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Abstract. Residual stress may have an important influence on the mechanical response of residually stressed materi-
als. This paper is concerned with the effects of residual stress on the stability of inflated, axially extended, residually
stressed circular cylindrical tube. To this end, the theory of small incremental deformations superimposed on a large
underlying finite deformation is used. Asymmetric and axisymmetric types of bifurcation are considered. It is found
that for residual stress parameter 4 of the same sign the effect of the residual stress is different depending on the
type of bifurcation. For example, for asymmetric bifurcations with mode number m = 1 and with positive 4 inclusion
of residual stress makes the tube more stable, on the other hand, for axisymmetric bifurcations inclusion of residual
stress, corresponding to positive residual stress parameter 9, leads to increase of instabilities. In all cases, residual
stress with positive and negative residual stress parameter 4 leads to a symmetric character of bifurcation curves.

Keywords: Nonlinear elasticity; Residual stresses; Incremental elastic deformations; Tube bifurcation.

1. Introduction

The problem of extension and inflation of a thick-walled elastic tube under internal pressure and external pressure was exten-
sively studied in [1].

The aforementioned contribution does not take into consideration the possible existence of residual stresses, which can be
important as we elaborate on it below. In bush mountings for the support of engines residual stresses are often introduced during
the vulcanization process or in manufacturing (see [2, 3]). In this case the residual stresses may have a negative impact on the
material performance. On the other hand, in soft biological tissues, specifically in aortas and the heart, residual stresses may have
a positive impact on the mechanical performance of these tissues.

Bifurcation analysis of a thick-walled cylindrical shell [4] was given in the context of a biomechanical problem concerned with
the development of aneurysms of an arterial wall. This physiological abnormality may lead to very dangerous and even fatal conse-
quences resulting from arterial wall tearing. Motivated by the desire to avoid arterial wall tearing, the authors [4] find the conditions
for the onset of instabilities in the arterial wall in patients with marfan syndrome. However, as it was mentioned earlier, residual
stresses, while often presented in arterial walls, were not considered by [4] in their analysis.

In this paper the bifurcation analysis of an inflated, axially extended, residually stressed circular cylindrical tube is given for sim-
ple strain-energy function. Apart from mentioned applications in mechanical engineering and biomechanics, due to the generality
of this analysis it may be relevant for other applications as well, specifically for structures having a circular cylindrical geometry.

It is well known that a tube made of a rubber material under symmetrical load after passing a certain critical (bifurcation) point
of deformation may take a final configuration which will deviate from perfect circular cylindrical geometry. Relevant experimental
data and theoretical analysis can be found in [5, 6] and [7, 1], respectively. However, the bifurcation analysis which takes into account
the presence of residual stress, to authors knowledge, is limited in literature. We mention recent work [8], where the stain-energy
function based on invariant Is was used. The results obtained in [8] are different from those presented here for the strain-energy
function based on Is invariant. See other references in [8] for the analytical bifurcation analysis. A numerical approach was used
for a similar problem studied in [9].

In order to determine when deviations from the perfect cylindrical configuration are possible we use the theory of small incre-
mental deformations superimposed on an underlying finite deformation.

This paper has the following structure. In Section 2, we summarize the most important definitions of the theory of elasticity
relevant to the considered problem. The deformation from the reference to the current configuration is described in terms of re-
spective polar cylindrical coordinates. Residual stress and equilibrium equations are introduced in Section 3, certain assumptions
pertinent to the problem about residual stress tensor are made which simplify and reduce residual stress tensor to circumferential
and radial components. In Section 4, for incompressible material strain energy is introduced generally as a function of nine invari-
ants which account for deformation, residual stress and coupling between them. A general expression of Cauchy stress is given,
and by evaluating it in the reference configuration, certain restrictions associated with residual stress for strain energy function
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are derived. In Section 5, invariants are presented in terms of principal stretches and residual stress components for the specified
problem of extension and inflation of the tube. Connections for stress differences and derivatives of the strain energy function with
respect to the principal stretches are provided. Specified form of the equilibrium equation is presented and integrated to find a
general formula for pressure difference P at the boundaries of the tube. Along with formula for P, expressions for axial load N and
reduced axial load F are given generally in terms of integrals as well. In Section 6, a simple form of strain-energy function and spe-
cific functions for components of residual stress are introduced. In Section 7, we summarize the equations governing incremental
deformations superimposed on a deformed configuration. A general expression for elastic tensor accounting for residual stress is
also provided. Then, in Section 8, we present a bifurcation analysis for the residually stressed elastic tube. First, general asymmet-
ric bifurcations are analyzed. In this case the components of displacements due to superimposed deformation are dependent on
the axial location along the tube, the radius and the angle in cylindrical polar coordinates. Second, axisymmetric bifurcations are
considered. These are the configurations of the tube for which cross-sections remain circular (i.e. there is no dependence on the
angle), but with the radius being depended on the axial location. The details of non-dimensionalization of the governing equations
and respective boundary conditions are also presented. In Section 9, we discuss numerical results for asymmetric and axisymmetric
types of bifurcations. The results are compared with cases where residual stress is not present.
For each of the asymmetric and axisymmetric bifurcations numerical results are based on the usage of the MATLAB code.

2.Kinematics and geometry

Let us consider an unstressed and unstrained continuum body in the reference configuration ;. A material point in this configu-
ration is labelled by its position vector X. The corresponding position vector is denoted by x in the deformed (or current) configuration
B, and the transformation from B, to B is written x = x(X), where the vector function x is referred to as the deformation (attention
is confined to quasi-static deformations here). The deformation gradient tensor, denoted F, is defined by

F = Grad x(X) (1)
where Grad is the gradient operator defined with respect to variable X in the reference configuration 5,. Other important deformation
tensors are right and left Cauchy-Green deformation tensors, denoted by C and B, respectively, are defined by the formulas

C=FTF=U% B=FF =V? (2

where T signifies the transpose of a second-order tensor, U and V, respectively, are the right and left stretch tensors, which are
positive definite and symmetric and come from the polar decomposition F = RU = VR, R being a proper orthogonal tensor. For
a homogeneous incompressible nonlinearly isotropic elastic solid, the elastic stored energy (defined per unit volume) depends on
only two invariants, which are the principal invariants of C (equivalently of B), defined by

N=tr(C) = 2472+, Ib= %[(trC)Q S tr(C2)] = AZA2 + A2AE 4 AZAZ 3)
where \; > 0, ¢ € {1,2, 3} are the principal stretches, i.e. the eigenvalues of U and V. The incompressibility of the continuum body
results in the constraint which may be written as

detF=1 or MAXeAz=1, (4)
equivalently in terms of components of F or in terms of the principal stretches, respectively.
2.1 Extension and inflation of the tube
~ Wenow consider a circular cylindrical tube, which, in terms of cylindrical polar coordinates (R, ©, Z), is defined by the inequal-
e A<R<B, 0<©<2r, 0<Z<L (5)
in the reference configuration 5,, where A and B are the internal and external radii and L in the length of the tube. In the reference
configuration the position vector X of a point of tube is given by

X = RER + ZEy, ®6)

where Er and E are the unit basis vectors associated with radial and axial directions, R and Z, respectively. We also denote by Eg
the corresponding unit vector associated with circumferential (azimuthal) direction.

Provided that the deformation, experienced by the tube, preserves its cylindrical circular shape, in the deformed configuration
each material point will be located at the place, given by the position vector x

X =r€r + 2€2, (7)

where we make use of cylindrical polar coordinates (r, 6, z) in the current configuration B, which are associated with unit basic
vectors e, ey, e, respectively. The volume-preserving deformation consisting of axial extension, radial inflations is defined by

r:\/a2+A;1(R2—A2), 0=0, z=X72, ®)
where ). is the (uniform) axial stretch of cylinder. The current deformation geometry of the tube defined by
a<r<b 0<0<2r, 0<z<Il=X.L. 9)
For this deformation, the deformation gradient can be expressed as
F=X\e ®Er+ A€y ®Eg + N, REz, (10)

where )\, Ag and X, are the principal stretches in the radial, azimuthal and axial directions. In particular, azimuthal stretch can be
found as A\¢p = r/R. In terms of principal stretches the incompressibility constraint (4) takes form

ArdgAs = 1. (11)

The right and left Cauchy-Green deformation tensors (2) are calculated as

C=MEr®ER +\2Eo ®Ee + \2Ez ® Ez,

12
B=Xe, ®e +\eyRey+ e, Qe,. 12
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3. Equilibrium and residual stress

Throughout this paper, we assume that no body forces and no intrinsic couple stresses are present. Therefore, the Cauchy stress
tensor o (symmetric) and the nominal stress T satisfy the equilibrium equations

dive =0, DivT =0, (13)
respectively, where div and Div are the divergence operators with respect to x € B and X € B,, respectively, and are connected by
o =FT. (14)
If the traction is specified on all or part of the boundary we write the traction boundary condition as
T'N=ts ondbBr, (15)

where ty is the applied traction per unit area of 5, and N is the unit outward normal on 9B;.

We now assume that the reference configuration B, is residually stressed, with the residual stress tensor denoted by 7. In this
configuration, T = o = 7, i.e. there is no difference between measures of stress since the deformation is measured from B,

The residual stress 7 may associated with some prior material processing, plastic deformation or manufacturing process and it
assumed to be known. It arises in the absence of body forces and surface tractions on the boundary 95, of the material body B,. It
is also assumed that it is not accompanied by intrinsic couple stresses, so that it is symmetric (rT = 7) and therefore the rotational
balance equations are satisfied in B, (not shown here) along with the equilibrium equation

Divr = 0. (16)
Due to the nature of residual stress there are no surface tractions, therefore, r must satisfy the boundary condition
7N=0 on 0B. (17)

Note that 7 is a residual stress is defined according to Hoger [10] and is different from other types of initial stress, which may
associated with surface tractions. Itisimportant to note that residual stresses are necessarily non-uniform and geometry dependent,
and therefore the elastic response of a residually stressed material body is inhomogeneous.

For the considered circular cylindrical geometry, we assume that only diagonal components of residual stress 7gr, 700, 722 are
present, i.e. there is no residual shear stress, which is also compatible with the boundary condition (17). The Z component of the
equilibrium eq. (16) implies that 77z may be assumed to be constant. Furthermore, for consistency with boundary condition (17)
we obtain that 7zz = 0. The remaining components, Tgr and Tee, are assumed to be dependent only on R, and therefore the
component of the equilibrium eq. (16) is the following radial equation which needs to be satisfied non-trivially

dTRR 1
— —T100) =0. 18
B T R(TRR Teo) (18)

According to (17) equilibrium eq. (18) is appended by

TrRr =0 on RZA,B. (19)

For known expression of 7rg, Tee can be obtained from eq. (18) as d(RTrr)/dR.

4. Constitutive equations

For aresidually stressed elastic solid, the strain energy is a function of the deformation gradient F and residual stress 7, therefore
we write the strain energy function as W (F, T) per unit volume, remembering that by objectively, W depends on F through the right
Cauchy-Green tensor C defined in expression (2). For residually stressed incompressible elastic body the Cauchy and nominal stress
tensors o and T are obtained by

ow ow
=F_(F,7)—pl, T=—_ —pF ! 20
o=F—p (F7)—pl aF PE (20)
where p is a Lagrange multiplier associated with the incompressibility constraint (4); and I is the identity tensor in the current
configuration B.

We note that W (F, 7) is automatically objective since 7 is unaffected by rotation in the deformed configuration B and W depends
on F only through C = FTF.

If the material has preferred directions in B, associated with = (its eigenvectors), then the elastic properties of the material
relative to B, are no longer isotropic, i.e. they are anisotropic.

In the reference configuration where deformation gradient tensor is an identity expression (20) reduces to

ow
= (1,7)—p"I 21
= @7 —p"L (21)

where p(") is value of p in B,. Equation (21) imposes some restrictions on W and 7, which will be given at the end of the next
subsection.

4.1 Invariant formulation

Following [12] for an incompressible material, we adopt that W depends on nine invariants of C,r7 and their combinations.
Therefore, invariants defined in terms of C,

1
h=uC, = [(trC)2 . trc‘ﬂ , (22)

which are basically standard invariants used for isotropic material. The absence of the third invariant is due to the incompressibility
constraint resulting in I3 = detC = 1. Similarly for residual stress tensor 7 we can define

Iy = {Ia1, 142, Is3} = {'EI'T7 % [(tr‘r)2 — tr(‘r2),detf] }, (23)
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which are collectively denoted I,. Of course, here incompressibility constraint has no effect on invariant I3 = detr related to
residual stress. The set of independent invariants is completed by the invariants which include coupling of C and 7
Is =tr(rC), Is =tr(rC?), I;=tr(r2C), Ig=tr(r2G?). (24)
Therefore, W is taken as a function of the above nine invariants. We use the notation W; = W /dI;, wherei = 1,2,4,5,6, 7,8 for
concise writing. By evaluation of derivatives 91;/9F, i = 1,2,4, 5,6, 7, 8, the Cauchy stress tensor (20); then expands out as
o =2W1B + 2W»(I1B — B?) + 2W;X + 2Ws(EB + BE)

(25)
+2W7EBIE + 2Ws(EB~1SB + BEBIE) — pI,

where we have introduced the new Eulerian tensor X, defined by FrFT, which is push a forward of 7 from B, to B. In the reference
configuration B, where deformation gradient is an identity, i.e. F = I, the set of invariants reduces to

I =12 =3, Is = Ig =trr, I7=Ig=tr(‘l‘2). (26)
We obtain the specialized expression of (21) by evaluating (25) in the reference configuration B,
T = (2W1 + 4Ws — pUNI + 2(Ws + 2We)T + 2(Wr + 2We)72, (27)

where all W;, i € {1,2,4,5,6, 7,8}, are evaluated for the invariants given by (26). The previous relation (27) implies that the following
residual stress-dependent restrictions must be satisfied for the strain-energy function in 5,

2Wy +4Wse —p(M) =0, 2(Ws+2We) =1, Wy +2Wg =0. (28)

5. Application to specific deformation: extension and inflation

In terms of principal stretches and residual stress components, 7rr and rge, from (12); for the considered deformation we
obtain invariants

H=22 422422 L=X22 122502 £ 2202
I41 = TRr +Tee, Is2 = TRRrTeE, I13 =0,

29
Is = X2TrR + Mmoo, Is = AiTrr + NgTee. @)

2 2 2 2 4_2 4_2
It = MiTrr + M760s I8 = ArTRR + AgT6e-

Taking into consideration incompressibility condition (11) we observe that invariants (29) depend on two independent strain
variables, and we take them as )y, )., together with 7rr and ree, the third variable )\, being given by A\, = A;lAzl. This
allows us to write the strain energy as a function of these variables, specifically as W (g, Az, Trr, Teo), Which we connect to
W(Il, Ia, 14,15, Ig, I7, Ig) by writing

W (Ao, Az, TrRR, Tee) = W(I1, I2, 14, I5, Is, I7, Is), (30)

where invariants Iy, I2, I4, Is, Is, I7, Is are given by (29). Then, using (30) and the expression for Cauchy stress (25), we obtain con-
nections

(31)

with 0,9 = 072 = 09, = 0.

5.1 Equilibrium and boundary load

Since o, is uniform along the z axis and oy¢ and o, depend only on r (or equivalently R) with no shear stress 0,9 = oy =
09~ = 0, the equilibrium eq. (13), reduces to one scalar equation, namely

d
T*(UTT) + orr — 090 :O: (32)
dr
which can be integrated
b dr

orr(b) — ore(a) = / (700 = 70) (33)

a
where o,,(a) and o, (b) are the values of o, at the internal boundary surface r = a and external boundary surface r = b in the
current configuration B.
The situation in which the inner surface r = a is subject to a pressure P, on r = a and the external surface r = b is subject to a
pressure P, on r = b leads to the boundary conditions

orr(a) = —P, and opr(b) = —P. (34)
Therefore, using previous boundary conditions (34) and connection (31)1, eq. (33) can be rewritten as
bW dr
P=P,—P=[ Xe—. 35
' — Py /a ong T (35)

The axial load N on any cross section is given by

b 27 b
N= / / o..rdrdd = 21 / oordr. (36)
a 0 a

The usage of (32), the boundary values of o, and (31), leads to an expression for the so-called reduced axial load F, which is defined
as the total load N on the end of tube with closed ends reduced by the contributions P, and P,. This results in expression

i - i
(QAZB—W “a BW) rdr. (37)

F =N —ra?P, b2P, = / —
ma® P, + m b ™ on. 93)\9

a

e Journal of Applied and Computational Mechanics, Vol. 9, No. 3, (2023), 834-847



838 Andrey Melnikov and Jose Merodio, Vol. 9, No. 3, 2023

6. A simple model accounting for residual stress

In order to proceed further and obtain numerical results we need to choose a model. To this end, we construct strain energy
function using a basic neo-Hookean isotropic energy function with the term linear in I accounting for the coupling of deformation
and residual stress. Also we take into consideration restriction (28),. This leads to

W = %,U,(Il —3)+%([6—t1’7') (38)

where p(> 0) is a constant, which corresponds to the shear modulus in the reference configuration of a neo-Hookean (isotropic)
material.
For the presented strain energy function (38), we obtain the Cauchy stress from (25)

1
o =B+ (5B +BE) —pl. (39)

We note that the residual stress is accounted by the second term in (39) and we remind that & = FrFT.
The chosen model (38) must be also supplemented by the expression of the residual stress component 7rr depending on R in
the reference configuration. The boundary conditions (19) suggest that we can write

TrRrR = V(R — A)(R — B). (40)
The other component, oo, can be easily obtained from (18) as
o0 =7[3R? —2(A + B)R + AB], (41)

where v is constant which defines the strength of the residual stress. Depending on the sign of v we obtain inequalities for 7zg.
Therefore, from (40) 7rr < 0(> 0) for v > 0(< 0).
We write strain energy function in terms of principal stretches and components of residual stress

_ 1 o 1 4y
W=cu (AS FAZ AN - 3) +t3 {(Ag At = Drarr + (0§ - 1)T09] .
This leads to the expressions of stress differences

opg — Orpr = AQW)\G = “()\3 - )\9_2)\2_2) + )\gT@@ — )\9_4)\Z_4TRR7

Ozz — o = Wi, = p(A2 — X205 %) = Ay A 7RR.

7. Incremental formulation

In this section we summarize the equations governing incremental deformations superimposed on a current deformed config-
uration. A more detailed discussion of this theory can be found in [11].

7.1 Incremental equations and boundary conditions

We denote the increment of each variable by a superimposed dot. For example, increment x can be viewed as a small displace-
ment of the current position x. Operations Grad and obtaining increments commute so that increment in deformation gradient can
be written as F = Gradx. The increment T must satisfy the incremental governing equation

DivT = 0. (43)
For incompressible case (J = 1) the incremental form of the boundary condition (15) is
TIN=ty on 9B (44)
Now it is convenient to work in terms of the push-forward version of the increment in T defined by (since J = 1)
To = FT. (45)

Note that (45) can be considered as the incremental counterpart of (14), and also referred to as a quantity updated from the reference
configuration B; to the deformed configuration B, with updated quantity identified by a zero subscript. A detailed discussion of the
concept of updating variables can be found in [11], and here we use this approach throughout the rest of the paper.

It can be shown that the governing eq. (43) is then updated to

divTy = 0, (46)
and the corresponding boundary condition is updated to
Tin=14 on 0B (47)

Incrementing J = detF, we obtain J = Jtr (FF*l), and for an incompressible material J = 0, which leads to the incremental
form of the incompressibility condition (4)
trL = divu = 0, (48)

where L = FF~! = gradu, u (= %) being a function of x.
Let us introduce orthogonal curvilinear coordinate system with e;, es, e3 being unit basis vectors in this coordinate system.
Then, in component form, eq. (46) is equivalent to the three scalar equations
Toji,j + Tojier - €k + Tonjei €56 =0, i=1,2,3, (49)

in which summation over repeated indices j and k from 1 to 3 is implied and the notation ; represents the derivative associated
with the jth curvilinear coordinate, and is made explicit in Section 8 for cylindrical polar coordinates.
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7.2 Incremental constitutive equations

Increment T in the nominal stress is a result of increment F in the deformation gradient, which leads to the following incremental
form of the constitutive law. Incrementing constitutive eq. (20), we obtain

T = AF + pF1FF~! — pF !, (50)

where A, which is a fourth-order tensor, denotes elastic moduli associated with the strain energy W. The component form of it is
written

02w
A o= , 51
T Fa0F,g G
which enjoy the symmetries
Anigj = ABjai (52)
as a consequence of equality of mixed partial derivatives.
The component form of equations (50) are then
hoo . —1f -1 L—1
Toi = AcipjFip +PF ) FrgFg, —PFo; s (53)
where F! is defined as (F~!)4;. The updated version of (50) is
To = AoL + pL — pl, (54)

and in component form the connections between the elastic moduli tensor (51) and its updated form is
Aopiqj = FpaFgpAaip;- (55)

The symmetry (52) carries over to the updated version of the moduli.
In terms of invariants the updated elasticity tensor can be expanded in its component form as

221, oI, I
Aopiqi = Y WiFpaFyp oF.. 3} + D WrsFpaFyp 8FT an (56)
rel r,sEL

where W,.s = 02W /01,01 and T is again the index set {1, 2,5, 6, 7,8}. For the specific model (39) we obtain elasticity tensor

1
Aopiaj = 1Bpqgdij + 5 (BpaBij + (EB)pqdi
+(BX)pqgdi; + XijBpq + SpjBig + Eqi Bjp) - (57)

We also write here the useful connection
Agjisk — Avijsk = (0js + P0js)0ik — (Tis + Pdis)dj. (58)

8. Bifurcation of a residually stressed circular cylinder

In this section, for consistency with the analysis in [1], which does not consider the effect of residual stress, we re-order the
coordinates r, 6, z as 0, z, r, associated with the stretches X, A, A\, respectively. We also use the notation A1, A2, A3 for these stretches
in the same order.

The unit basis vectors associated with the cylindrical polar coordinates 6, z, r are denoted e, ey, e3, and the derivatives (-) j in
(49) denoted by subscripts with commas become 9/r96, 8/9z, 8/0r for k = 1,2, 3, respectively. For the cylindrical polar coordinates
the only non-zero scalar products e; - e; ;, in (49) are

€;-€31 =—€3-€1,1 = o (59)

The incremental displacement X = u is written
u = ve; + wes + ues, (60)

and the matrix of components of L = grad u with respect to the basis vectors ej, e2, e3 is

(u+wvg)/r vz v
[Li;] = wy /T wy,  wrl, (61)

(ug —v)/r  uz ur

where the subscripts 6, z, r without a preceding comma indicate the corresponding partial derivatives.
The incremental incompressibility condition (48) specializes to

(u+vg)/r +wz +ur =0. (62)
In the next subsections we will consider asymmetrcic and axisymmetric bifurcations. Schematic representation of the configu-

rations of the tube corresponding to asymmetric and axisymmetric bifurcations are given at Fig. 1.
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Fig. 1. Schematic representation of the configurations of the tube corresponding to asymmetric (left) and axisymmetric bifurcations (right).

8.1 Asymmetric bifurcations
Three scalar equations corresponding to i = 1, 2, 3 can be obtained from (49), using (59)

. . . 1 . .

To11,1 + To21,2 + Tos1,3 + ;(T031 +To13) =0, (63)
To12,1 + To22,2 + Tos2,3 + Tose/m = 0, (64)

. . . 1 . .

To13,1 + To23,2 + Toss3,3 + ;(To33 —Tp11) = 0. (65)

For the considered underlying cylindrical configuration the components of Ty in the three above equations are given by

Torn = AoiiriLi1 +Aoti22Laea + Ao11ssLas + pLi1 — p, (66)
Toee = Ao2211L11 + Ao2222L22 + Ao2233 L33 + pLaz — p, (67)
Toss = AossiiLi1 + Aoss2aLoz + AossssLas + pLss — p, (68)
Toiz = Aoi212L21 + Ao1221L12 + pLaz, (69)
Too1 = Ao2121L12 + Ao2112L21 + pLot, (70)
Tois = AoizisLs1 +Ao1ss1Lis + pLas, (71)
Tosr = AosisiLiz + AosiizLar + pLat, (72)
Toes = Ao2s2sLlsz +Ao2sseLos + pLas, (73)
Tosz = Aos2saLlos + Aozzoslass + pLaz, (74)

where the components of the elastic moduli tensors Ay are obtained from the general expression given by (57) for the specific
underlying deformation.

Substitution of the expressions (66)—(74) into (63), (64) and (65) and use of the incompressibility condition (62) results in the
expressions

(rAbsis1 + Aosisi)(ug + ror — v)/r + (Ao1111 — Aoi122 — Ao2112)(ug + vge) /7
Ap212170z22 + A0313170rr + (Ao01133 — Ao1122 — Ao2112 + A03113)ure, (75)

Do

_l’_

(rAfsass + Aos2s2)(uz + wr) /T + Ao1212(wee — Tuz)/r? + Aos2zawrr

(Aop2222 — Ao1221 — Ao1122)wzz + (Ao2233 + Ao3223 — Ao1221 — Ao1122)Urz, (76)
Ao1313(ugg — v9)/r + (rAb1133 — T Abazaz — Aoti11 + Aoi122 + Aozazs) (v + u) /7

(Ao1331 + Ao1133 — Ao3223 — A02233)vr0 /T + (Ao03333 — Ao2233 — A03223)Urr

Ao02323Uzz + (T AQszzs + rp’ — T AQass + Aoss3z — 2402233 + Aor122 — Aos223)ur /T,

Pz

+

Pr

+ +

77)

respectively, where prime denotes differentiation with respect to r.
We recall that the tube is loaded by different internal and external pressures, P, and P,. Therefore, the boundary condition (47)
is specialized to

. : P,L™n - P, =
Tgn —tho = a Tn .an onr=a (78)
PL'n—Pn onr==b

where P, and P, are prescribed constant increments in P, and P,, which we set here to zero on the boundaries r = a, r = b. In terms
of components this gives

, P,L31 onr=a , P,L3s onr=a . P,L3z3 onr=a
Tos1 =4 Tosz =4 Tosz =< (79)
PbL31 onr = b, PbL32 onr b, PbL33 onr=nba.
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It is reasonable to assume that Ag3131 # 0, Aos232 # 0. Therefore, by using (72), (58) and the boundary conditions (79), the first
of these can be written as

Lis+L3; =0 on r=a,b, (80)
using (74) the second of these can be written as
Los+ L3z =0 on r=a,b, (81)
while on use of (68) the third can be rewritten as
Ao1133L11 + Ao2233L22 + (Ao03333 + Ao3131 — Ao1331) L3z —p=0 onr=a,b. (82)

We now write displacements in the form

u = f(r)cosmfsinaz, (83)
v = g(r)sinmésinaz, (84)
w = h(r)cosmdcosaz, (85)
p = k(r)cosmbsinaz, (86)
where integers m > 0 and « > 0. From the incompressibility condition (62) we obtain
!
iy = T+ 10 4 gy &)
ar
Substitution of expressions (83)-(86) into (75)-(77) and elimination of h(r) by means of (87) leads to the governing equations
(rAbais1 + Aozt + Aor111 — Aor122 — Ao2112)mf(r)
+(Ao1133 — Aot122 — Ao2112 + Aosi13)rmf (r) + [rAfs131 + Aozi31
+m?(Ao1111 — Aor122 — Aoz2112) + &?r2 Ao2121]9(r) — (rAfs131 + Aosiz1)rg’ ()
—7’2g//(T)A03131 — m?‘k(?‘) =0, (88)
[rAbgass — Aoz2sz + m2Aoi212 — a®r?(rAfsass + Aos2s2 — Ao1212 — Ao2222 + Ao1221 + Aot122)] f(r)
—[rAfsas2 — Aos2zz — m2Aor212 — 1% (Ao2222 — Ao2233 — Aozaz3)|rf'(r)
—(rApzazs + 2A03232)r2 f (1) — Aosasar® f (r)
+[rAbsass — Aos2sz + m? Ao1212 + a?r? (Ao2z22 — Ao1221 — Aot122)]mg(r)
—(rApzas0 — Aos2zz)mrg () — Agzazamr2g” (r) + o2r3k(r) = 0, (89)
(rAp1153 — T Aboa3s — Ao1111 + Ao1122 + Aozazs — a®r? Ag2zas — m2Ag1313) f(r) +
+(rAhssss + 70" — T Ajgoss + Ao0333s — 2402233 + Ao1122 — Aoz223)rf (1)
+(Aoszss — Aoz23s — Aosazs)r? f (r)
+(rApi133 — rApazss — Aot111 + Aot122 + Aozazs — Ao1ziz)mg(r)
+(Ao1331 + Ao1133 — Aos2zs — Aoz23s)mrg’ (r) — vk (r) = 0. (90)
Using (83)-(87) boundary condition (80) becomes
rg'(r) — f(ry)m —g(r) =0 on r=a,b, (91)
using the previous expression boundary condition (81) can be rewritten as
P2y +rf (1) + (@®r2 +m? —1)f(r) =0 on r=a,b, (92)
and boundary condition (82) becomes
[f(r) + mg(r)](Ao1133 — Ao2233) + 7f'(r)(Aosa3z + Aoz131 — Ao1331 — Ao2233)
— rk(r)=0 on r=a,b. (93)

In order to tackle this problem numerically we need to rearrange governing equations (88)-(90) and boundary conditions (91)-(93).
To this end, let us introduce new variables

n=rfr), =1, wy=r'r), yu=9r), vs=9), vo=k(r). (94)
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Therefore, governing equations (88)-(90) can be rewritten as a system of 6 first-order ordinary differential equations:

YL =Y2, Y2 =U3, Yi=Ys,

Aoz23273y5(r) + Aosasamr?yl (r) = [rAhsass — Aos2s2 + m2Ap1212

—a?r? (rAfsa30 + Aosasz — Aoi212 — Aoazaz + Aor221 + Aor122)]y1 (r)

—[r Al 3935 — Aoz2s2 — m2Ao1212 — a?r?(Ag2222 — Ao2233 — Aoz223)|ry2(r)

—(rAbzazs + 2A03232)ry3(r)

+lrAfsazs — Aoz2sz + m2Ao1212 + a®r?(Aoazez — Aoi221 — Ao1122)mya(r)

—(rApzazs — Aosaz2)mrys(r) + a®r’ys(r),

Aos13172y5(r) = (rAhsis1 + Aosisr +Ao1111 — Aor122 — Ao2112)my1 (r)

+(Ao1133 — Ao1122 — Ao2112 + Aoz113)rmy2(r) + [rAjsis1 + Aosis1

+m?(Ao1111 — Ao1122 — Ao2112) + &®r2 Ao2121]ya(r) — (rAfsiz1 + Aosiz1)rys(r)

—mrys(r),

r2y6(r) = (rAbi1ss — T Ahaass — Ao1111 + Aot122 + Aoszazs — a2r2 Agazes — m2Ao1z13) 1 (1) +
+(rAjssss + 10" — rAhaass + Aossss — 2402233 + Ao1122 — Aoz223)ry2(r)

+(Ao3333 — Ao2233 — Aozzes)r2ys(r)

+(rAp1133 — T Abaass — Ao1111 + Ao1122 + Aos2es — Ao1z13)mya(r)

+(Ao1331 + Ao1133 — Aoz223 — Ao2233)mrys(r). (95)

Boundary conditions (91)-(93) become
rys(r) —y1()m —ya(r) =0 on r=ab, on r=ab, (96)

r2ys(r) + ry2(r) + (@2r2 + m? — Dy1(r) =0 on r=a,b, (97)

[y1(r) + mya(r)](Ao1133 — Ao2233) + 7y2(r)(A03333 + Ao3131 — Ao1331 — A02233)
— rye(r)=0 on r=a,b. (98)

To proceed further with the numerical solution we need to use incremental boundary conditions at the end of the tube. We
assume that there are no radial and rotational displacements and the axial component of the increment in the nominal stress
tensor is also zero. Therefore, we write

u=v=0, Tpe2=0 on z=0,L (99)

From (83) and using the previous incremental boundary condition (99) we obtain

™

, n=1,23.. (100)
L

a =

The numerical solutions are obtained for the non-dimensionalized form of the system of governing ordinary differential equa-
tions (95) and corresponding boundary conditions (96)-(98). The essence of the numerical scheme and the details of the non-
dimensionalization procedure are discussed in the next section detailing axisymmetric bifurcations.

8.2 Axisymmetric bifurcations

Axisymmetric bifurcations imply that v = 0 and » and w are independent of ¢, therefore the components of the displacement
gradient specialize to

u/r 0 0
[L”] = 0 Wz Wr | (101)
0 Uy Uy
and the incompressibility condition (48) can be obtained as
u/r +wy +ur = 0. (102)

For axisymmetric incremental deformations with v = 0 and no dependence on 6 the component of the equilibrium eq. (49) fori =1
is satisfied automatically. Equations for ¢ = 3, 2 specialize, respectively, to

. . 1 . .
To23,2 + To33,3 + ;(T033 —To11) =0, (103)
, , 1.
To22,2 + To32,3 + ;T032 =0, (104)
where the components
Toes = Ao2s2sla2 + Ao23s2Los + pLos, (105)
Tos2 = Aos2sz2L2s + Aos223L32 + pLa2, (106)
Toi1r = Aoi111L11 + Ao1122L22 + Ao1133L33 +pLi1 — p, (107)
Toz2 = Ao2211L11 + Ao2222L22 + Ao2233L33 + pLaz — p, (108)
Toss = AossiiLi1 + AossazLaz + . AossssLas + pLas — p (109)
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are obtained by specializing (54);. Substitution of these into (103) and (104) and use of incremental incompressibility condition (102)
leads to

pro = (rAbiiss — Aoi1)w/r” + (rAhssss + 0 + Agszss)ur /7 + Agzazstier

+  Ag2saztizz + (PAjaass + Agazaz — Ag1122)wz /7 4 (Agazss + Agzazs)wrzs (110)
P = Agzazowrr + (FApsass + Aogas)wr /7 4 Agaaawzz + (Agagss + Agsazs)urz

+  (rAdseas + 70’ + Aosgoas + Agrig)uz /T (111)

We note that, alternatively, expressions (110) and (111) can be obtained directly from (77) and (76), recalling that for axisymmetric
case v = 0 and there is no dependence on 6.
The traction boundary condition again has the form (78) but now specializes to

. P, L onr = . P, L onr =
Tozo = @732 e Tozs =4 @73 . (112)
PyL3s onr=b, PyL3z onr =>b.

Proceeding further, by using the components (106) and (109), we obtain, provided that Ag3232 # 0
Los+ L3z =0 on r=a,b. (113)

The use of (109) and the incompressibility condition L11 + L2z + L3z = 0,

. PaL33 onr=a
Agzzzz — Agaoa: L A — A L1 —p= 114
(Aoazas 02233 +P) L33 + (Ao113s 02233)L11 — P {PbLSS onr —b. (114)
We seek for solutions of displacements in the form
u = f(r)sinaz, (115)
= h(r)cosaz. (116)

We cross-differentiate expressions (110) and (111) with respect to z and r. This leads to elimination of second-order cross derivatives
of p. Furthermore, the use of incompressibility condition (102) allows us to eliminate h(r) from the resulting expression. Thus, we
obtain a single governing equation for f(r)

4 [Aozasa f" + (rAbsass + 240s232) f' /7 + (rAbzass — Aosas2) f//r? — (rAbsass — Apsas2) f/7°)

+ 042T2[(2A02233 + 2A03223 — Ao33zz — A02222)7”2f”

+ (2rAbsags + 2rAfgass — rAbssss — T Ab2aze — Aossss — Aozaza + 2402233 + 2A403223)7f

+ (r? Afa23 + 20" + rApgaos + T Aj1122 — PAD1133 — T Adaz22 + T AG2233

+ Ao1111 + Aoazz — 2401122 — 2A03203) ] + @1t Agagas f = 0, (117)
and the corresponding two boundary conditions (113) and (114) as
r2f" 4rf +(a?r?2—1)f =0 on r=a,b (118)
and

Agzozar® £ + (1 Abzass + 2A03232)7° f + (rAhzaze — Apzaza)rf’

— (rAbsazs — Aozaza) f — 0r?[(Agzsss + Aozasz — 2402233 — 2403203 + Agzzse)T S
— (rAbsase + Aor122 — Aoaz22 + Ag23s — Ao1133 + Aoz2as + Aoziz1 — Aoiziz)fl =0 on r=a,b (119)

Boundary condition (119) was obtained by differentiating (114) with respect to 2 and then by substituting expression for p, from (111)
into the resulting expression.

8.2.1 Numerical solution
In order to obtain numerical results we use incremental boundary condition
u=0 on z=0,1 (120)

Thus, radial displacements at the ends of the cylinder are not permitted and the increment Tp22 in the axial load is not present.
Therefore, we obtain from (120) and (115)
™ _ ™™

UL’
where n = 1, 2,3, ... is the mode number. We observe from (121) that « may be changed either by mode number n or the length of
the cylinder L. Therefore, it is convenient to fix n = 1 and to perform the analysis for different lengths of the cylinder, recognizing
that the effect of increasing the mode number n can be equivalently substituted by a decrease in the value of L.

We introduce the dimensionless variables and material constants defined by

(121)

o=

F=r/A, a=alA, b=b/A, f(f):fg)’
§(7) = 9(r)/A, k() = k(r)/m, () = p(r)/p, & = ad,
Y=yA% s =afn =/ Ao =Ac/p. (122)

A\V'A Journal of Applied and Computational Mechanics, Vol. 9, No. 3, (2023), 834-847



844 Andrey Melnikov and Jose Merodio, Vol. 9, No. 3, 2023

We note that nondimensional §(7) and k(#) were used in Section 8.1 for more general case of asymmetric bifurcations.
Also we define the nondimensional variables

91(7) = fa(), 9200) = fo (), 3s(P) = fA (), 9a() = fI'(7) (123)
so that we can rewrite governing eq. (117) as a system of first-order ordinary differential equations

9 =92, 95=103, U3 =G,
#* Apzo309s = —[3(FAbsa30 — Aozasz) — P2 Afsa30 + @272 (P2 As003 + P29 + P Af3003 + FAG1122
— 7 Ab1133 — PAD2220 + P AG2233 + Aor111 + Aozos — 2401120 — 2A03203) + 67 Agazaslin
— [ Alf3232 — 377 Afza32 + 37 Agzazs + 6272 (27 Alh3003 + 27 Afaass — PA3333 — FAG202
— Agsazs — Aozaz + 2400233 + 2A03203)102
— [ (3 Ab3232 + FAG3032) — 372 Agsazs + @27 (2400033 + 2403223 — Agzsss — Agazno)lis

- (27’A4A63232 + 2';'3/‘03232)334

(124)
with corresponding boundary conditions, obtained from (118) and (119),
7293 + Pho + (8272 — 1)1 =0, on r=a,b, (125)
Agz2327° 94 + (PAhsa32 + 2403232)7° 03 + (PAYsa32 — Agsasa) P2 — (PAY3232 — Aozase) i
— 6%7%[(Ag3sss + Agaaz — 2402033 — 2403203 + Ao32s2) 702 — (PAbsa32 + Aosazs + Agsisr — Aorsis
+ Agi122 — Agazza + Agzass — Aon1ss)i] =0, on r=a,b. (126)
Expressions for the elastic moduli specialized for the energy function (38) are given by (57).
We write the initial values for the system (124) in the form
9i(@) =0k, i=1,...,4, (127)

where §;;, is the Kronecker delta. Each k (= 1, ...,4) in (127) corresponds to the solution y* of the system (124), the general solution
of which can be written in the form

4
y=>_ay, (128)
k=1

where ¢, are constants.
We require the solution (128) to satisfy boundary conditions (125)-(126). Substitution of (128) into (125)—(126) leads to a 4 x 4
determinant of coefficients of ¢, vanishing of which represents the bifurcation criterion for this problem.

9. Numerical results

9.1 Asymmetric bifurcation

In this section we consider the results for asymmetric bifurcations for most likely mode number m = 1 and moderate values of
residual stress parameter 4. Bifurcation curves are denoted by continuous lines with corresponding zero pressure curves denoted
by dashed lines. We use red color for positive values of 4 for the respective bifurcation curves and we use blue color for the negative
values of 4. Black color corresponds to the case without residual stress. We see from Fig. 2 that residual stress corresponding to
negative value of parameter 4 has destabilizing effect for asymmetric bifurcation: for the same values of A, the values of \, are lower
than those required to achieve bifurcation without residual stress. On the other hand, residual stress corresponding to a positive
residual stress parameter 4 has a reverse effect and makes the asymmetric bifurcations achievable at values of A\, higher than those
values without residual stress. Thus, in this case residual stress has a stabilizing effect for asymmetric bifurcations.

Let us consider bifurcation curve corresponding to 4 = 0.5 with respect to regions of pressure with the same sign. We see that
at Fig. 2 zero pressure curves divide bifurcation curve into three regions. Zero pressure curves were obtained from expression (53)
for ¢¥* = 0 in [12] using 'fimplicit’ in MATLAB [13]. If we start moving upwards from the bottom of the figure, we first find that
asymmetric bifurcation for 4 = 0.5 happens at negative pressure (at external pressure). Then moving forward, we get to the region
of positive pressure between the two red dashed lines (here bifurcation becomes possible for internally pressurized tube). Moving
forward along the third longest part of bifurcation curve, we again get into the area of negative pressure, and thus bifurcation here
becomes possible for externally pressurized tube.

Now let us consider the bifurcation curve corresponding to 4 = —0.5. We can observe that the shown bifurcation curve is split
into two parts by zero pressure curves. Again, for analysis of the result we go upwards along the blue bifurcation curve. The region
below the intersection of blue zero pressure curve and bifurcation curve corresponds to negative pressure, and thus externally
pressurized tube bifurcates into asymmetric regime in this region. If we move forward upwards along the bifurcation curve, we end
up in the region of positive pressure, and thus internally pressurized tube can bifurcate into asymmetric regime for these values of
Az and )\, on bifurcation curve. At Fig. 3 we show the results for much longer tube L/B = 50. The obtained results look very similar
to those shown at Fig. 2.

We also obtained bifurcation curves for m = 2 for moderate values of 4 = —1,0, 1, but the effect of residual stress on these
bifurcation curves is very small, almost negligible. Therefore, we do not show these results here.

9.2 Axisymmetric bifurcation

At Fig. 4 and Fig. 5 we obtained new results for axisymmetric bifurcations for the residually stressed tube. Also, we reproduced
axisymmetric bifurcation curves obtained in [1] without residual stress. We note that values of L/B should be divided by 2 in Fig. 3
in [1] for correct caption of the figure. Again, we can observe a symmetric picture with respect to the case without residual stress.
But now unlike in the case for asymmetric bifurcations, residual stress corresponding to positive residual stress parameter 4 has
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Aa

Fig. 2. Plots of the asymmetric bifurcation curves (continuous curves) for the augmented neo-Hookean elastic material (38) for A/B = 0.8, L/B = 10,
4 = —0.5,0, 0.5, mode number m = 1. The values of 4 are shown next to the relevant curves. Dashed lines are zero pressure curves corresponding to
residual stress parameter 4 and shown with the same color as respective bifurcation curve.

4.5 T T . .

Aa

0.5 1 1.5 2

Az

Fig. 3. Plots of the asymmetric bifurcation curves (continuous curves) for the augmented neo-Hookean elastic material (38) for A/B = 0.8, L/B = 50,
4 = —0.5,0, 0.5, mode number m = 1. The values of 4 are shown next to the relevant curves. Dashed lines are zero pressure curves corresponding to
residual stress parameter 4 and shown with the same color as respective bifurcation curve.

a destabilizing effect: for the same fixed values of A., axisymmetric bifurcation can happen at lower values of A\, as opposed to
the case without residual stress. On the other hand, residual stress corresponding to negative residual stress parameter 4 has a
stabilizing effect: for the same fixed values of )., axisymmetric bifurcations occur at larger values of A\, and thus it is more difficult
to achieve these values of )\, and switch into this bifurcation regime.

Now let us discuss for what pressure (internal or external) and for which values of A\, and A\, axisymmetric bifurcations become
possible. At Fig. 4 for the case without residual stress, zero pressure curve divides the region of values of A\, and X into two areas.
The upper-right region corresponds to the area of positive pressure, and thus internally pressurized tube can bifurcate here into
axisymmetric regime. The lower-left area corresponds to the limited bifurcation values of A, and A\s (A: &~ 0.5, A\s < 1.5), where
bifurcation is possible under external pressure.

For residually stressed tube the division of the area by zero pressure curves at Fig. 4 is more complicated. Let us first consider
bifurcation curve corresponding to 4 = —0.8 at Fig. 4. The middle region between blue dashed zero pressure curves corresponds to
the area of positive pressure and thus internally pressurized residually stressed tube can bifurcate into axisymmetric regime if the
tube is deformed within the values of A\, and X, which are limited by these two zero pressure curves (blue dashed lines). Outside
this region there are two zones of negative pressure on the left and right hand sides, and thus axisymmetric bifurcation is possible
under external pressure.

Now we consider bifurcation of a residually stressed tube with parameter 4 = 0.8. The middle region between the two red
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dashed zero pressure curves correspond to the area of positive pressure and thus bifurcation is possible under internal pressure.
The upper and lower regions correspond to the areas of negative pressure, where bifurcation of a residually stressed tube becomes
possible under external pressure. For the upper region this corresponds to the ranges 0.6 < A. < 1.6 and 1.7 < Aq 5 2.1. The results
for longer tube L/B = 10 are shown at Fig. 5. The character of the results is very similar to those results shown for shorter tube at
Fig. 4. We note that bifurcation curves have higher maxima for longer tube, while zero pressure curves do not depend on the ratio
L/B.

The results shown here are in agreement qualitatively with the ones obtained numerically in [9], [14], [15].

Aa

Fig. 4. Plots of the axisymmetric bifurcation curves (continuous curves) for the augmented neo-Hookean elastic material (38) for A/B = 0.85, L/B = 5,

4 = —0.8,0,0.8. The values of 4 are shown next to the relevant curves. Dashed lines are zero pressure curves corresponding to residual stress
parameter 4 and shown with the same color as respective bifurcation curve.

Aa

Fig. 5. Plots of the axisymmetric bifurcation curves (continuous curves) for the augmented neo-Hookean elastic material (38) for A/B = 0.85, L/B = 10,

4 = —0.6,0,0.6. The values of 4 are shown next to the relevant curves. Dashed lines are zero pressure curves corresponding to residual stress
parameter 4 and shown with the same color as respective bifurcation curve.

10. Concluding remarks

In the present paper we obtained new results for axisymmetric and asymmetric bifurcations for the model (38), accounting for
residual stress. The obtained results are different from those published in [8] for different models. The present findings suggest
that the influence of residual stress, associated with positive and negative residual stress parameter, 4, is different and the resulting
bifurcation curves can be viewed as symmetric with respect to the bifurcation curves without residual stress. For asymmetric
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bifurcations with mode number m = 1 inclusion of residual stress with positive 4 makes the tube more stable (this is shown at Fig.
2 and Fig. 3), on the other hand, for axisymmetric bifurcations inclusion of residual stress corresponding to positive residual stress
parameter 4 leads to increase in instabilities (see Fig. 4 and Fig. 5). For the negative values of 4 the effect of residual stress is reversed
for asymmetric and axisymmetric bifurcations.

Author Contributions

A. Melnikov: formal analysis, validation, writing—original draft, writing—review and editing.; J. Merodio: formal analysis, vali-
dation, writing—review and editing.

Acknowledgments

Not applicable.

Conflict of Interest

The authors declared no potential conflicts of interest with respect to the research, authorship and publication of this article.

Funding

The authors received no financial support for the research, authorship and publication of this article.

Data Availability Statements

The datasets generated and/or analyzed during the current study are available from the corresponding author on reasonable
request.

References

[1] Haughton, D.M., Ogden, R.W.,, Bifurcation of inflated circular cylinders of elastic material under axial loading—II. Exact theory for thick-walled
tubes, Journal of the Mechanics and Physics of Solids, 27, 1979, 489-512.

[2] Paige, R.E., FEA in the design process of rubber bushings. In: ABAQUS Users’ Conference. Simulia, Dassault Systemes, Providence, RI, pp. 1-15, 2000.

[3] Paige, R.E., Mars, W.V.: Implications of the Mullins effect on the stiffness of a pre-loaded rubber component. In: ABAQUS Users’ Conference, pp.
1-15. Simulia, Dassault Systémes, Providence, RI, 2004.

[4] Merodio J., Haughton D.M., Bifurcation of thick-walled cylindrical shells and the mechanical response of arterial tissue affected by Marfan'’s syn-
drome, Mechanics Research Communications, 37, 2010, 1-6.

[5] Skala, D.P., Modified equations of rubber elasticity applied to the inflation mechanics of a thick-walled rubber cylinder, Rubber Chemistry and Tech-
nology, 43, 1970, 745-757.

[6] Charrier, J.M., Li, Y.K., Large elastic deformation theories and unstable deformations of rubber structures: thick tubes, Transactions of the Society of
Rheology, 21, 1977, 301-325.

[7] Haughton, D.M., Ogden, R.W., Bifurcation of inflated circular cylinders of elastic material under axial loading—I. Membrane theory for thin-walled
tubes, Journal of the Mechanics and Physics of Solids, 27, 1979, 179-212.

[8] Melnikov, A., Ogden, R.W., Dorfmann, L., Merodio, J., Bifurcation analysis of elastic residually-stressed circular cylindrical tubes, International Journal
of Solids and Structures, 226-227, 2021, 111062.

[9] Dehghani, H., Desena-Galarza, D., Jha, N.K., Reinoso, J. and Merodio, J., Bifurcation and post-bifurcation of an inflated and extended residually-
stressed circular cylindrical tube with application to aneurysms initiation and propagation in arterial wall tissue, Finite Elements in Analysis and
Design, 161, 2019, 51-60.

[10] Hoger, A., On the residual stress possible in an elastic body with material symmetry, Archive for Rational Mechanics and Analysis, 88, 1985, 271-290.

[11] Ogden, R.W,, Non-linear Elastic Deformations, Dover Publications, New York, 1997.

[12] Merodio, J., Ogden, R.W.,, Extension, inflation and torsion of a residually-stressed circular cylindrical tube, Continuum Mechanics and Thermodynamics,
28, 2016, 157-174.

[13] MATLAB version 9.12.0.1956245 (R2022a). The MathWorks Inc., Natick, Massachusetts, 2022.

[14] Font, A, Jha, N.K., Dehghani, H., Reinoso, J., Merodio, J., Modelling of residually stressed, extended and inflated cylinders with application to
aneurysms, Mechanics Research Communications, 111, 2021, 103643.

[15] Desena-Galarza, D., Dehghani, H., Jha, N.K., Reinoso, J., Merodio, J., Computational bifurcation analysis for hyperelastic residually stressed tubes
under combined inflation and extension and aneurysms in arterial tissue, Finite Elements in Analysis and Design, 197, 2021, 103636.

ORCID iD

Andrey Melnikov® https://orcid.org/0000-0001-8639-0000
Jose Merodio® https://orcid.org/0000-0001-5602-4659

@ @ © 2023 Shahid Chamran University of Ahvaz, Ahvaz, Iran. This article is an open access article distributed under the
terms and conditions of the Creative Commons Attribution-NonCommercial 4.0 International (CC BY-NC 4.0 license)

(http://creativecommons.org/licenses/by-nc/4.0/)

How to cite this article: Andrey Melnikov, Jose Merodio. Stability Analysis of an Inflated, Axially Extended, Residually Stressed
Circular Cylindrical Tube, J. Appl. Comput. Mech., 9(3), 2023, 834-847. https://doi.org/10.22055/jacm.2023.42359.3915

Publisher’s Note Shahid Chamran University of Ahvaz remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

e Journal of Applied and Computational Mechanics, Vol. 9, No. 3, (2023), 834-847



