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Abstract. Studying the impact of Ferrohydrodynamic interaction on the flow of Casson‑Williamson nanofluid present a significant 
insight into complex fluid behaviour in several fields including aerospace engineering, energy systems, drug delivery, chemical 
engineering, and various industries. Owing to its usage, current investigation deals with effect of magnetic dipole on the time‑based 
unsteady nanofluid flow of homogeneous and heterogeneous reaction driven by a curved stretching sheet with slip and melting 
heat boundary conditions. This research predicts the optimal ranges of parameters for achieving higher heat transport performance 
by studying the Cattaneo-Christov heat flux model and an exponential heat source. The governing equations are converted into 
dimensionless form by employing suitable similarity transformations. The Galerkin-weighted residual technique is used to 
numerically solve the resulting non-dimensional equations with the assistance of the MATHEMATICA 11.3 software. The outcome 
indicates that the thermal buoyancy parameter significantly enhances fluid motion, while the thermal radiation parameter reduces 
the fluid temperature. This outcome greatly influences the prospective uses of Ferrohydrodynamic interaction in enhancing heat 
and mass transport in nanofluid cooling systems. 

Keywords: Casson-Williamson nanofluid; Heterogeneous reaction; Cattaneo-Christov heat flux. 

1. Introduction 

The extraordinary characteristics of nanofluids enhance their ability to transfer heat effectively. Nanofluids can enhance the 
efficacy of heat and energy transfer in various devices and several other things. Temperature significantly impacts the conductivity 
of nanofluids, rendering them superior to regular fluids in heat conduction, particularly at low concentrations. This factor 
contributes practically to numerous circumstances due to its excellent ability to retain heat. Wen et al. [1] studied nanofluid for 
detail analysis of heat transfer applications and made significant views. Creating, examining, and measuring the ability of 
nanofluids to conduct heat is a common matter in many problems. Wu et al. [2] studied the ability of nanofluids in heat conduction 
and presented its significance in several issues such as fabrication analysis and measurement. Later, an investigation made by 
Saidur et al. [3] to examine the usage and obstacles in implementing nanofluids. Many researchers studied nanofluids for heat 
transfer and discussed several real-life examples. Research has been conducted by Bhagore et al. [4], on the utilization of nanofluids 
as a cooling agent in automotive radiators, along with the challenges associated with their implementation. Sajid et al. [5] made a 
new development in heat transfer devices using different tiny particles. The thermal conductivity of a material can be greatly 
enhanced through different factors. Younes et al. [6] discussed some important facts of nanofluids and presented their benefits in 
many applications. Nagaraja et al. [7] studied the heat transfer using Casson fluid with sodium alginate nanocomposites over a 
Riga geometry. The study focused the thermal performance of the Casson nanofluid due to immersion of these nanocomposite. 
The result of the study revealed that the synthesized Casson nanofluid is good in heat transport. An approach to combat global 
warming was given by Darvesh et al. [8]. This study involves the application of nanofluid, which consists of a combination of nano 
particles suspended in a liquid, while considering the influences of chemical processes and radiation on magnetohydrodynamics. 
Madhukesh et al. [9] discussed microchannel flow using computational study. they studied the fluid flow containing three distinct 
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particles and influenced by a discharge concentration and non-uniform heat source. Furthermore, in [10], they used the Riga surface 
in presence of thermal radiation and discussed the effectiveness and crucial role magnetized nanoparticle aggregation in a 
conventional fluid. The Al2O3 nanoparticles were taken in the base fluid (water) to observe this mechanism. Figure 1 depicts several 
significant real-world applications of nanofluids [11]. 

Rheological properties of Casson fluid can facilitate the comprehension of the flow behaviour of viscous-elastic fluids. The 
model smoothly shifts from a Newtonian state to the Yield region. The viscosity of a Casson‑Williamson decreases as it is stirred 
or moved while it exhibit an extremely thick behaviour and adhesive nature when in a state of rest. Moreover, there is a distinct 
point at which it initiates flowing and, on another point, where it thins out significantly under intense stirring. Concentrated fruit 
juices, Honey, Jellies, and sauce of tomato are all familiar examples of substances that exhibit the properties of Casson fluid. 
Casson‑Williamson fluid possesses a distinctive characteristic known as yield stress. Industries that operate with polymers and 
the field of biomechanics is also highly dependent on this significant aspect. The study conducted by Yousef et al. [9] investigated 
the effects of a chemical reaction on the flow of a Williamson Casson nanofluid over a slippery stretching sheet through a porous 
medium. The effects of chemical reactions and heat radiation on the flow of a Casson-Williamson nanofluid over a stretching 
surface were studied by Humane et al. [10]. Mangathai et al. [14] discussed that radiation and dissipation of viscosity can cause an 
irregular movement in Williamson and Casson nano fluid. Later research was conducted by Salawu et al. [15] to compare the flow 
of nanofluids around a flat plate using a method called spectral quasi-linearization. The study focused on how different fluids 
behave in three-dimensional flow conditions. Olayemi et al. [16] focused on understanding the heat and mass transfer mechanisms 
that take place when a cylinder, subjected to vertical motion, interacts with a specific type of fluid called a Casson-Williamson 
nanofluid. Madhukesh et al. [17] used non-Fourier heat flux model and made the numerical simulation of hybrid nanofluid along 
a curved sheet influenced by Newtonian heat source. Kumar et al. [18] discussed the buoyancy force in the flow of unsteady Casson-
Williamson nanofluid over a stretching slippery curved in presence of heat source and analysed the Magnetic dipole effects.  
Falodun et al. [19] made a detail study of boundary layer flow of Casson-Williamson nanofluids with Soret-Dufour phenomenon 
for the analysis of linear and quadratic multiple regressions. Obalalu et al. [20] discussed the radiative Casson nanofluid over a Riga 
surface for energy generation through minimization on electromagnetohydrodynamic. Furthermore in [21] he studied the heat 
transfer and electromagnetohydrodynamic and analysed the use of nanomaterial fluid flow in in solar energy. Many more studies 
have been conducted by researchers and scholars around the globe. A few examples are listed in references [22-29]. 

Magnetic nanoparticles display distinctive behaviour and possess exceptional magnetic characteristics when in suspension. To 
modulate fluidity, it is essential to primarily focus on weak magnetic effects for observing flow behaviour. This phenomenon is 
useful to study the different key properties of fluid flow. Due to magnetic control phenomenon various facts can be explored and 
many developments can be carried out in numerous medical, engineering, and technical applications. A lot of studies have been 
carried out in this regard. Odenbach et al. [30] studied the magnetic dipoles effects produced by magnetic suspension of 
nanoparticles in a base fluid and provide some moving gasps of nanoparticles. The findings revealed that mixture of minuscule 
magnetic nanoparticles can be manipulated by magnet. Wang et al. [31] studied the behaviour of magnetic dipole by assuming 
different boundary conditions on the fluid. The research stated that magnetic dipole can be affected by different boundaries 
conditions and equilibrium conditions may also be distorted by different fluctuations. The study of magnetic dipole for the viscous 
ferro fluid with thermal radiated effects over a stretching surface was presented by Zeeshan et al. [32]. Later several facts are also 
explored by studying Jeffery fluid flow over a stretching Surface for examination of transferring heat in the presence of magnetic 
dipole injection-suction effects in [33]. Darvesh et al. [34] study the cross-fluid flow over a three directional stretching surface under 
the influence of magnetic dipole to characterize the high and shear rate of nanofluid flow, by using cross mathematical modelling 
under the influence of magnetic dipole. Moreover, numerous studies have been conducted by many researchers looking at different 
role of magnetic dipole with different assumptions and captivating fluid flow behaviour in many complex situations a few of vital 
research papers are [35-38]. 

The transmission of thermal energy among two entities or within an object is a vital occurrence in the realm of nature. To grasp 
the mechanics of Fourier's classical heat conduction law, Cattaneo et al. [39] devised a means of measuring the rate at which heat 
can be dissipated. Han et al. [40] used “Cattaneo Christov” model of heat-Flux for couple fluid flow together with heat transfer 
effects in a viscous fluid. To observe the impact of the heat flux by Cattaneo Christov for a fluid flow with variated thermal 
conductivity over a thick surface and a novel three-dimensional flow phenomenon of mass diffusivity as well as heat conduction 
was described was studied by Hayyat et al. [41]. In this study OHAM strategy was utilized for the analytical solutions of model 
equations. Later, Khan et al. [42] the Cattaneo Christov heat flux model is used to study the same flow systems in burgers fluid for 
the heat transfer rate. Recently Cattaneo–Christov heat flux model for the boundary layer flow together with heat transfer rate due 
to thermal radiation effect have been extensively investigated in many literatures [43-49]. 

 

Fig. 1. Physical applications of nanofluids. 
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Buoyancy forces together with Cattaneo Christov model of Heat Flux was mainly considered by many scientists in the study of 
Casson Williamson nanofluids flow based on unsteadiness conditions over different curved geometries. Their simulations also 
included many captivating features such as joule heating effects, thermal radiations homo heterogeneous consequences, 
exponential heat sources and melting heat peripheral conditions. Shankar et al. [50] characterized the chaotic dynamics of fluidity. 
The distribution of the heat source was unevenly applied to analyses the unpredictable movements of heat and liquid particles in 
a flowing nanofluid over a surface undergoing stretching. A numerical study conducted by Ramzan et al. [51] for Williamson fluid 
flow behaviour in the presence of Cattaneo Christov and magnetohydrodynamic stagnation by assuming convective boundary 
conditions and homo-heterogeneous reactions. Melting phenomenon of nanofluid together with thermal aspects on stretching-
Sheet in unsteady situation was characterized by Kumar et al. [52]. Upadhya et al. [53] discussed micro nanofluid with Cattaneo 
Christov model for nonlinear system governing sets of equations-based unsteadiness convection. The study on Williamson fluid 
flow over a flat type of surface with variable heat sink source in the presence of MHD effects was also conducted by Kumar et al. 
[54].  Many other of magneto hydrodynamics substantial implications for numerous engineering purposes and the role of Cattaneo 
Christov model of Heat Flux in the realm of fluid flow for many industrial innovations were examined in [55-60]. 

1.1. Aims and novelty of current work 

This study incorporates advanced modelling approaches with a thorough analysis of physical occurrences, providing insights 
into the magnetic dipole nanofluid flows influenced by numerous features. The study of the recent literature exhibits that the 
current study, which simulates the unsteady flow of Ferrohydrodynamic interaction is innovative and the combination of 
Cattaneo‑Christov heat flux model with buoyancy effect has significant applications in the industrial sector. The presence of the 
Cattaneo-Christov heat flux model into the numerical simulation distinguishes this present work from past research studies. This 
research model allows a more accurate illustration of thermal conduction in magnetic dipole nanofluid flows, specifically when 
studying the curved stretching sheet. This novel approach substantially increases the accuracy of heat transport rate. The study 
includes several physical phenomena such as homo‑heterogenic reactions, Casson‑Williamson nanofluid, melting heat and slip 
boundary conditions. 

1.2. Applications of Magnetic dipole Nanofluids 

The use of magnetic dipoles can be employed to regulate the speed flow and thermal transport characteristics of nanofluids. 
This has substantial implications for numerous engineering purposes, such as nanofluid heat transport, electromagnetic Motors, 
and Generators, magnetohydrodynamic (MHD) pumps, drug discovery and development: and microfluidic devices. The results of 
this research highlight the potential advantages of employing magnetic dipoles in these applications. 

1.3. Motivation   

This comprehensive research objectives are to solve the difficulties of a multifaceted system, provide theoretical 
understandings, and contribute to scientific and industrial progresses. By considering numerous factors and applying numerical 
simulations to examines their properties, this study assists as a valuable endeavour with implications for various applications. 

The research questions are: 

 What is the significance of incorporating the Cattaneo‑Christov heat flux model and exponential heat source in predicting 
optimal parameter ranges for heat transport performance? 

 How do homogeneous and heterogeneous reactions impact the flow behaviour? 
 How do the outcomes of the study contribute to the field of fluid dynamics, especially in terms of thermal buoyancy and 

thermal radiation parameters? 
 Why were the Galerkin-weighted residual technique chosen for numerical solutions, and how does the use of 

MATHEMATICA 11.3 software enhance the reliability of the results? 
 How do slip and melting heat boundary conditions contribute to the overall understanding of the nanofluid flow on a 

curved stretching sheet? 

 

Fig. 2. Schematic diagram of the problem. 
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2. Mathematical Model of the Problem 

As presented in Fig. 2, the sheet is stretched around a semicircle with a radius � when equal and opposite pressures are applied 
along the s-orientation, while keeping the origin still and the � -orientation perpendicular to it. Considering the unsteady nature of 
the flow, we consider the behaviour of Casson-Williamson nanofluid along a curved stretching sheet. We base our analysis on the 
following assumptions in this case:  

 The magnetic field �� = �0√(1−�∗�) is applied in the R direction when considering the influence of the magnetic dipole moment 

on fluid flow. 
 The stretching speed of the sheet can be represented by ��(�) = �1−�∗� where �,�∗ and � are stretching rate, constant with 

dimension reciprocal of time constant and time, respectively.   
 The slippery condition assists in improving the boundary of the melting surface. 
 Two chemical samples A and B are studied for their homo-heterogenic reactions to explain the mass transfer operation. 

The corresponding concentrations �� and �� are analysed to understand this process thoroughly. The reaction A+2B → 3B 
occurs homogeneously on the carrier surface at a rate of ���� ��2, while the reaction A → B occurs heterogeneously at a 
certain rate of ����. 

 The effect of buoyancy is considered to investigates the flow characteristics of the nanofluid. 
 The energy equation incorporates the effects of Cattaneo-Christov heat flux model and an exponential space-dependent 

heat source to investigate the heat performance of the flow. 

2.1. Governing equations 

Under the assumptions, the boundary layer approximation can be expressed as [18]: 

��� {(� + �)�2} + � ��1�� = 0, (1) 

$� + � �12 = �%��, (2) 

&�1&� + �2 &�1&( + )(+) �1 &�1&� + �1�2(+) = − )+((+)) &,&� + �2 [(1 + 10) (&2�1&(2 + 1(+) &�1&( − �1((+))2)√2Γ{&�1&( &2�1&(2 + 1(+) {(&�1&( )2 − �1 &2�1&(2 } + �12((+))3 −
2�1((+))2 &�1&( }] + ;0<+ &=&� + >[�@ (A − A∞)] − D+ E�2 �1,  (3) 

&@&� + �2 &@&( + )(+) &@&� = �(&2@&(2 + 1(+) &@&() + F[HIJ(&IJ&( &@&() + KL@∞ (&@&()2] − 1+�Q
1(+) &[((+))RS]&( + T0+�Q (A − A∞)U(−√JV() +

1+�Q [�1 &=&� + &=&( ]Y0A &<&@ − [1[�22 &2@&(2 + �12( )(+))2 &2@&�2 + (�2 &�2&( + �1)(+) &�2&� ) &@&� + (�2)(+) &�1&( + �12( )(+))2 &�1&� ) &@&� + 2�1�2)(+) &2@&(&�] + D+�Q E�2 �12,  (4) 

����� + �2 ����� + ��1� + � ����� = HIJ (�2����2 + 1� + � ����� ) + H@A∞ (�2A��2 + 1� + � �A��) − ������2, (5) 

����� + �2 ����� + ��1� + � ����� = HI` (�2����2 + 1� + � ����� ) + H@A∞ (�2A��2 + 1� + � �A��) + ������2, (6) 

with the following boundary conditions (BCs) [32]: 

�1 = ��(1 − �∗�) + a� [��1�� + �1� + �] , � (�A��) = $[[1 + d�(A� − A0)]�2, 
A = A�, HIJ

����� = ����, HI`
����� = −���� 

�� � = 0, �1 → 0,�2 → 0,��1�� → 0,A → A∞, �� → �0, �� → 0 �� � → ∞. 
(7) 

2.2. Magnetic dipole effect 

The effects on the liquid stream are due to the magnetic field caused by the apparent magnetic dipole and its scalar strength Φ. These effects can be summarized as follows: 

Φ = i2j { ��2 + (� + l)2}, (8) 

The associated magnetic field n shows the following properties: 

n( = ∂Φ�� = i2j 2�(� + l){�2 + (� + l)2}2, (9) 

n� = ∂Φ�� = i2j �2 − (� + l){�2 + (� + l)2}2, (10) 

This relation shows the quantity of n as a direct variation of the magnetic force: 

n = √n(2 + n�2. (11) 

A linear relationship exists between temperature A  and magnetization p , as depicted below: 
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p = q1(A − A∞), (12) 

2.3. Thermal radiation effect 

Given by the Rosseland estimation, the radiative heat flow is:     

r( = −4t∗3�∗ �A 4�� = −16t∗A∞33�∗ �A�� , (13) 

2.4. Transformed Equations 

The following morphing catalysts are explored to understand the simplified form of flow steering equations [20]. 

�1 = ��(1 − �∗�)y′({), �2 = −�� + � √ ��2(1 − �∗�)y({), 
{ = √ ��2(1 − �∗�) �, % = $�2�2(1 − �∗�)2 }({), 

� = √ ��2(1 − �∗�)�, ~ = A − A∞A� − A∞ , �� = �0�1({),�� = �0�2({), 
(14) 

Expression (1) is identically verified and Eqs. (2) to (5) become 

�%�{ = y′2{ + �, (15) 

2�{ + � } = �({ + �)2 yy′ + �{ + � yy′′ − �{ + � yy′2 + (1 + 1�)[y′′′ + 1({ + �)y′′ − 1({ + �)2 y′]
+ �U[y′′y′′′ + 1({ + �) (y′′2 − y′y′′′) − 2y′y′′({ + �)2 + y′2({ + �)3] − �∗ [y′ + {2 y′′] − 2��(� + �)4 ~ + [@ ~ − p ∗y′, 

 

(16) 

1}( [1 + �l]( 1({ + �) ~′ + ~′′) + �{ + �y~′ + ���1′~′ + ��~′2 − {2 �∗~′ + �dp ∗y′2 + �~U−� − �= ( �{ + �)2 [y2~′ + yy′~′ − y2{ + � ~′]
+ 2}(

��[�(~ − �)({ + �)3 [ �y{ + �{1 − 2({ + �)2} − y′{ + �] = 0, 
 

(17) 

1�� ( �1′{ + � + �1′′) + ���
���� (~′′ + 1{ + �~′) + �{ + � y�1′ − {2 �∗�1′ − �1�1�22 = 0, (18) 

1�� ( �2′{ + � + �2′′) + ���
���� (~′′ + 1{ + �~′) + �{ + � y�2′ − {2 �∗�2′ − �1�1�22 = 0, (19) 

with BCs as: 

y′ = 1 + a1 (y′′ − 1� y′) , pU~′ + }(� = 0, ~ = 1,�1′ = �2�1, ��2′ = −�2�1 �� { = 0,y′ → 0, y′′ → 0, ~ → 0,�1 → 1 �� { → ∞, (20) 

When pressure }({)  is removed from Eqs. (15) and (16), we obtain: 

(1 + 1�) [y′′′′ + 2y′′′({ + �)2 − y′({ + �)3]
+ �U[(y′′y′′′′ + y′′′) − 1({ + �) (y′y′′′′ − 2y′′y′′′) − 2({ + �)2 (y′′2 + y′y′′′) + 4y′y′′({ + �)3 + 2y′2({ + �)4]
+ �{ + � [yy′′′ − y′y′′] + �({ + �)2 [yy′′ − y′2] − �({ + �)3 yy′ − �∗ [{2 y′′′ + 3y′′2 ] − �∗{ + �[y′ + {2 y′′]
− 2��(� + �)4 [( 1{ + � − 4{ + �)~ + ~′] + [@ [ ~{ + � + ~′] − p ∗ [y′′ + y′{ + �] = 0, 

(21) 

When HIJ = HI` , � = 1 ��l �1({) + �2({) = 1 are both true. Now Eqs. (18) and (19) become: 

1�� ( �1′{ + � + �1′′) + �{ + �y�1′ − �1�1(1 − �1)2 − {�∗�1′ = 0 (22) 

with boundary conditions: 

�1′(0) = �1�1(0),�1(∞) → 1. (23) 

Table 1 display the notations and parameters in the governing equation. 

2.5. Quantities of Interest 

The drag coefficient (Cws) and heat transfer rate (��1�) is defined as [15-16]: 
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Table 1. Notations and parameters in the governing equation. 

S/N Notations Parameters 

1 �U = √ 2�3�2(1 − �∗�)3 Γ� Local Weiss Enberg number 

2 �∗ = �∗�  Unsteadiness parameter 

3 �� = iY0q1(A� − A∞)$2jY2  Ferro hydrodynamic interaction 

4 � = √ ��2(1 − �∗�) l Dimensionless distance 

5 [@ = ���U2 Thermal Buoyancy parameter 

6 �� = >�@ A∞(~� − 1)�3�22  Corresponds to the local Grashof number 

7 p ∗ = t�02$�  Magnetic Parameter 

8 }� = �� Prandtl number 

9 �l = 16t∗A∞33��∗  Radiation Parameter 

10 �� = FH@ (A� − A∞)�2A∞  Thermophoresis parameter 

11 �� = FHI`�0�2  Brownian motion Parameter 

12 �d = �1�2d,(A� − A∞) Eckert number 

13 �= = [1�1 Thermal Relaxation Parameter 

14 [� = �Y2$�(A� − A∞)(1 − �∗�) Heat dissipation parameter 

15 � = A∞(A� − A∞) Curie Temperature 

16 � = �0(1 − �∗�)�($d,)  Heat source/ sink parameter 

17 �d = �HIJ
 Schmidt number 

18 � = HI`HIJ
 Ratio of diffusion coefficients 

19 �1 = �02��(1 − �∗�)�  Homogenic reaction parameter 

20 �2 = q1HIJ
√�2(1 − �∗�)�  Heterogenic reaction parameter 

21 a1 = a�√ ��2(1 − �∗�) Slip parameter 

22 pU = d,(A� − A∞)[1 + (A� − A∞)d� Melting Heat parameter 

23 �U = ��2�2  Local Reynolds number 

 

�y� = ��+�1�2 ,   and    ��1� = �R�(@�−@∞)� (24) 

As defined by the equations below, r� wall heat flux and F� wall shear stress: 

F� = Y ⎣⎢
⎡(1 + 1�) (��1�� + �� + � ��2�� − �1� + �) + Γ2√2(��1�� + �� + � ��2�� − �1� + �)2

⎦⎥
⎤∣

(=0
, (25) 

and  

r� = −� (�A��)∣(=0 + r(|(=0, (26) 

By considering Eq. (14), the following dimensionless transformations are applied to obtain: 

�y�(�U)12 = (1 + 1�)[y′′(0) − 1� y′(0)] + �U2 [y′′(0) − 1�y′(0)]2, 
��1�(�U)12 = −[1 + �l]~′(0), (27) 
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3. Applications of Galerkin-Weighted Residual Method  

In this section, the methodology and implementation of the well-known Galerkin method are discussed. The basic solution 
procedures of different Galerkin schemes are clarified in [58]. The major steps of the Galerkin approach are stated below: 

Step 1: The first step involves examining Eqs. (21) and (22): 

(1 + 1�)[ỹ′′′′ + 2ỹ′′′({ + �)2 − ỹ′({ + �)3]
+ �U[(ỹ′′ỹ′′′′ + ỹ′′′) − 1({ + �) (ỹ′ỹ′′′′ − 2ỹ′′ỹ′′′) − 2({ + �)2 (ỹ′′2 + ỹ′ỹ′′′) + 4ỹ′ỹ′′({ + �)3 + 2ỹ′2({ + �)4]
+ �{ + � [ỹỹ′′′ − ỹ′ỹ′′] + �({ + �)2 [ỹỹ′′ − ỹ′2] − �({ + �)3 ỹỹ′ − �∗ [{2 ỹ′′′ + 3ỹ′′2 ] − �∗{ + � [ỹ′ + {2 ỹ′′]
− 2��(� + �)4 [( 1{ + � − 4{ + �)~ ̃+ ~′̃] + [@ [ ~ ̃{ + � + ~′̃] − p ∗ [ỹ′′ + y′{ + �] = 0, 

(28) 

1}( [1 + �l]( 1({ + �) ~′̃ + ~′̃′) + �{ + � ỹ~′̃ + ���1′~′̃ + ��~′̃2 − {2 �∗~′̃ + �dp ∗ỹ′2 + �~Ũ−� − �= ( �{ + �)2 [ỹ2~′̃ + ỹỹ′~′̃ − ỹ2{ + � ~′̃]
+ 2}(

��[�(~ ̃− �)({ + �)3 [ �y{ + � {1 − 2({ + �)2} − ỹ′{ + �] = 0, (29) 

1�� ( �1′{ + � + �1′′) + �{ + � y�1′ − �1�1(1 − �1)2 − {�∗�1′ = 0, (30) 

Step 2: The Galerkin method in Step two utilizes a specific trial function to simulate the numerical results of formula (28) to 
(30), which can be examined as follows. 

ỹ({) = ¢∗0 + ¢∗1U−£3 + ¢∗2U−2£3 + ¢∗3U−2¤ + ⋯+ ¢∗�U−¦£3 = ∑¢∗¨U−©£3 ,�
¨=0  (31) 

~(̃{) = ℎ∗0 + ℎ∗1U−£3 + ℎ∗2U−2£3 + ℎ∗3U−2¤ …+ ℎ∗�U−¦£3 = ∑ℎ∗¨U−©£3
�

¨=0 , (32) 

�1̃({) = %∗0 + %∗1U−£3 + %∗2U−2£3 + %∗3U−2¤ …+ %∗�U−¦£3 = ∑ %∗U−©£3
�

¨=0 , (33) 

Step 3: In the second step, the trial solutions obtained using the GWRM must adhere to the specified BCs for Eqs. (21) and (22). 
By employing the BCs provided in Eq. (20), the following trial solutions were derived: 

⎝⎜⎛
ll{ ∑ ¢∗¨U−©£3

�
¨=0 − a1 ( l2l{2 ∑¢∗¨U−©£3

�
¨=0 − 1q ll{ ∑ ¢∗¨U−©£3

�
¨=0 )⎠⎟⎞¤=0

= 0, (pU ll{ ∑ ℎ∗¨U−©£3
�

¨=0 + }�∑ ¢∗¨U−©£3
�

¨=0 )
¤=0

0, 
(∑ℎ∗¨U−©£3

�
¨=0 − 1)

¤=0
= 0, 

( ll{ ∑%∗U−©£3
�

¨=0 − q1 ∑ %∗U−©£3
�

¨=0 )
¤=0

= 0. 
(34) 

Step 4: Residual vectors for ỹ({),   ~̃({), and �1̃({) are produced in the fourth step via applying the reduced trial solutions to the 
technique outlined in step one: 

�� = (1 + 1�)[ỹ′′′′ + 2ỹ′′′({ + �)2 − ỹ′({ + �)3]
+ �U[(ỹ′′ỹ′′′′ + ỹ′′′) − 1({ + �) (ỹ′ỹ′′′′ − 2ỹ′′ỹ′′′) − 2({ + �)2 (ỹ′′2 + ỹ′ỹ′′′) + 4ỹ′ỹ′′({ + �)3 + 2ỹ′2({ + �)4]
+ �{ + � [ỹỹ′′′ − ỹ′ỹ′′] + �({ + �)2 [ỹỹ′′ − ỹ′2] − �({ + �)3 ỹỹ′ − �∗ [{2 ỹ′′′ + 3ỹ′′2 ] − �∗{ + � [ỹ′ + {2 ỹ′′]
− 2��(� + �)4 [( 1{ + � − 4{ + �)~ ̃+ ~′̃] + [@ [ ~ ̃{ + � + ~′̃] − p ∗ [ỹ′′ + y′{ + �] ≅ 0, 

(35) 

�¶ = 1}( [1 + �l]( 1({ + �) ~′̃ + ~′̃′) + �{ + � ỹ~′̃ + ���1′~′̃ + ��~′̃2 − {2 �∗~′̃ + �dp ∗ỹ′2 + �~Ũ−�

− �= ( �{ + �)2 [ỹ2~′̃ + ỹỹ′~′̃ − ỹ2{ + �~′̃] + 2}(
��[�(~ ̃− �)({ + �)3 [ �y{ + � {1 − 2({ + �)2} − ỹ′{ + �] ≅ 0, (36) 

�I1 = 1�� ( �1′{ + � + �1′′) + �{ + � y�1′ − �1�1(1 − �1)2 − {�∗�1′ ≅ 0, (37) 
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Table 2. Comparison of Nusselt number for different values of Prandtl number. 

� 5 10 20 30 40 50 

Result of [18] 1.15763 1.07349 1.03561 1.02353 1.01759 1.01405 

Result of [45] 1.15763 1.07349 1.03561 1.02353 1.01759 1.01405 

Current result 1.15763 1.07349 1.03561 1.02353 1.01759 1.01405 

 

Fig. 3. The Galerkin Weighted Residual method flow chart. 

Step 5: Now, to examine the constants, the residual must be zero over the discussed domain as given below: 

∫ ��U−©£3 l{∞
0 ≈ ∑[¹�(U¤��U−©£3 )¤=º»] = 0,¨

�=1  
∫ �¶U−©£3 l{∞
0 ≈ ∑[¹�(U¤�¶U−©£4 )¤=º»] = 0, 

¨
�=1  

∫ �I1U−©£3 l{∞
0 ≈ ∑[¹�(U¤�I1U−©£3 )¤=º»] = 0,¨

�=1  
½¾� ¿ = 0,1,2,… , � − 2, À = 0,12,… , � − 2 �¾ ÁU�¾. 

(38) 

where ¹� is described as: 

¹� = 1a′̈(Â�)∫ a¨(Â)U−º
Â − Â� lÂ∞

0 = (¿!)2
Â� (a′̈(Â�))2 , a¨ = Uº l¨lÂ¨ (U−ºÂ¨) (39) 

The unknown coefficients were computed using a mathematical tool by minimizing the weight functions ��U−©£4 , �¶U−©£4  and �I1U−©£4  associated with the residual errors. The agreement between the Current result and previously published result, as displayed 
in Table 2, confirms the validation of the current solutions. The comparison clearly reveals a high level of agreement between the 
results. The flow chart of the GWRM scheme is shown in Table 2. Figure 3 displays the Galerkin weighted residual method flow 
chart. 

4. Results and Discussion 

        The influence of different control parameters on fluid flow, thermal profile, and concentration profile, denoted as y′({), θ(η) 
and C1(η), respectively, is visually represented in this section using graphical illustrations. Unless explicitly specified in the graphs 
or tables, the parameters involved in this problem have been assigned numerical values as: [@ = �� =  a1 = 0.4, �∗ = � = 0.1,�l =[�= � = 0. 2,�= = 0.2, �2 = �1 = 0.5,p ∗ = 2. 

4.1. Effects of magnetic parameter Ç∗ and dimensionless distance parameter È on fluid flow É′(Ê)  
The magnetic field is a non-dimensional value that describes the ratio between the strength of the magnetic field and the 

viscous forces exerted on an electrically conducting liquid. This magnetic field assists to calculate the relative effect of these two 
features. The y′({) of an electrically conducting liquid is significantly induced via the p . When a liquid is exposed to a magnetic 
field, it experiences a Lorentz force. The y′({) of a Casson‑Williamson NFs over a stretching surface is induced via the p , as 
illustrated in Fig. 4. This figure shows the y′({) associated with changing values of the p . The reduction in y′({) is revealed via a 
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lower y′({) as the p  improves. This indicates that as the p  rises, the y′({) reduces. The y′({) near the momentum boundary layer 
is elevated, lead to the intense drag force when a surface is stretched. This drags force, which opposes the y′({), causes a reduction 
in the fluid flow close the boundary layer. Also, the y′({) is greater near the momentum boundary layer, resulting in the intense 
magnetic field. Therefore, the Lorentz force is also effective near the momentum boundary layer, causing a more substantial 
reduction in y′({). Physically, in magnetohydrodynamic (MHD) generators, the p  is employed to regulate the y′({) of a fluid. This 
is attained via employing a magnetic field perpendicular to the flow of an electrically conducting liquid. The Lorentz force operates 
on the liquid, causing it to slow down and convert its kinetic energy into electrical energy. Furthermore, the dimensional distance 
parameter illustrates how quickly a surface is stretched. The y′({) of a NFs over a stretching surface is described in Fig. 5, showing 
the influence of the � parameter. The increase in the b leads to a lower y′({), which shows an improvement in the fluid flow. 
Physically, the design of heat exchangers is realistic operation where the b parameter is utilized in NFs boundary layer flows. To 
boost the thermal transport rate in heat exchangers, increasing the surface area is essential. This can be achieved via featuring a 
stretching surface, which enables the transport of heat from one fluid to another. 

4.2. Influence of ferrohydrodynamic interaction ËÌ and thermal buoyancy parameter ÍÎ on fluid flow É′(Ê)   
The �� quantifies the magnetic interaction between ferromagnetic nanoparticles (NPs) and the base liquid in a NFs. The �� 

signifies the relative intensity of this interaction. The y′({) of a stretching surface of the NFs boundary layer flow is significantly 
influenced via the �� as observed in Fig. 6. The ferromagnetic NPs in a nanofluid arises when a magnetic field is applied, resulting 
in the production of a magnetic dipole moment in each NPs. The magnetic field applied perpendicular to the movement of the NFs 
in boundary layer (BL) flow over a stretching surface result in the ferrohydrodynamic force performing in the same direction as the 
magnetic field. The ferrohydrodynamic force be in opposition to the movement of the NFs, resulting in a slowing down the y′({) 
as it behaves in the opposite path of the flow movement. A realistic application of the ferrohydrodynamic interaction parameter 
in nanofluid BL flows can be observed in the improvement of drug delivery systems. These systems are operated to deliver drugs 
to the body systems in accurate way. One useful method to achieve controlled drug delivery is by using NFs. The y′({) of the NFs 
in a drug delivery system can be improved by strengthening the ��.  

  

Fig. 4. Effect of p ∗ on y′({). Fig. 5. Effect of � on y′({). 

  

Fig. 6. Impact of �� on y′({). Fig. 7. Impact of [@  on y′({). 
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Fig. 8. Impact of [@  on ~({). Fig. 9. Impact of a1 on y′({). 

  

Fig. 10. Influence of a1 on �1({). Fig. 11. Impact of �∗ on y′({). 

  

Fig. 12. Impact of �∗ on ~({). Fig. 13. Impact of � on ~({). 
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This advancement supports quicker and more effective delivery of the drug to the intended position within the body systems. 
The [@  characterizes the ratio of the buoyancy force to the viscous forces in a fluid. The y′({) greatly inspired by the [@  as it was 
observed in Fig. 7. The heating of a liquid results in its enlargement, leading to a decrease in liquid density. The decrease in density 
leads to the expansion of the liquid, generating a buoyancy force that opposes gravity and tends to elevate the vertical velocity 
component y′({). Additionally, Fig. 8. shows an increase in the effect of [@ . Therefore, the parameter [@  is observed in the 
development of solar thermal collectors within the context of boundary layer flows. These collectors are operated to gather heat 
from the sun and transfer it to a working fluid. Therefore, by employing a NFs is an active procedure to boost the thermal transport 
rate in a solar thermal collector. 

4.3. Influence of slip parameter ÏÐ and unsteadiness parameter Ñ∗ on fluid flow É′(Ê) and fluid temperature Ò(Ê)  
The a1 quantifies the ratio between the slip velocity and the no-slip boundary condition. The speed of the liquid at the surface 

exceeds the velocity of the wall when slip arises. The motive for this is that the molecules of the liquid at the interface are not 
adhered to the surface and have the capacity to transfer without restriction. The y′({) and �1(η) reduced close the surface, while it 
is intensified distant away from the surface. 

Figures 9 and 10 clearly illustrate the influence of the velocity slip factor’s de-escalation on the velocity distribution. In stretched 
sheets and fluid flows, an increase in velocity slip creates heterogenic velocity, which results in a decrease in the velocity 
distribution. Physically, Slip is utilized in microfluidic machines to control liquid movement at the microscale. An example of its 
application is seen in the reduction of pressure drop within microfluidic channels, thereby enhancing the performance of such 
devices. Moreover, slip is utilized in thermal transport to augment the rate of heat transfer. For instance, slip can be employed to 
alleviate thermal resistance in heat exchangers, ultimately improving the efficiency of the heat transfer process. The �∗ quantifies 
the implication of unsteady influences within a y′({) supplying helpful understanding into the dynamics of the fluid system. The y′({) is influenced via the �∗. In a steady flow, the y′({) remains constant over time at each point in the flow. On the other hand, in 
an unsteady flow, the y′({) at each point in the flow changes with time. From Figs. 11 and 12, it was observed that the �∗ elevate 
the y′({). Physically, the movement of fluids in numerous purposes can be controlled using the �∗. This �∗ has the capacity to slow 
down the drag on motor vehicle and airplanes, as well as boost the productivity of heat exchangers. The �∗ can be utilized to boost 
the combining of liquids. This can be suitable in applications including drug delivery and chemical industry operations.  

4.4. Impact of Heating generation Ó and Melting parameter ÇÔ on fluid temperature Ò(Ê)   
Heat generation parameter refers to a factor that represents the rate at which heat is generated within a fluid. In various 

physical systems, heat generation can occur due to different mechanisms, such as chemical reactions, electrical currents, or other 
sources. The heat generation parameter quantifies the intensity of heat produced per unit volume or unit mass within the fluid. 
The increased heat generation parameter causes an overall elevation of the fluid temperature (see Fig. 13). The ~({) of the fluid 
reduces as the pU increases (see Fig. 14). The temperature of the liquid slow down as the solid needs more energy to melt due to a 
higher melting heat parameter. Physically, the release of the latent heat of fusion of water when food is frozen causes a reduce in 
the temperature of the freezer. This experience occurs as the freezer absorbs the heat released through the freezing process.  

4.5. Impacts of thermal radiation ÕÖ and heat dissipation parameter ÍÌ fluid temperature Ò(Ê)   
Thermal radiation (�l) plays a key role in the design of different practical usages, such as cooling and manufacturing, solar 

panels and collectors, nuclear reactors, generating electricity. The thermal radiation, together with conduction and convection, are 
important techniques of transmitting thermal energy. It encompasses the transport of heat via electromagnetic waves. The 
significance of �l and conduction thermal transport in a fluid system can be established by exploring the thermal radiation 
parameter. A small value of �l shows that conduction thermal transport is dominant, whereas a larger value of �l shows that 
thermal radiation is dominant. �l is more effective in transporting heat over long distances compared to conduction thermal 
transport. This effect is observed in Fig. 15. The [� quantifies the effectiveness of a system in releasing heat to its environment. 
From Fig. 16, it was seen that the [� reduce the fluid temperature. Physically, high [� indicates efficient heat dissipation to the 
surrounding fluid, resulting in quicker thermal transport and a more uniform temperature distribution. On other hand, if the [� is 
reduced, the fluid system's power to dissipate heat is reduced, resulting in slow-moving thermal transport. The Curie temperature 
(�) is a characteristic of ferromagnetic and some other materials that relates to their properties.  

  

Fig. 14. Impact of pU on ~({). Fig. 15. Impact of �l on ~({). 
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Fig. 16. Impact of � on ~({). Fig. 17. Influence of [� on ~({). 

  

Fig. 18. Impact of �= on ~({). Fig. 19. Impact of �1 on �1. 

 

Fig. 20. Influence of �2 on �1. 
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From Fig. 17, it was observed that the θ(η) reduced by the � parameter. Additionally, the Cattaneo-Christov parameter, which is 
usually denoted to as the thermal relaxation parameter, is a non-dimensional value that defines the duration needed for a liquid 
to attain thermal balance with its environment. Figure 18 demonstrates the variations in temperature regime with rising Curie 
temperature values. The decline in heat flux happens due to the �= influence on the transport of thermal process. This �=  slow 
down the temperature gradient near a heated surface, thereby declining the driving force for heat conduction. Physically, the 
decrease in the θ(η) is attributed to the �= , which considers the internal energy of the fluid system. The internal energy of a fluid 
implies to the energy correlated to the movement of its particles. When heating a fluid, its internal energy improves, leading to 
enlargement and a subsequent reduction in the temperature gradient near a heated surface. 

4.6. Impacts of homogeneous reaction parameter ×Ð and homogenic reaction parameter ×Ø on the concentration profile ÙÐ  
A homogeneous reaction refers to a chemical reaction in which all reacting species are present in the same phase, typically as 

gases or dissolved in a liquid. In contrast, a heterogeneous reaction involves species in different phases, such as a gas reacting with 
a solid. The presence of homogeneous reactions can lead to a reduction in the concentration profile due to the consumption of 
reactants and the production of products within the reaction medium. (see Fig. 19). The �2 the ratio of the rate of heterogeneous 
reactions to the diffusion rate and quantifies the relative quantity of reactions at the surface compared to bulk fluid. A greater �2 
value signifies a superior impact of heterogeneous reactions, while a lower value implies a more significant role of diffusion 
processes. The parameter �1 is greatly affected by the heterogenic parameter. As the value of �1 rises, the reactant concentration 
at the surface decreases, resulting in a reducing concentration gradient (see Fig. 20).  

5. Conclusions  

In conclusion, this study investigated the Ferrohydrodynamic interaction analysis of unsteady nanofluid flow over a curved 
stretching sheet with melting heat peripheral conditions. Also, the mathematical model considers various factors, including the 
effects of Cattaneo‑Christov heat flux, buoyancy effect, thermal radiation, nanofluid and exponential heat source. The Galerkin-
weighted residual technique was employed to numerically solve the governing equations after they were transformed into a non-
dimensional form. Below are the notable factors examined during the parametric studies, which were investigated using figures 
and tables to visually represent the findings. 

 The thermal buoyancy parameter reduces the w′(η) and θ(η). 
 Both the heterogenic reaction parameter and the homogenic reaction parameter reduce the �1(η). 
 The heat source/sink parameter, radiation parameter, and Curie temperature have a significant impact on the θ(η). 
 An increase in the curie temperature leads to a rise in the w′(η). Similarly, other parameters, including the 

ferrohydrodynamic interaction, slip parameter, and Magnetic field parameter display a consistent trend of reducing the w′(η). 
 The fluid temperature is significantly enhanced by the unsteadiness parameter, while the thermal relaxation parameter, 

heat dissipation, thermal Buoyancy, and melting heat parameter, and temperature slip constraints collectively diminish it. 

Future recommendations 

In the near future, the scientists should aim to inspect how various magnetic dipole configurations and steady flow conditions 
influence the flow properties of nanofluids. Furthermore, it would be useful to conduct experimental studies to confirm the 
accuracy of the computational result. The Galerkin-weighted residual method holds the potential to address a wide range of 
physical and technical challenges that may arise in the future. 
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