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Abstract. The paper analyzes the influence of cutouts on the buckling of shallow shells with double curvature. Based on the 
Timoshenko-Reissner hypothesis, a mathematical model is presented that considers transverse shifts, material orthotropy, 
geometric nonlinearity and structural weakening by cutouts. Cutouts are specified discretely by single columnar functions. The 
computational algorithm is based on the Ritz method and the Newton method. The implementation of the algorithm is carried 
out in the Maple 2022 software package. To study the buckling, the Lyapunov criterion is adopted. Calculations of the buckling of 
flat shells of double curvature with square cuts, graphs of the dependence of deflections on loads and deflection fields are given. 
Accounting for the structural cutouts leads to a decrease in the critical load. At the same time, for the considered problems, it is 
found that the decrease in the critical load does not exceed 25 % for the cutout volume not exceeding 10 % of the shell volume. 

Keywords: Shells, cutouts, buckling, critical load, Ritz method, Newton method. 

1. Introduction 

Shell structures are used in many areas of industry such as shipbuilding, aircraft building, space building and construction [1–
3]. In industrial construction, tanks, gas tanks, silos, etc. are made from shell structures; in civil engineering, shells are used, if 
necessary, for large spans (stadiums, opera houses, airports, shopping centers). In addition, shell structures are used in bridge 
building, hydraulic engineering (in the construction of offshore berthing and protective structures), and in the construction of 
nuclear power plants. At the same time, it should be noted that, often, for structural reasons, it is necessary to arrange 
technological cutouts that affect the stress-strain state and buckling of the structure. In this regard, there is a need to study such 
structures. 

There are various mathematical models of shells weakened by cutouts, among which it should be noted: the method of 
constructive anisotropy and the discrete introduction of attenuations using unit column functions [4, 5]. Kamenev and Semenov 
[4] demonstrated that with a large number of notches, the discreteness of their input is lost and it becomes possible to use the 
constructive anisotropy method. The effect of weakening on nonlinear deformation and buckling using the finite element 
moment scheme and software packages LIRA and SCAD was presented by Solovei et al. [6]. Zakharova and Lokhmatova [7] 
proposed a mathematical model for the deformation of cylindrical shells made of composite materials with defects, based on the 
Timoshenko model, using the finite element method. The effect of geometric imperfections on the buckling of cylindrical shells 
under compression based on the results of laboratory and computational experiments was presented by Zhao et al. [8]. Dmitriev 
et al. [9] presented the mathematical models and numerical methods for studying the nonlinear deformation and buckling of 
cylindrical shells, considering rectangular cutouts. Dmitriev et al. [10] presented a method for the analytical calculation of 
cylindrical shells with cutouts, obtained by the authors based on the convergence of the results of numerical simulation in 
ABAQUS and experiments. An isogeometric analysis using the discontinuous Galerkin method for the peridynamic approach for 
modeling cracks in shell structures was studied by Xia et al. [11]. Ambati et al. [12] proposed the use of a “mixed” model for 
modeling cracks in structures, which combined the structural elements that represent the displacement field in the two-
dimensional middle surface of the shell, with continuum elements that describe the phase field of cracks in three-dimensional 
solid space. The effect of defects and microcracks on free vibrations of cylindrical shells was examined by Wang et al. [13]. 
Estimation of the parameters of perforation of cylindrical shells for free vibrations was studied by Giani and Hakula [14]. 

The work conducted by Arbelo et al. [15] was devoted to the influence of cutouts on the value of the critical load, considering 
the geometric imperfections of the structure. According to the results of Gangadhar and Kumar [16], it was found that the 
geometry of cutouts has a significant impact on the critical load of cylindrical shells: the maximum value of the critical load for 
the arrangement of round cutouts, the minimum value of the critical load for a structure with rectangular cutouts. 

An experimental study of the buckling and post-buckling behavior of perforated cylindrical shells subjected to hydrostatic 
pressure was presented by Shen et al. [17]. Ghanbari Ghazijahani et al. [18] carried out an experimental assessment of the effect 
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of cutouts on cylindrical shells and the effectiveness of reinforcement: the introduction of stiffeners made it possible to reduce 
the effect of cutouts by 33 %. A comprehensive assessment of the effect of fiberglass reinforcement of steel cylindrical shells, 
considering the weakening was examined by Krishna et al. [19]. Sohan et al. [20] conducted an assessment of the effect of cutouts 
on the buckling and bearing capacity of a rectangular plate reinforced with stiffeners. According to the results of the study, it was 
found that the strength of an isotropic panel decreases when cutouts are included and directly depends on the size/area of the 
cutouts; for composite panels, the dependence of strength reduction on the geometric parameters of cutouts was not revealed. 

An assessment of the impact of oval cutouts on the buckling and stress distribution in rectangular plates was presented by da 
Silveira et al. [21]. The effect of cutouts on the buckling and load-bearing capacity of multilayer composite cylindrical panels 
subjected to impulse loads was investigated by Keshav et al. [22]. It was found that for structures with cutouts, the dynamic 
buckling load is, in some cases, lower than the static buckling load. Dewangan et al. [23] proposed a finite element model based 
on high-order shear deformation theory (HSDT) for the static analysis of cutouts composite shells. The application of this finite 
element model made it possible to reveal the relationship between the curvature and deflection of a structure with a cutout: an 
increase in curvature leads to an increase in the deflection of the considered shells. Dewangan et al. [24] investigated the static 
and dynamic deformation of composite shells with cutouts under thermomechanical action for various geometric shapes (plate, 
cylindrical shell, spherical shell, etc.). 

When reviewing scientific research devoted to the study of the effect of weakening on the stress-strain state (SSS) of a 
structure over the past ten years, it can be noted that considerable attention was focused on the study of cylindrical shells [25–27]. 
Studies of the supercritical behavior of weakened cylindrical shells were presented in [28, 29]. At the same time, the SSS 
weakening of shells of other shapes, for example, conical [30, 31] and spherical [32, 33], was also evaluated. 

Based on a review of the literature, it can be concluded that determining the effect of cutouts on the stress-strain state and 
buckling of shells is an urgent task. The purpose of this work is to analyze the buckling of shallow shells of double curvature, 
considering the presence of notches. The objectives of the study are: development of a mathematical model that simultaneously 
considers geometric nonlinearity, transverse shifts, orthotropy of the material, weakening of the structure by cutouts; selection 
of an algorithm that allows one to study the buckling of shell structures; writing a program code designed to implement the 
selected algorithm. The resulting mathematical model and algorithm will allow to investigate the stress-strain state and buckling 
of shell structures with cutouts with greater accuracy. The use of the proposed technique will provide an opportunity to evaluate 
the effect of structural weakening by cutouts on the buckling of shells. Based on this assessment, make decisions on the need to 
strengthen these structures. 

2. Theory and Methods 

2.1 Mathematical Model 

Thin-walled flat shells of double curvature, weakened by cutouts, under the action of a static load are considered. The 
geometric appearance of these shell structures is characterized by the Lame parameters ,A B  and the radii of the main 
curvatures 1 2,R R along the coordinates , ,x y  respectively. For shallow shells of double curvature (Fig. 1), 1, 1,A B= =  

1 2, .R const R const= =  
The mathematical model of Timoshenko-Reisner is used, which considers transverse shifts, geometric nonlinearity, 

orthotropy. According to this model, three displacement functions ( , ), ( , ), ( , )U U x y V V x y W W x y= = =  and two functions 
characterizing the angles of rotation of the normal in the planes are unknown , : ( , ), ( , ).x yxOz yOz x y x yΨ Ψ  The stability of the 
shell can be studied by considering the geometric nonlinearity [34]. 

The basis of the model used is the functional of the total potential energy of deformation, which can be represented in the 
following form: 

0 ,V
s s sE E E= +  (1) 

where 0
sE  is the functional of the total potential energy of the deformation of the shell skin, V

sE  is the functional of the total 
potential energy of the deformation of cutouts. 

 

x y

z

0

v α v β

h αβ

c α

d α
y α

aβ

x β

bβ

0

z

x y

a b

1R

2R

( ),q x y

( )a ( )b
 

Fig. 1. Shallow shell with double curvature: (a) Design scheme; (b) Cutout geometry. 
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The functional of the total potential energy of deformation of the shell skin has the following form: 

( ) ( ) ( ) ( )
1

0 0 0 0 0 0 0 0 0 0 0
1 2 12 1 2

0

1 1
2 2 2 .

2 2

a b

s x x y y xy yx xy x y xy yx x x y y x y

a

E N N N N M M M M Q Q P U P V qW ABdxdyε ε γ χ χ χ θ θ
 = + + + + + + + + Ψ − + Ψ − − − − ∫ ∫

 (2) 

Here , ,x yq P P  are the load components; 0 0,x yN N  are normal forces in the direction of the axes , ;x y  0 0,xy yxN N  – shear forces in 
the corresponding plane ;xOy  0 0,x yM M  – bending moments; 0 0,xy yxM M  – torques; 0 0,x yQ Q  – transverse forces in the planes xOz  
and ,xOy  which are determined by the relations [35]: 
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( ) ( )0 0
13 1 23 2, .x x y yQ G kh Q G kh= Ψ − = Ψ −θ θ  

(3) 

The functional of the total potential strain energy of shell cutouts has the following form: 

( ) ( ) ( ) ( )
1

1 2 12 1 2

0

1 1
,

2 2

a b

V V V V V V V V V V V
s x x y y xy yx xy x y xy yx x x y y

a

E N N N N M M M M Q Q ABdxdyε ε γ χ χ χ θ θ
 = + + + + + + + + Ψ − + Ψ − ∫ ∫

 (4) 

where the forces and moments in the cutout areas take the following form: 
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12 122 ,V V
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( ) ( )13 1 23 2, .V V
V Vx x y yQ G kF Q G kF= Ψ − = Ψ −θ θ  

(5) 

Here, 1 2,E E  are the elastic moduli in the directions , ;x y  5 / 6;k=  12 13 23, ,G G G  are shear moduli in planes , , ,xOy xOz yOz  
respectively; 12 21,µ µ  are Poisson's ratios; ,x yε ε  – elongation deformations; xyγ  – shear deformations in the plane ;xOy  

1 2 12, ,χ χ χ  – functions for changing curvatures and torsion [35]: 
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(6) 

The areas of location of shell cutouts are specified by the function [5]: 

( ) ( )
1 1

( , ) ,
po

VH x y h x x y y
= =

=− − −∑∑ αβ

β α

α β

δ δ  (7) 

where hαβ  is the thickness of the notch; ,α β  indices indicate the number of a rectangular cutout, the sides of which are 
parallel to the x  and y  axes; ,o p  – number of cutouts along the x  and y  axes, respectively; ( ) ( ),x x y y− −β αδ δ  are single 
columnar functions that are equal to one at the place where there is a notch and equal to zero outside of such places. 

Thus, the thickness of the entire structure is equal to .Vh H+  
It is noted in [4,5] that unit column functions are equally suitable for considering structural weakening and reinforcements 

with ribs. In this connection, approaches that consider the effect of stiffeners will be valid for considering the effect of weakening. 
Thus, the geometric characteristics and the functional of the total potential energy of the deformation of cutouts are determined 
according to [5,35]. 

Integrating the function ( ),VH x y  over z  in the range from / 2h  to / 2 Vh H+  obtain the stiffness functions of the cutouts: 
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,
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V V
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β α
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cont.) 

where , ,V V VF S J  are the functions characterizing the area, static moment and moment of inertia of cutouts: 

,VF h=αβ αβ
 

( )
,

2V

h h h
S

+
=

αβ αβ

αβ
 ( ) ( )2 32 1

0,25 0,5 .
3VJ h h h h h= + +αβ αβ αβ αβ  (9) 

The functional of the total potential energy of deformation of cutouts takes the form [35]: 
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where: 
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here: 

, , ,
2

a b
a b ab

v v vv
v v v

aA bB

+
= = =β α  (12) 

where ,v vα β  are the widths of cutouts in the ,x y  directions, respectively. 

2.2 Algorithm for the Solution of Buckling Problems 

To study the stability of the shell structure, it is required to find the minimum of the functional (1). Use the Ritz method to 
reduce the variational problem of finding the minimum of a functional to solving a system of nonlinear algebraic expressions. 
Represent the unknown functions in the form: 

( ) 1 1
1 1
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N N

k l
kl

k l

U U x y U X Y
= =

= =∑∑     ( ) 2 2
1 1
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= =∑∑    ( ) 3 3
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x x xkl
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= =

Ψ = Ψ = Ψ∑∑     ( ) 5 5
1 1

, ,
N N

k l
y y ykl

k l

x y X Y
= =

Ψ = Ψ = Ψ∑∑  

(13) 

where , , , ,
kl klx ykl kl klU V W Ψ Ψ  are unknown numerical parameters; 1 5,...,k kX X  and 1 5,...,k kY Y  are known approximating functions 

that satisfy the boundary conditions. Boundary conditions are assigned based on the method of fixing the structure contour. 
Thin-walled flat shells of double curvature, hinged-fixed along the contour (at 1 0, :x a x a= = =  0;x yU V W M= = = = Ψ =  at 
0, :y y b= =  0)y xU V W M= = = = Ψ =  are considered. In this case, the following trigonometric functions can be used as 

approximating functions: 

( )1
1 1

1

sin 2 , sin 2 1 ,k l yx a
X k Y l

a a b

   −  = = −     − 
π π  

( ) 1
2 2

1

sin 2 1 , sin 2 ,k l yx a
X k Y l

a a b
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π π  

 ( ) ( )1
3 3
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X k Y l

a a b

   −  = − = −     − 
π π  

 ( ) ( )1
4 4

1
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X k Y l

a a b

   −  = − = −     − 
π π  

  ( ) ( )1
5 5

1

sin 2 1 , cos 2 1 .k l yx a
X k Y l

a a b

   −  = − = −     − 
π π  

(14) 

After substituting Eq. (14) into Eq. (1), derivatives with respect to unknown numerical parameters are found and equated to 
zero. Thus, a system of nonlinear algebraic equations has been obtained. The solution of this system is carried out by Newton's 
method. 

The implementation of this algorithm is carried out in the Maple mathematical package. In this work, the Lyapunov buckling 
criterion is used: a small change in the input parameter (load )q  corresponds to a significant change in the output parameter 
(displacement ).W  

When studying the buckling of shells with a successive increase in the value of the load, an iterative problem is solved and a 
graph of the dependence of the deflection W  on the load q  at a point of the structure is constructed. The load corresponding 
to the extremum of this dependence is assumed to be critical .crq  When this load is reached, a jump to a new equilibrium state 
occurs. 
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Table 1. Considered shallow shells of double curvature. 

No h, m a, m b, m R1, m R2, m 

1 0.09 54 54 135.9 135.9 

2 0.09 18 18 45.27 45.27 

3 0.09 10.8 10.8 40.05 40.05 

Table 2. Critical loads for shallow shells of double curvature with cutouts. 

No N 
Critical buckling load qcr, MPa 

0×0 1×1 2×2 3×3 4×4 5×5 6×6 7×7 

1 
9 0.09 0.09 0.09 0.09 0.08 0.07 0.07 0.06 

16 0.07 0.07 0.07 0.06 0.06 0.05 0.02 0.012 

2 
9 0.64 0.64 0.64 0.59 0.48 0.22 0.28 0.13 

16 0.59 0.59 0.54 0.49 0.39 0.21 0.14 0.12 

3 
9 0.79 0.78 0.71 0.62 0.59 0.3 0.4 0.08 

16 0.78 0.78 0.66 0.6 0.53 0.24 0.45 0.08 

3. Numerical Results 

Calculations of three variants of flat shells of double curvature were carried out, the geometric parameters of the shells are 
presented in Table 1.  

Fixing the contour – hinged-fixed, load – static. Material – steel 12 21( 0.3,µ µ µ= = =  5
1 2 2.1 10E E E= = = ⋅ MPa). Width and 

height of cutouts 0,1 , 0,1 , .v a v b h hαβ

α β= = =  The number of cutouts in both directions is assumed to be the same. 
Figure 2 shows the ratio of the volume of the cutouts VV  to the volume of the skin of the 0V  shells depending on the 

number of cutouts in each direction. As follows from Fig. 2, structures were accepted for calculations with the number of cutouts 
not exceeding 50 % of the shell volume. 

The values of critical buckling loads for shells for different numbers of notches and for different numbers of terms in the 
expansion of the approximating N  functions are presented in Table 2. On Fig. 3, the obtained values of buckling loads are 
presented graphically. From the graph presented in Fig. 3, it follows that the values of the calculation results for the number of 
terms in the expansion of the approximating functions 9N=  and 16,N=  in general, converge with each other. 

Figure 4 shows the graphs of the dependence of the deflection W  on the load q  with a different number of cutouts 

( )0 0, 4 4, 6 6× × ×  for the shell option 1. In Fig. 4, the curves cW  – deflection in the center of the structure ( )2, 2 ;x a y b= =  
curves 4W  – deflection in the fourth part of the ( )4, 4x a y b= =  design. 
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Fig. 2. The ratio of the volume of cutouts to the volume of shell skins depending on the number of cutouts in each direction. 
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Fig. 3. Critical load values for different number of attenuations. 
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According to the dependence obtained, it can be seen that for the shell option 1 with the number of cutouts 0 × 0 and 4 × 4, 
one jump to the equilibrium state occurs. However, when the number of cutouts is 6 × 6, two jumps to the equilibrium state 
occur. 

Figures 5 and 6 show the deflection fields of the shells of variants 2 and 3, respectively, with the number of cutouts 6×6, with 
the number of terms in the expansion of the approximating functions 16N= . 

According to Fig. 5, on the left is the field of shell deflections before buckling at a load of 0.14q=  MPa, on the right is the 
field of shell deflections after buckling of the shell at a load of 0.15q =  MPa. According to Fig. 5, it follows that before the 
buckling occurs in the fourth part of the shell, the structure is bent. In this case, the greatest deflection is observed at points with 
coordinates ( )0.1 ; 0.5a b  and ( )0.4 ; 0.4a b  (similarly for symmetrical points). 

After buckling, the largest deflection is in the center of the structure. In this case, dents are observed between the center and 
quarters of the shell, and a bulge occurs in the corners of the shell. 

Based on Fig. 6, on the left is the field of shell deflections before buckling at a load of 0.45q=  MPa, on the right is the field of 
shell deflections after buckling of the shell at a load of 0.46q =  MPa. 

According to the deflection fields shown in Fig. 6, before the buckling, the greatest value of deflections was observed in the 
corners of the shell. In this case, a bend is fixed in the center of the shell. After buckling, the deflection field looks similar to that 
shown in Fig. 5.  

 
 

 

Fig. 4. Graph of deflection versus load for different number of weakening for shell option 1. 
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Fig. 5. Deflection fields of the shell option 2 with the number of cutouts 6×6. 
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Fig. 6. Deflection fields of the shell option 3 with the number of cutouts 6×6. 

 
Verification of the method for calculating shell structures, by comparison with other methods and experimental results, was 

carried out earlier in [35]. 
From the data obtained, it can be concluded that considering the weakening of the structure by cutouts leads to a decrease in 

the critical load. Moreover, when the number of cutouts is 6×6 for the options under consideration, several buckling, after which 
the deflection value begins to increase monotonically. Based on this, the following conclusion can be drawn: for the structures 
under consideration, it was found that when up to 10 % of the structure volume is switched off from work, the decrease in the 
critical load does not exceed 25 %. 

4. Conclusion 

In this work, a study of the buckling of shallow shells of double curvature was carried out, considering cutouts. The results of 
this research are summarized below: 

 A mathematical model proposed considered the geometric nonlinearity, transverse shifts, orthotropy of the material, 
weakening of the structure by cutouts in the form of a functional of the total potential energy of the shell deformation. 

 To study the buckling of shells under consideration, the problem of finding the minimum of the functional by the Ritz 
method was solved. This allowed us to reduce the problem to solving a system of nonlinear algebraic equations. The 
solution of the system of nonlinear algebraic equations was carried out by Newton's method. 

 The mathematical model and algorithm were implemented in the Maple 2022 software package. 
 Shells with square through cuts in plan (the thickness of the cut was taken equal to the thickness of the shell), evenly 

dispersed over the structure, were considered. The dimensions of cutouts in the plan (length and width) were taken equal 
to 10 % of the length and width of the shell, respectively. 

 It has been established that the weakening of shells by cutouts leads to a decrease in the critical load. Shutdown of up to 
10 % of the structure volume leads to a decrease in the critical load by 25 % for the shells under consideration. 

 When the number of cuts is 6×6, there are several buckling of the structure, after which there is a monotonous increase in 
deflections. 
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  Nomenclature 

, ,a b h  Shell dimensions along x, y, z coordinates cr
q  Critical buckling load; 

,A B  Lame parameters describing the shell geometry;  ,
x y

Q Q  Transverse forces in the planes xOz and yOz, occurring in the  

1 2, ,E E E  Elastic moduli;  structure; 

s
E  Functional of the total potential energy of the 

0 0,
x y

Q Q  Transverse forces in the planes xOz and yOz, occurring in the skin; 

 deformation of the shell structure; ,V V

x y
Q Q  Transverse forces in the planes xOz and yOz, occurring in cutouts 

0

s
E  Functional of the total potential energy of the  areas; 

 deformation of the skin; 1 2,R R  Radii of the main curvatures; 
V

s
E  Functional of the total potential energy of the VS  Functions characterizing the static moment of cutouts; 

 deformation of cutouts , ,U V W  Displacement functions; 

VF  Functions characterizing the area of cutouts; ,v v
α β

 Widths of cutouts in the x, y directions; 

12 13 23, ,G G G  Shear modules; 
0V  Volume of the skin; 

hαβ  Thickness of the notch; 
VV  Volume of the cutouts; 

( , )VH x y  Function characterizing the location and  c
W  Deflection in the center of a structure; 

 depth of cutouts; 4W  Deflection in the quadrant of a structure; 

VJ  Functions characterizing the moment of  ,α β  Indices indicate the number of a rectangular cutout, the sides of 

 inertia of cutouts;  which are parallel to the x and y axes 

,
x y
k k  Main curvatures of the shell along x & y axes; xy

γ  Shear deformation in the xOy plane; 

, , ,
x y xy yx

M M M M  Moments, occurring in the structure; ( )x x
β

δ −  Single columnar function of variable x; 
0 0 0 0, , ,
x y xy yx

M M M M  Moments, occurring in the skin; ( )y y
α

δ −  Single columnar function of variable y; 

, , ,V V V V

x y xy yx
M M M M  Moments, occurring in cutouts areas; 1 2 12, ,χ χ χ  Functions of curvature and torsional change; 

, , ,
x y xy yx

N N N N  Forces, occurring in the structure; ,
x y
Ψ Ψ  Functions of the normal rotation angles in the xOz and yOz planes, 

0 0 0 0, , ,
x y xy yx

N N N N  Forces, occurring in the skin;  respectively; 

, , ,V V V V

x y xy yx
N N N N  Forces, occurring in cutouts areas; ,

x y
ε ε  Deformations of elongation along the x, y coordinates of the 

N  Number of terms in the expansion of Ritz  middle surface; 

 method; 12 21, ,µ µ µ  Poisson's ratios; 

,o p  Number of cutouts along the x and y axes;   

, ,
x y

q P P  Load components;   
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