establishment of
the weighting sequence description associated with the observer Markov parameters given by:

ŷn ≃ yn ⇒ yn =

p∑
h=0

(
Ȳ hvn−j

)
(35)

where the estimated measurement vector ŷn is assumed to be sufficiently close to the actual output yn vector and, therefore, only
the first p terms are considered in the summation. The previous weighting description can be conveniently rearranged to construct
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an assembled matrix equation amenable to be treated by means of a least-squares approach for the determination of the coefficients
that appear in the linear difference model. For this purpose, one can simply write:

Y = Ỹ pV p (36)

where Y is a rectangular matrix having dimensions ny×l constitute of output vectors, Ỹ p is a rectangular matrix of dimensions ny×
(nu + p (nu + ny)) formed by the observer Markov parameters, V p is a rectangular matrix having dimensions (nu + p (nu + ny))× l
made of input and output vectors, and l is the length of the data acquisition. These matrix quantities can be respectively assembled
as follows: 

Y =
[

y0 y1 y2 . . . yl−1

]
Ỹ p =

[
Ȳ 0 Ȳ 1 Ȳ 2 . . . Ȳ p

] (37)

and

V p =


u0 u1 . . . up . . . ul−1

0 v0 . . . vp−1 . . . vl−2

...
...

. . .
... . . .

...
0 0 . . . v0 . . . vl−p−1

 (38)

Note that only the first p observer Markov parameters are considered in this simple estimation numerical algorithm and, there-
fore, the integer number p plays the important role of a fundamental tuning parameter. By assuming a least-square estimation
strategy based on the use of the Moore-Penrose generalized inverse matrix, one can directly write:

P p = V +
p ⇒ Ỹ p = Y P p (39)

where the rectangular matrix P p of dimensions l × (nu + p (nu + ny)) is the Moore-Penrose pseudoinverse matrix associated with
the known matrix V p as indicated by the plus superscript. One viable approach for computing the pseudoinverse matrix P p is to
exploit the Singular Value Decomposition (SVD) of the coefficient matrix V p and this strategy represents the standard computation
approach employed in the literature [78]. Furthermore, once the observer Markov parameters contained in the block matrix Ỹ p

are obtained, one can readily employ a recursive computational approach for determining the system Markov parameters and the
observer gain Markov parameters. To this end, the following set of equations are suitable for performing this fundamental task:


Dd = Y 0 = Ȳ 0, n = 0

Y n = Ȳ
I
n −

n∑
h=1

Ȳ
II
h Y n−h, n = 1, 2, . . . , p

Y n = −
p∑

h=1

Ȳ
II
h Y n−h, n = p + 1, p+ 2, . . .

(40)

and 

Y 0
1 = CdLd = Ȳ

II
1 , n = 1

Y 0
n = Ȳ

II
n −

n−1∑
h=1

Ȳ
II
h Y 0

n−h, n = 2, 3, . . . , p

Y 0
n = −

p∑
h=1

Ȳ
II
h Y 0

n−h, n = p+ 1, p+ 2, . . .

(41)

One can prove that the previous recursive equations originate from simple matrix manipulations of the definition of the system
Markov parameters as well as the observer Markov parameters [1]. Another important point to be emphasized is the fact that the
choice of the integer parameter p, which is typically left to the experience of the analyst, has a fundamental impact on the quality of
the identified sets of Markov parameters. Moreover, based on constructive considerations on the formulation of the observer Markov
parameters, the integer parameter p must satisfy the limit nyp ≥ nz . The integer parameter p can also be directly interpreted as the
number of independent Markov parameters retained in the discrete approximation of the system state-space model.

3. Time-Domain System Identification Methods

In this section, the principal features of the methodologies for performing the system identification of linear dynamical systems
in the time domain are described. To this end, two fundamentally diverse computational procedures are considered. The first ap-
proach of interest is based on the Eigensystem Realization Algorithm (ERA) combined with the Observer/Kalman Filter Identification
Methods (OKID), while the second approach considered is founded on the Numerical Algorithms for Subspace State-Space System
Identification (N4SID). Subsequently, a method for carrying out the Mass, Stiffness, and Damping Matrices identification (MKR) is
discussed and an effective least-square strategy for the Proportional Damping Coefficients identification (PDC) is proposed.

3.1 Eigensystem Realization Algorithm (ERA) and Observer/Kalman Filter Identification Methods (OKID)

In this subsection, the key points of the identification technique based on the Eigensystem Realization Algorithm (ERA) with
the Observer/Kalman Filter Identification methods (OKID) are illustrated in detail [79,80]. This method is used to recover the state-
space matrices of a linear dynamical system with the use of the system Markov parameters, the observer Markov parameters,
and the observer gain Markov parameters computed for the mechanical system of interest. To this end, the combination of the
system Markov parameters denoted with Y k with the observer gain Markov parameters denoted with Y 0

k is exploited by using the
assembled matrix denoted with Γk and given by:

Γk =
[

Y k Y 0
k

]
(42)
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where Γk is a rectangular matrix having dimensions ny×(nu + ny) that is referred to as the combined matrix of Markov parameters.
Thus, the generalized block Hankel matrix indicated as H(k− 1) is defined using the assembled matrix denoted with Γk as follows:

H(k − 1) =


Γk Γk+1 · · · Γk+γ−1

Γk+1 Γk+2 · · · Γk+γ

...
...

. . .
...

Γk+p−1 Γk+p · · · Γk+p+γ−2

 (43)

where H(k − 1) is a rectangular matrix having dimensions pny × γ (nu + ny) that is referred to as the generalized block Hankel
matrix, while p and γ are appropriate integer numbers. For k = 1, one obtains the Hankel matrix denoted with H(0), which can be
explicitly written as:

H(0) =


Γ1 Γ2 · · · Γγ

Γ2 Γ3 · · · Γγ+1

...
...

. . .
...

Γp Γp+1 · · · Γp+γ−1

 = P pQγ (44)

where the matrices P p and Qγ are rectangular matrices of dimensions pny ×nz and nz ×γ (nu + ny) that respectively represent the
observability and the controllability matrices of the dynamical system. These matrices are respectively given by:

P p =



Cd

CdAd

CdA
2
d

...
CdA

p−1
d


(45)

and
Qγ =

[
B̃d AdB̃d A2

dB̃d · · · Aγ−1
d B̃d

]
(46)

where the rectangular matrix having dimensions nz × (nu + ny) denoted with B̃d consists of a combination of the system input
influence matrix Bd and the observer matrix Ld. This matrix is defined as follows:

B̃d =
[

Bd Ld

]
(47)

Subsequently, the generalized Hankel matrix denoted with H(0) can be readily factorized using the Singular Value Decomposi-
tion (SVD) method as follows:

H(0) = RΣST (48)

where R and S are square orthonormal matrices arising from the matrix factorization having respectively dimensions pny × pny

and γ (nu + ny)× γ (nu + ny), while the non-zero rectangular matrix denoted with Σ of dimensions pny × γ (nu + ny) is given by:

Σ =

[
Σn̂z O

O O

]
(49)

where O is the zero matrix having appropriate dimensions and Σnz is a square diagonal matrix of dimensions n̂z×n̂z simply defined
as follows:

Σn̂z = diag(σ1, σ2, . . . , σn̂z ) (50)

where σi, i = 1, 2, . . . , n̂z represent the identified singular values of the Hankel matrix H(0) and n̂z denotes the number of the
identified singular values, which also corresponds to the dimension of the identified state-space model. Additionally, one can write:

H(0) = Rn̂zΣn̂zS
T
n̂z

, H+(0) = Sn̂zΣ
−1
n̂z

RT
n̂z

(51)

where Rn̂z and Sn̂z indicate the rectangular matrices composed of the first n̂z columns of the matrices R and S, whereas H+(0)
is a rectangular matrix of dimensions γ (nu + ny) × pny representing the Moore-Penrose pseudoinverse matrix of the matrix H(0).
Subsequently, the Hankel matrix can be mathematically manipulated to obtain the observability and controllability matrices as
follows:

H(0) =
(
Rn̂zΣ

1/2
n̂z

)(
Σ

1/2
n̂z

ST
n̂z

)
= P̂ pQ̂γ ⇒


P̂ p = Rn̂zΣ

1/2
n̂z

Q̂γ = Σ
1/2
n̂z

ST
n̂z

(52)

where P̂ p represents the identified observability matrix and Q̂γ represents the identified controllability matrix. By doing so, the
identified version of the system input influence matrix B̂d can be obtained by extracting the first nu columns of the identified
version of the controllability matrix Q̂γ , while the identified version of the system output influence matrix Ĉd can be obtained by
extracting the first ny rows of the identified version of the observability matrix P̂ p. To also calculate the identified version of the
system state matrix Âd, the Hankel matrix calculated for k = 2 is denoted with H(1) and can be determined as follows:

H(1) =


Γ2 Γ3 · · · Γγ+1

Γ3 Γ4 · · · Γγ+2

...
...

. . .
...

Γp+1 Γp+2 · · · Γp+γ

 = P pAdQγ (53)
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Finally, by using the Markov parameters based on the measured input-output data and the factorization of the generalized
Hankel matrix previously introduced, the identified version of the discrete-time state-space matrices of the mechanical system can
be explicitly calculated using the ERA-OKID method as follows:

Âd = Σ
−1/2
n̂z

RT
n̂z

H(1)Sn̂zΣ
−1/2
n̂z[

B̂d L̂d

]
= Σ

1/2
n̂z

ST
n̂z

Enu+ny

Ĉd = ET
ny

Rn̂zΣ
1/2
n̂z

D̂d = Y 0

(54)

where Âd is the identified discrete-time state matrix, B̂d is the identified discrete-time input influence matrix, Ĉd is the identified
discrete-time output influence matrix, D̂d is the identified discrete-time direct transmission matrix, L̂d is the identified discrete-
time observer matrix, while Eny and Enu+ny are appropriate Boolean matrices for the dynamical system under consideration.

3.2 Numerical Algorithms for Subspace State-Space System Identification (N4SID)

In this subsection, the main features of the identification method based on the Numerical Algorithms for Subspace State-Space
System Identification (N4SID) are explained in detail [3,5]. For this purpose, a discrete-time state-space model of a linear mechanical
system, considering its first-order dynamic and measurement equations respectively given by Equation (13) together with Equation
(15), can be conveniently rewritten as follows: 

Y p = ΓiZp +HiUp

Y f = ΓiZf +HiUf

Zf = Ai
dZp +∆iUp

(55)

where l is the length of the array containing the recorded data, i and j represent two integer numbers, Γi denotes the observability
matrix having dimensions iny×nz , ∆i denotes the controllability matrix having dimensions nz×inu, and Hi identifies the discrete-
time state-space Toeplitz matrix having dimensions iny × inu. Also, the rectangular matrices denoted with Up, Uf , Y p, and Y f ,
having respectively dimensions inu × j, inu × j, iny × j, and iny × j, represent, respectively, the Hankel matrix of the past and future
inputs, as well as the Hankel matrix of the past and future outputs. Exploiting the recorded structure of the data set embedded
in the input and output vectors, respectively denoted with uk and yk for a generic discrete time instant indicated with k, one can
assemble all the discrete-time matrices mentioned before as follows:

Up =


u0 u1 ... uj−1

u1 u2 ... uj

...
...

. . .
...

ui−1 ui ... ui+j−2

 (56)

Uf =


ui ui+1 ... ui+j−1

ui+1 ui+2 ... ui+j

...
...

. . .
...

u2i−1 u2i ... u2i+j−2

 (57)

Y p =


y0 y1 ... yj−1

y1 y2 ... yj

...
...

. . .
...

yi−1 yi ... yi+j−2

 (58)

Y f =


yi yi+1 ... yi+j−1

yi+1 yi+2 ... yi+j

...
...

. . .
...

y2i−1 y2i ... y2i+j−2

 (59)

In principle, the parameters i and j can be selected arbitrarily. However, the larger is the length l of the data record, as well as the
dimension of the parameters i and j, the better is the quality of the estimation of the discrete-time state-space model. Additionally,
the matrix Zp of dimensions nz × j and the matrix Zf of dimensions nz × j respectively represent the sequences of past and future
states. These matrices are constructed as follows:

Zp =
[

z0 z1 ... zj−1

]
(60)

and
Zf =

[
zi zi+1 ... zi+j−1

]
(61)

The matrix Γi of dimensions iny × nz and the matrix ∆i of dimensions nz × inu respectively represent the observability and
controllability matrices. These matrices are assembled as follows:

Γi =



Cd

CdAd

CdA
2
d

...
CdA

i−1
d


(62)
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and
∆i =

[
Ai−1

d Bd Ai−2
d Bd ... AdBd Bd

]
(63)

The triangular Toeplitz matrix denoted with Hi having dimensions iny × inu is explicitly given by:

Hi =



Dd O O . . . O

CdBd Dd O . . . O

CdAdBd CdBd Dd . . . O

...
...

...
. . .

...
CdA

i−2
d Bd CdA

i−3
d Bd CdA

i−4
d Bd . . . Dd


(64)

where O is a null matrix having appropriate dimensions. The matrix of future states denoted with Zf can be expressed as a linear
combination of the matrices Up and Y p, respectively representing the matrices of past inputs and past outputs, as follows:

Zf = Ai
dZp +∆iUp = Ai

d

(
Γ+
i Y p − Γ+

i HiUp

)
+∆iUp

=
(
∆i −Ai

dΓ
+
i Hi

)
Up +Ai

dΓ
+
i Y p = LpW p

(65)

where the rectangular matrix Γ+
i represents the Moore-Penrose pseudoinverse matrix of the rectangular matrix Γi. The matrices

Lp and W p, having respectively dimensions nz × i (nu + ny) and i (nu + ny)× j, are defined as follows:

Lp =
[

∆i −Ai
dΓ

+
i Hi Ai

dΓ
+
i

]
, W p =

[
Up

Y p

]
(66)

Similarly, the matrix of future outputs denoted with Y f can be expressed combining Equation (55) with Equation (65) as:

Y f = ΓiZf +HiUf = ΓiLpW p +HiUf (67)

Let ΠU⊥
f

be a matrix of dimensions j × j representing the projection onto the set of future inputs defined as:

ΠU⊥
f

= I −UT
f

(
UfU

T
f

)+
Uf (68)

The post-multiplication of the projection matrix ΠU⊥
f

applied to Equation (67) leads to:

Y fΠU⊥
f

= ΓiLpW pΠU⊥
f
, HiUfΠU⊥

f
= O (69)

Let W̄ p be the following matrix having dimensions j × j:

W̄ p =

(
W pΠU⊥

f

)+

W p (70)

The post-multiplication of Equation (69) by the matrix denoted with W̄ p leads to:

Y fΠU⊥
f
W̄ p = ΓiLpW pΠU⊥

f
W̄ p (71)

Thus, one can write:

Oi = Y fΠU⊥
f
W̄ p = Y fΠU⊥

f

(
W pΠU⊥

f

)+

W p (72)

and
Oi = ΓiLpW p = ΓiZf (73)

As a final step, the following fundamental matrix equation is deduced:

Oi = ΓiZf (74)

where Oi represents a rectangular matrix of dimensions iny × j, which can be directly assembled by using the recorded input and
output data set. Furthermore, the fundamental matrix denoted with Oi can be readily post-processed by using two appropriate
weighting matrices, which are respectively denoted with W 1 and W 2, and have dimensions iny × j and j× j, respectively. By doing
so, one can write:

Ōi = W 1OiW 2 (75)

where Ōi identifies a matrix of dimensions iny × j that represents the post-processed version of the fundamental matrix Oi. Cor-
rectly choosing the weighting matrices W 1 and W 2 in the N4SID method is of fundamental importance for the successful imple-
mentation of the numerical procedure. In particular, three types of weighing matrices are used in this paper, namely the matrices
that correspond to the Canonical Variate Analysis (CVA) technique, the matrices that correspond to the Multivariable Output-Error
State sPace (MOESP) method, and the matrices that correspond to the Subspace State-space ARX (SSARX) approach. The weighting
matrices of the first two methods are given in Table 1.
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Table 1. Weighting matrices of the N4SID methods.

Method Matrix W 1 Matrix W 2

CVA (E[(Y fΠU⊥
f
)(Y fΠU⊥

f
)T ])−1/2 ΠU⊥

f

MOESP I ΠU⊥
f

In Table 1, the mathematical symbol E[x] represents the expected value of the variable x. The weighting matrices W 1 and W 2

play the role of data filters. Therefore, the selection of these matrices has a significant impact on the quality of the numerical
results produced by the identification process. On the other hand, by performing a Singular Value Decomposition (SVD) of the
post-processed matrix Ōi, one obtains:

Ōi = UΣV T (76)

where Σ is a rectangular matrix of dimensions iny × j that contains the singular values of the post-processed matrix Ōi resulting
from the weighting process, whereas U and V are two square matrices arising from the numerical factorization having respectively
dimensions iny × iny and j × j. Consequently, the post-processed matrix Ōi can be partitioned as follows:

Ōi = U1Σ1V
T
1 (77)

where:

U =
[

U1 U2

]
, Σ =

[
Σ1 O

O O

]
, V T =

[
V T

1

V T
2

]
(78)

where U1, U2, V 1, and V 2 are appropriate submatrices, which form the matrices U and V representing the factors of the singular
value decomposition of the matrix Ōi, having respectively dimensions iny × n̂z , iny × (iny − n̂z), j × n̂z , and j × (j − n̂z). More
importantly, the submatrix denoted with Σ1 is a square diagonal matrix of dimensions n̂z × n̂z given by:

Σ1 = diag(σ1, σ2, ..., σn̂z ) (79)

where n̂z is the number of the nonzero singular values denoted with σh, h = 1, 2, ..., n̂z , which identifies the principal dimension of
the identified state-space model. Once the weighted matrix denoted with Ōi is identified through the use of the subspace algorithm
described so far, the next fundamental process is the extraction of the state-space matrices from the identified spectrum of the
mechanical system. To this end, one needs first to recover the matrix Oi as follows:

Oi = W−1
1 U1Σ1V

T
1 W−1

2 (80)

Considering Equation (74) in combination with Equation (80), one can write:

Oi = W−1
1 U1Σ1V

T
1 W−1

2 = ΓiZf (81)

Equation (81) can be separated into two parts as follows:

Γi = W−1
1 U1Σ

1/2
1 T , Zf = T−1Σ

1/2
1 V T

1 W−1
2 (82)

where T represents an appropriate non-singular square matrix of dimensions n̂z × n̂z representing a similarity transformation
matrix, which can also be assumed as equal to the identity matrix to simplify the mathematical manipulations. By doing so, the
matrices Γi and Zf can be determined from Equation (82) as follows:

Zf = Σ
1/2
1 V T

1 W−1
2 , Γi = W−1

1 U1Σ
1/2
1 (83)

At this stage, the last step of the identification algorithm focuses on the computation of the discrete-time state-space matrices
Ad, Bd, Cd, and Dd based on the factorization process carried out before. For this purpose, the identified version of the discrete-time
output influence matrix denoted with Ĉd can be calculated directly by extracting the first ny rows of the matrix Γi as:

Ĉd = ET
ny

Γi (84)

where Eny denotes an appropriate Boolean matrix useful for the matrix data extraction. Moreover, the identified version of the
discrete-time state matrix denoted with Âd can be constructed as follows:

Âd =
(
Γi

)+
Γi (85)

where the matrix denoted with
(
Γi

)+ represents the Moore-Penrose pseudoinverse of the matrix Γi, whereas Γi identifies a modified
version of the matrix Γi of dimensions (i−1)ny×nz in which the last matrix block of dimensions ny×nz is removed and Γi identifies
a modified version of the matrix Γi of dimensions (i− 1)ny × nz in which the first matrix block of dimensions ny × nz is removed.
These matrices are respectively defined as:

Γi =



Cd

CdAd

CdA
2
d

...
CdA

i−2
d


, Γi =



CdAd

CdA
2
d

CdA
3
d

...
CdA

i−1
d


(86)
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By multiplying Equation (55) by U+
f and Γ⊥

i , the identified version of the input influence matrix denoted with B̂d and of the

direct transmission matrix denoted with D̂ can be extracted. To this end, one can write:

Γ⊥
i Y fU

+
f = Γ⊥

i ΓiZfU
+
f + Γ⊥

i HiUfU
+
f = Γ⊥

i Hi (87)

where the matrix U+
f represents the Moore-Penrose pseudoinverse of the matrix Uf , whereas Γ⊥

i is a full rank matrix representing
the projection matrix associated with the observability matrix Γi. Furthermore, to simplify the notation, one can introduce the
following matrices:

N = Γ⊥
i Y fU

+
f , P = Γ⊥

i (88)

where N and P are rectangular matrices having dimensions nz × inu and nz × iny , respectively. By doing so, Equation (87) can then
be rewritten as follows:

N = PHi (89)

Subsequently, Equation (89) can be expanded in the following matrix form:[
N1 N2 . . . N i

]
=

[
P 1 P 2 . . . P i

]
Hi (90)

Equation (90) leads to: 
N1

N2

...
N i

 =


P 1 P 2 . . . P i

P 2 P 3 . . . O

...
...

. . .
...

P i O . . . O


[

I O

O Γi

]
Ω (91)

where Ω is a rectangular matrix of dimensions (nz + ny)× nu defined as:

Ω =

[
Dd

Bd

]
(92)

It finally follows that:

Ω =

[
I O

O Γi

]+


P 1 P 2 . . . P i

P 2 P 3 . . . O

...
...

. . .
...

P i O . . . O


+ 

N1

N2

...
N i

 (93)

Once the matrix Ω is numerically determined, the identified version of the matrices Bd and Dd can be readily extracted. For
this purpose, one can write:

D̂d = ET
ny

Ω, B̂d = ET
nz

Ω (94)

where Eny and Enz represent appropriate Boolean matrices, which respectively serve for recovering the identified discrete-time
direct transmission matrix D̂d and the identified discrete-time input influence matrix B̂d from the first ny rows and the last nz

rows of the matrix Ω. In synthesis, the identified version of the discrete-time state-space matrices of the mechanical system can
be explicitly calculated using the N4SID method as follows:


Âd =

(
Γi

)+
Γi

B̂d = ET
nz

Ω

Ĉd = ET
ny

Γi

D̂d = ET
ny

Ω

(95)

where Âd is the identified discrete-time state matrix, B̂d is the identified discrete-time input influence matrix, Ĉd is the identified
discrete-time output influence matrix, and D̂d is the identified discrete-time direct transmission matrix.

3.3 Identification of the Mass, Stiffness, and Damping Matrices (MKR)

In this subsection, the fundamental steps of a general method for constructing second-order configuration-space mechanical
models of a given dynamical system starting from its first-order state-space realizations obtained using the identification algorithms
described before are revised [31,32]. In general, a physical model of a linear mechanical system is completely described by the triplet
of matrices containing the mass matrix denoted with M , the stiffness matrix denoted with K, and the damping matrix denoted
with R. In the continuous-time domain, the second-order physical model of a mechanical system can be readily converted into
a first-order state-space model, which is represented by the quartet of matrices containing the state matrix denoted with Ac, the
input influence matrix denoted with Bc, the output influence matrix denoted with Cc, and the direct transmission matrix denoted
with Dc. This problem is sometimes referred to as the forward linear vibration problem. On the other hand, the inverse problem
is more complex since there are several algorithms that allow for experimentally determining a first-order state-space model from
input and output measurements. To this end, a proper triplet of mass, stiffness, and damping matrices, respectively denoted with
M̂ , K̂, and R̂, can be recovered from the continuous-time matrices, which are formed by the identified state matrix Âc and the
identified input influence matrix B̂c, as well as the identified output influence matrix Ĉc and the identified direct transmission
matrix D̂c. Since this method represents a solution for the general problem known as the inverse linear vibration problem, that is,
how to properly find the mass, stiffness, and damping matrices that physically describe the input-output dataset measured for a
given mechanical system to be identified, the numerical procedure for computing these matrices of interest is herein referred to as
the MKR method.

The physically consistent transformation of an identified state-space model into an identified configuration-space model is not
a straightforward task, and it can be carried out by employing different methods, depending on the state-space coordinates chosen
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to represent the system as well as the actual location on the physical system of the actuators and sensors used for recording the
input-output data. In particular, for effectively implementing the MKR method introduced here, the basic requirement is that all
system degrees of freedom must be instrumented with a sensor or an actuator, with at least one co-located actuator-sensor pair.
For this purpose, consider the following alternative representation of the continuous-time state-space model of a general dynamical
system: {

Rż1 +Mż2 = −Kz1 +Bau

Mż1 = Mz2
(96)

which can be written in the following compact matrix form:

Ucż = V cz +Ecu (97)

where Uc is a square symmetric matrix of dimensions nz × nz representing the system transition matrix associated with the time
derivative of the state vector, V c is a square symmetric matrix of dimensions nz × nz representing the system transition matrix
associated with the state vector, and Ec is a rectangular matrix of dimensions nz × nu representing the system transition matrix
associated with the input vector. These matrices are respectively defined as follows:

Uc =

[
R M

M O

]
, V c =

[
−K O

O M

]
, Ec =

[
Ba

O

]
(98)

where O denotes a zero matrix having proper dimensions. It is important to note that the alternative state-space formulation pro-
posed here and described in Equation (97) is general and versatile. In fact, this formulation includes as a special case the scenario
in which the transition matrix Uc is nonsingular and, therefore, it can be numerically inverted. This special case leads to the con-
ventional continuous-time state-space model given by Equation (5), where the system state matrix is given by Ac = U−1

c V c and
the system input influence matrix is given by Bc = U−1

c Ec. The peculiarity of this alternative continuous-time state-space repre-
sentation is that the associated eigenvalue problem turns out to be symmetric as well. Therefore, this problem can be conveniently
written in a matrix form as follows:

V cΨc = UcΨcΛc (99)

where Λc is a square diagonal matrix of dimensions nz × nz containing the eigenvalues of the system continuous-time state-space
model and Ψc is a square matrix of dimensions nz × nz containing the system eigenvectors grouped by column.

Exploiting the general state-space formulation introduced herein and the resulting diagonal form of the eigenvalue matrix de-
noted with Λc, the eigenvector matrix denoted with Ψc can be conveniently partitioned in the following matrix form:

Ψc =

[
W c

W cΛc

]
(100)

where W c is a rectangular matrix having dimensions nx × nz that identifies the eigenvector matrix associated to the system
configuration-space physical coordinates, while the square matrix Ψc of dimensions nz × nz represents the eigenvector matrix
relative to the system state-space mathematical coordinates. In particular, the eigenvector matrix W c of dimensions nx × nz is, in
turn, related to the eigenvector matrix Φc of dimensions nx × nx by the following relationship:

W c =
[

φc,1 φ∗
c,1 φc,2 φ∗

c,2 . . . φc,nx
φ∗

c,nx

]
(101)

where:
Φc =

[
φc,1 φc,2 . . . φc,nx

]
(102)

where the generic vectorφc,j , j = 1, 2, . . . , nx of dimensionsnx×1 indicates the generic eigenvector of the second-order configuration-
space model and the generic vector φ∗

c,j , j = 1, 2, . . . , nx indicates its complex conjugate. Considering a structural vibration prob-
lem, one can reasonably assume that all the normal modes of the dynamical model of the underlying mechanical system are under-
damped. Therefore, the eigenvalues are supposed to appear in complex conjugate pairs, and the system continuous-time eigenvalue
matrix Λc can be written as follows:

Λc = diag(λc,1, λc,2, . . . , λc,nz−1, λc,nz ) (103)

where:
λc,j = ac,j ± ibc,j = −ξjωn,j ± i

√
1− ξ2jωn,j , j = 1, 2, . . . , nx (104)

where i =
√
−1 is the imaginary unit, λc,j , j = 1, 2, . . . , nx are the continuous-time state-space eigenvalues, ac,j , j = 1, 2, . . . , nx and

bc,j , j = 1, 2, . . . , nx respectively represent the real and imaginary parts of the system eigenvalues, whereas ωn,j , j = 1, 2, . . . , nx

and ξj , j = 1, 2, . . . , nx respectively indicate the system natural angular frequencies and the system dimensionless damping ratios.
Since, in principle, the scaling of the eigenvectors is fundamentally arbitrary, one can conveniently assume that the columns of

the eigenvector matrix denoted with Ψc are scaled such that the following two equations hold:

ΨT
c UcΨc = I ⇔

[
W c

W cΛc

]T [
R M

M O

][
W c

W cΛc

]
= I (105)

and

ΨT
c V cΨc = Λc ⇔

[
W c

W cΛc

]T [
−K O

O M

][
W c

W cΛc

]
= Λc (106)

where I denotes an identity matrix having proper dimensions. These equations respectively lead to:

W T
c RW c +W T

c MW cΛc +ΛT
c W T

c MW c = I (107)
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and
−W T

c KW c +ΛT
c W T

c MW cΛc = Λc (108)

The assumptions leading to Equations (105) and (106) represent a key feature of the MKR method, whose fundamental conse-
quences are twofold. The first immediate consequence is that the modal representation of the continuous-time state-space model
assumes the following particular form: 

żm = Ac,mzm +Bc,mu

y = Cc,mzm +Dc,mu

(109)

where zm is a vector having dimensionsnz×1 representing the modal state vector, whereas the matricesAc,m, Bc,m, Cc,m, andDc,m

respectively represent the continuous-time modal state matrix of dimensions nz × nz , the continuous-time modal input influence
matrix of dimensions nz × nu, the continuous-time modal output influence matrix of dimensions ny × nz , and the continuous-
time modal direct transmission matrix of dimensions ny × nu. One can easily prove that these state-space modal matrices can be
respectively computed as follows:

Ac,m = Λc, Bc,m = W T
c Ba, Cc,m = CsW cΛ

b
c, Dc,m = Dc (110)

where Cs is a rectangular matrix of dimensions ny × nz and b is a scalar integer associated to the type of sensing equipment. More
specifically, for displacement sensing, one has Cs = Cp and b = 0; for velocity sensing, one has Cs = Cv and b = 1; for acceleration
sensing, one has Cs = Ca and b = 2; where Cp, Cv , and Ca respectively represent rectangular matrices of dimensions ny × nz as-
sociated to the displacement, velocity, and acceleration sensing that characterize the configuration-space measurement equations
introduced in Equation (7).

As shown in Equation (110), it is worth noting that the modal input influence matrix Bc,m is determined by using the transpose
of the configuration-space eigenvector matrix W c instead of using the inverse of the state-space eigenvector matrix Ψc, whereas
the direct transmission matrix Dc,m is unaffected by the modal transformation. As mentioned before, the eigenvector scaling used
in the MKR method and described by Equations (105) and (106) have two fundamental consequences. The second consequence
of the selected scaling hypothesis used for the system state-space eigenvectors is that the mass, stiffness, and damping matri-
ces describing the system configuration-space model can be directly extracted from the state-space eigenvalue matrix Λc and the
configuration-space eigenvector matrix W c. To achieve this goal, the orthogonality conditions given by Equations (105) and (106)
can be reformulated as follows:

U−1
c = ΨcΨ

T
c , V −1

c = ΨcΛ
−1
c ΨT

c (111)

which leads to the following matrix equations:[
O M−1

M−1 −M−1RM−1

]
=

[
W cW

T
c W cΛ

T
c W T

c

W cΛcW
T
c W cΛ

2
cW

T
c

]
(112)

and [
−K−1 O

O M−1

]
=

[
W cΛ

−1
c W T

c W cW
T
c

W cW
T
c W cΛcW

T
c

]
(113)

Consequently, one can directly recognize the following two sets of identities:

M−1 = W cΛ
T
c W T

c , −M−1RM−1 = W cΛ
2
cW

T
c (114)

and
−K−1 = W cΛ

−1
c W T

c , W cW
T
c = O (115)

By doing so, it can be easily demonstrated that the matrices M , K, and R describing the second-order model of the mechanical
system of interest can be constructed by adopting the fundamental equations of the MKR method as follows:

M =
(
W cΛcW

T
c

)−1

K = −
(
W cΛ

−1
c W T

c

)−1

R = −MW cΛ
2
cW

T
c M

(116)

Equation (116) contains the key relations that characterize the MKR method. At this stage, the fundamental problem of the
present identification procedure is the proper reconstruction of the configuration-space eigenvector matrix W c from the system
modal continuous-time state-space model, characterized by the state-space eigenvalue matrix Λc and the state-space eigenvector
matrix Ψc, namely how to extract an identified version of the configuration-space eigenvector matrix Ŵ c from an identified state-
space representation defined by the identified set of matrices Âc, B̂c, Ĉc, and D̂c.

Since the modal parameters of a given dynamical system must be the same regardless of the type of state-space formula-
tion used, the problem of finding the configuration-space eigenvector matrix W c reduces to the problem of determining a proper
transformation of coordinates. Thus, one needs to find a suitable transformation matrix denoted with T capable of converting the
identified set of modal parameters, arising from a general system state-space formulation that is characterized by the quartet of

modal matrices given by Âc,m = Λ̂c, B̂c,m = Ψ̂
−1
c B̂c, Ĉc,m = ĈcΨ̂c, and D̂c,m = D̂c, into a special set of modal parameters,

generated by the symmetric system state-space formulation that is defined by the quartet of modal matrices given by Ac,m = Λc,
Bc,m = W T

c Ba, Cc,m = CsW cΛ
b
c, and Dc,m = Dc. To achieve the desired goal, the corresponding coordinate transformation

problem can be mathematically stated in the following matrix form:

T−1Λ̂cT = Λc, T−1Ψ̂
−1
c B̂c = W T

c Ba (117)
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and
ĈcΨ̂cT = CsW cΛ

b
c, D̂c = Dc (118)

where T represents an appropriate transformation matrix having dimensions nz × nz . Since the eigenvalues are equal in both the
state-space representations, one can deduce that the transformation matrix T of interest must be a diagonal matrix composed of
complex conjugate elements. Moreover, the desired transformation matrix T must produce two fundamental effects, which are the
transformation of the eigenvectors from those of an asymmetric eigenvalue problem into those of a symmetric problem and the
proper scaling of such eigenvectors. Another important observation that serves for the determination of the transformation matrix
T is that, in virtue of the initial fundamental hypothesis concerning the measurement system, the mechanical system must feature
at least one set of co-located actuators and sensors. Thus, this basic assumption implies the following matrix equation:

(Cs)r=iW c =
(
W T

c (Ba)c=i

)T
(119)

where (Cs)r=i indicates the i row of the matrix Cs and (Ba)c=i indicates the i column of the matrix Ba. Note that Equation (119)
simply holds because the rectangular matrices Cs and Ba are Boolean matrices composed of zeros and ones. By exploiting Equation
(119), arising from the assumption of the existence of at least one set of co-located actuator-sensor pairs, together with Equations
(117) and (118), deriving from the proper scaling of the system eigenvectors as well as the fundamental properties of the modal
spectrum, one can show that the desired transformation matrix denoted with T can be calculated by using the identified realization
of the system dynamic model and the identified modal parameters as follows:(

Ĉ
E
c

)
r=i

Ψ̂cΛ̂
−b
c T 2 =

(
Ψ̂

−1
c

(
B̂

E
c

)
c=i

)T
(120)

where B̂
E
c and Ĉ

E
c are square matrices of dimensions nz × nz respectively representing the expanded version of the identified

input influence matrix denoted with B̂c and the expanded version of the identified output influence matrix denoted with Ĉc that

properly include additional rows and columns of zeros in order to match the dimension nz , whereas
(
Ĉ

E
c

)
r=i

indicates the i row

of the matrix Ĉ
E
c , and

(
B̂

E
c

)
c=i

indicates the i column of the matrix B̂
E
c . Since the transformation matrix T is a square diagonal

matrix, its elements can be easily determined through the use of Equation (120). Once the transformation matrix T is known, the
rows of the eigenvector matrix Φc can be identified from each degree of freedom which is instrumented with a sensor or with an
actuator. To this end, one can write:

(Φc)r=j =

(
T−1Ψ̂

−1
c

(
B̂

E
c

)
c=j

)T

(121)

and
(Φc)r=k =

(
Ĉ

E
c

)
r=k

Ψ̂cΛ̂
−b
c T (122)

where j identifies a generic degree of freedom instrumented with an actuator, k identifies a generic degree of freedom instrumented

with a sensor, (Φc)r=j indicates the j row of the matrix Φc, (Φc)r=k indicates the k row of the matrix Φc,
(
Ĉ

E
c

)
r=j

indicates the j

row of the matrix Ĉ
E
c and

(
B̂

E
c

)
c=k

indicates the k column of the matrix B̂
E
c .

Finally, using the identified eigenvector matrix Ŵ c in conjunction with the identified eigenvalue matrix Λ̂c, a second-order
model of the mechanical system under study can be constructed by using the following procedure representing the MKR method:

M̂ =
(
Ŵ cΛ̂cŴ

T
c

)−1

K̂ = −
(
Ŵ cΛ̂

−1
c Ŵ

T
c

)−1

R̂ = −M̂Ŵ cΛ̂
2
cŴ

T
c M̂

(123)

where M̂ represents the identified mass matrix, K̂ represents the identified stiffness matrix, and R̂ represents the identified damp-
ing matrix. As a final remark, the identified damping matrix denoted with R̂ is hard to correctly estimate, and, therefore, the use of
a separate algorithm for improving the estimation of the damping matrix is advocated.

3.4 Identification of the Proportional Damping Coefficients (PDC)

In this subsection, an effective least-square strategy for calculating an estimation of the proportional damping coefficients
is presented, which leads to an improvement in the identification of the system damping matrix [43, 44]. For this purpose, the
Proportional Damping Coefficients identification method (PDC) is presented herein. As discussed before, the mass, spring, and
damping matrices of the mechanical system of interest can be readily obtained by the MKR method. However, as demonstrated by
the implementation and the use of this method in practical applications, the damping matrix is significantly affected by the noise
that corrupts the input and output measurements. Therefore, the PDC method can be used to improve the identification of the
damping matrix with the use of a simple least-squares estimation procedure. To this end, the hypothesis of proportional damping
is assumed, since this assumption can be considered acceptable in the case of lightly damped structural systems. By doing so, in
the PDC method, the damping matrix is expressed in terms of the mass and stiffness matrices through the use of two proportional
coefficients. Under these conditions, one can write:

R = αM + βK (124)

where α and β denote the mass and stiffness proportional coefficients, respectively. The hypothesis of proportional damping directly
implies the following set of equations:

ξi =
α

2ωn,i
+

βωn,i

2
, i = 1, 2, . . . , nz (125)

where ωn,i, i = 1, 2, . . . , nz represent the set of the system natural angular frequencies, while ξ,i, i = 1, 2, . . . , nz represent the set of
the system damping ratios. The goal of the PDC method is, therefore, to identify an appropriate couple of proportional coefficients
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denoted with α̂ and β̂ for improving the estimation of the damping matrix R̂. In particular, in the PDC method, the coefficients
α̂ and β̂ are estimated from identified natural angular frequencies and the identified damping ratios by employing the following
least-square computational approach: 

1
2ω̂n,1

α̂+
ω̂n,1

2
β̂ = ξ̂1

1
2ω̂n,2

α̂+
ω̂n,2

2
β̂ = ξ̂2

...
1

2ω̂n,n̂z
α̂+

ω̂n,n̂z
2

β̂ = ξ̂n̂z

(126)

Equation (126) can readily expressed in matrix form as follows:
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2

1
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1
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[
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]
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ξ̂1
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...
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 (127)

which leads to:
C̄ωx̄ = d̄ξ ⇒ x̄ = C̄

+
ω d̄ξ (128)

being:

x̄ =

[
α̂

β̂

]
(129)

and

C̄ω =



1
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ω̂n,1

2

1
2ω̂n,2

ω̂n,2

2

...
...

1
2ω̂n,n̂z

ω̂n,n̂z
2

 , d̄ξ =


ξ̂1

ξ̂2
...

ξ̂n̂z

 (130)

where x̄ is the unknown vector of dimensions 2×1 containing the desired proportional coefficients α̂ and β̂, C̄ω is a coefficient matrix
having dimensions n̂z × 2 constructed using the identified natural angular frequencies ω̂n,i, i = 1, 2, . . . , n̂z , and d̄ξ is a coefficient
vector having dimensions n̂z × 1 containing the identified damping ratios ξ̂i, i = 1, 2, . . . , n̂z of the mechanical system. In the PDC
method, C̄+

ω represents the Moore-Penrose pseudoinverse matrix of the coefficient C̄ω matrix. Once the proportional coefficients
α̂ and β̂ are determined through the implementation of the PDC method, one can readily determine an improved estimation of the
damping matrix as follows:

R̂
∗
= α̂M̂ + β̂K̂ (131)

where the matrix R̂
∗

of dimensions n̂z × n̂z represents the improved estimation of the damping matrix identified using the PDC
method. Compared with the originally identified damping matrix denoted with R̂, calculated using the MKR method, the improved
identified damping matrix denoted with R̂

∗
, determined through the PDC method, is more consistent with the physical properties

of the mechanical system under study.

4. Summary, Conclusions, and Future Work

The main goal of this work, which represents the first part of a two-part investigation, is to perform a systematic computational
and experimental analysis of the principal data-driven identification procedures based on the Observer/Kalman Filter Identification
Methods (OKID) and the Numerical Algorithms for Subspace State-Space System Identification (N4SID). More specifically, all the
system identification computational algorithms analyzed in this two-part research paper are suitable to perform the experimental
modal analysis of dynamical systems considering input-output measurements. To this end, this first paper provides a description
of the fundamental analytical methods and computational algorithms employed in this two-part research study.

In this two-part research work, the applied system identification methods for obtaining first-order state-space mathematical
models of mechanical systems are analyzed. To this end, the principal data-driven identification procedures based on the Ob-
server/Kalman Filter Identification Methods (OKID) and the Numerical Algorithms for Subspace State-Space System Identification
(N4SID) are considered. Subsequently, a numerical method for constructing a second-order configuration-space mathematical
model from an identified first-order state-space mathematical model is studied. For this purpose, an algorithm for the identifi-
cation of the Mass, Stiffness, and Damping (MKR) matrices of a mechanical system is analyzed in this investigation. Finally, the
problem of improving the estimation of the damping coefficients of a given mechanical model is addressed and solved in this study
by using a method for the identification of the Proportional Damping Coefficients (PDC). While the first paper of this two-part re-
search work focuses on the analytical methods and computational algorithms of interest for this investigation, the second paper
of this two-part research work deals with the presentation of the results arising from the numerical analysis and the experimental
testing applied to the benchmark system and the case study considered in the paper.

As discussed in the paper, the system identification numerical techniques whose performance is studied in this research work
are the OKID method and the N4SID method. In particular, the family of OKID methods analyzed in the present work is based on the
Eigensystem Realization Algorithm (ERA) and the Eigensystem Realization Algorithm with Data Correlation (ERA/DC). On the other
hand, the family of N4SID algorithms investigated in this research paper is based on the Canonical Variable Algorithm (CVA), the
Multivariable Output-Error State Space approach (MOESP), and the Subspace System identification method that uses an AutoRegres-
sive eXogenous model estimation-based algorithm (ARX) to compute the weighting (SSARX). The basic version of the OKID method
mentioned before was implemented by the authors using a procedural approach developed in the MATLAB simulation environment,
while the set of N4SID algorithms is currently available in the MATLAB System Identification Toolbox. Both the OKID method and
the N4SID algorithm allow for creating a linear estimation of the first-order state-space dynamical model of the mechanical system
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of interest.
The estimated dynamical models are useful for realizing the experimental modal analysis as well as for control applications. In

particular, the natural frequencies, the damping ratios, and the mode shapes can be effectively extracted from the identified state
matrix obtained for a given mechanical system. Furthermore, two additional identification methodologies are tested in this inves-
tigation. The first technique is a method for constructing a linear estimation of the second-order configuration-space dynamical
model of the mechanical system of interest starting from the identified state-space model. In this manuscript, this approach is re-
ferred to as the MKR method since it allows for computing the mass, stiffness, and damping matrices of a given mechanical system.
The MKR method is, therefore, applicable to the numerical results obtained from the implementation of both the families of the
OKID methods and of the N4SID algorithms. The second additional methodology considered in this paper is a technique that allows
for improving the estimation of the Proportional Damping Coefficients used in the linear approximation of the damping matrix and
is referred to as the PDC method. The PDC method represents a useful mathematical tool for obtaining an improved approximation
of the system damping matrix, which is difficult to estimate in practical engineering applications.

There are several paths that could be followed in future work. For instance, the alternative identification procedure employed
in this work for estimating the proportional damping matrix turned out to be more reliable when the damping is very small and,
therefore, when the hypothesis of proportional damping is adherent to reality. However, one should be able to identify the dissipa-
tive effects of a structural system also in cases in which they are more appreciable. Another important topic that should be studied
in future investigations is, therefore, the estimation of the damping coefficients. Furthermore, it would be interesting to perform
a systematic comparative analysis of the system identification techniques mentioned before implemented in conjunction with the
MKR method and the PDC technique considered in this work. On the other hand, the performance of several iterative identification
procedures available in the literature that minimize the prediction errors to obtain maximum-likelihood values should be also ana-
lyzed in the case of real measurement data arising from experimental acquisitions. In general, the final goal of future developments
related to this research work will be to exploit the identified dynamical models to design active and passive control systems that
reduce the mechanical vibrations induced by external disturbances. Because of space limitations, the analysis of these challenging
issues is outside of the scope of the present study and will be investigated in future research works.
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