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Abstract. The buckling behavior of functionally graded carbon nanotube (FG-CNT) reinforced polymer-based moderately-thick
plates subjected to in-plane biaxial compressive loads in elastic and thermal environments in the framework of first-order shear
deformation plate theory (FSDPT) is investigated. First, the temperature-dependent properties of CNTs and nanocomposites are
defined and their constitutive relations are established, then the stability and strain compatibility equations in elastic media are
derived in the framework of the FSDPT. Then, by applying the Galerkin method to the basic equations, a closed-form solution is
obtained for the critical biaxial compressive loads. The specific numerical analyzes and interpretations are made for various plate
sizes and CNT patterns on the Winkler elastic foundation and in thermal environments within FSDPT and classical plate theory
(CPT).

Keywords: Moderately-thick plate, nanocomposite, functionally graded, in-plane biaxial loads, buckling, elastic foundations.

1. Introduction

Among the nanomaterials used to create nanocomposites with superior mechanical and functional properties, which have
the potential for a wide variety of industrial applications, carbon nanotubes (CNTs) maintain their leading role as reinforcement
elements today [1]. Due to their unique structural properties that provide high chemical and thermal stability, CNTs have an
important place in obtaining advanced engineering materials [2, 3]. The extraordinary electrical and thermal conductivity of
CNTs as well as surface modification capabilities make it more attractive to be applied as a reinforcement element [4, 5]. Recent
research reveals that CNTs are particularly suitable for the production of advanced electrically conductive polymer composites
[6].

Reinforcing polymers using fillers, whether inorganic or organic, is common in the production of modern plastics, and
polymeric nanocomposites represent a serious alternative to traditional filled polymers or polymer blends. Polymeric
nanocomposites are classified as nanoclay reinforced polymer-based composites, carbon nanotube reinforced polymer
composites, nanofiber reinforced polymer composites and inorganic particle reinforced polymer composites. Among polymer-
based composites, carbon nanotube reinforced polymer composites have the most application potential. In recent years,
polymer-based nanocomposites are frequently used in many engineering branches and industries that use new technology,
including the defense industry. The applications of polymer nanocomposites are very diverse, and their significant impact on the
automotive industry can be highlighted, including in tires, fuel systems, fuel cells and seat textiles, gas separation membranes,
mirror housings in various vehicle types, door handles, engine covers. When polymer-based nanocomposites are used as the
main structural element, it is noteworthy that more plate-shaped elements are used. The initiative in this area, which started
with the work of Shen [7], led to the emergence of many studies on the thermo-mechanical stability and vibration behavior of
plates made of polymer nanocomposites [8-28]. In recent years, the use of polymer-based nanocomposite plates in various
environments, especially in elastic and thermal environments, necessitates updating their stability and vibration behavior during
design. The first studies on this subject were carried out with the initiatives of Liew and his colleagues [29], and the number of
studies in this field has increased in terms of quality and quantity in recent years [30-39].

The review of the literature reveals that the problem of buckling of moderately-thick nanocomposite plates in elastic and
thermal environments subjected to in-plane biaxial compressive loads in FSDPT has not been adequately investigated

Published online: April 06 2023 Av,‘



Buckling Behavior of Nanocomposite Plates with Functionally Graded Properties under Compressive Loads ... 975

analytically. In this study, this issue is discussed in detail. The organization of the paper is as follows: Section 2 describes the
temperature dependent properties of moderately-thick thickness nanocomposite plates and the Winkler base. In Section 3, the
fundamental relationships are established for nanocomposite plates on the Winkler foundation and then stability equations are
derived in the framework of the FSDPT. In Section 4, the closed-form solution for the critical biaxial compressive load is obtained.
After checking the accuracy of the expressions obtained in Section 5, the specific analysis and interpretation are performed for
various plate sizes and CNT structures, in elastic and thermal environments, within FSDPT and CPT.

2. Theoretical Developments

2.1 Formulation of the problem

The moderately-thick rectangular plate with CNT reinforcement with side lengths a and b, and the thickness h,
respectively, resting on the Winkler elastic foundation and subjected in-plane biaxial forces and Oxyz coordinate system are
illustrated in Fig. 1. The displacements of the nanocomposite plate along the x,y and z axes are assumed to be u,v,w,
respectively, whose material properties depend on location (z,) and temperature (T). The domain of the plate is defined as:

A= {x,y,z :(x,,2) €0, a|x[0, b]x[~h /2, h/ 2]} (1)

The nanocomposite plate is resting on the elastic foundation whose supporting action is described by the Winkler model, as
R=K,w in which R represent the foundation reaction per unit area, and K, represent coefficients of the spring layer or
Winkler elastic foundation.

2.2. Modeling of nanocomposites
Assuming that the material properties of CNTs and matrix, which are the components of the nanocomposite plate, are

temperature dependent, the effective elastic properties of nanocomposites can be written as follows [7]:
Up chnlt V UE chnlt V

— m m

V(2 T) YEUT) | Y(T) Y(z,T)  Yoi(T)  Y(T)' @

m m

Yi3(21, T) = Y0 (2,, T), Yos(20, T) = 1.2Y0y(2,, T), v, = V tl’u +Vom, p= Vcntpc "4 Voo™, 2, =2/h

Yiy(20, T) = Vi Yo' (T) + V,Y,,(T),

cnt

and the coefficients of thermal expansion are expressed as:
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Vor(20) Y37 (T) + V, Yo (T)
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ay,(2z,,T) =

)
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where Y;"(T), (i=1,2;j=1,2,3) and Y, (T) represent the Young and shear moduli, ™ and p™ represent densities, v;;’ and v}
represent Poisson ratios, «;,., and «, designate thermal expansion coefficients of CNT and polymer matrix. The efficiency

parameters of CNT are designated as 7;(j =1,2,3). The volume fraction of CNTs and matrix material are designated as V;; and

V,, in which VZ 4V, =1. Also, the carbon nanotube ratio are found from the expression [7-9]:
. m
Vo = - 4
g (0 /o)) “
where m,, stands for the mass fraction of CNT in the nanocomposite material. The four types of patterns are considered in this

study, i.e., UD, VD, OD and XD. The expression for VZ, are given in Table 1.
The geometric modeling of the profiles presented in Table 1, in other words, the cross-sections of the nanocomposite plate

with profiles (a) UD, (b) VD, (c) OD and (d) XD are illustrated in Fig. 2.

Table 1. Pattern types of CNTs in the matrix.

Pattern types  UD AD VD oD XD
(1-2z,)V, 2(1-2Jz,) V.

v;\’t VC‘Y\t (1 + 22 ) ot cnt cnt 4‘2 ‘ ont

N
Qr7z T
z =7

P b =
B EE R
X ra ]\/'1 Winkler elastic foundation

Fig. 1. CNT-patterned polymer rectangular plate under biaxial compressive loads.
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Fig. 2. Cross-sections of rectangular plates with CNT-profiles (a) UD, (b) VD, (c) OD and (d) XD.

3. Fundamental Relations and Equations

Considering the assumption of transverse shear deformations, the relationships between 7; stresses and ¢;(i=1,2; j=1,2,3)
strains of plates made of nanocomposites are expressed as follows [7]:

T11 Q1(21,T) Qup(z,,T) O €n Tur

Ty | ={Qau(z1,T) Qp(2,,T) O €| | Tor (5)
Ti2) |0 0 Qes(21,T)||E12 0
and
T3 :lQSS(leT) 0 €13 ©)
Tas 0 Qua(z:,T)| |20
where

Q,(z,T)= Y (2,,T) , Qy, (2, T) = VuYi(2,,T) _ v1,Y5(2,,T) =Q,(2,,T), Q,y(z,,T)= Yi(z,,T) ,
1—wv,vy, 1—v,vy 1—wv,vy, 1—vpvy (7)

Qes(21,T)= Yi,(21, T), Qss (2, T) = Y (21, T), Qua(24, T)=Yos(2,,T)
The thermal stress components, 7,;(i=1,2) are expressed as follows [41]:

(2, T)
(25, T)

T
T11

]AT (®)

_ {QH(ZMT): Qu,(2,T)
Tsz Q21(21,T), QZZ(ZIIT)
where AT is the uniform temperature rise from the reference temperature (T, =300 K in room temperature) at which the plate

is free of thermal stresses.
When the assumptions proposed in Ref. [40] are modified to functionally graded nanocomposites, the following relations can

be rewritten:

filxy) di(z) f,(xy) dI(z)

Gy5(2,,T) dz 'Gu(z,,T) dz )

[513:523] =

where, the I'(z) function is the function characterizing the transverse shear stresses 7, and 7,,, G,; and G,, are the shape
functions depending on the thickness coordinate of the plate, f,(x,y) and f,(x,y) are functions of rotation angles.

Using the expressions (5), (6), (8) and (9) together, the strain components at any point in the plate thickness (e,,,¢,,,7,,) With
those of mid-plane (g4,1,60,7%1,) Can be expressed as follows:

’w )
fu €o11 —2 P 51(Z,T)£
’w )
€n || €ox _Zaiyz + 62(Z»T)ai; (10)
’w ) )
Y12 Yoz — 228T8y 6 (Z»T)ai; +6, (ZrT)a*'E
The following definitions apply in this relation:
T 1 dr@) T 1 dr(2)
6,(z,T)= | ——— dz, 6,(z)= | ———— d
i(=1) ‘[Gn(sz) dz % 5(e) ‘[G23(Z1:T) dz ‘ a1

To find the in-plane force and moment components N(i,j=1,2) and M;(i,j=1,2), and the transverse shear forces Q,(i=1,2),
the stress components defined by (5) and (6) are integrated from -h/2 to +h/2 depending on the thickness coordinate, z [40]:
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h/2 h/2

N, My = [ 7(L21dz + [NLME), (5 =1,2), [Q,Q]= [ [ 7 d2 (12)

—h/2 —~h/2

where the force and moment components of thermal stresses Nj(i=1,2) and M;(i=1,2) are found from the following integrals
[7, 41]:

h/2

-1

—~h/2

T
Tu

T T
qul hﬁll

[1,z]dz (13)
N7, M,

Tzz

The correlation between the forces N;(i,j = 1,2) and stress function F is determined as follows [40-43]:

O°F 9°F  9F

x>’ ay*’ 0xdy

[Nn»sz:Nu]:h (14)

Within the FSDPT, the general stability equations of plates subjected to in-plane compressive loads are expressed as follows
[40-43]:
P . 2. 02
=090, 9% oW oW
ox ay ox ay

oM, M,, -Q, = OM,,
1

AAZZ
=0, - kw=0
ax dy ax 2 T (15)

where N, and N, are the compressive loads in the x and y directions.
It is known that the deformation compatibility equation of the plate is expressed as follows [37]:

ey |, o _ *Yorz -0 (16)
oy? ox>  oxoy

By using Egs. (5), (10), (12) and (13) together with the relation (14), the force and moment components and additionally the
deformations in the mid-plane are expressed with four functions, namely, transverse deflection, rotation angles and Airy stress
functions, and the resulting expressions substituted in the basic equations (15) and (16), one gets:

LyF+L,w+Lf; +L,f,=0
Ly F 4+ Lpyw+ Ly f; + L1y f, =0
LyF +Lyyw+Lysf; +L,,f, =0
LyF +Lyw+Lyfy + L, f, =0

(17)

where L; are differential operators and defined in Appendix A.

In order to demonstrate the advantages of the shear deformation theory, it is necessary to derive the stability equation of the
nanocomposite plate subjected to the in-plane compressive loads, also within the framework of the classical shell theory. As it is
known that when CST is used, the above four equations turn into two equations, in other words, the deformation compatibility
equation, that is, the Eq. (16) remains the same in appearance, while set of Egs. (15) turn into the following equation [40, 41]:

M, N 282M12 N PM,, N Pw - Ow
x> oxdy oy’ Yox> oy’

+kw=0 (18)

If transverse shear strains, i.e. (6) are not taken into account, continuing a similar procedure, the moment and strain
components in the mid-plane can be expressed in terms of the deflection and stress functions, and then substituting them into
(16) and (18), the basic equations in the framework of CST take the following form:

£, F+E,w,=0

£, F+E,w=0 (19)

where E; are differential operators and defined in Appendix B.

4. Solution Method

Simply supported boundary conditions are taken into account to solve the basic differential equations derived from the
previous section, which contain the properties of the plate composed of FG-CNT-patterned material.

O°F

2
WMy, =3 =0, ifx=Oanda; w=M, :%:o, if y=0andb (20)

The solution of the differential equations (17) satisfying the boundary conditions (20) is sought as follows [37-39]:
icm sin(px)sin(qy),

1n=1 (21)
icﬁ sin(px)cos(qy)
=1

Mx

F= iic sin(px)sin(qy), w=
n=1

)

-

3
Il

Mx

Ch cos(px)sin(qy), f, =
1

EM*

3

=1n=

where the terms C ,C¥ ,C/i C22 are unknown coefficients to be determined,p=mnr/a and q=nx/b are parameters and the
(m, n) is the buckling mode.
When (21) are substituted in the system of Egs. (17) and the Galerkin method is applied, the following 4 x4 matrix equation is

obtained:
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where 1; are coefficients and are described in Appendix C.

In order for the system of Egs. (22) to have a nonzero solution, the determinate of the coefficients is set to zero:

Ty —Ty iz Ty
T

N

—Ty Ty T
1 22 23 24 — 0 (23)
Ty —Tp Ty Iy
Y41 Y42 Y43 Y44
When the determinant on the left side of the Eq. (23) is expanded, the following expression is obtained for the critical
compressive load on the Winkler elastic foundation:

— r41K1 +r43K3 + r44K4 + K2rw

2 2
Np’* +N,q* = (24)
K,
where
PRI N T1p Tz Tig Ty Ty Ty Ty Ty Ti3
Ky =—|rynts T |, Ko =0y o3 oy |y Ky =1y Ty oyf, Ky =111 Ty Ty (25)
33133 Tag T3 Ta3 Tay T3y T3 T3y T3 T3y T33

If N, =N, =N, the dimensional critical biaxial load of nanocomposite rectangular plates on the Winkler elastic foundation
in the framework of FSDPT takes the following form:

r41K1 +Y43K3 + rMK4 + Kzrw
K,(p* + 69°)

ST
Ny = (26)
Here, 3 is a positive number and ranges from zero to one.

In special cases, if N, =0, the rectangular plate will only be subjected to the uniaxial load at x, and the dimensional critical
uniaxial load on the Winkler elastic foundation within FSDPT is found from the following expression:

K +7,:K + 1K, +Kor,

NSTW —
K,p’

ler

(27)
Substituting the first and second terms of expression (21) in the system of Egs. (19) and applying the Galerkin method, for
N, = 8N, = 0N, the following expression is obtained for the critical biaxial load on the Winkler elastic foundation within CPT:

= I'+kw
NCTW — 1
12cr pz +ﬁq2 (28)
where
[623p4 + (613 — €+ ez4>p2q2 + el4q4]
e22p4 + (elz +ey + ezl)p2772 + euq4

T = {[disp® + (ds +20s, + o) P°q” + s | — [dioD" + dq* +(dy — 2y + )P0 (29)

In special cases, if N, =0, the dimensional critical uniaxial load parameter on the Winkler elastic foundation within CPT is
found as:

I+ kw
p2

NCTw —

ler

(30)

In the framework of FSDPT and CPT, the following expression is used for the dimensionless values of the uniaxial and critical
biaxial load parameters on the Winkler elastic foundation:

N STw NST:; NjCTw NCT:rJ N STw NS;FTw NJCTw ch;w
N = Do, e = oo o =S e - S &)

5. Results and Discussion

5.1. Comparisons

The accuracy of the proposed method is examined through the buckling analysis example of FG-CNT plates on the Winkler
elastic foundation and compared with the magnitudes of critical uniaxial load parameter for the UD, OD and XD-patterns that
found by applying the element less-based improved moving least squares-Ritz method in the study of Zhang et al. [29]. In this
example, in the framework of FSDPT, the dimensionless critical uniaxial load parameter values of FG-CNT plates on the Winkler
elastic foundation for various V,, are found from the expression N5™ — N5™bh? /E h® (See, Table 2). In the comparison with

Zhang et al. [29], nanocomposite plates consisting of PmPV and CNTs with the following properties are used:Y,, =2.1 GPa,
V., =0.11,7, =0.142, 5, =7, = 0.934, V., =0.14, 7, =0.15 7, =75,=00941, V., =0.17, 5, =0.150, 7, =7, =1.381. The Winkler

cnt cnt
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foundation parameter is expressed as:K,, =K,D, /b* Also, the geometric dimensions of the plate are as follows:
h=0.002m, a/b=1, b=100h. Since the wave mode corresponding to the critical load parameter is (m,n)=(1,1), it is not
included in the table. It is seen that the dimensionless critical load values in the presence of the Winkler foundation presented in
Table 2 are in agreement with those values presented in Zhang et al. [29].

5.2. Buckling behaviors

In parametric analyses, Polymethyl methacrylate called PMMA, single walled CNTs (SWCNTSs) as reinforcing elements are
used in the formation of plates, and its properties are given in Table 3 [7].

In the analysis part, the percentages are found from the following expressions: [N$., —Ni ]/NS x100%,
[N® =N_]/N, x100%, [N,, —N,,.,]/ Ny, x100%, [N# — N"™]/ NP x100%. In the all computations CNT ratio is V., =0.28. The
K,, =0 state corresponds to the groundless state.

The critical values of the uniaxial and biaxial compressive loads depending on the variation of the Winkler soil coefficient are
calculated numerically for T=300K, 500K and 700K within the FSDPT and CPT and presented in Table 4. Here T,, =14z [40-42] is
used as the shear deformation shape function and the following data are used: h=0.002m,a/b=1, b/h=20, 3,=0.5, V., =28.
As can be seen from Table 4, when the Winkler foundation coefficient increases at room temperature, that is, when T=300 K, the
critical values of both critical uniaxial and biaxial in-plane loads increase, while the wave numbers remain constant. Whereas at
T =500 K and 700 K, the critical load values and circumferential wave numbers increase with the increase of K,,. In addition,
when T increases, the critical values of uniaxial and biaxial in-plane loads decrease and become less than the critical load values
at room temperature, whether with or without foundation. It has been observed that for the critical values of the biaxial load
(8, =0.5), is considerably lower than the critical values of the uniaxial critical load.

In the framework of the FSDPT, when we consider the influences of patterns on the critical load values, it is observed that the
effect of patterns on the critical values of the in-plane biaxial load decrease, when K,, and T increases. For instance; at T = 300 K
the influences on N}, for VD, OD and XD-patterns are 20.87%, 35.02% and (-23.57%), respectively; at T = 500 K the patterns
effects are 19.57%, 33.04% and (-19.79%), respectively, and at T = 700 K those effects are 16.73%, 28.75% and (-13.74%), respectively,
as K,, =400. The effects of VD, OD and XD-patterns on the N}, x10,(m,n) for K, =800 are 18.28%, 30.86% and (-18.56%), and
for K,,, =1200 those effects are 17.13%, 28.93% and (-17.33%), respectively, at T = 500 K.

As for the influence of shear deformations (SDs), considering the ground effect significantly reduces the SDs effect on the in-
plane critical loads. The SDs effect on the critical value of the biaxial load is significantly reduced compared to the critical
uniaxial load. Since the temperature increase especially affects the SDs effect more, it threatens the stability of the plates. It
turns out that the SDs effect is lower in critical biaxial loads compared to critical uniaxial loads. In presence of ground, the
maximum SDs effects on the critical uniaxial and biaxial load are 55.63% and 41.29%, respectively, for XD-pattern at K,, =400
and T = 700 K, while the least influences of SDs effects on the NY, and N¥., are 11.5% and 9.63%, respectively, when K,, = 1200
and T = 300 K for the OD-pattern. When UD, VD, OD and XD patterns are compared among themselves, the most obvious ground
effect on critical uniaxial and biaxial loads occurs in the OD-patterned with 41.27%, and 28.02% at T = 700 K and K,, =1200 (see,
Table 4).

Table 2. Comparison of the critical load parameter values of FG-CNT plates on the Winkler elastic foundation with the results of Zhang et al. [29] for
different V. and CNT patterns.

ot

N STw

1o

Pattern types  CNT ratio (%) V, Zhangetal. [29] Present study FSDPT Zhangetal. [29] Present study FSDPT

ot

K, =10 K, =10°
11 40.066 40.294 48.609 48.887
UD 14 50.028 50.336 58.501 58.929
17 58.421 61.407 66.908 66.584
11 22.280 22.429 30.809 31.022
oD 14 27.308 27.520 35.858 36.112
17 32.167 33.678 40.715 42.270
11 57.687 57.992 66.228 66.585
XD 14 72.501 72.872 81.041 81.464
17 84.564 88.935 93.109 97.527

Table 3. Properties of matrix and reinforced components.

Properties of PMMA Properties of CNTs The efficiency parameters of CNTs

n, = 0.137, 5, = 1.022,5, = 0.715at V., = 0.12
Y;' =5.6466TPa, Y, =7.08TPa, Y, =1.9445TPa, i
. n, = 0.142, 7, = 1.626, n, = 1.138 at V, = 0.17
Y, =25x10° Pa, v, = 0.34 vy =0.175, p,, = 1400 kg/m®

n, = 0.141, n, = 1.585, 7, = 1.109 at V., = 0.28
p,, = 1150 kg/m’ h m, s .

Geometrical properties of SWCNTs

T =9.26 nm, a = 0.68nm, h = 0.067nm
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Table 4. Variation of the critical values of the x-direction and biaxial compressive loads in the framework of FSDPT and CPT for different T
depending on the variation of the Winkler soil coefficient

N? x10, (m,n), T =300 K

Ter

FSDPT CPT FSDPT CPT FSDPT CPT FSDPT CPT

K,, UD VD oD XD

0 1.424(1,1) 1.971(1,1) 1.107(1,1) 1.378(1,1) 0.891(1,1) 1.044(1,1) 1.782(1,1) 2.911(1,1)
400 1.519(1,1) 2.066(1,1) 1.202(1,1) 1.474(1,1) 0.987(1,1) 1.140(1,1) 1.877(1,1) 3.007(1,1)
800 1.615(1,1) 2.162(1,1) 1.298(1,1) 1.569(1,1) 1.082(1,1) 1.235(1,1) 1.973(1,1) 3.102(1,1)
1200 1.710(1,1) 2.257(1,1) 1.393(1,1) 1.664(1,1) 1.178(1,1) 1.331(1,1) 2.068(1,1) 3.198(1,1)
K. e X 10, (m,n), T = 300 K

0  0.744(1,2) 0.958(1,2) 0.660(1,2) 0.779(1,2) 0.542(1,2) 0.610(1,2) 0.921(1,2) 1.349(1,2)
400 0.776(1,2) 0.989(1,2) 0.692(1,2) 0.811(1,2) 0.574(1,2) 0.642(1,2) 0.953(1,2) 1.381(1,2)
800 0.808(1,2) 1.021(1,2) 0.724(1,2) 0.843(1,2) 0.606(1,2) 0.674(1,2) 0.985(1,2) 1.413(1,2)
1200 0.840(1,2) 1.053(1,2) 0.756(1,2) 0.875(1,2) 0.638(1,2) 0.706(1,2) 1.017(1,2) 1.445(1,2)
K, N¥ %10, (m,n), T =500 K

0  1.248(1,1) 1.895(1,1) 0.985(1,1) 1.310(1,1) 0.804(1,1) 0.990(1,1) 1.515(1,1) 2.810(1,1)
400 1.344(1,1) 1.991(1,1) 1.081(1,1) 1.405(1,1) 0.900(1,1) 1.086(1,1) 1.610(1,1) 2.905(1,1)
800 1.439(1,1) 2.086(1,1) 1.176(1,1) 1.501(1,1) 0.995(1,1) 1.181(1,1) 1.706(1,1) 3.001(1,1)
1200 1.535(1,1) 2.181(1,1) 1.272(1,1) 1.596(1,1) 1.091(1,1) 1.277(1,1) 1.801(1,1) 3.096(1,1)
K, N %10, (mn), T =500 K

0 0610(1,2) 0.850(1,2) 0.537(1,2) 0.669(1,2) 0.445(1,2) 0.521(1,2) 0.740(1,2) 1.212(1,2)
400 0.641(1,2) 0.882(1,2) 0.569(1,2) 0.701(1,2) 0.476(1,2) 0.552(1,2) 0.771(1,2) 1.236(1,3)
800 0.673(1,2) 0.914(1,2) 0.601(1,2) 0.733(1,2) 0.508(1,2) 0.584(1,2) 0.803(1,2) 1.254(1,3)
1200 0.705(1,2) 0.946(1,2) 0.633(1,2) 0.765(1,2) 0.540(1,2) 0.616(1,2) 0.835(1,2) 1.271(1,3)
K, N¥ %10, (m,n), T = 700 K

0 1.010(1,1) 1.840(1,1) 0.825(1,1) 1.256(1,1) 0.693(1,1) 0.946 (1,1) 1.163(1,1) 2.740 (1,1)
400 1.106 (1,1) 1.935(1,1) 0.921(1,1) 1.351(1,1) 0.788(1,1) 1.042(1,1) 1.258(1,1) 2.835(1,1)
800 1.201(1,1) 2.031(1,1) 1.016(1,1) 1.447(1,1) 0.884(1,1) 1.137(1,1) 1.354(1,1) 2.931(1,1)
1200 1.297 (1,1) 2.126(1,1) 1.112(1,1) 1.542(1,1) 0.979(1,1) 1.233(1,1) 1.449(1,1) 3.026(1,1)
K, NY_ %10, (m,n), T = 700 K

0 0.455(1,2) 0.684(1,3) 0.402(1,2) 0.563(1,2) 0.339(1,2) 0.434(1,2) 0.531(1,2) 0.941(1,3)
400 0486 (1,2) 0.701(1,3) 0.434(1,2) 0.595(1,2) 0.370(1,2) 0.466(1,2) 0.563(1,2) 0.959 (1,3)
800 0.518(1,2) 0.718(1,3) 0.466 (1,2) 0.627 (1,2) 0.402(1,2) 0.498(1,2) 0.594 (1,2) 0.976 (1,3)
1200 0.540(1,3) 0.736(1,3) 0.498(1,2) 0.649(1,3) 0.434(1,2) 0.526(1,3) 0.626 (1,2) 0.993(1,3)

The variation of the critical values of biaxial compressive load of nanocomposite plates with and without Winkler elastic
foundation within FSDPT and CPT for different T versus the b/h are given in Table 5. The following data are used
h=0.002m,a/b=1, 3, =0.5V,, =28. As can be seen from Table 5, when the b/h ratio increases from 20 to 50, the values of
the critical biaxial load increase, while the number of waves in the x direction equals one and is independent of the b/h ratio. It
was observed that while the number of waves in the y direction remained constant within the determined range of the b/h
ratio, it increased depending on the increase in T.

In the framework of FSDPT, when the effect of patterns on the critical biaxial load of the plate is investigated, it is seen that
the effects of UD, VD, OD and XD-patterns on the critical biaxial load increase when the b/h ratio increases, and also the
presence of Winkler elastic foundation weakens those effects relatively. For instance; at T = 300 K and for K,, =0; when the b/h
ratio increases from 20 to 50, the influences of UD, VD, OD and XD-patterns on N,,, increment from 11.29% to 17.12%, from
27.15% to 34.25% and from (-23.79%) to (-36.33%), respectively, those effects on the N}, increase from 10.19% to 15.72%, from
24.52% to 32.08%, and from (-21.48%) to (-37.01%), respectively, for K,, =1000. When the temperature T increases, the effect of
the patterns on the critical biaxial load differs. The influences of the patterns on the critical biaxial load are pronounced for T =
500 K compared to T = 300 K, while those effects are weakened for T = 700 K compared to T = 500 K.

When the effects of the transverse shear deformations on the critical values of biaxial load are investigated, it is observed
that the SDs effects decrease significantly with the increase of the b/h ratio from 20 to 50 in the grounded and unground
conditions, and the difference between FSDPT and CPT can be negligible in the subsequent increases of b/h. In addition, it was
concluded that the increase of T weakens the decrease of the effect of SDs on the value of the critical biaxial load, but the
presence of K,, weakens the effect of SDs. For example, At b/h =20 and for K,, =0, the effects of SDs on the critical value of
biaxial load of the VD-patterned plate are 15.28%, 19.73% and 28.6% for T = 300 K, 500 K and 700 K, respectively, while these
effects are 13.85%, 17.62% and 24.69%, respectively, for K,, =1000. At b/h =50, the effects of SDs on the critical values of the
biaxial load of the VD-patterned plate for T = 300 K, 500 K and 700 K are 3.2%, 3.74% and 6.67%, respectively, when K,, =0, while
those influences are 2.19%, 14.17% and 4.9%, respectively, for K,, =1000.
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Table 5. Variation of the critical values of biaxial compressive load of nanocomposite plates with and without Winkler elastic foundation within
FSDPT and CPT for different T versus b/h

N x10, (m,n)

12¢r

UD VD oD XD
FSDPT CPT FSDPT CPT FSDPT CPT FSDPT CPT

b/h T=300K, K, =0

20 0.744(1,2) 0.958(1,2) 0.660(1,2) 0.779(1,2) 0.542(1,2) 0.610(1,2) 0.921(1,2) 1.349(1,2)
30 0.376(1,2) 0.426(1,2) 0.320(1,2) 0.346(1,2) 0.257(1,2) 0.271(1,2) 0.492(1,2) 0.600(1,2)
40 0222(1,2) 0239(1,2) 0.186(1,2) 0.195(1,2) 0.148(1,2) 0.153(1,2) 0.299(1,2) 0.337(1,2)
50 0.146(1,2) 0.153(1,2) 0.121(1,2) 0.125(1,2) 0.096(1,2) 0.098(1,2) 0.199(1,2) 0.216(1,2)
b/h T =300K, K,, =1000

20 0.824(1,2) 1.037(1,2) 0.740(1,2) 0.859(1,2) 0.622(1,2) 0.690(1,2) 1.001(1,2) 1.429(1,2)
30 0411(1,2) 0461(1,2) 0.355(1,2) 0.382(1,2) 0.292(1,2) 0.307(1,2) 0.527(1,2) 0.635(1,2)
40 0.242(1,2) 0.259(1,2) 0.206(1,2) 0.215(1,2) 0.168(1,2) 0.172(1,2) 0.319(1,2) 0.357(1,2)
50 0.159(1,2) 0.166(1,2) 0.134(1,2) 0.137(1,2) 0.108(1,2) 0.110(1,2) 0.212(1,2) 0.229(1,2)
b/h T=500K, K,, =0

20 0.610(1,2) 0.850(1,2) 0.537(1,2) 0.669(1,2) 0445(1,2) 0521(1,2) 0.740(1,2) 1.212(1,2)
30 0319(1,2) 0378(1,2) 0.267(1,2) 0297(12) 0215(1,2) 0231(1,2) 0413(1,2) 0.539(1,2)
40 0.192(1,2) 0.213(1,2) 0.157(1,2) 0.167(1,2) 0.125(1,2) 0.130(1,2) 0.258(1,2) 0.303(1,2)
50 0.127(1,2) 0.136(1,2) 0.103(1,2) 0.107(1,2) 0.081(1,2) 0.083(1,2) 0.174(1,2) 0.194(1,2)
b/h T =500 K, K,, = 1000

20  0.689(1,2) 0.930(1,2) 0.617(1,2) 0.749(1,2) 0.524(1,2) 0.600(1,2) 0.819(1,2) 1.263(1,3)
30 0.354(1,2) 0413(1,2) 0.302(1,2) 0.333(1,2) 0.250(1,2) 0.267(1,2) 0.448(1,2) 0.561(1,3)
40 0212(1,2) 0232(1,2) 0.177(1,2) 0.187(1,2) 0.144(1,2) 0.150(1,2) 0.278(1,2) 0.316(1,3)
50  0.140(1,2) 0.149(1,2) 0.115(1,2) 0.120(1,2) 0.094(1,2) 0.096(1,2) 0.187(1,2) 0.202(1,3)
b/h T=700K, K,, =0

20 0.455(1,2) 0.684(1,3) 0402(1,2) 0.563(1,2) 0.339(1,2) 0434(1,2) 0531(1,2) 0.941(1,3)
30 0.253(1,3) 0.304(1,3) 0.211(1,2) 0.250(1,2) 0.170(1,2) 0.193(1,2) 0.316(1,3) 0.418(1,3)
40 0.152(1,3) 0.171(1,3) 0.127(1,2) 0.140(1,2) 0.101(1,2) 0.108(1,2) 0.197 (1,3) 0.235 (1,3)
50  0.101(1,3) 0.109 (1,3) 0.084(1,2) 0.090(1,2) 0.066(1,2) 0.069 (1,2) 0.133(1,3) 0.150(1,3)
b/h T =700 K, K,, =1000

20 0532(1,3) 0.727(1,3) 0482(1,2) 0.640(1,3) 0418(1,2) 0514(1,2) 0.610(1,2) 0.985 (1,3)
30 0.272(1,3) 0323 (1,3) 0.246(1,2) 0.284(1,3) 0.206(1,2) 0.228(1,2) 0.335(1,3) 0.437(1,3)
40  0.163(1,3) 0.181(1,3) 0.147(1,2) 0.160(1,3) 0.121(1,2) 0.128(1,2) 0.207 (1,3) 0.246 (1,3)
50 0.108(1,3) 0.116 (1,3) 0.097 (1,2) 0.102(1,3) 0.079(1,2) 0.082(1,2) 0.140(1,3) 0.157 (1,3)

The variations of the critical values of biaxial compressive load of nanocomposite plates with and without Winkler elastic
foundation within FSDPT and CPT for different T versus the j3;, are illustrated In Figs. 3-6. The following data are used:
h=0.002m,a/b=1,b/h=20,V,, =28. In this table, 3, =0 corresponds to uniaxial loading. It is observed that the critical values
of biaxial load presented in Table 6 are smaller than the critical values of uniaxial load, and this decrease becomes more evident
when g, increases from 0.2 to 1.0. When the effect of the patterns on the critical biaxial load is investigated in the change of 3,
the following results emerge. Although the effect of patterns on the critical biaxial load is close to the critical biaxial load at 3,
close to zero (for example, 3, <0.2), there is the weak decrease in the VD and OD-patterns, whereas the weak increase in the XD-
pattern. The subsequent increase of 3, reveals an irregularity and difference in pattern effects. For example, with and without
Winkler foundation cases, at T = 300 K and 500 K, and without foundation for T = 700 K also (see, Figs. 3 and 4); In the range
B, €[0.2,1.0], the effects of VD, OD and XD-patterns on the critical biaxial load change parabolic, that is, it first decreases and
then increases after taking the minimum value. At T = 700 K, while the VD and OD-patterns effects on the critical value of the
biaxial load in the grounded condition (K,, =1000) are continuously reduce, the XD-pattern effect is continuously increment
(see, Figs. 4 and 5).

For T = 300 K and 500 K, with and without ground conditions, when pj; increases from 0.2 to 1.0, the effect of SDs on the
critical biaxial load first reduces, reaches a minimum, and then increases in UD, VD, OD and XD- patterns. Considering the T =
700 K and grounded condition, the effect of SDs on the critical biaxial load shows the continuously reduce in VD, OD and XD
patterned plates. The most obvious SDs effect on the critical biaxial load is 51.11 % in ungrounded plate and 47.2% in the plate on
the ground for 3, = 0.2, while those effects are 38.49% in unconstrained plate and 36.41% in grounded condition for 3, =1.0. Itis
observed that the prominence of the influence of SDs on the critical biaxial load decreases, respectively, in UD, VD and XD-
patterns. In cases of T = 300 K and 500 K, the ground effect can make the effect of the UD-pattern on the critical biaxial load
independent of 3,, whereas for XD-pattern this only occurs at T = 300 K.
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Fig. 3. Variation of the critical values of biaxial compressive load of unconstrained nanocomposite plates within FSDPT for different T versus 3.
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Fig. 4. Variation of the critical values of biaxial compressive load of unconstrained nanocomposite plates within CPT for different T versus j,.
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Fig. 5. Variation of the critical values of biaxial compressive load of nanocomposite plates on Winkler elastic foundation within FSDPT for different
T versus f3,.
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versus f,.

AVA Journal of Applied and Computational Mechanics, Vol. 9, No. 4, (2023), 974-986



984 Cengiz Ipek et al., Vol. 9, No. 4, 2023

6. Conclusions

The buckling behavior of moderately-thick nanocomposite plates under in-plane compressive loads on Winkler elastic
foundation and thermal environments in the framework of FSDPT and CPT was investigated. First, the temperature-dependent
properties of CNTs and nanocomposites were defined and their constitutive relations were established, then the stability and
strain compatibility equations on Winkler elastic foundation were derived in the framework of the FSDPT and CPT. Then,
applying the Galerkin method to the basic equations, the closed-form solution was obtained for the critical uniaxial and biaxial
compressive loads. The specific numerical analyzes and interpretations were made for various plate sizes, volume fraction
fractions and CNT patterns in elastic and thermal environments within FSDPT and CPT.
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Appendix A
L; are differential operators and defined as:
L, = h(d,, — dm)%;yz +hd, ;—;4, Ly, =—dy %‘* —(d + d32)%;yz
L, = d158%33 +d35%;y2—63(%, = dm%—&-d%%,
L, - hdng—; +h(d,, — dﬁ)%;yp L, = —(dy + dB)%;yz - dz4%4*
L, = (d +d35)%8}, L, — dm%mm;—;—@% (A1)
L, = enaa—;4 + (e, +€, + eﬂ%;yz + ezzaa—;, L, = —eBaa—; —(eps +€5— eﬁ%;yz - 914887;4
L, =0, L42w:—N1§—;—N2;—;+kl, L= 63%, Ly :64§

Here, the symbols include the following relations:

dll = all,lell + a12,1921’ dlZ = all,leu + alz,le22’ d13 = all,leB + a12,1923 + a112

d14 = a11,1e14 + a12,1e24 + alZ,Z' dlS = a11,1e15 + a12,1e25 + a15,11d18 = a11,1e18 + a12,1e28 + a18,1'

d21 = aZl,lell + a22,1921’ d22 = a21,1912 + a22,1622’d23 = a21,1913 + a22,1623 + a212’

d24 = a21,1e14 + a22,1e24 + a22,2’d25 = a21,1e15 + aZl,leZS + a25,1' d28 = a21,1e18 + aZZ,leZS + a28,1’ (A2)

d31 = Ogp1€315 daz = Og6183, + 2a66,2’ das =035, — a66,1935’d38 =0 — a66,1b38’
h/2

.2 45 (121,2).
dz

6.

i+2

—h/2

where

A\V,A Journal of Applied and Computational Mechanics, Vol. 9, No. 4, (2023), 974-986



986 Cengiz Ipek et al., Vol. 9, No. 4, 2023

_ 02,0 _ G120 _ Oa 00911 — G41,1G990
€y = ) €19 = — ) €13 = ’
A11,0052,0 — G12,0021,0 A11,0055,0 — G12,0821,0 A11,0052,0 — G12,0021,0
e — a12,oa22,1 - a12,1a22,0 e. — azs,oau,o — a15,0a22,0 e. = a28,0a12,0 - 018,0022,0
14 = »€15 = » G138 = ’
a11,0a22,0 - a12,0a21,0 a11,0a22,0 - a12,0a21,0 a11,0a22,0 - a12,0a21,0
_ 1,0 _ a11,0 _ A11,1%51,0 — 9110110
€y =— ) €9y = €33 = ’
a11,0a22,0 - a12,0a21,0 a11,0a22,0 - a12,0a21,0 a11,0a22,0 - a12,0a21,0
e — a12,1a21,0 - a22,1a11,0 e — a15,0a21,0 - azs,oan,o e — a18,0a21,0 - azs,oan,o
24 — »Co5 = »E28 = ’
a11,0a22,0 - a12,0a21,0 a11,0a22,0 - a12,0a21,0 a11,0a22,0 - a12,0a21,0
o — 1 _ 20, o, — Jss0 _ O
31— » Usp = » C35 = » 38 =
Q6,0 Ge6,0 Ge6,0 Q6,0

in which

h/2 h/2 h/2 h/2

Ay = fQu(Zl:T)Zidzxazz,i: szz(ZuT)Zidz»Au,i: lez(ZvT)Zidzz fQu(sz)Zidzzazu»

~h/2 ~h/2 ~h/2 ~h/2
h/2 h/2 h/2
Qg = f Qe6(z4,T)Z'dz,1=0,1,2. Qs = f 6,Q44(24,T)zdz, Qg = f 6,Q1,(24,T)zdz,
~h/2 ~h/2 ~h/2
h/2 h/2 h/2
Ay = f 51Q21(21,T)zl1dz, Oyg, = f 622Q22(21’T)ledz’ Ags; = f 61Q66(ZI’T)ZlidZ’
~h/2 ~h/2 ~h/2

h/2
Ay, = [ 6,Qus(z,, T)2"d2,1, = 0,1.

—h/2

Appendix B

Here I are differential operators and defined as:

ot 0! 0*
+,F=d, gy +(dy, —2d,, + dQQ)W +d,, 874
t,w= fdlgaa—;—(dﬂ +2d,, +d23)ax(?7;yzf 24;*;4* 188*;*N28i;+k1
t,.F=e, ;—;4 +(ey, +e5 + eﬂ)ax(?i;y2 +ey %2
L,w=—e,, 8% — (e —e5 + em)%;y2 —ey ;—;

Appendix C
Here 1; are described as:
Ty =|(diy — ds)@* + c,p” |P°M, 1y =[(dig + dsy )@ + disp’ | 1o = [disp” + disq” + 65|,
T = (dis + g )AD”, Ty =[dnd@’ + (dyy — day ) P°|G°h, Ty = (s, + Aoy ) P + @’ | ",
Ty = (s + s )P’ Toy = [dye@” + oD’ + 8 |Gy = [€,0° + (€1, + €51 +€5,)P°0” +€119° |,
Ty = D" + (€0 + 13+ €5) P°47 + €,0°, 1oy = €507 + (15 + €55,
Ty = q[(e28 +e,)p” + equ], 1,=0, T, =N,p* +N,g° —1,,7, =K, ,T,s = 6D, T, =6,q.
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