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Abstract. This paper investigates the porosity effect on rotating functionally graded piezoelectric (FGP) variable-thickness annular
disk. Even and uneven porosity distributions for the disk are approximated. The porous annular disk is subjected to the influence
of electromagnetic, thermal, and mechanical loadings. Material coefficients are graded and described as a power law in the radial
direction of the annular rotating disk. The resulting differential equation with boundary conditions is solved using the semi-
analytical technique. Two cases are studied for the porous annular disk, circular disk, and mounted disk. The effectiveness of the
porosity factor and grading index on the temperature, stresses, and displacement are reported. Comparisons between non-porous
and porous annular disks for even and uneven porosity are executed and discussed. The obtained results are presented to conclude
the important role of porosity on the rotating variable-thickness annular disk for the purpose of engineering mechanical design.

Keywords: Even and uneven distributions; hollow disk; uniform magnetic field; thermal loading; piezoelectric material.

1. Introduction

Nowadays, due to the progress in manufacturing of advanced materials, the functionally graded porosity can be presented as
one of the latest progress in functionally graded materials (FGMs). Low density, flexibility engineering structures, and temperature
stability are among the most important features of porous materials. These advantages have attracted many experiments and
engineering applications on advanced structures made of porous materials. Functionally graded porous materials are used to
produce smart structures in the automotive industry, aerospace, military operations, shipbuilding, biomedical, and more modern
engineering structures. Many researchers have introduced papers to study the mechanical, electrical, and thermal effects on porous
structures and compare them with those of non-porous materials.

Some researchers are also concerned with even, uneven, and other porosity distributions. Abazid et al. [1] studied wave
propagation by using strain gradient theory in porous functionally graded graphene platelets with mechanical and magnetic loads.
Free vibration analysis for porous electro-magneto-elastic functionally graded plates was investigated by Ebrahimi et al. [2]. Porosity
distribution is supposed in even and uneven form. Arefi et al. [3] presented porous FG graphene nanoplatelets with a transverse
load. Barati and Shahverdi [4] presented porosity-dependent hygro- aero-thermal of FGM panels. Random porosity is investigated
in even and uneven porosity types. Sobhy and Zenkour [5] displayed wave propagation in bilayer FG porous nanoplates in a magnetic
field by using a quasi-3D refined plate theory. Vaka et al. [6] offered a dynamic analysis of a non-uniform porous (FG) rotor-bearing
system by the finite element method. Kumar and Panchal [7] introduced plane wave propagation in a porous half-space placed in
a stationary magnetic field. Kumar and Sharma [8] analyzed porous magneto-piezo-thermoelastic governing equations for an
anisotropic medium. Karami et al. [9] have presented wave propagation in nanoplate porous FGMs placed in the magnetic field.
Kiran et al. [10] studied the porosity effect on FG skew electro-magneto-elastic plates by using a finite element method.
Wattanasakulpong and Ungbhakorn [11] have shown a survey on the vibration of FG porous beams with different boundary
conditions by differential transformation technique. Akbas [12] analyzed the vibrations of porous FG deep beams under thermal
loading with even and uneven porosity images. Chen et al. [13] discussed the nonlinear vibration on porous Timoshenko FG
sandwich beams for various distributions of porosity. Ebrahimi and Jafari [14] presented the vibration on a porous FG Reddy beam
with even and uneven distributions of porosity. Tantawy and Zenkour [15] introduced a porous FGP hollow sphere. The sphere is
under various mechanical and thermal loading in a hygrothermal environment. Zenkour [16] investigated porous FG thick
rectangular plates using a higher-order shear deformation theory. Mashat et al. [17] presented a survey on the effect of temperature
and moisture on porous FG plates resting on elastic foundations. There are several papers about the effects of porosity distribution
on the mechanical response of structures such as [18-22]. There are also many papers studying the mechanical response of circular
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or annular plates [23, 24].

Two types of non-uniform porosity distribution are concerned in this paper. Consider the porosity distribution in even and
uneven forms. The paper presents various loading on a rotating porous, functionally graded, piezoelectric annular disk. The
magneto-electric effect, thermal distribution, and mechanical loading on the internal and external radius have occurred. Physical
material coefficients are varying through the thickness as a power law in the radius direction. Firstly, solve the electrostatic equation
with the aid of Maxwell's equations of electrodynamics, and then solve the heat equation and equilibrium equation by using the
semi-analytical solutions. Numerical results study the presence effect of porosity for perfect and porous materials in two cases for
even and uneven porosities are presented.

2. Geometric Profile of the Disk

Let us consider a thin axisymmetric functionally graded (FG) annular disk with variable thickness. The disk is presented in
power or exponential form with an inner radius « and outer radius b. The functionally graded disk is rotating with angular velocity
w. The cylindrical coordinates (r,6,2) are used according to the disk profiles. The internal surface of the disk is made of PZT-4 while
the external surface is made of Cadmium Selenide. Between the two surfaces, the porous material is graded according to the power
function in the radius direction. Even and uneven non-uniform porosity distribution is considered. The porous disk is affected by
mechanical pressure, thermal distribution, electric potential, and stationary magnetic field.

2.1 Thickness description
The disk thickness description is assumed in a power-law type [27, 28]:
h(r) = ho[1 = 1), 1

where h, indicates the thickness at the center of the disk, k, and [ are geometric coefficients. Coefficient k¥ determines the disk
appearance: at k=1 the disk has a linearly decreasing thickness. The disk has a concave profile for / <1 while it has a convex
profile for [ > 1. Various profiles of the disk are shown in Figure 1.
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Fig. 2. The thickness profile of FG annular disk in an exponential form for (a) | = 0.4568,k =3, (b) | =2,k=0.7, (c) | =2,k = 1.4.
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Fig. 3. Configuration of the annular disk with porosity distribution.

Another thickness type of the disk description is the exponential form [29]:
h(r) = hoe 1", @

where | determines the edge thickness of the disk and & defines the disk shape profile. The disk profiles in the exponential form
are plotted in Figure2.
2.2 Porosity distribution description

Suppose that the rotating FG annular disk with two types of porosity distributions, even and uneven porosities as shown in
Figure 3. The physical material coefficients of the annular disk are expressed by the modified power function p(r) [6]:

((p(bJ —p@) (; : Z)n + p@ — (pl@ + p®) (1 — %) g even porosity,
p(r) = 3)
(p(b) — p(a)

) (Z : Z) +pl@ — (p'@ + p®) (g) g uneven porosity.
where n >0 describes the material grading index, p'@, p® are corresponding to the physical material characteristics of internal
and external surfaces and 0 < 8 <1 is the porosity parameter. For non-porous material, we can easily set 3 = 0.

2.3 Thermal distribution properties
The temperature equation of the annular porous disk can be expressed in the form [29, 30]:

e or [r ky h(r) %} =0 (4)

where k; is the heat conductivity parameter which obeys the graded relations (3).
The temperature boundary conditions are considered in the form:

T(T)‘r:a = TO1 T(T)‘T:b = Tl’ (5)

where T, is the reference initial temperature and 7, is the temperature value at the external surface.

3. Magneto-elastic Differential Equations

The mathematical constitutive equations for porous FG annular rotating variable thickness disks with mechanical, thermal, and
electric loading can be written in the form [31-33]:

o, C Cp € (j_:] Ay
{09} = [Cro Cop €r0:| idipj - {)\9} T(r), (6)
while electric displacement is:
du u dyp
D, = 67-7-5+67-9;*5TT5+1’11T(T)7 (7)

where ¢;; (i,j=1,0,2), e,; (j=r,0), ¢,,and p,,; denote the elastic, piezoelectric, dielectric, and pyroelectric coefficients, and:
Ap = €+ CrgQg,  Ag = Cppt, + CogQrg, (8)

where «; are the thermal expansion parameters.

Suppose that the magnetic permeability p(r) of the disk are identical to the magnetic permeability of its medium [34]. The
physical properties of the medium are non-ferroelectric and non-ferromagnetic ignoring the Thompson influence. Maxwell's
equations of electrodynamics for piezoelectric porous disk can be written as [35, 36]:
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J =V xu, VxE:—u%7
Vev=0, E:—M(%Xﬂ)7 ®

v=Vx (uxH).

The initial magnetic vector H = (0,0, H), the displacement vector u = (u,0,0) and v = (0,0,v) are all used in Eq. (9) to obtain:

= (0.5 0).

v
J=10,—%,0 10
1= (0.-5.0). (10)
ou  2u
——H(=+2),
! (()T i )
where H is a uniform magnetic field.
In what follows we assume that the elastic, piezoelectric, dielectric, pyroelectric, and thermal coefficients of the porous annular
disk are subjected to the gradient relation (3). Now, let us consider the symmetry postulate in geometry and take into account the
inertia and Lorentz force, the differential equation of motion of the porous FG disk written in the form:

8 b0+ (0, — o0) 4 0B+ F) = 0,

F. = pw?r, (12)
Fy = p(r)(d x H) —H22< du @)
g =ML X L) = or © ar H® )
where F,, Fj; are the inertia and Lorentz forces, respectively, and Maxwell’s equation can be expressed as:

%(h,(r)DT) + @DT =0, (12)

in which D, gives the electric displacement.

4. Mathematical Solution Procedure for the Annular Disk with Porosity

The mathematical solution for the porous disk takes some steps, firstly find the electric displacement in equation (12), then
solve the temperature equation (4) and substitute in the equation of motion (11). The solution of electric displacement of Eq. (12)
are expressed as:

Al

D, =5t (13)

where A, is a constant of integration. By using equations (7), (13), and gradation relation (3), the electric potential functions yields:

dy 1 du u Ay
T (ewEJreT@;eruT(r) — h(r)>’ (14)

Integrating again to get the electric potential function we gain a new integration constant A,. By substituting into the
differential motion equation (11) the value of the electric potential function (14), we get:

ﬂ i h(7‘)d?7}1+77111(1:1"r"‘+h(T)H2% " 1) du " h(r)dZ'TIZer,l2(1:;L"‘+h(T)H2% _ iy +uH?
dr? h(r)(my,+pH?) r ) dr rh(r)(my,+uH?) r2(my+pH?) U,
dm; dh(r
Mg dT h(r) :Lfl*m.’%l i:-li ” + M31—M3o T(T) (15)
my+pH? dr h(r)(my,+pH?) r(mq,+puH?)

dmy; .
_ dr _ Mo A + pwir -0
rh(r)(my+pH?)  r2h(r)(my; +pH?) 1T h(r)(my, +pH?) ’

where m,; are functions of r:

€..€ €,..€ €.9€
_ rrrr _ rrorl _ 0Tl
My =Cpt =, My =Cy+t——, My =Chp+—,
rr rr Epp
€,..D €,oP €,
_ Srrl11 _ Sreri1 _ S
Mg = —"—=— A, Mg = — Ao My =—, , (16)
Tr T 5\7‘7‘
Myy = ——

(s

Postulate the mechanical and electric boundary conditions in this study in two examples as follows:

4.1 Circular annular disk (Free-Free)
gr‘r:a = 7P1’ g7"7':b = 7P2’ w(”’)'r:a = wl’ w(’r)‘r:b = w?’ (17)
4.2 Mounted annular disk (Fixed-Free)

?1,(7“)‘7.:(1 = 0# g7‘|T=b = 7P2’ w(”“)'r:a = wl’ w(r)‘r:b = w?’ (18)

where P, 1, are the pressures and electric potentials on the internal and external radii of the disk, respectively.
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To finish the mathematical solution for the annular porous disk, it is necessary to solve the heat equation (4) and the equilibrium
equation (15), and both equations are functions in r, and it is very difficult to solve them in an analytical form. Therefore, it is
appropriate in this case to use the semi-analytical technique to solve the two equations. In this technique, the radial domain is
split into some virtual sections with a thickness s(*, as shown in Figure 4. The estimate of the factors of Egs. (4) and (15) at r = r*),
the mean radius of the k™ section, and utilizing them as appropriate variable coefficients in Egs. (4) and (15), that is:

d27(r*)) (k) dT(r®)
dr? + Gl dr 0, (19)
d2u® (k) du® (k), (k (k) _
ub NPl Ny N =, (20)
where,
PR k9 dkp(r,
oW — (14 %52 T
1 T h(r) kop(r) )
N(k) _ h(r)d’;?}l+mudzy‘+h(ﬂH2i—‘:| 1
- h(r)(my,+pH?) ) r(k)?
R TR m () __mgytpH? |
2 rh(r)(my, +pH?) |r:r(*") r2(myy +p )| k)?
(21)
. dm dh(r)
(k) _ __may dr h(r) =g +ms, =) M| (k)
N3 T mytpH? T:der|r:rm + h(r)(my;+pH?) r=rk) + rmy+pH?)| k) T(T )

— M4z
r2h(r)(my, +uH?)

_ o AW 4 putr
rh(r)(my, +pH?) =k 1 h(r)(my, +pH?)

)
’T:ka r=rk)

where m;; are functions of . Using the semi-analytical solution of two differential equations (19), (20) with constant coefficients
and m is the number of hypothetical sections. Thus, the solution to the differential equations is:

T = ¢ 4 O 6, (22

(k)

k k
u(k) — B(l )6517” 4 B(Q )6527” _

(
3

o) (23)
2

where §,, 6, indicate algebraic roots of §% + N{’”é + Nz("') =0, and Cik), C;’”, B*lk), and E*Qk) are the differential equations constants

for the k™ section. The temperature solution (22) and the radial displacement (23) were verified for:

s(k) sk

T(k)—TSTST(k)-‘r(T (24)

where s*) and r* are the radial width and the mean radius of the k™ section.
The temperature and radial displacement constants C\*, ¢{', B", and B determined from the continuity conditions

between every two-adjacent sections. Thus, the continuity conditions for temperature, radial displacement, radial stress, and
electric potential at the interfaces of the neighboring section are:

Tk o, = T(k+1) )
|T:Trk;+s}2k/ ‘7.:7.%-1\75\;‘;’1/
drk) _ drk+D
dr T:T’kr’+sék7 - dr T:Trkvlwis(k;l) ) (253)
(k) s = kD)
u |T:Trk;+s}2k'/ =u |T:Trk+1]75(}\:271)
o _ k)
r 7.:7.zkw+sf;") r 7.:7.(k-1\75\k:2+1/
k) _ (k+1)
)t g = 1)
1/ ‘7.:7.1k\+55;) 111 |7.:7.rk+1)75\k2+1/ y (25b)
dyp'k) _ dyplktl
dr 7.:7.m+s}2"'7 dr 7.:7.(k-1\75\k:2+17

(m+1)t" division

th

- m't division

Fig. 4. Dividing a radial range into several hypothetical sections.
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Table 1. Physical material coefficients for inner and outer materials.
PZT-4 [25] Cadmium selenide [26]
cl?) =115 x 10° (Pa cl® = 83.6 x 10° (Pa)
e =743 x 10° (Pa e =39.3 x 10° (Pa)
¢y =T7.8x 10° (Pa ch) =45.2 x 10° (Pa)
) =74.1x 10° (Pa)

ey =139 x 10° (Pa

el9 =15.1 (Cm~2) ell) =0.347 (Cm™2)
e(r‘;) =—5.2(Cm™?) e(rlz) =0.16 (Cm™?)
@ = 3.87 x 1070 (C?K'm?) €0 =9.03 x 101 (C?K'm?)
Pl = 2.5 x 1075 (CK'm~?) p¥ = —2.94 x 10°% (CK 'm2)
K =110 (WK'm™) K =4 (WK 'm™)
al® =2 %1075 (K1) al = 2.458 x 10°% (K1)
al! =2 %1070 (K) all) =4.396 x 1076 (K1)
'@ =471 x 1077 (Hm™1) n® =6.15 x 107°(Hm™!)
9 = 7500(kg m~?%) p®) = 5684(kg m~?)

Table 2. Comparison between perfect, even, and uneven porosity distribution in the circular annular disk.

. _ Perfect FGPM (8 = 0) Even FGPM (8 = 0.1) Uneven FGPM (5 = 0.1)
Variable r

n=>5 n =10 n =20 n=>5 n =10 n =20 n=>5 n =10 n =20
u 0.3 -0.1542 -0.1714 -0.1814 -0.1529 -0.1711 -0.1806 -0.5746  -0.4012 -0.2832
0.5 0.2189 0.1729 0.1666 0.2196 0.1822 0.1671 -1.1126  -0.4196  -0.0805
0.7 0.2026 0.1484 0.1283 0.2034 0.1488 0.1294 -2.2241  -0.8388  -0.2585
o, 0.3 1.3416 1.3042 1.2825 1.3425 1.3053 1.2993 0.6401 0.8627 1.0759
0.5 0.7817 0.7428 0.7257 0.7842 0.7429 0.7258 -0.7087 0.0614 0.4403
0.7 0.5406 0.5107 0.4952 0.5443 0.5129 0.4978 -1.4917 -0.3618 0.1432
oy 0.3 0.5515 0.5653 0.5677 0.5369 0.5513 0.5537 1.3351 0.8538 0.6675
0.5 0.2824 0.3072 0.3082 0.2676 0.2929 0.2936 1.9754 0.8938 0.5033
0.7 0.2104 0.2347 0.2316 0.2019 0.2262 0.2224 2.1697 0.8781 0.4343
n 0.3 3.5225 3.4828 3.4333 3.7515 3.6986 3.6442 3.3999 3.0721 3.4391
0.5 3.0959 3.0146 2.9623 3.2661 3.1707 3.1143 2.0164 2.1801 2.5762
0.7 3.0697 2.9337 2.8702 3.2095 3.05819 2.9915 -1.2336 0.8828 2.0296
T 0.3 1.0248 1.0305 1.0349 1.0254 1.0312 1.0357 1.0025 1.0198 1.0303
0.5 1.0621 1.0762 1.0872 1.0631 1.0775 1.0886 1.0063 1.0496 1.0761
0.7 1.0972 1.1178 1.1348 1.0985 1.1193 1.1363 1.0099 1.0771 1.1181

The continuity relations (25) jointly with circular annular disk conditions Eq. (17) or with mounted annular disk Eq. (18) yield
linear equations system in constants AV, AY, B®, B, ¢® ¢, (k=1.2,..,m). After solving the linear system, the

temperature 7®) and radial displacement «* is specified in each section. For better results accuracy, increase the number of
hypothetical divisions.

5. Numerical Outcomes

The numerical outcomes of even and uneven porosity distribution on FG annular disks with variable thickness are investigated.
The hollow disk is conducting with PZT-4 on the inner surface and Cadmium selenide on the outer ones. The physical coefficients
of the inner (PZT-4) and outer (Cadmium Selenide) surfaces are recorded in Table 1. The material coefficients obey a power function
in the radial direction. Different thickness description is considered in Figures (1) and (2). Suppose that in the annular disk b = 5a
and the disk is subjected to several loading. Mechanical, thermal, and magneto-electric loads occur. Two examples are studied,
namely circular annular disk and mounted annular disk.

5.1 Circular annular disk (Free-Free)

Assume that a power thickness description with concave profiles achieves equation (1) by [ = 0.415196, k = 3. The thermal,
mechanical, and electric boundary conditions on the form:
T(r)],y = Ty = 298 (K),  T(r)|,, = T, = 373 (K),
0, lpeq = —pb = —101°(Pa), 0,l,—p, =0 (Pa), (26)
Plrea = o = 10%(W/A), Plr—a = 0 (W/A).

5.2 Mounted annular disk (Fixed-Free)

Suppose an exponential disk profile with a convex shape obeys the relation (2) by ! =2, k¥ = 0.5. The loading boundary conditions
of this case are:

T(r)|y—a =Ty =298 (K), T(r)],o, =Ty =373 (K),
ul,_y =0 (m), 0|y = —pb = —10%° <Pa>7f (27)
Ylea =0 (W/A), Vli—q = o = 10° (W/A).
Consider the dimensionless form:
F:g, 7=2%102, T():Tf)
i ) AL )
U= AR =50, wE =T (=)
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Fig. 5. Comparison between stresses, electric potential, radial displacement, and temperature in the circular porous annular disk.

6. Validation

6.1 Circular annular disk (Free-Free)

The comparison between the circular annular disk made of perfect material and the disk made of porous material with even or
uneven porosity distribution is presented in Table 2 and Figure 5. It is clear from the data and graphics that the values of radial
stress, hoop stress, radial displacement, and temperature in even porosity distribution are higher than that of perfect material or
uneven porosity distribution at different positions and multiple values of grading index n. While the electric potential function in
uneven porosity distribution achieved the highest values.

6.2 Mounted annular disk (Fixed-Free)

The case of a mounted annular disk is illustrated in Table 3 and Figure 6. It can be concluded from the numerical values in the
table and graph that the highest value of radial and hoop stresses was achieved in perfect materials for several values of grading
index n and several positions, while radial displacement and temperature occurred the highest value in even porosity distribution.
Whereas in uneven porosity distribution, the electric potential functions reached the highest values.

6.3 Circular annular disk (Free-Free)

Stresses, electric potential, radial displacement, and temperature are studied for even and uneven porosity distribution,
respectively for various values of grading index n and porosity factor 3 =0.1 in Figures 7 and 8. Figure 7 appears the effect of
grading index n in the case of even porosity. Figure 7(a) presents the radial stress; all curves satisfy the mechanical boundary
conditions on the inner and outer surfaces with several values of n. Hoop stress is illustrated in Figure 7(b). The curves are decreases
from the inner to outer surfaces for all values of grading index n.

From Figure 7(c) the electric potential is equal to one on the inner surface and equal to zero on the outer ones. From the graph,
the electric potential function decreases along the radial direction. Figure 7(d) demonstrates the radial displacement. The highest
values occur at n — oo and the lowest values happen at n = 20. All curves are decreased from internal to external surfaces. Figure
7(e) displays the temperature-graded curves. The figure presents all curves obeying the temperature boundary conditions. It is clear
that the temperature value is increase with the increase in the grading index n.
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Table 3. Comparison between perfect, even, and uneven porosity distribution in the mounted annular disk.

. _ Perfect FGPM (5 = 0) Even FGPM (8 = 0.1) Uneven FGPM (3 = 0.1)
Variable T
n=>5 n =10 n =20 n=>5 n =10 n =20 n=>5 n =10 n =20
U 0.3 0.9281 0.9313  0.9352 0.8957  0.8989 0.9046 0.1009 0.5055 0.7435
0.5 0.5961 0.6118  0.6367 0.5703  0.5857 0.6124 -1.6764  -0.3218 0.2824
0.7 0.1661 0.1798  0.2181 0.1484  0.1623 0.2024 -3.3145 -1.1283  -0.2454
a, 0.3 0.1929 0.2129  0.2419 0.1859  0.2062 0.2368 -1.9634 -0.6119 -0.0579
0.5 0.2553 0.2768  0.3112 0.2409 0.2624 0.2988 -2.3718 -0.7374  -0.0553
0.7 0.1434  0.1562  0.1951 0.1295  0.1425 0.1834 -2.9319 -1.0235 -0.2228
7 0.3 0.4443 0.4313  0.4121 0.4468  0.4332 0.4134 1.5674 0.7961 0.5249
0.5 0.9714  0.9461  0.9087 0.9753  0.9489 0.9105 3.0654 1.6064 1.1074
0.7 1.2496 1.2193  1.1763 1.2525  1.2209 1.1769 3.4423 1.8804 1.3651
¥ 0.3 0.3965 0.4094  0.4278 0.4041 0.4178 0.4386 -1.1066  -0.1889  -0.2046
0.5 0.9384¢ 09776  1.0358 0.9396  0.9809 1.0458 -3.7729  -0.8677 0.3662
0.7 1.1841 1.2374  1.6425 1.1869  1.2395 1.6457 -7.5609  -2.1062 0.1529
T 0.3 1.0276 1.0332  1.0373 1.0282  1.0339 1.0381 1.0033 1.0229 1.0331
0.5 1.0709 1.0853  1.0958 1.0722  1.0867 1.0972 1.0084 1.0591 1.0854
0.7 1.1108 11314  1.1474 11121  1.1328 1.1489 1.0132 1.0914 1.1321
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Fig. 6. Comparison between stresses, electric potential, radial displacement, and temperature in the mounted porous annular disk.

Figure 8 shows the results in the case of uneven porosity distribution for various grading index values n. Figure (8) presents the
radial stress for multiple values of n. All curves decrease along the disk radius and then increase nearby the outer surface to satisfy
the mechanical boundary condition. Hoop stress is displayed in Figure 8(b). The lowest value of stress achieves at n =5 and then
the hoop stress increase with the increase of grading index n. The curves are decreases from the inner to the outer surfaces. Figure
8(c) appears the electric potential function with different n values. All curves are intersecting at the same point at the inner and
outer radius to obey the electric boundary conditions. The radial displacement presents in Figure 8(d). The graded curves intersect
at 7 = 0.44. The radial displacement decreases with increases in the grading index value after the intersection. Figure 8(e) illustrates
the temperature-graded curves. The value of graded curves increases by increasing the grading index n.
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Figures 9 and 10 show the effect of the porosity parameter on the annular disk in the case of even and uneven distributions,
respectively with porosity parameter values g = 0.2, 0.4, 0.6. Figure 9(a) displays the radial stress. Notices that all curves are semi-
coincide with several values of porosity parameter 3. The hoop stress is shown in Figure 9(b). Also, the curves are semi-coincide
from the inner to the outer surfaces. Figure 9(c) demonstrates the electric potential function. It is appearing the influence of the
porosity parameter. The value of the electric potential function is increased by decreasing the value of the porosity parameter.
Figure 9(d) clearly shows the influence of porosity parameter 3 on the radial displacement. The radial displacement values are
increased by increasing the porosity parameter values. Figure 9(e) presents the temperature distribution by multiple values of the
porosity parameter. The effect of porosity on temperature is shown in a direct relation as the increase in the porosity parameter
value increases the temperature.

Figure 10 displays the study results in the uneven porosity distribution case. Figure 10(a) presents the radial stress and the
influence of the porosity parameter at = 0.2,0.4,0.6. Observes that increasing the porosity parameter means decreasing the radial
stress. As well as the relation with hoop stress appears in Figure 10(b). The electric potential diagram appears in Figure 10(c). All
curves with the change of porosity parameter values are semi-identical. The radial displacement is illustrated in Figure 10(d). All
curves with the change of porosity parameter are intersected at 7 = 0.55 and the curves changed their behavior. The temperature
graph is presented in Figure 10(e). The increase in the porosity parameter value causes a decrease in the temperature value in the
interval 0.2 <7 < 0.9 and vice versa in the interval 0.9 <7 < 1.
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Fig. 7. Stresses, electric potential, radial displacement, and temperature with various values of grading index in circular annular disk with even
porosity distribution and porosity parameter 3= 0.1.
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Fig. 8. Stresses, electric potential, radial displacement, and temperature with various values of grading index in circular annular disk with uneven
porosity distribution and porosity parameter 3 = 0.1.

Fig. 9. Influence of porosity parameter on stresses, electric potential, radial displacement, and temperature in a circular annular disk with even
porosity distribution and grading index n = 12.
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Fig. 9. Continued.
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Fig. 10. Influence of porosity parameter on stresses, electric potential, radial displacement, and temperature in a circular annular disk with
uneven porosity distribution and grading index n = 12.
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Fig. 10. Continued.
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Fig. 11. Stresses, electric potential, radial displacement, and temperature with various values of grading index in mounted annular disk with
even porosity distribution and porosity parameter 3 = 0.1.
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Fig. 12. Stresses, electric potential, radial displacement, and temperature with various values of grading index in mounted annular disk with
uneven porosity distribution and porosity parameter 3= 0.1.

6.4 Mounted annular disk (Fixed-Free)

Figures 11 and 12 offer the numerical result of the study in the case of the mounted annular disk with the change of grading
index parameter in even and uneven porosity distribution, respectively. Figure 11(a) shows the radial stress with radial direction.
The radial stress curves are decreases along the radial direction and then increase nearby the outer radius to satisfy the mechanical
boundary conditions. While Figure 11(b) presents the hoop stress with several values of grading index. The hoop stress increases to
its maximum value then it decreases when 7 = 0.6 up to the outer radius. In Figure 11(c) the influence of the grading index is clearly
shown. All curves are increases and decrease near the outer surface to obey the electric boundary conditions. The higher grading
index value means a lower electric potential function value. The radial displacement presents in Figure 11(d). The radial
displacement is increasing and decreases at 7 = 0.8 to the outer surface. The lower value of radial displacement curves occurs at
n =5 and the higher value happens at n — co. Figure 11(e) displays the temperature gradient with multiple values of grading index
n. The higher value of temperature occurs with the higher value of grading index n.

Figure 12(a) presents the radial displacement with several values of grading index n. The radial stress decreases and then
increases nearby the external surface to satisfy the boundary conditions. The radial stress and grading index are in extreme relation.
Figure 12(b) displays the hoop stress with various values of grading index n. by increasing the value of n the hoop stress increases.
An electric potential function satisfying the electric boundary conditions in Figure 12(c). By increasing the grading index n the
value of the electric potential function decreases. The radial displacement appears in Figure 12(d). The displacement equals zero at
the inner surface, and this agrees with mechanical boundary conditions. There is extreme relation between grading index n and
temperature. The lower value of temperature achieves at n = 5 while the higher value occurs at n — oco.

The effect of porosity parameters on stresses, electric potential function, radial displacement, and temperature offers in Figures
13 and 14 for even and uneven porosity distributions, respectively. Figure 13(a) presents the radial stress with different values of
porosity parameter 3= 0.2,0.4,0.6. With increases in the porosity factor 3 the radial stress decreases. The same behavior of hoop
stress is appeared in Figure 13(b) with porosity factor. In Figure 13(c), the curves of the electric potential function are semi-coincide
together by different values of porosity factor 3. Figure 13(d) displays the radial displacement with the porosity parameter. There is
extreme relation between radial displacement and porosity parameters up to 7 = 0.55, then the relationship turns to an inverse
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relation until the outer surface. Also, the extreme relation between temperature and porosity parameter appears in Figure 13(e).
For uneven porosity distribution, figure 14 displays the results. There is extreme relation between the radial stress and porosity
factor up to 7= 0.75 then the behavior changes, this is clear in Figure 14(a). The same behavior of hoop stress Figure 14(b), but the
change of behavior occurs at 7 = 0.95. Figure 14(c) demonstrates the extreme relation between the electric potential function and
porosity parameter along the radial direction. While the radial displacement is in an inverse relation with the porosity parameter,
in Figure 14(d). Figure 14(e) presents the temperature gradient with several porosity parameter values. All curves are semi-coincide

with each other.
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Fig. 13. Influence of porosity parameter on stresses, electric potential, radial displacement, and temperature in mounted annular disk with even
porosity distribution and grading index n = 12.
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Fig. 14. Influence of porosity parameter on stresses, electric potential, radial displacement, and temperature in mounted annular disk with
uneven porosity distribution and grading index n = 12.
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Fig. 14. Continued.

7. Conclusions

In this paper, the porosity in the form of two different distributions, even and uneven porosity distributions, was studied in an
annular disk of variable thickness rotating with constant angular velocity. The disk was affected by mechanical, electrical, and
magnetic forces, in addition to the thermal effect. All physical parameters of the disk were subject to power relation in the radial
direction. The porous disk was studied using two sets of boundary conditions of a circular annular and a mounted annular disk. To
obtain the temperature and radial displacement, the semi-analytical technique was used. After a comparison between the non-
porous material and the porous one under the influence of even and uneven porosity distribution, the following conclusions are
drawn:

e For circular annular disk: stresses, radial displacement, and temperature achieves the higher value in the case of even
porosity distribution, while the electric potential function occurs the highest value in the uneven porosity distribution.

e For mounted annular disk: the stresses achieve a higher value in nonporous (perfect) material. The higher value of radial
displacement and temperature occurs in an even porosity distribution and the electric potential function occurs higher in
the uneven porosity distribution.

e The importance of choosing suitable values for grading index and porosity parameter in porous materials were
demonstrated to design an engineering model and obtain specific values of stresses and displacements.
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Nomenclature
a Inner radii of the annular disk [m] a; (i=r,0) Thermal expansion coefficients [K!]
b Outer radii of the annular disk |m] B A porosity volume function
¢y (i=7,0,j=7,0,0) Elastic coefficients [Pa] D, Electric displacement
e, (j=r,0) Piezoelectric parameters [C m 2 € Dielectric parameters [C*K 'm?]
H Uniform magnetic field [kg C! sec™!] h(r) The variable thickness of the rotating disk profile [m]
hy Thickness at the axis of the disk [m] ¥ Electric potential distribution [W/A]
K, Thermal conductivity [W/K m] w(r) Magnetic permeability [Hm ]
n Grading index N Dimensionless geometric parameter
w Angular velocity k) Mean radius of the kth subdomain [m)]
s The radial width of the kth division [m)] o, Radial stress distribution [Pa]
og Circumferential stress distribution [Pa] T(r) Temperature distribution [K]
T, Reference initial temperature [K] P The density of the material [kg m~3]
P, Properties of the inner surface Dy Properties of the outer surface
P Pyroelectric coefficients [CK 'm 2] P, Inner pressure [Pa]
P, Outer pressure [Pa] u(r) Radial displacement [m)]
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