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Abstract. Flywheels used for energy storage may be assembled by press fitting or bonding of concentric rotor parts. During operation
each part is subjected to a superposition of stress fields associated with centrifugal loading and with contact at the component
interfaces. To capture the highest overall energy storage capacity, design properties must be selected to achieve the maximum
moment of inertia, subject to constraints on the stress occurring within each part at the maximum operating speed. This paper
proposes a mathematical formulation for parametric shape optimization problems which can be used to design a multi-disk
flywheel rotor to maximize the energy storage capacity. It is shown that the energy storage function for each part of the flywheel
can be expressed as a product of two fundamental shape-factors: one that accounts for the stress distribution and the other
accounts for the mass distribution. These factors are expressed analytically for cases involving hyperbolic disks, leading to a finite
dimension shape optimization problem for a multi-disk rotor. Case studies are presented based on the derived analytical solutions
that show how the theory can be usefully applied in flywheel design optimization problems. The results from the case study show
significant improvements in specific energy compared to previous research results. This advancement is particularly relevant to
develop high-performance, cost-effective flywheel systems, offering potential for widespread application in energy storage
technologies.

Keywords: Compound rotor, Hyperbolic disk, Shape optimization, Stress analysis, Energy storage, Specific energy.

1. Introduction

Flywheel energy storage systems (FESS) are being increasingly utilized in applications that require high power transfer over
short time-scales - typically involving charge/discharge cycles of a few second to a few minutes [1]. Key advantages of FESS are
their low degradation from cycling, low maintenance, long lifespan, and high efficiency [2, 3]. They can also be made from materials
that are abundant and have low environmental impact. The main disadvantages of FESS, however, are their high cost and relatively
low energy density compared with other leading technologies. This can be partly attributed to their complicated and heavy auxiliary
equipment [4]. Current applications of FESS include spacecraft systems, back-up power supplies, energy recovery systems, and
power grid stabilization [5].

The design optimization of flywheel structures may be considered with various objectives, such as maximizing energy density
(either per unit volume or unit mass), maximizing power density, or minimizing manufacturing cost per unit of energy capacity [6,
7]. For many ground-based applications, manufacturing cost is a dominant consideration and inevitably compels the use of cheaper,
less exotic materials and more cost-effective manufacturing methods. This motivates the analysis and optimization of kinetic
energy storage in simple homogenous rotor parts that can be easily assembled by processes such as press fitting, bonding or friction
welding.

A high-speed FESS is typically composed of a flywheel rotor, motor/generator, magnetic bearings, vacuum housing, and power
transformation electronics, and has a structure similar to that shown in Fig. 1 [3, 8]. One key area for research is the design of
flywheel rotors to achieve the maximum energy storage subject to safe long-term operation. This usually starts with the formulation
of an objective function such as the kinetic energy E,, the specific energy e, or energy density e, at the maximum operating
speed [9-11]. The maximization of this function is achieved subject to stress limits for failure avoidance using appropriate
mathematical optimization methods. In general terms, the energy storage capacity of the flywheel is dependent on two main
properties, which are the strength-to-density ratio of the material, and the flywheel geometry [12].
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Fig. 1. Flywheel design having shaft-hub-rim structure: cross-section.
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Fig. 2. (a) Hyperbolic disk profiles obtained by varying the exponent « and (b) stress element in polar coordinates.

Quantifying the effects of rotor geometry on energy capacity can be challenging. For rotors made of isotropic materials, a
dimensionless parameter known as the shape factor may be considered to compare different candidate geometries [13]. The shape
factor K, which is commonly defined as the energy density of the rotor divided by the material’s strength-to-density ratio, indicates
how effectively a rotor utilizes the energy storage capability of the material used in its construction [14, 15]. To obtain high values
of K, the stress within the flywheel due to rotation must be distributed as uniformly as possible so that the rotor is close to fully
stressed at the point of failure. For this reason, some researchers have formulated the shape optimization problem in terms of
minimizing the variation in rotor stress about a mean value [16].

For rotors made from several different materials that form concentric cylinders, the material distribution will determine the
pattern of stress within the rotor, and careful sequencing of materials and layer thicknesses can bring each layer of the rotor closer
to a fully stressed state at the point of failure [9, 14]. Although this method produces residual stress inside the rotor due to
interference fitting of layers of material over each other, it can help designers achieve higher energy densities with their flywheels,
especially when high strength orthotropic materials such as carbon composites are used [9].

This paper introduces a novel design optimization framework for energy storage flywheels composed of several concentric,
non-uniform disks. The aim of the optimization problem is to maximize the energy storage capacity of a multi-disk flywheel rotor.
To address this problem, an objective function is introduced that involves two distinct shape factors for each disk segment: one
factor for stress distribution and another for mass distribution. These factors are pivotal in formulating a constrained optimization
problem aimed at maximizing the flywheel's total energy storage, under given operational speed constraints. Case studies are
included to demonstrate the application of the methodology in designing single-disk and two-disk hyperbolic flywheels. The
proposed approach offers significant advancements in flywheel design to achieve higher energy storage efficiencies. The work is
particularly relevant for the development of high-performance flywheel systems utilizing cost-effective materials and
manufacturing methods.

The remainder of the paper is organized into three main sections: Section 2 describes the stress analysis problem for a
prestressed hyperbolic rotating disk, including a treatment of energy storage capacity. The key geometric factors for the shape
optimization problem are also defined in closed form. Section 3 introduces the general shape optimization problem for a compound
flywheel rotor. Section 4 describes numerical case studies involving a two-part flywheel with hyperbolic disks, followed by design
verification results based on finite element analysis. The final section provides conclusions.

2. Energy Storage Capacity of Prestressed Hyperbolic Disks

A hyperbolic annular disk geometry can be usefully considered for rotor design optimization problems as it may represent
various types of disk profile, as illustrated in Fig. 2. The disk thickness h may be expressed as a function of radius according to [17,
18]:

h(p)=h, [%] 1

where p=r/r, is the radial distance as a fraction of the outer radius r,, and §=r,/r, is the ratio of inner and outer radius. The
hyperbolic function can represent a constant thickness disk (a =0), a disk profile that tapers nonlinearly from the inner to the
outer radius (a <0), and a disk profile that diverges from the inner to the outer radius, both nonlinearly («>0) and linearly
(a=1). Also important, is that the hyperbolic function admits analytical solution of the stress field equations under some standard
simplifying assumptions. In this work, a flywheel formed from disks that are assembled concentrically by bonding or press/shrink
fitting is considered. Therefore, the interfacial stress that arises at the inner and outer circumferential surfaces must be accounted
for in the analysis, as depicted in Fig. 3.
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Fig. 3. (a) Compound cylinder after assembly and (b) the interfacial stress due to press fitting.

2.1. Stress solution
The basic theory for calculating the stress distribution of an isotropic rotor subjected to centrifugal forces has been published
previously in the literature [18, 19]. By considering the stresses on a typical infinitesimal element within the rotating disk (Fig. 2b),
together with the conditions of symmetry, the differential equation describing the radial displacement field u(r) can be derived as:
d*u

1dh 1
dr? *

1dh 1 du
hdr r

dr

rdn_ 1
hrdr r?

wt(1-07)2T

=0 @

Here, E and v are the material Young's modulus and Poisson's ratio respectively, v is the material density, and w is the rotational
speed. This equation is derived under the assumptions that the material has isotropic linear elastic properties, and that the
displacement field is independent of axial position. The radial and tangential stress can be related to the radial displacement u by
the following equations:

o E
Tt

7+l/
dr r

(3)

du u]

12 ?+VE ()

E [u du
G't =

Introducing the expression of h given by Eq. (1) in Eq. (2), yields the following differential equation for the displacement field
of a hyperbolic disk:
du u  (1-)ye’ip
i )=
d/) + (l/()é )pz + E

du [a+1 0 )

+
dr? p

This has the form of a 2° order linear differential equation with non-constant coefficients, the complete solution for which has
the form:

(1 —1/2)70.}2 r

E[8+(3+l/)a]p3:0 (6)

u=Cp" +Cpp? -

where C, and C, are integration constants and:

2 2
p:7%+1’171/a+% and qugf 171/a+% (7)

Inserting Eq. (6) into Egs. (3) and (4), the expressions for radial and circumferential stress are obtained in the form:

o, =Ap"" +Bp' ~Cp? ®)

o, =—qAp"" +pBp?" —Dp’ ©)

The constants C and D are known terms that depend on ¢, = yw*r? according to:

— &Uo and D= MO—O (10)
[8+(3+V)a} [8-‘1-(3-&-1/)0]
The other integration constants A and B can be evaluated from the boundary conditions, as given by (o,) , =0, and

P

((77),,,1 =o,, yielding:
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1 - -
A=l - ) e o (1)
B= ;[fc(m —B")+ 08+
= (5;74 —5"71) / F Tef i (12)
The radial displacement u is related to the stresses according to:
uzl[a —vo,] (13)
E t T
Introducing Egs. (8)-(12) into Eqg. (13), the radial displacement is expressed as a function of p:
u:%p[f(quu)App’l7(p+1/)qu’17(D7uC)p2] (14)
Substituting Egs. (11) and (12) into Egs. (8), (9) and (14), provides the following expressions:
o, =(0,), +(ov), + (o), (15)
o =(0), + (o), + (o), (16)
U =u, +u +y (17)

where the subscripts w, e and i denote the components associated with o,, o, and o;, respectively. The expressions for each
component on the right-hand side of Egs. (15), (16) and (17) are presented in the Appendix.

2.2. Maximum permitted angular velocity

In practice, the maximum rotational speed will be limited by the maximum allowed stress. According to Tresca's yield condition,
plastic deformation will occur if [20-22]:

Tmax ~ Omin > ay

Tresca's condition has the advantage of being a linear constraint, and is also more conservative than the commonly used von

Mises criterion. The left-hand side of the above equation represents the Tresca equivalent stress, defined as the difference between

the maximum principal stress o,,,, and the minimum principal stress ¢,,,, and ¢, denotes the initial tensile yield stress. For the

case of a hyperbolic disk with o >0, the maximum value of the Tresca stress will occur at the inner surface of the disk (p=3)

when operating at high rotational speeds. Since o, is positive and o, is negative (or zero) at the inner surface, Tresca's condition to
avoid yielding then takes the form:

(O-t ),,—;’j - (0-7 ),,—;’j S (7}' (18)

For some cases with a <0, it is possible that the maximum shear stress occurs away from the inner surface of the disk so that
Eqg. (18) is no longer applicable. This tends to occur only for small values of 3. In general, the applicability of Eq. (18) is dependent

on the values of § and «, as shown in Fig. 4 for the case of a rotating hyperbolic disk without preload and rotating disk loaded at
the outer surface only (s,/0, =0.1).
Using Egs. (15) and (16) in Eq. (18) leads to:

0, <K, ((Tlim —C,0,+¢ (Ti) (19)

B
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Fig. 4. Set of parameter values where the failure criterion Eq. (18) is applicable.
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where o™

is the maximum allowed stress value. This may be computed by dividing o, by a suitable factor of safety for the flywheel
[23], and:

[8+(3+v)al(8? —5)3

v (q—p)(3+v)p7"% — [1 +3v+q(3+ 1/)}[7"”3 +[1 +3v+p(3+ 1/)],3*3 (20)
_ p)grra-t

et )il ﬂf)fﬁq (21)

¢=1- M (22)

ﬂpiﬁq

Itcanbeseen that x,, c, and ¢; are dimensionless shape factors that capture how the Tresca stress is affected by the centrifugal
force, external pressure and internal pressure, respectively. Equation (19) may be rearranged to obtain:

o _lim
w<pi=1L [FC (23)
A
where
(e} O
w (008) = (o) 1= o) | ) i | 29

Figure 5 shows the values of x,, ¢, and c; as a function of the radius ratio 3 for selected disk profiles (values of «). It is seen
that, for a relatively thin ring (3 > 0.8), the values of «, are close to 1 for all profiles. The figure also shows that the values of c,
and c; are always positive. As a consequence, applying pressure on the outer surface (so that ¢, is negative) causes the maximum
angular velocity @ to increase. Applying pressure o, on the inner surface, on the other hand, reduces the maximum angular
velocity. For tensile loading, these effects are reversed.

2.5
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Fig. 5. The values of s, ¢, and ¢, for general metals (v = 0.3).
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Table 1. Shape factors for some common rotor geometries.

Geometry « I} Shape factor (K)
Constant stress disk, theoretical (Laval) - - 1.000
Constant stress disk, practical [14] - - 0.645
Constant thickness solid disk - - 0.606
Thin annular ring 0.00 0.999 0.500
Uniform annular disk 0.00 0.200 0.313
Hyperbolic annular disk (converging) -1.00 0.200 0.440
Hyperbolic annular disk (diverging) 1.00 0.200 0.222

2.3. Energy storage capacity
The mass moment of inertia for a hyperbolic disk, can be expressed in the form:

J =V (a,B)1] (25)

where V is the volume and the factor «’ captures the mass distribution of the disk:

42
g (“’5):[314]

(26)

1— Ba+4

Using the maximum permitted value of rotational speed defined by Eq. (23), the energy storage capacity of the disk is obtained
as:

E =-]& :%V/{’ (a,ﬂ)n” (a,ﬂ)ahm

N~

Hence, the specific energy capacity of a prestressed hyperbolic disk is:

Ek O_Iim
e, =——=K(o,0
YV (@) ¥

(27)
where
mmm:%wmﬂwqmm (28)

According to Eq. (28), the flywheel shape factor (as conventional defined [7, 9, 14]) may be further factorized into two shape
factors that account separately for the mass distribution and stress distribution occurring within the structure.

To make the best use of a given amount of any material, the overall shape factor K must be maximized. Equation (27) also
indicates that, to obtain high specific energy, flywheel materials should have a high ratio of tensile strength to density (¢"™ /7).
According to Eq. (23), this will also result in high rotational speeds. Modern composite materials can have higher strength-to-weight
ratio compared with metals. However, the cost of metals is typically 20-30 times lower than those of composite materials [24]. Also,
manufacturing and assembly processes are much simpler. An additional consideration is whether the required rotational speeds
for maximum utilization are practical for the overall design and operation of the FESS, and in some design cases the maximum
speed may be fixed a-priori. These same issues are involved in the design of compound flywheel rotors, although their analysis and
solutions become more complex.

The problem of maximizing the energy storage capacity of a rotor through shape optimization can be defined for two distinct
cases: Case 1, with the maximum rotational speed & unspecified; and Case 2 with the maximum rotational speed taking a pre-
specified value & = w,. For the single-disk rotor, these may be defined as follows:

Case 1: & free

For a single-disk rotor, the shape giving the highest specific energy capacity is obtained by maximizing K(«,3) over a and 6.
The theoretical upper limit for K is 1, which is achieved only for the uniform strength (Laval) disk having a Gaussian profile of
infinite radius [25, 26]. The shape factors of some common practical geometries are presented in Table 1. It should be recognized
here that the value of the shape factor also depends on the adopted failure criterion.
Case 2: & fixed

The rotational kinetic energy of the disk at a prescribed maximum speed & = w, can be expressed:

E, = %V'w{,’ (a,ﬂ)rf wj

where the stress limit defined by Eq. (23) implies that 17w} <&’ (a,8)0™ must also hold. Accordingly, optimization of the specific

energy capacity involves solving the following problem:
Maximize e, = %n} (a,8)17w] subjectto & (a,B)o™ >~17w]

This problem involves not only the dimensionless shape parameters but also the peripheral velocity r,w, and material
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properties. The optimized value of x’ may be higher than for Case 1, but the product »’ " will always be lower.

K K Shape factor
- 05 4 - 05

000+
o
o

-4
0.9 0.2

Fig. 6. Values of shape factor K and maximum rotational speeds for an annular hyperbolic disk (a) without preload and
(b) with internal preload (o, = -23.5 MPa).

Figure 6 shows the contour plot of the overall shape factor K and maximum speed & for various values of « and §. The
rotational speed values are based on the material properties for steel-4340 and an outer radius of r, = 250 mm. The figure also
shows the optimal values of o and $ which can yield the highest value of K for different rotational speeds (shown by K'). It can
be seen that, with preload, the optimal profile varies from converging (a <0) to diverging (« > 0), depending on the value of £.

3. Compound Flywheel Optimization Problem

For a rotor that is assembled from multiple components, here indexed by n, the total kinetic energy may be expressed:
1
E=5 Y=Y (29)

The moment of inertia J, of each part depends on a set of dimensionless geometric parameters p, (as shown for the hyperbolic
disk by Eq. (25)):

Jo =V v sl (pa)17 (30)

In this equation, v, is the material density, V, is the volume and 7, is a characteristic radius (such as the inner or outer radius).
The peak stress occurring within the part due to the combination of centrifugal loading and component interactions may be
expressed:

Ty = Yo bin (Do) Ty (31)

where the dimensionless factor «;(p,) can be determined through calculation of the internal stress distribution, as shown
analytically for the hyperbolic disk in section 2.1. In general, for optimization purposes, this factor must be treated as a (possibly
non-smooth) function of the shape parameters p,.

Note that the dimensionless factor «;(p,) is also dependent on the component interaction pressures at the inner and outer
surfaces, as shown for the hyperbolic disk by Eqg. (24). In reality, these pressures will vary with rotational speed. However, for
optimization purposes, the interaction pressures can be set to fixed values in the stress calculation. These prescribed contact
pressures can always be achieved at the maximum operating speed by manufacture and assembly of the rotor components with
the correct amount of radial interference.

Given that the allowed operation is constrained by , < o'™ over all parts, the maximum rotational speed & for the compound
rotor must be set according to:

&= m“mw,f =min - (32)

Ky (py)on™ ]

Based on Egs. (29), (30) and (32), the problem of maximizing the energy storage capacity through shape optimization of each
part can be defined as follows:

Case 1: & free

I lim
_ k(P o

Maximize E, = 1m.in % SV, Yo ()77

2 % " (33)
over p,eI', n=1,...,N
Case 2: & fixed
o= 1, ) . &7 (py)or™ )

Maximize E, = w; >V, vk (p,)r7 subjectto —ERLR > 7 (34)

n A/Yl n
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over p,el',, n=1,..,N

Table 2. Data for flywheel designs from the case studies conducted by Kale and Secanell [9].

Material E(GPa) v (GPa) ~ (kg/m® Yield strength (MPa) w, (rad/s) Kinetic energy (kJ) Mass (kg) e, (kJ/kg)
Carbon-Steel-1020 206.2 0.288 7 840 429.6 1238 685.47 34.35 19.96
Steel-4340 205.0 0.29 7 850 470 1293 749.61 34.40 21.79
Steel-18Ni-300 190.0 0.318 8040 758 1619 1203.03 35.23 34.15
Stainless-Steel-15-7 201.0 0.32 7670 745 1642 1180.8 33.61 35.13
Al-6061-T6 69.6 0.331 2710 275 1645 418.86 11.87 35.29
Al-2024 73.1 0.332 2770 417.8 2007 637.04 12.13 52.52
Stainless-Steel-440C 203.0 0.284 7700 1220 2105 1947.44 33.74 57.72
Al-7075-T6 71.8 0.33 2790 465 2111 709.56 12.22 58.07
Stainless-Steel-455 197.9 0.3 7760 1489 2313 2369.82 34.00 69.7

In both these cases, I, denotes the constraint set for the geometric parameters that define the shape of the n™ part. In general,
the utilization of global non-smooth optimization techniques will be required to solve these types of problem.

A fundamental property of the optimal solutions is that all the rotor parts must have the same maximum rotational speed. This
can be seen from Eq. (33) because, if the value of &; for some part i is greater than the minimum value over all parts (&, > min,),
there will be remaining design freedom that can be used to increase the corresponding value of «/ (assuming no other design
constraints are active), and thereby increase E,. Consequently, the optimal solution must involve &” =&’ =...=&? and the kinetic
energy can then be expressed:

lim

-1 . im _ 1 : .
Ek:EZVnﬁv{(pn)’{n(p")U}' :Ezmn“y}.(l’n)’{n(pn): (35)

n

This also gives the specific energy of the rotor in the form:

= ﬁzmn K, (Pn)% (36)

e, =
n n

E,
2.m,

It is important to recognize that Eq. (36) cannot be considered alone to optimize the design of a compound rotor, as it is only
obtained under the additional constraint &* =&” =... = &>,

4. Case Studies

The purpose of this section is to present the methodologies for applying the theory developed in this paper and to explore the
potential benefits of the hyperbolic single-disk and two-disk flywheel designs. These are shown through case studies involving the
same preliminary design conditions used by Kale and Secanell [9] in the optimization of single-rim metal flywheels. Their study
considered uniform annular disks with fixed rotor height of 50 mm, inner radius of 110 mm and outer radius of 200 mm. The
maximization of specific energy capacity was considered for various material choices, with the relevant results summarized in
Table 2.

In the present study, the equations developed for the pre-stressed hyperbolic disks in section 2 are applied to obtain optimized
flywheel designs having the same overall inner and outer radii. The objective of the design optimization is to maximize the value
of e,. Both single-disk and two-disk compound flywheels are considered.

4.1. Optimization of single-disk flywheels

The specific energy capacity of a single-disk flywheel can be obtained from Eq. (27). In this case, the values of r, = 110 mm and
1, = 200 mm are already set. Therefore, the value of the variable 3 =r,/r, = 0.55 cannot be changed. The shape optimization problems
can be formulated according to the theory in section 2.3:

Case 1: & free
Maximize f=K(a)= %/{J (@) k7 (a) over a (37)

Case 2: @ =w,
Maximize f=r’(a) over a subjectto x°(a)o™ >~17w) (38)

4.2. Optimization of compound flywheels

Consider the compound flywheel, as shown in Fig. 3, with inner disk (n = 1) and outer disk (n = 2) where the radius at the interface
is defined as r, =71, =r,. Also, the overall inner and outer radius are r,=r, and r, =r,,, respectively. Accordingly, the maximum
kinetic energy of the flywheel follows from Eq. (35), and the previous definitions of «’ and x” for the hyperbolic disk:

- 1 _
E = E[ml K (al’ﬁl)ﬂzz +myr/ (az»ﬁz)]rez @
where 3, =r,/r,, and G, =r,/r,. For the optimization cases, the fixed parameters are chosen as follows:

Journal of Applied and Computational Mechanics, Vol. xx, No. x, (2024), 1-16 N\
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The inner and the outer disk are made of the same material.
Inner radius of inner disk (r,) and outer radius of outer disk/rim (r,,) are fixed as r, = 110 mm and r,, = 200 mm.
Based on the data in [9], no pressure acts on the inner and outer surfaces of the flywheel: ¢, =0,, =0.
The interaction pressure between the press-fitted rims of compound cylinder is set to 0.5% of yield strength at the operating
speed (in practice, this value can be designed based on the initial values of radial interference in press fitting): o,, = 0, =
- 0.005 o™,

e The value of mass ratio (n) is setas: n=m,/m, =2 (in the optimization process, this value must be set to control the height

ratio for the outer and inner disks).

According to these specifications, the optimization will involve the three dimensionless variables «;, «, and §,. Additionally,

B, =0.2 3,*. From this, the optimization problems have the following forms:

Case 1: & free

Maximize f= [n{ (0,,0.2 8,%) 3 +nr) (az,[)’z)}nz” (0y,8,) over ay,a,,5,
(39)
subject to 7y, 02™ k5 (0,8, ) B2 — v, o™ K7 (a1,0.2ﬁ;1) <0

Case 2: w=uw,

Maximize f= [n{ (0,,0.28,") 8 +n/<;2’(a2,ﬁz)] OvVer ay,a,,0,
(40)
subject to ] (al,O.Zﬂz’l)a?m >y, Bl w) and kg (ay,B,)00" >, 12w}

Equation (39) is formulated for the case in which both the inner and the outer parts of the flywheel are made of the same
material. However, in the case of a compound flywheel, where the inner and the outer parts are constructed from different
materials, the optimization problem for maximizing the energy storage also involves the ratio of tensile strength to density, as
follows:

Case 1: & free

lim
Maximize f=[s](a;,0.2 8;%) +nr)(0z,8,)|55 (0, Bz)[ %

V2

over a,,a,,3, and materials

subject to 7y, 02™ k5 (0,8, ) B2 — v, o™ K7 (al,O.Zﬁgl) <0

4.3, Results and discussion

The nonlinear constrained optimization problems defined by Egs. (37)-(40) can be solved by several methods, such as Karush-
Kuhn-Tucker conditions (KKT) and genetic algorithm (GA). In this study, an evolutionary algorithm (EA) [27, 28] was chosen. This
algorithm was implemented through the built-in optimization functions in MS-Excel spreadsheet software, which was found to be
a straight-forward and effective choice. For the optimization, the design variables « for the single disk flywheel and «,, «, for the
compound flywheel were constrained to be within the interval [-4.0, 4.0]. Referring to section 4.1 and 4.2, it is evident that the
height of the flywheel (h) is not considered as an initial condition in the optimization process as the optimization equations
presented in section 2 do not incorporate height variables. However, upon obtaining the design variable from the optimization
process, we can determine the suitable value of h and the profiles of the flywheel using Eq. (1). Figure 7 illustrates the procedure
for determining the solutions of Egs. (37)-(40) using an EA.

It is important to note that for certain problems, such as the compound flywheel optimization for fixed rotational speed, there
will be a finite set of solutions that give objective function values very close to the optimum value. Therefore, the use of solvers
with randomization, like EA, can cause variability in the optimal parameters obtained. The optimization results obtained from the
EA are presented in the following subsections.
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Initialize population
(within allowed set of design variables a and f)

A\
Evaluate the fitness of each individuals in the population
(using Eqgs.(37) - (40))

Analyze solutions

Stop and provide the
Best Solution

Termination Generate new population from solutions
criteria satisfied ? (parent selection, crossover, mutation)

A

| Evaluate the fitness of each individuals in the population
(using Eqs.(37) - (40))

Analyze solutions

Fig. 7. Schematic of solution determination using EA.

Table 3. Optimal designs for single-disk flywheel, case 1 and case 2.

Case 1: w free Case2: 0 =w,
Material
w, (rad/s) a e, (kJ/kg) Difference from [9] (%) w, (rad/s) a e, (kJ/kg) Difference from [9] (%)
Carbon-Steel-1020 1498 -4.0 23.3 +14.3 1238 0.25 20.16 +1.0
Steel-4340 1566 -4.0 25.45 +14.4 1293 0.25 22.02 +1.0
Steel-18Ni-300 1962 -4.0 39.96 +14.5 1619 0.24 34.49 +1.0
Stainless-Steel-15-7 1992 -4.0 41.16 +14.6 1642 0.25 355 +1.0
Al-6061-T6 2035 -4.0 42.96 +17.9 1645 0.66 36.35 +2.9
Al-2024 2480 -4.0 63.84 +17.7 2007 0.64 54.05 +2.8
Stainless-Steel-440C 2584 -4.0 67.39 +14.4 2105 0.25 58.33 +1.1
Al-7075-T6 2 608 -4.0 70.56 +17.7 2111 0.64 59.77 +2.8
Stainless-Steel-455 2802 -4.0 81.48 +14.5 2313 0.25 70.42 +1.0
Table 4. Optimal designs for two-disk compound flywheel: case 1.
Case 1: w free
Material
a a, 8, e (kl/kg) w, (rad/s) w,(rad/s) Difference from [9] (%)
Carbon-Steel-1020 400 4.00 0.93 22.10 1202 1144 +9.7
Steel-4340 400 4.00 0.93 24.15 1256 1196 +9.8
Steel-18Ni-300 400 4.00 0.93 37.99 1570 1500 +10.1
Stainless-Steel-15-7 4.00 4.00 0.93 39.13 1592 1522 +10.2
Al-6061-T6 400 4.00 0.93 40.87 1624 1555 +33.2
Al-2024 400 4.00 0.93 60.74 1980 1896 +13.5
Stainless-Steel-440C  4.00 4.00 0.93 63.92 2 045 1946 +9.7
Al-7075-T6 400 4.00 0.93 67.13 2082 1993 +13.5
Stainless-Steel-455 4.00 4.00 0.93 77.37 2 245 2141 +9.9
Table 5. Optimal designs for two-disk compound flywheel: case 2.
Case 2: 0 =w,
Material w, (rad/s)
a, a, 8, e (kl/kg) w, (rad/s) w,(rad/s) Difference from [9] (%)
Carbon-Steel-1020 1238 400 -293 0.76 20.13 1565 1236 +1.4
Steel-4340 1293 400 -3.65 0.77 22.25 1602 1291 +2.1
Steel-18Ni-300 1619 400 -3.88 0.77 35.10 1988 1616 +4.9
Stainless-Steel-15-7 1642 400 -293 071 34.04 2223 1639 -3.2
Al-6061-T6 1645 400 -0.15 0.73 35.60 2197 1643 +0.9
Al-2024 2007 400 -391 0381 57.24 2363 2 004 +8.2
Stainless-Steel-440C 2105 400 -1.75 0.73 56.66 2780 2101 -1.9
Al-7075-T6 2111 400 -3.80 0.81 63.20 2489 2107 +5.4
Stainless-Steel-455 2313 400 -335 0.77 71.00 2880 2308 +1.8

Table 6. Optimal designs for two-disk compound flywheel with inner and the outer disks made of different materials.

Journal of Applied and Computational Mechanics, Vol. xx, No. x, (2024), 1-16



On the Energy Storage Capacity and Design Optimization of Compound Flywheel Rotors with Prestressed Hyperbolic Disks 11

Case 2: U = w,

Material w, (rad/s)

@ @,

B, e (kKJ/kg) w, (rad/s) w, (rad/s)

Inner: Al-6061-T6

) 2171 148 4.00 0.95 80.24 2171 2171
Outer: Stainless-Steel-455

4.3.1. Optimization results for single-disk flywheels

Table 3 presents the results obtained by solving the optimization problems defined by Egs. (37) and (38). The results show that,
when the value of & is allowed to vary (case 1), the hyperbolic disk geometry yields e, values atleast 14.3 % higher than those for
the uniform disk, as shown in Table 2. The optimized geometry involves values of a that reach the lower limit (« =—4), indicating
a rapid tapering of the flywheel’s shape from the inner to the outer surface. As expected, the optimized geometry is the same for
all materials. In case 2, where the values of & were set to be equal to w, in Table 2, the optimization produces e, values that are
modestly increased from those in Table 2 (see case 2 in Table 3) owing to the divergent profile of the optimized geometry (o >0).
The results in case 2 support the acceptability of the equations in this paper, being consistent with the results of Kale and Secanell
[9] for the same designed rotational speed.

4.3.2. Optimization results for two-disk compound flywheel

Tables 4 and 5 show the optimization results for compound flywheels obtained using Egs. (39) and (40). The values of w, and
w, in the tables represent the maximum angular velocities at which the inner and outer disks can operate without failure (with
the actual speed limit being the lower of the two values). For optimization case 1, with unconstrained operating speed, the
compound flywheel with hyperbolic disks achieves higher values of e, compared with equivalent cases in Table 2. For case 2, the
values of e, are similar to those in Table 2. Also, the values of both o, and «, reach the upper limit (a =+4), so that the geometr
y involves divergent disks for both the inner and outer parts of the flywheel.

Table 7. Optimal designs for specified maximum rotational speeds of flywheel made of Steel-4340.

Single-disk flywheel Compound flywheel
w (rad/s) Difference (%)
a e, (kJ/kg) a, a, B, e, (ki/kg) @, (rad/s) @, (rad/s)

1100 4.00 18.91 400 400 098 21.56 1172 1098 +14.0
1150 3.05 19.59 400 400 0.96 23.22 1193 1148 +18.5
1196 2.04 20.41 400 400 093 24.15" 1250 1193 +18.3
1250 1.01 21.32 400 -0.80 0.81 22.59 1493 1248 +5.9
1294 0.25 22.02 4.00 -3.65 0.77 22.25 1602 1291 +1.1
1300 0.14 22.12 400 -39 0.76 22.24 1615 1297 +0.5
1350 -0.67 22.87 400 -393 0.70 21.64 1787 1348 -5.4
1400 -1.45 23.56 4.00 -4.00 0.65 21.35 1937 1398 -9.4
1450 -2.20 24.19 4.00 -4.00 0.1 21.22 2083 1147 -12.3
1500 -2.95 24.77 4.00 -4.00 0.58 21.21 2254 1497 -14.4
1550 -3.72 25.28 - - - - - - -

1566 -4.00 26.61" - - - - - - -

When comparing the results from case 1 for the single-disk and compound flywheels, it can be seen that the maximum values
of e, obtained with the compound flywheels are lower for all designs. Furthermore, the rotational speed that yields the maximum
e,, is also lower for the compound flywheels. This may be attributed to the effect of contact stress associated with interference
fitting of the parts.

As previously noted [9, 13], the maximum value of e, for a compound flywheel can be increased by selecting different materials
for the inner and outer parts of flywheel. For this case, the materials are chosen independently for each part of flywheel and the
shape optimization is based on Eq. (41). The results show that the highest value of e, can be achieved when the inner and outer
part of flywheel are made of Al-7075-T6 and Stainless-Steel-455 respectively, and the maximum e, value can be increased to 80.24
kJ/kg, as presented in Table 6.

4.3.3. Optimization results for specified maximum rotational speed

Table 7 presents the optimization results obtained for Steel-4340 material, considering a range of designated maximum
rotational speeds. Superscripts () in the table indicate the maximum specific energy e, that can be achieved for each type of
flywheel. These values are computed by solving the optimization problems defined by Egs. (38) and (40). The optimized values are
26.61 kJ/kg for single-disk flywheel and 24.15 kJ/kg for compound flywheel, corresponding to maximum operating speeds of 1 566
and 1 196 rad/s, respectively.

The optimized values of e, in Table 7, are plotted in Fig. 8 as a function of maximum rotational speed, for both single-disk and
compound flywheels. The figure shows that, for lower operating speeds (w, < 1300 rad/s), the compound flywheel has significantly
more potential for generating high e,, than the single-disk flywheel. On the other hand, for higher designed designated speeds (w,
> 1300 rad/s), the values of e, obtained with an optimized single-disk flywheel are greater than those for the compound flywheel.
Regarding the compound flywheel, there is no design solution that allows the inner and outer disks to have the same failure speed.
This limitation arises from the design constraints. However, within a range of operating speed (between 1150 and 1196 rad/s) where
the designed compound flywheels provide high e, values, the failure speeds of the inner and outer disks are closest.

It is also observed that, for maximum operating speeds greater than 1500 rad/s, there is no feasible design solution for the
compound rotor. The reason for this may be explained by Fig. 9 which presents the relationship between 3, and e,, of compound
flywheel. The figure shows that the value of §,, which is related to r,, decreases gradually when the rotation speed increases. This
implies that to obtain the maximum values of e, at higher speed, the region of external rotor of compound flywheel needs to be
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expanded. Since the values of 3, cannot be lower than 0.55 (r, =1, ~1,),

when the designed operating speed is greater than 1500 rad/s.
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Fig. 11. The Tresca equivalent stress in optimized flywheels having designed maximum speed of 1196 rad/s.

4.3.4. Stress distribution

Figure 10 illustrates the Tresca equivalent stress evaluated as a function of radius for the optimized compound flywheels
selected from Table 7. The figure reveals that, for the rotors designed to operate at maximum speeds between 1 150 and 1 196 rad/s,
the stress at the inner surface of both the inner and outer disks approaches the limiting stress ¢"™. This matches the unconstrained
optimality conditions previously described in Section 3. However, in cases with a maximum rotational speed higher than 1 196
rad/s, the stress occurring at the inner surface of the inner disk is significantly lower than o"™. Therefore, if the geometric
parameters were unconstrained, there would be remaining design freedom that could be used to increase the moment of inertia.
To achieve this, the allowed range for the design variables, a; and «,, must be expanded. However, this would lead to an optimized
geometry that may be less practical for manufacture.

Figures 11 shows the Tresca equivalent stress along the radial direction for the single-disk and compound flywheels having a
failure speed of 1 196 rad/s. The stress variations in this figure are computed using Eq. (18), and the optimization results in Table 7.
The optimized geometries involve « =2.04, 3 =0.55 for the single-disk flywheel and «; =4.00, «, =4.00, 3, = 0.93 for the compound
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flywheel. The figure shows that the stress in the compound flywheel is close to ¢™ at the inner surface of both the inner and outer
disk. This differs from the case of a single-disk flywheel, for which the stress reaches ¢"™ at only one radial position: the disk inner
surface. In simple terms, the compound flywheel can provide higher values of e because the stress developed in the compound

flywheel is more uniform than in the single-disk flywheel.

4.3.5. Effect of mass ratio (n)

Table 10 shows results obtained for the compound flywheel design optimization with various fixed values of mass ratio
(n=m, / m,). The data in the table is for optimized flywheels having a designed maximum rotational speed of 1 196 rad/s. The
results show that changing the value of 5 has little effect on the optimized parameter values (o, a, and (3,). According to Egs. (39)-
(40), although 7, does not greatly influence the optimized geometric parameters, it does have a direct impact on the optimized
value of e,, which increases with the value of 5. For example, the compound flywheel with = 8 will provide the value of e,
about 26.4% higher than for the single-disk flywheel. The relation between e,, and 7 is also plotted in Fig. 12. The figure shows that
the optimized value of e, tends to a constant as the value of 5 increases. This is because the second term in Egs. (39) and (40),
which involves the inertia of the outer disk, becomes dominant for large ».

Table 10. Optimal designs with different mass ration =m, / m,.

Single-disk flywheel Compound flywheel .
w (rad/s) - Difference (%)
a e, (Ki/kg) o o B e (kkg
1196 2.04 20.41 400 4.00 0.93 20.55 0.25 +0.7
400 4.00 0.93 21.58 0.50 +5.7
400 4.00 0.93 22.87 1.00 +12.0
400 4.00 093 24.15 2.00 +18.3
400 4.00 093 25.16 4.00 +23.3
400 4.00 093 25.86 8.00 +26.4
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4.3.6. Finite element (FE) simulation and model validation

To verify the results obtained from the optimization procedures, FE models for the single-disk and compound flywheels were
established in ABAQUS [29]. Owing to symmetry, the model involves only a single quadrant of the flywheel. The 4-node bilinear
axisymmetric quadrilateral element, and reduced integration (CAX4R) method were used throughout. The FE analysis is composed
of two main steps. First, the flywheel parts are subjected to the inner and outer contact pressures (wWhere present). In the second
step, the rotational body force is applied to the model in small increments until it matches the designated. The main result of
interest is the variation of Tresca equivalent stress along the middle radial axis of the flywheels. These results are presented in Fig.
9 for flywheels optimized for a maximum designated speed of 1 196 rad/s. It can be seen that the FE-results agree well with the
analytical results from Eq. (18), and differences are within a few percent.
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Figure 13 shows the distribution of Tresca equivalent stress throughout the FE models for both the single-disk and compound
flywheel made of Steel-4340. The figure shows that the stress fields developed in the innermost disk of the flywheels are quite
uniform along the axial direction. This is consistent with the assumption of having no stress variation in the axial direction, as
previously adopted in the theory of Section 2.

For the stress distribution in the outer disk of the compound flywheel (Fig. 13b), there is a more significant axial variation. This
is partly due to the finite axial length of the contact zone with the inner disk. Although this situation differs from the conditions
used to develop the theory in Section 2 (which assumed that the disk is subject to uniform pressure over the inner surface), the
peak values of stress occur along the radial symmetry axis. Therefore, the values of stress obtained using Eq. (18) agree closely with
the peak values obtained from the FE simulations. Moreover, the values of Tresca equivalent stress occurring along the radial
symmetry axis are higher than the stresses in other areas, and so the proposed analytical equations can be validly used in design
optimization problems for compound flywheel rotors.

5. Conclusions

The mathematical formulation and solution of parametric shape optimization problems in the design of flywheel rotors to
maximize energy storage capacity is both challenging and practically important. In this paper, a solution method has been proposed
for the case of a multi-layer flywheel, assembled by press fitting or bonding of concentric rotor parts. Explicit formulae have been
defined for cases with annular hyperbolic disks that show the influence of key parameters on the stress fields due to centrifugal
loading and interfacial pressures. The study also reveals some important underlying concepts for solving these types of problems:
namely, the utilization of multiplicative factors that separably account for the stress and mass distributions within the definitions
of the shape optimization problem.

The case studies, focusing on single and two-disk rotor designs, confirm the effectiveness and validity of the proposed approach.
The findings highlight that compound rotor flywheels can achieve markedly higher energy storage capacities, compared to single-
disk designs, for cases with lower operational speeds. This underlines the substantial role of compound rotor shape optimization
in the overall design process of flywheels. For future research, the following directions are proposed:

- Application of the proposed design optimization framework to a wider range of materials and geometries, broadening the

scope of flywheel technology.

- Experimental validation and testing of the optimized flywheel designs in real-world settings to further assess their practical

viability and performance under various operational conditions.

- Integration of advanced materials and manufacturing methods to explore the limits of energy storage efficiency and

operational stability in flywheel systems.

In conclusion, the methodologies developed in this paper hold significant potential for advancing the design of cost-effective
and high-performance flywheel systems, offering a valuable contribution to the field of energy storage technology.
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Nomenclature

c, Shape factors that quantify the impact of external 3 Ratio of the inner radius to the outer radius

pressure on Tresca stress v Material density [kg/m?]
(o Shape factors that quantify the impact of internal 7 Mass ratio

pressure on Tresca stress p Ratio of the radial distance to the outer radius
E, Kinetic energy [kJ] K, Shape factors that quantify the impact of centrifugal
e,,  Specific energy [kj/kg] force on Tresca stress
h Disk thickness [m] K’ Shape factor accounting for the mass distribution
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T, Outer radius [m] K’ Shape factor accounting for the stress distribution
r. Innerradius [m] o™  Allowable stress [N/m?|
K Overall shape factor @ Maximum permitted angular velocity [rad/s]
m  Mass [kg] wy Specified angular velocity [rad/s]
V  Volume [m?]
« The constant defined to characterize

hyperbolic profile

Appendix

The stresses and the radial displacement due to centrifugal load o, are:

B [([)’2 . Hq—l)pp—l + (Bp71 - Bz)qu 7(Bp71 7BQ71)/)2]

(O'r)W - (3 + V) [8 + (3 + V)a}(ﬂp71 _ ﬂqfl) T, (Al)

[—aB+v)(8 =87 ) " T —p(B+v) (B =) — (14 3v)(8 " - 81 ) )
[8+(3+v)a](B " —p*")

(o, )w =

a, (A.2)

LE[f(q+l/)(3 +1/)([)’2 - Hq’l)pp —(p+ l/)(3+l/)<ﬁp’1 - Hz)pq 7(17 l/z)(ﬁp’l 7[)"1’1)/)3}

“"E [8+(3+v)a](pr " - ") % 3

The stresses and the radial displacement due to the pressure acting on the disk outer surface o, are:

(Bt =)

(o)), = (ﬁp—l 7ﬁq—1) T (A.4)
qs* " —pst et
(gt)e = ( (/Bp—l _/Bq—l) )ae (A.5)
+ q-1 p _ + p-1 4
A R R “s
R
The stresses and the radial displacement due to the pressure acting on the disk inner surface o, are:
Pttt
(o), = ((ﬁplﬁql))”i (A7)
—ap" " +pp"”
(00), = W"f (A.8)
r(ptv)p’ —(a+v)pf
Y =E (77 =57 % (A.9)
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