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Abstract. The purpose of the present communication is to investigate the flow of a radiative electromagnetic-Casson nanofluid 
past a stretching sheet under the impacts of a chemical reaction and nonlinear thermal radiation. To enrich the blood flow, a 
modulated viscosity/thermal conductivity dependent temperature/nanoparticles concentration parameter is included in the 
governing equations. The system of PDEs is transformed to ODEs by invoking similarity transformations and then solved 
numerically by the well- known fourth-order Runge-Kutta integration scheme based on shooting approach. The main factors 
affecting the Casson fluid’s temperature profiles are revealed. 

Keywords: Stretching sheet; Electromagnetic Casson nanofluid; Nonlinear radiation; Variable viscosity/thermal conductivity; 
Shooting technique. 

1. Introduction 

     Nanofluids are defined as the fluids containing nanoscale particles. Where the nanoparticles have highly thermal conductivity, 
then adding nanoparticles to the main liquid raises the thermal conductivity of the out coming combination. Although the 
previous studies were concerned with examining the physical properties of conventional heat transfer through liquids, recently, 
with the interest in the discussion of nanofluids, the present investigations have become so effective as well as capable of 
meeting modern technology. Therefore, the inspection of nanofluids can play an essential role in numerous industrial, 
engineering, physical, and chemical applications. For example, hybrid engines, producing high-quality lubricants oil, nano-biofuel 
cells, microelectronics, etc. [1, 2]. 
     The non-Newtonian fluid behavior of a lot of industrial fluids is known via a shear-dependent viscosity. Where, the shear rate 
is not proportional to the shear stress directly. Therefore, the study of non-Newtonian fluids flow attracted the interest of many 
scientists for its various engineering as well as manufacturing applications such as: food processing (ice flows, chocolates, 
ketchup, sauces, magma, condensed milk), biological materials (vacancies, synovial liquid, animal blood), chemical materials 
(slurries, molten plastics, polymer liquids, polymer extrusion, drilling mud, petroleum products, shampoos, paints, detergents, 
pharmaceutical chemicals) and etc. In recent years, plentiful of non-Newtonian models have been introduced as an expression of 
the rheological properties of several kinds of fluids. Furthermore, the physiological fluids in the human body have been 
considered as non-Newtonian fluid. Human blood consists of plasma (platelets in a complex solution 90% water), white blood 
cells (leukocytes), red blood cells (erythrocytes), lipids, carbohydrates, proteins, fibrinogen, salts, and gases. Commonly the human 
blood can be treated as a non-Newtonian fluid made up of blood cells and plasma [3-5].  
     The Casson model is one of the famous non-Newtonian fluids models. In 1959, Casson [6] first introduced this model to predict 
the flow behavior of dye-oil suspension. Recently, this model has several features as well as is so renowned which characterized 
by high shear viscosity and yield stress. This model is based on a structure model of the composite manner of liquid and solid 
phases of two-phase suspensions. So that, Casson model can represent the purely viscous fluid which have high viscosity such as 
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concentrated fruit juice, soup, honey, tomato sauce, ink, and jelly. In addition, the human blood can be treated as Casson fluid due 
to the existence of sundry substances, where, the internal friction (viscosity) of blood raises with rising the percentage of red cells 
inside the blood, more red cells mean greater viscosity, which means a more friction. Therefore, the Casson fluid has various 
applications in blood cells, fibrinogen, and cancer therapy. On the other hand, for the flow, the Casson fluid is transformed to a 
rigid body if the yield shear stress is greater than the shear stress. Moreover, the yield stress of Casson fluid needs to exceed the 
shear stress, or else the fluid behaves as a Newtonian fluid [7]. As a result, many researchers are motivated by heat transfer for 
Casson fluid flow from a variety of physical perspectives. Walawender et al. [8] used an approximate Casson fluid model for 
studying a blood flow in tube. Furthermore, the blood flow with peristaltic transport using the Casson model has been introduced 
by Srivastava and Srivastava [9]. Dash et al. [10] studied the Casson fluid flow through a pipe with a porous medium. A MHD 
Casson fluid flow between two rotating cylinders is studied by Eldabe et al. [11]. Moreover, Mernone et al. [12] suggested a 
mathematical investigation of peristaltic transport using the Casson fluid model. An unsteady Casson fluid flow over a moving 
flat sheet is investigated by Mustafa et al. [13]. Shehzad el al. [14] tested a MHD of Casson fluid flow with mass transfer under the 
effects of suction and chemical reaction. The study of the Casson fluid flow with nanoparticles has been introduced by Hayat et al. 
[15]. Furthermore, Gireesha et al. [7]employed the Runge-Kutta based shooting technique to obtain a numerical solution for the 
Casson-Carreau fluid flow with homogeneous – heterogeneous reactions. The effect of nonlinear thermal radiation on a MHD 
Casson nanofluid flow in the existence of Joule heating past an inclined porous stretching plate is investigated by Ghadikolaei et 
al. [16]. Aman et al. [17] evaluated an exact solutions for MHD hybrid Casson-nanofluid flow under the impact of porosity. After 
that, utilizing the finite-difference numerical method Siddiqa et al. [18] have been inspected a dusty radiative Casson fluid flow 
near a wavy plate surface. They found that, in the presence of mass concentration and radiation parameters the rate of heat 
transfer raises extensively. In order to examined a magneto blood flow with alumina and gold nanoparticles into a porous 
medium, Elgazery [19] applied the Chebyshev pseudospectral (CPS) technique. As well as, a numerical analysis via the implicit 
finite-difference approach for an unsteady natural convection of a dusty Casson fluid flow past a wavy surface has been given by 
Hady et al. [20]. By employing the Spectral quasi-linearization technique Akolade and Tijani [21] checked a comparative numerical 
study for Williamson-Casson nanofluid flow over a riga surface. This numerical study is found to be applicable in biomedical as 
well as engineering filed. Also, as an application of bacterial growth along the heart valve, the nanoparticles through a MHD 
Casson nanofluid (blood) flow with slip effect has been tested in Ref. [22]. In the presence of couple stress an electromagnetic 
hybrid Casson nanofluid flow near an unsteady rotating disc has been checked by Usman et al. [23] via the homotopy analysis 
technique. Recently, Kumar et al. [24] introduced a modeling and theoretical study for a Casson nanofluid flow past near a curved 
stretching sheet under both chemical reaction and magnetic field impact. Also, the influence of Dufour and Soret on a MHD 
Casson fluid flow over a stretching plate in the presence of diffusive-convective conditions was studied by Ramudu et al. [25]. 
     Due to the importance of changing the physical properties of the fluid with the temperature, many scientists have been 
excited to study the effect of these variable properties on the fluid flow in various cases. Elgazery and Hassan [26] and Elgazery 
and El-Sayed [27] checked the impact of variable fluid properties on a magneto-Casson fluid flow over a stretching plate through a 
porous medium. Elgazery [28] presented also another numerical investigation for a Casson fluid flow under the influence of the 
variable properties. Moreover, the impacts of chemical reaction as well as thermophoresis on free convective mass and heat 
transfer of a magneto-dissipative Casson fluid flow in the presence of variable viscosity/thermal conductivity have been 
examined by Animasaun [29]. El-Aziz and Afify [30] tested the heat transfer and MHD unsteady Casson fluid film flow along a 
stretching sheet under the impacts of both thermal radiation and variable thermal conductivity. Furthermore, an axisymmetric 
MHD Casson fluid flow with variable thermal conductivity is inspected by Nawaz et al. [31]. Recently, Sohail et al. [32] applied the 
optimal homotopy analysis technique to calculate an analytical solution for a MHD Casson fluid flow with entropy generation 
under the influence of variable thermal conductivity and heat conductance past a bi-directional non-linear stretching sheet. By 
utilizing the implicit finite difference approach, Bisht and Sharma [33] are obtained a numerical solution for an impact of both 
variable viscosity and thermal conductivity on a Casson nanofluid flow over a non-linear stretching surface. They noticed that, 
with an increase in the viscosity variation parameter, the velocity distribution raises whereas with an increase in the Casson 
parameter it decreases. Further, Khaled and Khan [1] introduced a vital study applicable in bio-technology for gyrotactic 
microorganisms swimming in a Casson nanofluid under the effects of variable viscosity and thermal conductivity. The thermal 
aspects for variable thermal conductivity and viscosity on a Casson nanoliquid flow with velocity slip and convective heating are 
investigated by Gbadeyan et al. [2]. Also, as an application in the transdermal drug delivery, Elgazery and Elelamy [34] has been 
tested the variable thermal conductivity influence on a Casson nanofluid flow along a stretching plate in the presence of a 
nonlinear thermal radiation. They observed that, although the linear radiation has a weak impact on the concentration profiles of 
nanoparticles, these profiles distributions are highly effected by the nonlinear thermal radiation. For more recently studies see 
also [35, 36]. 
     By taking into count the efforts of the past scientists, the current work focuses on the detailed investigation of a radiative 
electromagneto- Casson nanofluid flow past a stretching sheet under the impacts of chemical reaction and nonlinear thermal 
radiation by considering a modulated viscosity as well as thermal conductivity dependent temperature and nanoparticles 
concentration. The arising system for the physical model is solved numerically by well-known shooting method with Runge-Kutta 
fourth-order technique. The behavior of all important physical parameters is illustrated graphically as well as tabular with a 
suitable discussion. In order to show a good presentation, the current paper is divided as follows: Section 2 is devoted to 
formulate a PDEs system which governs the physical problem. The numerical approach of the governing mathematical system is 
given in Section 3. An appropriate discussion for the numerical results has been incorporated in Section 4. The conclusion part 
has been written in the last section. 

2. Mathematical Formulations 

In this section, a steady incompressible two-dimensional radiative electromagneto-Casson nanofluid flow past through a 
stretching sheet has been proposed. Nonlinear thermal radiation and homogeneous chemical reactions with first order influences 
have also been included. The horizontal sheet is thought to be preserved when the temperature wT  

and nanoparticle 
concentration wC  

are higher than the ambient temperature T∞  and nanoparticle concentration .C∞  The ( , )x y -coordinate system 
is used, with the horizontal x -axis representing the stretching sheet and the vertical y -axis representing the normal to the 
stretching sheet. The zone 0y>  is occupied by nanofluid flow in this study. When the current fluid is electrically conducting, the 
Lorenz force is calculated as .J B×  The electrical conducting density ( )J E V Bσ= + ×

 
is represented here (Joule current). Moreover, 

σ  denotes the electrical conductivity and ( , )V u v=
 
are velocities of nanofluids in ( , )x y - coordinates along and perpendicular to 

the surface [37]. 0(0,0, )E E= −  and 0(0, ,0)B B=
 
represent the uniform electric and magnetic field vectors of strength that are 

applied normally to the fluid flow. While the magnetic Reynolds number is chosen to be small. Figure 1 depicts the flow regime 
and coordinate system of the considered problem. 
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Fig. 1. The (x, y)-coordinate system and flow configuration. 

The momentum equation now includes a stress tensor ijτ  defined as [19, 22, 27, 28, 34]:  

( )

( )
0 0

0

2 / 2 ,

2 / 2 .

y cij

ij

y c cij

p e

p e

µ π π π
τ

µ π π π

 + ≥= 
 + <

 (1) 

where yp  represents the yield stress as well as µ  represents the nanofluid effective plastic dynamic viscosity. It is clear that as 
0,yp →  the Casson model tends to the ordinary Newtonian model. cπ  represents a critical value of the product 0 .ij ije eπ =  

Moreover, ije  represents the ( , )thi j  component of the deformation rate, ( / / ) / 2.ij i j j ie v x v x= ∂ ∂ + ∂ ∂  
According to the constraints stated above, the fundamental system for momentum, mass conservation, concentration, and 

energy with Casson nanofluid flow is expressed as [20, 34, 38, 39]: 
The equation of continuity: 

0
u v

x y

∂ ∂
+ =
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 (2) 

The equation of momentum: 
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The equation of energy: 
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 (4) 

The equation of concentration of nanoparticles: 

( )
2 2

2 2
T

B c

C C D T C
u v D R C C

x y T y y ∞

∞

∂ ∂ ∂ ∂
+ = + − −
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 (5) 

The boundary conditions in the above system are given by: 

at 0 : , 0, ,

as : 0, ,
w w wy u u ax v T T C C

y u T T C C∞ ∞

= = = = = =

→ ∞ → → →
 (6) 

In the above system, T  and C  are the temperature, and nanoparticles concentration. ,Pc ,fρ TD  and BD  are the specific heat 
at constant pressure, nanofluid density, thermophoresis, and Brownian diffusion coefficients, respectively. ( c )P sρ  and ( c )P fρ

represent the effective heat capacity of the nanoparticles and the heat capacity of the fluid. Γ  also represents the ratio
( c ) / ( c ) .P s P fρ ρ  cR  is the homogeneous chemical reaction and wu ax=  is the stretching velocity where a  is constant. Also, 

4(4 * /3 )( / )rq T yσ κ= − ∂ ∂  is the radiative heat flux, where κ  and *σ  represent the mean absorption coefficient and the Stefan–
Boltzmann constant. Therefore, the nonlinear thermal radiation term following by Elgazery and Elelamy [34] is given by 

2 3 2 2/ (16 * /3 ) 3 ( / ) ( / ) .rq y T T y T T yσ κ  ∂ ∂ = − ∂ ∂ + ∂ ∂    
In addition, in the most of previous literature, all properties of the fluid are assumed constant with temperature. Since this 

investigation is related to the inspection of the blood flow in the presence of nanoparticles under the nonlinear thermal radiation 
impact, it is significant to modify the nanofluid viscosity µ  and thermal conductivity k  proportional to the nanofluid 
temperature and nanoparticles concentration as follows [34]: 

0 1 2( , ) exp[ { ( ) }]T C q T T q Cµ µ ∞ ∞= − − +  (7) 

0 3 4( , ) [1 ( )][1 ]k T C k q T T q C∞ ∞= + − +  (8) 

where , 1,2,3,4iq i=  are dimensionless coefficients. 0µ and 0k are the constant nanofluid viscosity and thermal conductivity, 

respectively. 
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Now using the next similarity transformation [34, 39]:  

0 0 0( / ), ( ) ( / ) , '( ), ( ) ( / ), ,x yf f fy a x f a u ax f v f a T T T C C Cη ρ µ ψ η µ ρ ψ η ψ η µ ρ θ φ∞ ∞= = = = = − = − − = ∆ − = ∆  (9) 

Here, ( )wT T T∞∆ = −  and ( )wC C C∞∆ = −  are the difference of temperature as well as nanoparticle concentration between the 
sheet and far field. η  and ψ  are the similarity variable and stream function. Further, ( ),f η ( )φ η  and ( )θ η  represent the 
dimensionless velocity, nanoparticle concentration and temperature functions, respectively.  

The modification of both nanofluid viscosity as well as thermal conductivity with the dimensionless nanoparticle 
concentration and temperature functions are formed as following: 

0 1 2( , ) exp[ { ( ) ( )}]µ θ φ µ β θ η β φ η= − +  (10) 

0 3 4( , ) [1 ( )][1 ( )]k kθ φ β θ η β φ η= + +  (11) 

Here 1 1( )wq T Tβ ∞= −  and 3 3( )wq T Tβ ∞= − represent the viscosity and thermal conductivity temperature variation parameters, 
respectively. 2 2 ( )wq C Cβ ∞= − and 4 4 ( )wq C Cβ ∞= −  represent also the viscosity and thermal conductivity nanoparticles 
concentration variation parameters, respectively. Where the values of , 1,2,3,4i iβ =  are related to the kind of nanofluid.  

Then by using transformation (9) and utilizing the above modulation in the nanofluid viscosity and thermal conductivity, the 
system of PDFs (2)–(6) is rewritten by the following ODEs: 

( ) ( ) ( )
2

1 2 1 2 1

1
'''( ) '( ) ( ) ''( ) exp[ { ( ) ( )}] '''( ) [ '( ) '( )] ''( ) '( ) 0f f f f f f M E fη η η η β θ η β φ η η β θ η β φ η η η

β
− + + − + − + + − =  (12) 

( ) (

( ) ( ) ( ) ( )

2

3 4 4 3 3 4

2 2 2 32
1

'( ) [1 ( )] '( ) '( )[1 ( )] ''( )[1 ( )][1 ( )] Pr ( ) '( ) '( ) '( )

4
'( ) [ '( ) ] 3 1 ( ) '( ) 1 ( ) ''( ) 0

3

f Nb

Nt MEc f E Rd r r r

β θ η β φ η β θ η φ η β θ η θ η β θ η β φ η η θ η θ η φ η

θ η η θ η θ η θ η θ η

+ + + + + + + + +

 + − + + + + =  

 (13) 

[ ]''( ) ''( ) ( ) '( ) ( ) 0
Nt

Sc f R
Nb

φ η θ η η φ η φ η+ + − =  (14) 

The transformed boundary conditions are rewritten as: 

'(0) 1, (0) 0, (0) 1, (0) 1

'( ) 0, ( ) 0, ( ) 0

f f

f

θ φ

θ φ

= = = =

∞ → ∞ → ∞ →
 (15) 

In the above system, 0( 2 ) /c ypβ µ π=  represents the Casson parameter, that for Newtonian nanofluid, its value tends to 
infinity whereas for non-Newtonian nanofluid takes small values. 2

0( ) / ( )fM B aσ ρ=  and 1 0 0/ ( )wE E u B=  are the magnetic and 
electric fields parameters. 0 0Pr (c ) /P f kµ=  represents the Prandtl number (for human blood Pr 21).≃ 0( / )T fNt r D ρ µ= Γ  and 

0( ) ( / )w B fNb C C D ρ µ∞= − Γ  are the thermophoresis and Brownian motion parameters, where ( ) /wr T T T∞ ∞= −  represents the 
relative temperature difference through the flow, which has 0r=  for linear radiation. 0 / ( )B fSc Dµ ρ=  and 2 / [( )(c ) ]w w P fEc u T T∞= −  
are the Eckert and Schmidt numbers, respectively. 3

04 * /( )Rd T kσ κ∞= and /cR R a=  are the radiation and homogeneous chemical 
reaction parameters, respectively. 

Equation (12) at 1 2 0,Mβ β= = =  and β→ ∞  has an exact solution in the form [40]: 

( ) 1f e ηη −= −  (16) 

2.1 Physical quantities of interest 

The most important physical quantities are the skin friction coefficient ,xCf  Nusselt number ,xNu  and nanoparticle 
Sherwood number , .x nSh  Introducing the dimensionless quantities expressions for xCf , xNu  and ,x nSh  as [34, 39]: 

0
1 2 1 22 2

0

,

1 2 1
exp[ { ( ) ( )}] exp[ { (0) (0)}] ''(0),

Re

4
Re '(0),

( ) 3

Re '(0).
( )

w
x

w wf f y

r
x

w

m
x n

B w

u
Cf f

u u y

xq
Nu Rd

k T T

xq
Sh

D C C

τ µ
β θ η β φ η β θ β φ

ρ ρ β β

θ

φ

=

∞

∞

     ∂     = = − + + = − + +       ∂      = = − 
− = = − − 

 (17) 

where 2
0Re ( / )fax ρ µ=  represents the Reynolds number of characteristic velocity and 0( / ) .m B yq D C y == − ∂ ∂  

3. Numerical Approach   

The steady incompressible two dimensional radiative electro magneto Casson nanofluid flow past a stretching sheet under 
the influences of the phenomenon of chemical reaction and nonlinear thermal radiation has been formulated. The transformed 
coupled non-linearly ODEs system (12)-(14) with boundary conditions (15) are solved numerically by the fourth-order Runge-Kutta 
approach with shooting technique [41] and [42]. For this numerical investigations, the step size 10-2 has been chosen and having 
error tolerance 10-6. 
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Fig. 2. Flow chart for describing the numerical approach. 

The highlighted numerical technique can be outlined as: 
 The present physical problem is modeling as a boundary value problem which transformed into initial one. 
 Since the constructed coupled non-linear ODEs system (12)-(14) has two second-order equations and one third-order, and 

then if seven initial conditions available its numerical solution can be obtained. But only four initial conditions in Eq. (15) 
are given. 

 Thence, suitable three initial conditions must be added as 1''(0) ,f ε= 2'(0)θ ε=  and 3'(0)φ ε=  (guesses).  
 The physical domain [0, ]∞  is taken as a computational one [0, ]η∞ ( 20η∞ =  is chosen). 
 Runge-Kutta approach is utilized as well as the numerical solution is obtained. 
 The iteration procedure is worked until the convergence condition (the difference between the given boundary conditions 

in Eq. (15) '( ) ( ) ( ) 0f θ φ∞ = ∞ = ∞ =  and the computed one is less than 10-6) is satisfied, otherwise new initial guesses are 
employed (see Fig. 2). 

To validate the present numerical simulation, a comparison is carried out in special case with the exact solution (16) for 
different values of η . 

From the last column in Table 1, a very small error between the present numerical solution and the exact one makes it 
potential to expand the calculated results. 

4. Results and Discussion 

The fourth-order Runge-Kutta/shooting technique is used in this numerical simulation to investigate the impact of modulated 
viscosity/thermal conductivity dependent temperature/nanoparticles concentration parameters on the flow of a radiative electro 
magneto-Casson nanofluid past a stretching sheet with chemical reaction and nonlinear thermal radiation. Consequently, the 
present numerical outcomes can be introduced as follows in the next subsection.  

 
Table 1. The values of horizontal nanofluid velocity '( )f η for the exact solution (16) [40] and the present shooting method 

for different values of η at 20.η
∞

=  

η  Exact solution [40] Present solution Error 

0.039 0.0386593837529049 0.0386591476413136 72.3 10−
×  

0.157 0.1453678994115584 0.1453660783061044 61.8 10−
×  

0.351 0.2960990090423304 0.2960968776908371 62.1 10−
×  

0.618 0.4612300455246082 0.4612275832395130 62.4 10−
×  

0.954 0.6151551558484238 0.6151515852006927 63.5 10−
×  

1.355 0.7420931647336533 0.7420835325250135 69.6 10−
×  

 

No 

New initial guesses are employed 

Start 

Boundary value problem (BVP) (12)-(14) with boundary conditions (15)    

Initial value problem (IVP) with initial conditions 

Solving via Runge-Kutta approach 

Does solution 

converge? 

Yes 

End 
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Table 2. Variations of numerical results for Re , '(0)Cf θ− and '(0)φ− at various values of 1 2 3
, , ,β β β β and 4

β when 

1
0.01, 1, 0.1M Sc E Ec r Rd R Nt Nb= = = = = = = = = and Pr 21= in the present study. 

'(0)φ−  '(0)θ−  Re Cf  4
β  3

β  
2
β  1

β  β  

0.0785054 1.19949 -6.72303 0.1 0.1 0.1 0.1 0.1 
0.00736249 1.16517 -3.40357     0.5 
-0.0248463 1.14702 -2.73838     1 

        

0.0779662 1.19876 -6.69474 0.1 0.1 0.1 0.5 0.1 
0.0766127 1.19743 -6.63169    2  
0.07545098 1.19701 -6.58773    5  

        
0.07719682 1.19886 -6.66037 0.1 0.1 0.5 0.1 0.1 
0.07492433 1.19794 -6.54464   2   

0.07424840 1.19787 -6.49250   5   
        

0.07850539 1.19949 -6.72303 0.1 0.1 0.1 0.1 0.1 
0.18033793 1.08485 -6.72288  1    

0.24470043 1.01085 -6.72277  1.75    
        

0.07850539 1.19949 -6.72303 0.1 0.1 0.1 0.1 0.1 
0.14295951 1.11934 -6.72281 1     

0.19056094 1.06046 -6.72265 1.75     

Table 3. Variations of numerical results for Re , '(0)Cf θ− and '(0)φ− at various values of 1
, , ,M E Ec R and Sc when 

1 2 3 4
0.1r Rd Nt Nbβ β β β β= = = = = = = = =  and Pr 21.=  

'(0)φ−  '(0)θ−  Re Cf  Sc  R  Ec  
1
E  M  

0.08958674 1.18266 -6.93871 0.1 0.1 0.1 0.1 0.1 
0.13691404 1.11185 -7.83871     0.5 
0.15955983 1.07855 -8.25774     0.7 

        

0.08958674 1.18266 -6.93871 0.1 0.1 0.1 0.1 0.1 
0.08376979 1.19437 -6.69063    0.5  
0.08360698 1.19518 -6.56806    0.7  

        
0.08958674 1.18266 -6.93871 0.1 0.1 0.1 0.1 0.1 
0.23919509 1.00763 -6.93828   1.1   

0.25423678 0.99005 -6.93823   1.2   
        

0.08958674 1.18266 -6.93871 0.1 0.1 0.1 0.1 0.1 
0.28516306 1.15812 -6.93987  0.3    

0.45535136 1.13778 -6.94084  0.5    
        

-0.68917003 1.33093 -6.92794 0.25 0.1 0.1 0.1 0.1 
-0.34881598 1.26326 -6.93340 0.5     

0.08958674 1.18266 -6.93871 1     

Table 4. Variations of numerical results for Re , '(0)Cf θ− and '(0)φ− at various values of , ,r Rd Nt and Nb when 

1 2 3 4 1
0.01, 1, 0.1M Sc E Ec Rβ β β β β= = = = = = = = = = and Pr 21.=  

'(0)φ−  '(0)θ−  Re Cf  Nb  Nt  Rd  r  

0.01190467 1.27279 -6.72310  0.1 0.1 0.1 0.05 
0.07850539 1.19949 -6.72303     0.1 
0.19682817 1.06750 -6.72288     0.2 

        

-0.11090389 1.42548 -6.72348  0.1 0.1 0.05 0.1 
0.07850539 1.19949 -6.72303    0.1  
0.27404153 0.95499 -6.72230    0.2  

        
0.07850539 1.19949 -6.72303  0.1 0.1 0.1 0.1 
-0.76694898 0.98013 -6.71178   0.3   

-1.03301265 0.80082 -6.70275   0.5   
        

0.07850539 1.19949 -6.72303  0.1 0.1 0.1 0.1 
0.64745735 0.89030 -6.72640  0.3    

0.74919090 0.64069 -6.72630  0.5    

4.1 Simulation values for Re , '(0)Cf θ−  and '(0)φ−  

 Table 2 shows the numerical changes for Re , '(0)Cf θ−  and '(0)φ− at different values of 1 2 3, , ,β β β β and 4β when 
0.01, 1M Sc= = , 1 0.1E Ec r Rd R Nt Nb= = = = = = =  and Pr 21.=  The discovery revealed that ReCf  is a rising function as the 

values of 1 2 3, , ,β β β β  and 4β  increase, but '(0)θ−  is a decreasing function. It is worth noting that when 1,β β  and 2β  increase, 
'(0)φ−  is a decreasing function, but when 3β  and 4β  rise, it is an increasing function. Table 3 presents the numerical values of

Re , '(0)Cf θ−  and '(0)φ−  for various values of 1, , ,M E Ec R  and Sc  when 1 2 3 4 0.1r Rd Nt Nbβ β β β β= = = = = = = = =  and 
Pr 21.=  The numerical results show that raising each of the 1E  and Ec  parameters raises ReCf  and vice versa for ,M R  and Sc
parameters. On the other hand, '(0)θ−  is a decreasing function with rising , ,M Ec R  and Sc  parameters and vice versa with 1.E  

'(0)φ−  is also a rising function as , ,M Ec R  and Sc  rise, however, it is a decreasing function as 1E  increases. Table 4 illustrates the 
numerical fluctuation of Re , '(0)Cf θ−  and '(0)φ−  at different values of , ,r Rd Nt  and Nb  when 0.01, 1,M Sc= =  

1 2 3 4 1 0.1E Ec Rβ β β β β= = = = = = = =  and Pr 21.=  It is seen that ReCf  is an increasing function when the parameters ,r Rd  
and Nt  rise, but it is a decreasing function when the parameter Nb  increases, however, '(0)θ−  is a decreasing function when the 
parameters , ,r Rd Nt  and Nb  increase. Furthermore, as the parameters ,r Rd  and Nb  grow, '(0)φ−  becomes a rising function, but it 
becomes a decreasing function when the value Nt  increases. 
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4.2 Evidence and opinions related heat and mass transfer 

For the purposes of discussing the effects of the parameters on various flow characteristics, we have assigned the parameters 
values of Pr 21, 0.01, 1M Sc β= = = =  and 1 1 2 3 4 0.1E Ec r Rd R Nt Nbβ β β β= = = = = = = = = = =  except as otherwise mentioned. 
As seen in Fig. 3, raising the parameter β  lowers the fluid velocity at the required data. It is crucial to notice that as the 
parameter β  hits unity, the thickness of the boundary layer of the velocity profiles increases and then becomes thin. Physically, 
as shown in Fig. 3, the wall velocity decreases while the wall drag force increases. When a larger value of β  and a brief flow are 
introduced into the fluid, the fluid velocity is rapidly slowed. Figs. 4-5 depict the impact of the parameters 1 2 3, ,β β β  and 4β  on the 
fluid velocity. The velocity profiles are seen to be decreasing functions, although the boundary layer of the velocity profiles for 
rising the parameters 2β  and 4β  is bigger than the boundary layer of the velocity profiles for raising the parameters

 1β  and 3.β  

As illustrated in Fig. 6, increasing the parameter β  causes the shear stress ''( )f η  to be a monotonic function that decreases in 
region 0 2η≤ ≤  and increases in the region 2 20η≤ ≤ . The flow can penetrate relatively deeply for a low value of β . When the 
flow reaches the fluid in the region 2 20η≤ ≤ , the shear stress profiles at the wall become larger and expand quickly. It is worth 
noting that the concavity of the velocity '( )f η  and shear stress ''( )f η  profiles has been shifted from above to below in Figs. 3 and 
6. 

  

Fig. 3. Impact of β on the velocity profiles. Fig. 4. Impact of 2
β and 4

β on the velocity profiles. 

 
 

Fig. 5. Impact of 1
β and 3

β on the velocity profiles. Fig. 6. Impact of β on the shear stress profiles. 

  

Fig. 7. Impact of β on the temperature and the concentration profiles. Fig. 8. Impact of β on the heat and mass transfer rate profiles. 
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The impacts of the specific physical parameters on the temperature profiles, concentration profiles, and heat and mass 
transfer rates are depicted in Figs 7-22. As the parameter β  in Fig. 7 is increased, the temperature and concentration curves both 
rise. Casson fluidity physically improves temperature and concentration distributions across the flow domain. As can be seen in 
this figure, the concentration boundary layer appears to be thicker than the thermal boundary layer. However, as shown in Fig. 8, 
both the heat and mass transfer rate curves are monotonic functions. It is discovered that '( )θ η−  reduces in the region 0 0.8η≤ ≤  
and grows in the region 0.8 6η≤ ≤ . In the opposite direction, '( )φ η−

 
increases in the region 0 1.8η≤ ≤  and decreases in the 

region 1.8 6η≤ ≤ . 
The temperature and concentration curves move in opposite directions as the parameters 1E  and Ec  in Fig. 9 are increased, 

indicating that the temperature curves are growing while the concentration curves are falling. The heat transfer rate curves in Fig. 
10 go through two stages as the parameters 1E  and Ec  are increased, decreasing in the range 0 1.2η≤ ≤  and slightly growing in 
the range 1.2 6η≤ ≤  whereas mass transfer rate curves have two stages, increasing in range 0 1.2η≤ ≤  and decreasing in range 
1.2 6,η≤ ≤  indicating that both heat and mass transfer rate curves are monotonic functions. The study discovered that as the 
parameters 1E  and M  in Fig. 11 are increased, the temperature curves climb. Lorentz force, a resistive force, brings this fact 
together. It is well known that as the magnetic parameter is increased, the velocity profile decreases. Because the application of a 
transverse magnetic field produces a resistive type force (Lorentz force), which tends to resist the fluid flow and thus reduces its 
velocity. Furthermore, the thickness of the boundary layer. In contrast, increasing the magnetic parameter decreases the 
temperature function. Furthermore, higher 1E  and M  values result in more heat and less concentration in the fluid. Whereas the 
impact of the parameters 1E  and M  in Fig. 12 are minor on the heat transfer rate, they are highly significant on the mass transfer 
rate. 

  

Fig. 9. Impact of 1
E and Ec on temperature and concentration profiles. Fig. 10. Impact of 1

E and Ec on the heat and mass transfer rate profiles. 

  

Fig. 11. Impact of 1
E and M on temperature and concentration profiles. Fig. 12. Impact of 1

E and M on the heat and mass transfer rate profiles. 

  

Fig. 13. Impact of r and Rd on temperature and concentration profiles. Fig. 14. Impact of r and Rd on the heat and mass transfer rate profiles. 
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Figure 13 depicts the impact of radiation Rd  on the temperature and concentration distributions as nonlinearity increases. 
The radiation parameter Rd  is a physical measure of the relative importance of thermal radiation transfer to conduction heat 
transfer. In conclusion, higher values of this quantity indicate that heat radiation is preferred over conduction. As a result, it 
indicates that more radiative heat energy is being pumped into the system, resulting in an increase in temperature curves. Based 
on this figure, we can conclude that the function of the nonlinearity parameter r , which relates to the relative temperature 
difference inside the flow, on the influence of radiation is fairly clear. It was discovered that the influence of nonlinear radiation is 
substantially stronger in the case of nonlinearity parameter ( 0)r ≠ . Physically, nonlinear radiation will be more successful in 
temperature-raising applications such as thermal engineering, mechanics, thermal processing, air flow, conditioning systems, 
and renewable energy. As a consequence, we advocate include the impact of non-linear radiation in future research since it is 
feasible to obtain more results that are more realistic. Figure 14 also displays the influence of radiation on both heat and mass 
transfer rate distributions as nonlinearity rises. It is discovered that both the heat and mass transfer rate distributions are 
monotonic functions, and that the impact of nonlinear radiation is significantly greater. 

The temperature and concentration curves move in opposite directions as the parameters Sc  and R  in Fig. 15 are raised, 
demonstrating that the temperature curves are weakly expanding while the concentration curves are declining with depth of the 
thermal boundary layer. It has been discovered that as the Schmidt number Sc , rises, the concentration decreases. This reduces 
the effects of concentration buoyancy, resulting in a decrease in fluid velocity. Reduced concentration profiles are accompanied by 
reduced concentration boundary layers. Moreover, the heat and mass transfer rate distributions are both monotonic functions 
when the parameters Sc  and R  are raised, but the mass transfer rate distributions are considerably larger than the heat transfer 
rate distributions as seen in Fig. 16.  

  

Fig. 15. Impact of Sc and R on temperature and concentration profiles. Fig. 16. Impact of Sc and R on the heat and mass transfer rate profiles. 

  

Fig. 17. Impact of Nt and Nb on temperature and concentration profiles. Fig. 18. Impact of Nt and Nb on the heat and mass transfer rate profiles. 

  

Fig. 19. Impact of 1
β and 3

β on temperature and concentration profiles. Fig. 20. Impact of 1
β and 3

β on the heat and mass transfer rate profiles. 
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Fig. 21. Impact of 2
β and 4

β on temperature and concentration profiles. Fig. 22. Impact of 2
β and 4

β on the heat and mass transfer rate profiles. 

 
The parameters Nt  and ,Nb  as shown in Figs 17-18, have a significant effect on the temperature, concentration, heat, and 

mass transfer rate distributions. Whereas the thermal boundary layers of temperature distributions grow uniformly as the 
parameters Nt  and Nb  increase, the boundary layers of concentration distributions fall uniformly in the range 0 1.4η≤ ≤  and 
increase in the range 1.4 6.η≤ ≤  On the other hand, both the heat and mass transfer rate distributions are discovered to be 
monotone functions. The heat transfer rate distributions, for example, exhibit thicker thermal boundary layers in the range 
0 0.7η≤ ≤  than in the region 0.7 6.η≤ ≤  Furthermore, the mass transfer rate distributions have three stages: in the first stage 
0 0.6η≤ ≤  the mass transfer rate distributions increase with increasing in the parameters Nt  and Nb ; it is noted that in this 
region, the thermal boundary layer gradually decreases; in the second stage 0.6 1.8,η≤ ≤  the mass transfer rate distributions 
decrease; and in the third stage 1.8 6,η≤ ≤  the mass transfer rate distributions increase but with thinness of the thermal 
boundary layers.  

Furthermore, Figs. 19 and 20 show the effect of 1β  and 3β  on temperature, concentration, heat, and mass transfer rate 
profiles at various data points. As the parameters 1β  and 3β  rise, the thermal boundary layers of temperature distributions 
expand evenly, whereas the boundary layers of concentration distributions decline uniformly in the range 0 1.4η≤ ≤  and 
increase in the range 1.4 6η≤ ≤ . As seen in Fig. 20, it has been revealed that the parameters 1β  and 3β  have a significant 
influence on both the heat and mass transfer rate distributions and are monotone functions. The heat transfer rate distributions, 
for particular, show larger thermal boundary layers in range 0 0.8η≤ ≤  than in the region range 0.8 6.η≤ ≤  Further, the mass 
transfer rate distribution in Fig. 20 also has three phases just like in Fig. 18.  

Finally, when the parameters 2β  and 4β  in Fig. 21 increase, the thermal boundary layers of temperature distributions grow 
consistently, but the boundary layers of concentration distributions fall uniformly, as seen in Fig. 19. As given in Fig. 22, the 
parameters 2β  and 4β  have a huge effect on both the heat and mass transfer rate distributions, and both distributions are 
monotone functions, as seen in Fig. 20. 

4.3 Future work 

The nanoparticles concentration can be modelled by the two-scale fractal fractional dimensions [43, 44] and a fractal-
fractional model can take into account the effects of nanoparticles’ size and distribution, and the unsmooth boundary, see for 
examples, Refs. [45-51]. 

5. Conclusion 

In this article, the impacts of a modulated viscosity/thermal conductivity dependent temperature/nanoparticles concentration 
parameter on the flow of a radiative electromagneto-Casson nanofluid past a stretching sheet under the impacts of chemical 
reaction and nonlinear thermal radiation were utilized in order to enrich the nanofluid flow. The transformed two-dimensional 
ODEs have been attained numerically via a reliable and proficient approach namely the fourth-order Runge-Kutta/shooting 
technique. Comparison table, in special case, between the exact solution and the present numerical outcomes represented a good 
agreement. The impacts of operating parameters on concentration, velocity, and temperature profiles were explained and 
examined through tables and graphs. The highlighted outcomes can be concluded as: 

 The parameters 1 2 3 4, , , , , ,r Rd Ntβ β β β  and Nb  have extremely high efficacy on each of the functions ( ), ( ), '( )θ η φ η θ η−  and 
'( ).φ η−  Temperature, concentration, heat, and mass transfer rate profiles are affected by the thickness of the thermal 

boundary layers. 
  For the physical parameters investigated in this study, the profiles of heat and mass transfer rate are monotonic functions. 
 When the parameters, 1 2 3 4 1, , , , , , , ,r Rd E Ecβ β β β β  and Nt  increase, ReCf  increases, but it decreases when the parameters 

, ,M R Sc  and Nb  increase. Except for the parameter 1E  and '( )θ η−  drops as the physical parameters grow. '( )φ η−  is a 
decreasing function with rises in the parameters, 1 2 1, , ,Eβ β β  and Nt  and vice versa for the remaining parameters. 

 In the case of Casson fluid, the parameters 1 2 3 4 1, , , , , , , ,r Rd E M Ntβ β β β  and Nb  all improve the temperature field and increase 
the thickness of the thermal function's boundary layer, but they decrease heat transfer rates in the previous inducing region 
while increasing them in the left other region, as shown in the graphs. Because of their widespread use in medical 
applications and chemical industrial engineering, these characteristics have received a lot of attention 

 It is worth noting that the parameters 1, , , ,M E Ec Scβ  and R  have a modest influence on '( ),θ η−  whereas the parameter β  
has an attractive effect on the fluid's velocity. 
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Nomenclature 

Roman Symbols  

( , )V u v=  nanofluid velocities in the directions ( , )x y  

T  nanofluid temperature 

C  nanoparticles concentration  

J  electrical conducting density (Joule current)  

σ  electrical conductivity  

0(0,0, )E E= −  uniform electric field vector of strength 0E  

0(0, ,0)B B=  uniform magnetic field vector of strength 0B  

yp  yield stress 

ije  the ( , )thi j  component of the deformation rate  

Pc  specific heat at constant pressure 

0,k k  variable and constant thermal conductivity 

,B TD D  Brownian and thermophoresis diffusion coefficients 

rq  thermal radiative heat flux 

Pr  Prandtl number 

Rd  radiation parameter  

R  homogeneous chemical reaction parameter 

Ec  Eckert number 

Sc  Schmidt number 

r  relative temperature difference through the flow 

1,M E  magnetic field and electric filed parameters 

wu ax=  stretching velocity 

,Nb Nt  Brownian motion and thermophoresis parameters 

Cf  local skin friction coefficient  

xNu , ,x nSh  Nusselt and nanoparticle Sherwood numbers 

a  constant 

1 2 3 4, , ,q q q q  dimensionless coefficients 

( )f η  dimensionless velocity  

Greek Symbols 
 

ijτ  stress tensor  

( c ) / ( c )P s P fρ ρΓ =  ratio between the effective heat capacity of the nanoparticles and heat capacity of the base fluid 

fρ  nanofluid density 

κ  mean absorption coefficient 

*σ  Stefan-Boltzman constant 
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µ , 0µ  variable and constant viscosity 

( ), ( )θ η φ η  dimensionless temperature and nanoparticles concentration 

η  similarity variable  

η∞  the upper limit of the independent variable 

ψ  stream function 

1 3,β β  viscosity and thermal conductivity temperature variation parameters 

2 4,β β  viscosity and thermal conductivity nanoparticles concentration variation parameters 

β  Casson parameter 

Subscripts/Superscripts 
 

f  base fluid 

s  nano-solid-particles 

w  condition on the surface 

∞  far field 

'  differentiation with respect to η  
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