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Abstract: An exact solution is proposed for describing the steady-state and unsteady gradient Poiseuille shear flow of a viscous 
incompressible fluid in a horizontal infinite layer. This exact solution is described by a polynomial of degree N with respect to the 
variable y where the coefficients of the polynomial depend on the coordinate z and time t, a boundary value problem for a steady 
flow has been considered and the velocity field with a quadratic dependence on the horizontal longitudinal (horizontal) 
coordinate y is considered. The coefficients of the quadratic form depend on the transverse (vertical) coordinate z. Pressure is a 
linear form of the horizontal coordinates x and y. The exact solution of the constitutive system of equations for the boundary 
value problem is considered here to be polynomial. The boundary value problem is solved for a non-uniform distribution of 
velocities on the upper non-deformable boundary of an infinite horizontal liquid layer. The no-slip condition is set on the lower 
non-deformable boundary. The exact solution obtained is a polynomial of the tenth degree in the coordinates x, y and z. 
Stratification conditions are obtained for the velocity field, for the stress tensor components, and for the vorticity vector. The 
constructed exact solution describes the counterflows of a vertically swirling fluid outside the field of the Coriolis force. Shear 
stresses are tensile and compressive relative to the vertical (transverse) coordinates and relative to the horizontal (longitudinal) 
coordinates. The article presents formulas illustrating the existence of zones of differently directed vortices. 

Keywords: Exact solution, overdetermined system, Poiseuille flow, vertically swirling fluid, countercurrents, stratification, 
reduced symmetry, Hopf bifurcation. 

1. Introduction 

Poiseuille exact solution is a fundamental result in classical hydrodynamics [1-4]. This exact solution describes the fluid flow 
between two boundaries under the action of a pressure gradient. Poiseuille exact solution is used to formulate problems in the 
theory of hydrodynamic stability [5-9]. The Poiseuille flow is important not only for theoretical studies of hydrodynamic 
problems, but it is also used to describe fluid flows in various processes. The Poiseuille flow is a basic tool for describing gradient 
flows in power engineering and micro-hydrodynamics [10-12]. It allows one to study the features of flows in various force fields 
and for various types of boundary conditions on the channel walls [10-12]. Poiseuille's classical exact solution turned out to be 
useful for constructing families of exact solutions for non-Newtonian fluids [13-16]. The superposition of the Ekman velocity field 
[17] and the Poiseuille pressure field [1-4] makes it possible to describe isobaric and gradient fluid flows in the World Ocean [4, 18-
20]. Poiseuille's exact solution is useful in the study of micropolar fluids and fluids with pair stresses [21]. In addition, it can be 
used for creeping and many other gradient fluid flows [16, 22-25].  

The Poiseuille flow has been studied by methods of group analysis [4, 20, 26-29]. The articles [27-33] contain results that 
made it possible to obtain new families of exact solutions of the Navier-Stokes equations. These families belong to Lin-Sidorov-
Aristov class of exact solutions [34-36]. It is characterized by the dependence of the velocity field on two coordinates. Linear form 
coefficients depend on the third coordinate and time. 

When constructing new classes of exact solutions, it is useful to remember that the Poiseuille [1, 2] gradient flow is described 
by the Couette or Stokes profile for velocity [37, 38, 4]. The Couette flow and the Stokes oscillatory motion belong to the class of 
gradientless (isobaric) motion of a viscous incompressible fluid. For unidirectional flows, the problem of integrating an ordinary 
differential equation (steady flow) and an equation of the heat conduction type (unsteady flow) is quite simple. If we consider 
two-dimensional motions in terms of velocities V(x, y, t) = (Vx(x, y, t), Vy(x, y, t), 0), then the system of Navier-Stokes equations and 
the equations of continuity (incompressibility) becomes overdetermined [39-42]. This greatly complicates the study of the 
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construction of exact solutions. All known exact solutions for isobaric motions of a continuous medium for plane flows are given 
in articles and monographs [39-44]. For viscous incompressible fluids, the search for exact solutions for shear flows was started 
by Berker [39, 40] and completed by Shmyglevsky [41, 42].  

In the papers, the first exact solutions for shear flows with two-dimensional velocity fields depending on three coordinates 
and time V(x, y, z, t) = (Vx(x, y, z, t), Vy(x, y, z, t), 0) were obtained and studied [45-47]. This exact solution V(x, y, z, t) = (U(z, t) + yu(z, 
t), V(z, t), 0) was constructed in the Lin-Sidorov-Aristov class [34-36]. 

The articles [4, 48, 49] were the first efforts to study the exact Poiseuille solution for a vertically swirling fluid excluding the 
field of Coriolis forces. This exact solution describes inhomogeneous fluid flows. It is based on the exact solution for 
inhomogeneous Couette-type flows. In the articles [4, 45-47] exact solutions were proposed for describing isobaric flows with a 
velocity field that depends nonlinearly on a part of the coordinates. This article generalizes the exact solution for isobaric flows 
of a viscous incompressible fluid for gradient flows [4, 50, 51]. The case of a velocity field with a quadratic dependence on the 
horizontal coordinate is considered in detail. The coefficients of the quadratic form for a steady flow depend on the transverse 
coordinate. It is shown that the velocity field has several stagnant points. In other words, the stratification of the velocity field 
takes place when the nonlinear effects of the boundary conditions are taken into account. 

2. Class of Exact Solutions for the Navier-Stokes Equations 

The following system of partial differential equations is traditionally used to describe shear gradient flows of a viscous 
incompressible pressure fluid [18]: 

;
d

P
dt

ν=−∇ + ∆
V

V  (1) 

0.∇⋅ =V  (2) 

The nonlinear system (1) and (2) consists of the Navier-Stokes equation (1) and the continuity equation (2). Here, V(x, y, z, t) = 
(Vx, Vy, Vz) = (Vx, Vy, 0) is fluid velocity vector; P is the pressure taken relative to constant fluid density ;ρ  ν  is the kinematic 
viscosity of the fluid; / / /x y z∇= ∂ ∂ + ∂ ∂ + ∂ ∂i j k  is the Hamilton operator, 2 2 2 2 2 2/ / /x y z∆= ∂ ∂ +∂ ∂ +∂ ∂  is the Laplace 
operator. The velocity vector ( , , , ) ( ( , , , ), ( , , , ),0)x yx y z t V x y z t V x y z t=V  describes shear flow of a viscous incompressible fluid ( 0).zV =  
The remaining components of the velocity vector depend on three coordinates and time. 

We study next the gradient Poiseuille shear flows in a rectangular Cartesian coordinate system. In this case, the system of 
equations (1), (2) has the following form [4, 48, 49]: 

2 2 2

2 2 2 ;x x x x x x
x y

V V V P V V V
V V

t x y x x y z
ν
 ∂ ∂ ∂ ∂ ∂ ∂ ∂  + + =− + + +  ∂ ∂ ∂ ∂ ∂ ∂ ∂ 

 

2 2 2

2 2 2 ;y y y y y y

x y

V V V V V VP
V V

t x y y x y z
ν
 ∂ ∂ ∂ ∂ ∂ ∂∂  + + =− + + +   ∂ ∂ ∂ ∂  ∂ ∂ ∂ 

 

0;
P

z

∂
=

∂
 

(3) 

0.yx
VV

x y

∂∂
+ =

∂ ∂
 (4) 

The system of equations (3), (4) is overdetermined. The system (3), (4) consists of four equations for determining the velocities 
,xV  ,yV  and pressure P. Obviously, the number of unknown functions is less than the number of equations. In addition, the third 

equation (hydrostatic condition) of system (3), (4) can be interpreted as a condition on the structure of the pressure function P.  
The first nontrivial exact solutions to system (3), (4) were constructed within the Lin–Aristov–Sidorov class of solutions in 

works [4, 45-47]: 

( ) ( ), , ;xV U z t u z t y= +  ( ), ;yV V z t=  

( ) ( ) ( )0 1 2 .P P t P t x P t y= + +  
(5) 

By the rotation transformation: 

cos sin ,x x yθ θ→ −  sin cos ,y x yθ θ→ +   

cos sin ,x x yV V Vθ θ→ −  sin cos ,y x yV V Vθ θ→ +   

we obtain: 

( ) ( ) ( ) ( ) 2, cos , sin , cos sin , cos ;xV U z t V z t xu z t yu z tθ θ θ θ θ= − + +  

(6) ( ) ( ) ( ) ( )2, sin , cos , sin , cos sin ,yV U z t V z t xu z t yu z tθ θ θ θ θ= + − −  

( ) ( )( ) ( )( )0 1 2cos sin cos sin .P P t xP t yP tθ θ θ θ= + + + −  
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Here θ  is an arbitrary constant and the function u  satisfies the parabolic equation: 

2

2 .
u u

t z
ν

∂ ∂
=

∂ ∂
  

In the rotation transformation above, an arrow is introduced to indicate the conversion between old and new variables by 
denoting them with the same symbols. Solution (5) is obtained by substituting the value 0θ =  into expressions (6). 

For the solution class (6), system of equations (3), (4) is reduced to a simpler system, inheriting the nonlinear properties of 
system (3). Thus, solution (5) can be generalized by writing the velocity field as: 

( ), , ;xV F y z t=  

(7) 

( ), .yV V z t=  

Exact solution (7) identically satisfies the continuity equation in (3), and the velocities xV  and yV  are calculated from the 
following system of parabolic equations: 

2 2

2 2 ;
F F P F F

V
t y x y z

ν
 ∂ ∂ ∂ ∂ ∂  + =− + +  ∂ ∂ ∂ ∂ ∂ 

 (8) 

2

2 ,
V P V

t y z
ν

∂ ∂ ∂
=− +

∂ ∂ ∂
 

0.
P

z

∂
=

∂
 

(9) 

The system of equations (8), (9) is loosely coupled since the velocity F  is computed after the integration of equation (9) for the 
functions V  and P . From equation (9) it follows that ( , ).P P x y=  Since the functions V  and F  determined by expression (7) are 
independent of the x -coordinate, it is possible to construct arbitrarily complex polynomial solutions generalizing the linear 
coordinate dependence of velocities. The pressure is determined by formula (5). The velocities and pressure can be represented 
as follows: 

2

0 1 2
0 3

;
! 2 !

n nN N

x n n
n n

y y y
V F F F y F F

n n= =

= = + + +∑ ∑  

(10) 
( ), ,yV V z t=  

( ) ( ) ( )0 1 2 .P P t P t x P t y= + +  

The exact solution was found and published in [50]. Here, ( , ),i iF F z t= ( 0, ).i N=  In [51], the exact Couette-type solution for 
2N=  in (5) was analyzed. The pressure components (10) that determine the pressure due to formula (6) are supposed to be 

known functions. They are uniquely determined by the boundary conditions. The use of formula (10) is due to the study of exact 
solutions of the Navier-Stokes equations announced in the articles [4, 45-50]. Previously, we considered a special case for the 
velocity field (5): 

0 1 ;xV F F y= +  ( ),yV V z t=   

in articles [4, 45-50]. Isobaric fluid flows have been studied in works [4, 45-47]. Articles [4, 48, 49] considered Poiseuille-type 
gradient flows. In this case, the pressure was described by formula (6). 

3. Steady-state Flow of a Viscous Incompressible Fluid 

In the case of steady-state flows, all functions in expressions (10) depend only on the vertical (transverse) coordinate z. 
Components (10) of the pressure field will be constants. Substituting (10) into the system of equations (3) and (4), we obtain the 
system: 

( )

1 2 22 2 2 2
0 1 2

1 2 1 2 2 2 2 2
3 3 3

;
( 1)! 2 ! 2 !

n n nN N N
n

n n
n n n

y y y yd F d F d F d F
V F F y F P F F y

n n dz dz dz dz n
ν

− −

= = =

      + + =− + + + + + +    − −   
∑ ∑ ∑  

(11) 
2

22 .
d V

P
dz
ν =  

System (11) is reduced to a system of ordinary differential equations in view of the linear independence of the finite basis of 
the functions 2{1, , ,..., } :Ny y y  

2

22 ;
d V

P
dz
ν =  (12a) 
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2

2 0;Nd F

dz
=  (12b) 

2
1

2 ;N
N

d F
VF

dz
ν − =  (12c) 

2

1 22 ,n
n n

d F
VF F

dz
ν ν+ += −  1, 2;n N= −  (12d) 

2
0

1 2 12 .
d F

VF F P
dz
ν ν= − +  (12e) 

System (12) is integrated in a sequential manner in the order in which its equations are given. This system of ordinary 
differential equations admits an exact polynomial solution: 

2
2

1 2 ;
2

P z
V c z c

ν

  = + +   
 (13a) 

3 4 ;NF c z c= +  (13b) 

( ) ( )
2 2

3 231 2 2 4
1 2 3 4 1 3 1 4 2 3 2 42 ;

2 2 2
N

N

cd F P z P c
VF c z c c z c z c c z c c c c z c c

dz
ν

ν ν
−

        = = + + + = + + + + +         
 (13c) 

( )
4 3

5 232 4 2 4
1 1 3 1 4 2 3 5 62 ;

40 2 12 6 2N

cP c z z c c
F z c c c c c c z c z c

ν
−

     = + + + + + + +       
 (13d) 

( ) ( )
2 3 2 4 3

5 232 2 4 2 4
1 1 2 1 3 1 4 2 3 5 6 3 42 3 .

2 40 2 12 6 2
N

N N

cd F P z c z z c c
VF F c z c z c c c c c c z c z c c z c

dz
ν ν ν

ν
−

−

        = − = + + × + + + + + + + − +            
 (13e) 

4. Boundary Value Problem for a Generalized Inhomogeneous Poiseuille Flow 

To obtain solutions in the form (10), let us consider a boundary value problem describing the flow of a fluid in an infinitely 
extended horizontal layer of thickness ,h  assuming 2.N=  Then system (12) has the form: 

2

22 ;
d V

P
dz
=  (14a) 

2
2
2 0;

d F

dz
=  (14b) 

2
1

22 ;
d F

VF
dz
ν =  (14c) 

2
0

1 2 12 .
d F

VF F P
dz
ν ν= − +  (14d) 

The study of the exact solution of a system of ordinary differential equations is necessary for its comparison with the exact 
solution (5) for an inhomogeneous Poiseuille flow and with the exact solution (10) for an isobaric flow [45-47]. To obtain an exact 
solution describing a specific flow, it is necessary to set an appropriate number of boundary conditions.  

We assume that the no-slip condition is satisfied at the lower non-deformable boundary 0z =  [51]: 

0.x yV V= =  (15) 

On the upper non-deformable boundary ,z h=  the velocity components are determined by the following expressions [51]: 

2

cos ;
2x

y
V W Ay Bϕ= + +  (16a) 

sin .yV W ϕ=  (16b) 

Here, W is the constant characterizes the background value of the velocity on the surface of the liquid layer; angle ϕ  is the 
direction of this speed relative to the selected coordinate system; the constant A characterizes the background value of the 
spatial acceleration along the axis ;Ox  the constant B  determines the acceleration of the change in magnitude of the component 

xV  on the surface of the liquid layer in the direction of the axis .Oy  The fluid flow scheme is shown in Fig. 1. 
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Fig. 1. Fluid flow scheme. 

The coefficients (6) in the representation of the pressure field are of constant values determined by the pressure distribution, 
e.g., at the upper boundary. 

Due to the structure of the obtained solution (11) for N = 2, the boundary conditions (15), (16) are reduced to the following 
system of constraints: 

( ) ( ) ( )0 1 20 0 0 0;F F F= = =     ( )0 0;V =  

(17) 

( )0 cos ;F h W ϕ=     ( )1 ;F h A=     ( )2 ;F h B=     sin .V W ϕ=  

Thus, the exact solution of the boundary value problem (14) to (16) takes the form: 

( )( ) ( ) ( ) ( )

( ) ( )( ) ( ) ( )

( ) ( )

( )

2 2 2
2 1

0

4 2 2 4
2 3 2 32

2 2

6
2 3 4 5 62

3

8 2
2

4

sin
1 1 cos 1 1 1

6 12 2
sin

1 1 5 2 1 2 2 2 3
1008 120

sin
1 20 20 20 29 8 8 12

10080

1 41 41
201600

Bh Ah W h P
F Z Z Z WZ Z Z Z Z Z Z

Bh W Ah P
Z Z Z Z Z Z Z Z Z Z

Bh W P
Z Z Z Z Z Z Z Z

Bh P
Z Z Z

ϕ
ϕ

ν ν

ϕ

ν ν

ϕ

ν

ν

=− − + + + + − + + + + − +

+ − + + + − + + − + − − − +

+ − + + + − − − +

+ − + − −( )2 3 4 5 6 741 99 15 15 85 35 ;Z Z Z Z Z Z− + + + − +

 (18a) 

( )( ) ( )( )
2 4

2 2 32
1 2

sin
1 1 1 2 2 2 3 ;

12 120
Bh W Bh P

F Z A Z Z Z Z Z Z Z
ϕ

ν ν

   = + − + + + + − + − − − + 
   

 (18b) 

2 ;F BZ=  (18c) 

( )
2

2sin 1 ;
2

h P
V Z W Zϕ

ν

   = + − + 
   

 (18d) 

In solution (18), a replacement is introduced: /Z z h=  is a dimensionless vertical coordinate. This makes it possible to 
analyze layers of different thicknesses from the same positions.  

We note that for 1 2 0,P P= =  the solution (18) describes an inhomogeneous Couette flow [45-47]. If 0,A B= =  then the velocity 
components have the form cos ,xV W Zϕ=  sin ,yV W Zϕ=  and they describe the classical layered Couette flow [4, 37], which can 
be reduced to a unidirectional flow by transformation of rotation [45-47]. Accounting for the quadratic term 2

2 / 2F y  in the 
velocity field (10) leads to a more complicated exact solution of the Navier-Stokes equations. The exact solution (5) describes an 
inhomogeneous gradient flow of a vertically swirling fluid of the Couette-Poiseuille type. It describes the counterflow of a fluid 
with two stagnant points. Next, the influence of 2

2 / 2F y  on the structure of the hydrodynamic flow will be shown. 

5. Analysis of the Dimensionless Solution 

For the convenience of further analysis of solution (18), we introduce not only the dimensionless vertical coordinate Z, but 
also normalize the solution as a whole by dividing the velocities by the complex Bl2 (where l is the characteristic longitudinal or 
horizontal size of the layer, i.e., the characteristic scale along the Oy axis): 

( )( ) ( ) ( ) ( )

( ) ( )( ) ( ) ( )

( ) ( )

2 2 2
20 1

0 0 2

4 2 2 4
2 3 2 32

2
2 3 4 5 62

8 2 2 2
2

2Re Re
1 1 cos sin 1 1 1

6 Ta 12 2
Re sin Ta

1 1 5 2 1 2 2 2 3
1008 240

Re Ta
sin 1 20 20 20 29 8 8 12

20160
Ta

806

F
F G Z Z Z Z Z Z Z Z Z Z

Bl a a

Z Z Z Z Z Z Z Z Z Z

a
Z Z Z Z Z Z Z Z

a

δ δ δ γ
ϕ ϕ

δ ϕ δ γ

δ γ
ϕ

δ γ

→ = =− − + + + + − + + + + − + +

+ − + + + − + + − + − − − + +

+ − + + + − − − + +

+ ( ) ( )2 3 4 5 6 71 41 41 41 99 15 15 85 35 ,
400

Z Z Z Z Z Z Z Z Z− + − − − + + + − +

 (19a) 
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( )( ) ( )( )
2 4

2 2 31 2
1 1 2

1 Resin Ta
1 1 1 2 2 2 3 ,

12 240
F y a

F y G Y ZY Z Z Z Z Z Z Z
Bl a

δ ϕ δ γ   → = = + − + + + + − + − − − + 
   

 (19b) 

2
2 2 22

2 2 2 ,
F y

F y G Y ZY
Bl

→ = =  (19c) 

( )
2

2
2

2Re
sin 1 .

Ta 2
V

V R Z Z
Bl a

δ γ
ϕ

   → = = + − + 
   

 (19d) 

Here, / ,Z z h=  /Y y l=  are dimensionless variables; h and l are the characteristic scales in z and y respectively; /h lδ =  is 
the parameter of the geometric anisotropy of a layer of a viscous incompressible fluid; Re /Wl ν=  is Reynolds number; 

2Ta 2 /Al ν=  is the modified Taylor number; / ,a Bl A=  1 1 / ,P Bγ ν=  2 2 / .P Bγ ν=  
From the structure of the solution (19) for the function ,YV R=  which determines the flow velocity along the Oy axis, it can be 

seen that this velocity takes on a zero value at the lower boundary of the layer (due to the no-slip condition) and can have one 
zero point inside the layer if the inequality below is satisfied: 

( )2
2Resin 4Resin Ta 0.aϕ ϕ δ γ− <   

This velocity cannot have other zero points, since the function ,YV R=  Eq. (19) is described by a second-order polynomial (Fig. 
2). Here and below, the following values are chosen, which are used in the construction of profiles: 

                    1 2 9.33; Ta 8.75; Re 2.75; 2.35; 4.1; 0.23; 1.5708.a γ γ δ ϕ= = =− =− = = =−   

Analyzing the properties of velocity 2
0 1 2 / 2XV G G Y G Y= + +  is no longer such a simple task. Among the obvious properties, 

one can single out the fact that this velocity takes (due to the no-slip condition) a zero value at the lower boundary of the layer, 
regardless of the position of the considered cross-section (the value of the Y parameter). In addition, the flow velocity along the 
Ox axis, due to representation (11), is determined by a nonlinear superposition of flows with velocities 2

0 1 2, , / 2.G G Y G Y  So, the 
base flow is the background flow with velocity 0.G  The secondary flows 1G Y  and 2

2 / 2G Y  (depending on the distance of the 
section Y) can either increase the total number of stagnant points of the resulting flow or decrease them. 

We consider separately the properties of each of the three indicated flows. Let us start with something simpler. The function 
2

2G Y  is a strictly increasing function passing through the origin of coordinates by virtue of the presumed no-slip condition. The 
function 1G Y  is described by the interaction of one stationary term and two monotonic terms, therefore [52] has no more than 
two zeros inside the considered layer.  

The background component 0G  has a more complex structure, but, like the secondary fields, it is determined by the 
interaction of several strictly monotonic terms. Despite the fact that this is a polynomial of the ninth degree, due to [22], the 
number of zeros of this function belonging to the layer under consideration does not exceed six. And taking into account the 
rather strong relationship between the coefficients in these terms and the fact that some coefficients (e.g., 8 2 2 2

2 Ta / 806400aδ γ  or 
4 2 2Re sin / 1008)δ ϕ  must be non-negative, the possible number of zero points within the layer is further reduced. 

The velocity profiles are shown on Figs. 3 and 4 when only the background current is taken into account (Y = 0) and when 
secondary currents are taken into account (Y = – 0.003). The velocity xV  takes on a zero value at three points. This means that the 
flow structure becomes more complex than the fluid flows considered in [10, 11] for an inhomogeneous flow of the Poiseuille type 
defined in Eq. (5). 

 

Fig. 2. Velocity Profile Vy. 
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Fig. 3. Velocity profile Vx (Y = 0). Fig. 4. Velocity profile Vx (Y = -0.003). 

 
 

Fig. 5. Velocity vector hodograph (Y = 0). Fig. 6. Velocity vector hodograph (Y = - 0.003). 

 

Fig. 7. Counterflows are displayed by changing the flow direction. 
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Figures 3 and 4 clearly illustrate that the superposition of these flows can form additional counterflow zones inside the 
considered layer. The hodographs of the velocity field in the two indicated sections are shown in Figs. 5 and 6. In Fig. 7, the 
streamlines are shown. Counterflows on the figures are displayed by changing the flow direction. 

The hodographs of the velocity vector shown in Figs. 5 and 6 illustrate a spiral flow. Obviously, the vertical component of the 
vorticity vector /Z XV YΩ = ∂ ∂  does not equal zero. This means that there is a vertically oriented vortex in the liquid in the 
absence of the influence of the Coriolis force field. The stream function (Fig. 7) illustrates the effect of vertical fluid swirl on 
counterflows.  

6. Analysis of the Vorticity Vector and Shear Stresses 

Let us further consider the vorticity vector for the obtained exact solution in Eq. (19): 

= .

0

y yx x

x y

V VV V
rot

x y z z z x y

V V

 ∂ ∂∂ ∂ ∂ ∂ ∂  Ω= =− + + −  ∂ ∂ ∂ ∂ ∂ ∂ ∂ 

i j k

V i j k   

According to the structure of solution (11) for N = 2, which is written in dimensionless form stemming from the form of 
relations (19), the dimensionless components of the vorticity vector will be determined by the following partial derivatives: 

; ; .Y X X
X Y Z

V V V

Z Z Y

∂ ∂ ∂
Ω = Ω = Ω =

∂ ∂ ∂
 (20) 

We then substitute the velocity components (19) into formulas (20) and obtain the following expressions for the indicated 
partial derivatives: 
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It follows from expressions (21) that the vortex is capable to change direction once and does not depend on the value of 
parameter Y (Fig. 8). The remaining two vorticity components depend on the distance of the considered section (value of 
parameter Y). The corresponding profiles are shown in Figs. 9 to 12. 

The vortex profiles given on Figs. 8, 11, 12 show a monotonic distribution over the layer thickness. In other words, the vortex 
is getting stronger. This corresponds to the no-slip boundary conditions (15). The dependence of the vorticity vector component 
presented in Figs. 9 and 10 is nonmonotonic. This dependence illustrates the intense mixing of the liquid, taking into account 
other components of the vorticity vector. Assuming steady motion, one can choose the boundary conditions (16) and pressure 
gradients such that the fluid performs helical motions along the curvilinear axis. Stratification is observed not only for the 
velocity field, but also for the vorticity vector. As it will be shown below, this fact is also observed for the stress tensor 
components. In other words, when considering the boundary value problem (15), (16), counterflows can be detected in the liquid, 
accompanied by a change in the direction of rotation of the vortices. Therefore, this exact solution is suitable for designing new 
mixing mechanisms. 

 

Fig. 8. Vortex profile .
X
Ω  
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Fig. 9. Vortex profile 
Y
Ω (at Y = 0). Fig. 10. Vortex profile 

Y
Ω (Y = –0.1). 

  

Fig. 11. Vortex profile 
Z
Ω (Y = 0). Fig. 12. Vortex profile 

Z
Ω (Y = -0.1). 

At the end of our study, we should make one additional remark. It is known that the components of the stress field τ  
(according to the generalization of Newton's law) are determined in terms of velocities as follows: 

2
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Here p is the hydrostatic pressure, η  is the dynamic viscosity coefficient of the liquid. Taking into account the structure of 
solution (11), we obtain simpler expressions: 
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In other words, dimensionless shear stresses will be determined by the following partial derivatives: 
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∂

 (22) 

From expressions (22), it follows the nonlinear nature of the shear stresses, the qualitative behavior of which corresponds to 
the profiles shown in Figs. 8 to 11. In addition, the following conclusion can be drawn: some shear stresses can change sign 
several times in the liquid layer (they can change from tensile to compressive). In other words, the obtained solution is capable to 
describe not only multiple stratification of the velocity field, but also multiple stratifications of the shear stress field. 
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7. Results and Discussion 

The exact solution (18) describes a steady inhomogeneous Couette-Poiseuille shear flow for a velocity field that is 
quadratically nonlinear in the y-coordinate. The coefficients of the quadratic form depend from the z-coordinate. Isobaric flow 
(pressure gradients are equal to zero) was studied in [51]. The exact solution (18) makes it possible to study the secondary 
gradient flow. If pressure gradients are taken into account, then the velocity field has an additional stratification point (stagnant 
point) than in isobaric flow. Exact solution (18) describes a fluid flow with vertical swirl. The vertical swirl is stratified both 
vertically and horizontally. The fluid performs an inhomogeneous differential spiral flow in the absence of fluid rotation (fluid 
motion outside the Coriolis force field). Note that there is a simple functional relationship between the components of the stress 
tensor and the vorticity vector. When analyzing the exact solution (18), it was found that in the case of a steady flow of fluid in 
each direction, zones of opposite rotation of the fluid are formed. Similarly, it can be argued that shear stresses of different signs 
act in a liquid. The exact solution (18) can illustrate a complex flow in the equatorial zone of the World Ocean if we use the model 
of shear currents with the traditional allowance for the Coriolis force (only the first Coriolis parameter is taken into account). 

8. Conclusion 

This paper presented the exact solution of the Navier-Stokes system of equations along with continuity equation. The study 
of the solution was carried out for the case of a steady gradient fluid motion. One of the longitudinal velocity components was 
considered to be a polynomial of degree N. For the special case N = 2, profiles of the obtained exact solution were constructed to 
illustrate the existence of counterflows in the liquid layer. The possibility of existence not less than four stagnation points in the 
thickness of the liquid layer was shown. In addition, the vortex structures and shear stresses that arise during the motion of the 
fluid were analyzed for this type of exact solution. 

Finalizing conclusion section, let us remark also that useful articles regarding the exact and approximate solutions of Navier-
Stokes equations should be cited [10-44], because nonstationary generalization of the aforementioned solutions of Navier-Stokes 
equations can be investigated as nonstationary perturbation (with given reduced symmetry or Hopf bifurcation) with respect to 
the invariant solutions for the problem under consideration mentioned above, at least in the vicinity of stagnation points in the 
thickness of the liquid layer. Stability of such solutions should be investigated in appropriate way by modern existing technique. 

The exact solution obtained in the article for steady flows of the Couette-Poiseuille type can be used to study fluid motions in 
a horizontal layer with permeable boundaries. This exact solution can be modified to study the pressure flow in a vertical infinite 
layer. Obviously, it is necessary to study the hydrodynamic stability of fluid flow for the velocity field (18), which describes the 
Couette-Poiseuille-Nusselt flow [53]. 

As for explanation how the nonstationary generalization of the aforementioned solutions of Navier-Stokes equations can be 
investigated as nonstationary perturbation by using the concept of Hopf bifurcation (and why it can be of partial interest), let us 
clarify the essence of our study in regard to this matter. According to definition of Hopf bifurcation, this is the appearance or the 
disappearance of the periodic orbits through a local change in the stability properties of a fixed points. We can obviously and 
definitely state in so way insofar with respect to the invariant solutions for the problem under consideration, at least in the 
vicinity of stagnation points in the thickness of the liquid layer (see Fig. 7 regarding possible arising of periodic orbits in the 
vicinity of stagnation points). 
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