J. Appl. Comput. Mech., xx(x) (2024) 1-12 ISSN: 2383-4536
DOI: 10.22055/jacm.2024.46014.4449 jacm.scu.ac.ir

/-

Shahid Chamran
University of Ahvaz

Research Paper

The Effect of Delamination Between Layers in U-shaped Members
Made of Functionally Graded Multilayered Viscoelastic Materials

Victor Rizov

Department of Technical Mechanics, University of Architecture, Civil Engineering and Geodesy, 1 Chr. Smirnensky blvd., Sofia, 1046, Bulgaria, Email: V_RIZOV_FHE@UACG.BG

Received February 01 2024; Revised April 16 2024; Accepted for publication May 15 2024.
Corresponding author: V. Rizov (V_RIZOV_FHE@QUACG.BG)
© 2024 Published by Shahid Chamran University of Ahvaz

Abstract. This theoretical work deals with delamination in U-shaped load-carrying structural members. The latter represent
multilayered functionally graded systems of non-linear viscoelastic behaviour. The right-hand vertical part of the structure under
consideration is delaminated. The structure is clamped in the lower end of the left-hand vertical part. Besides, the structure is
supported by a rotational spring which has non-linear elastic behaviour. The strain energy release rate is derived by using an
approach that is based on analysis of equilibrium of the various components of the U-shaped structure. The solution derived is
checked-up by applying the method of the integral J. The dependence of the strain energy release rate on different parameters is
studied and presented in form of various graphs. Analysis of a U-shaped structural member with two rotational spring supports
also is carried-out and the strain energy release rate obtained is compared with that in the U-shaped structure with one
rotational spring support.

Keywords: U-shaped member, Multilayered load-carrying system, Functionally graded structure, Delamination, Equilibrium
equation.

1. Introduction

It is now widely appreciated that using multilayered and functionally graded materials play an important role for improving

the overall performance of various structures, mechanisms and devices in different sectors of modern engineering [1]. The basic
idea of a multilayered system is to use the advantages of different materials by combining them in an integrated engineering
structure consisting of layers made of materials with different properties [2, 3]. Therefore, at the time being, multilayered
constructions are an attractive design for load-carrying structural members and components, having an efficient bending
stiffness and relatively lesser weight compared to homogeneous structural materials.
Over the recent decades, a class of continuously inhomogeneous advanced composites known as functionally graded materials
have been used in a broad range of engineering applications including for structural purposes in construction and automotive
industries, aerospace, nuclear power plants, and many others [4-9]. As known, the concept for the functionally graded materials
consists in the fact that their composition and macrostructure can be varied spatially in a structural member [10-15]. This
concept enables manufacturing of highly efficient structures of tailored continuous distribution of material properties to meet
diverse exploitation requirements [16-20].

One of the potential applications of multilayered functionally graded material systems is U-shaped structural members. The
U-shaped members are important components in different structures in civil engineering and machinery construction. In view of
the excellent properties of multilayered functionally graded material systems, the use of multilayered functionally graded U-
shaped structural members seems to be a very good choice. However, together with their undisputable advantages, the
multilayered materials and structural components have some drawbacks which slow up their wide acceptance in load-carrying
structures including in the U-shaped structural members. One of the main reasons for uncertainty in applying multilayered
materials is the delamination. As known, the delamination is a failure mechanism representing separation of layers that can
have catastrophic consequences for the reliability and safety of the multilayered structure. Delamination usually causes sharp
reduction of load-carrying ability of multilayered structural members and components, increases their deformability and has a
negative influence of stability of these structures when they are subjected to compressive external loading. Durability of
multilayered engineering structures is also significantly affected by their delamination behaviour. In the past, various models of
layered load-carrying beam structures with delamination were proposed and specific aspects of their behaviours under different
loading conditions were analyzed in detail and are well understood [21-25]. However, the investigations of layered beam
structures with delaminations being performed to date mostly assume linear-elastic mechanical behaviour of the material.
Besides, the layered beam structures with delaminations being investigated to date are mainly those of rectilinear geometry [21-
25].
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Fig. 1. Schema of the U-shaped structural member supported with a rotational spring in section, B,.

However, multilayered beam-like structures of non-rectilinear geometry occur frequently in up-to-date engineering.
Obviously, analysis of delamination in such structures is of very significant importance for covering of their safety. Therefore, in
this paper, a U-shaped load-carrying beam structural member with a delamination is analyzed theoretically. The member is
made of multilayered functionally graded material with non-linear viscoelastic behaviour. Besides the clamping in the lower end
of its left-hand vertical part, the member is supported also by a rotational spring support of non-linear elastic behaviour. Using of
rotational springs for supporting of structures is analyzed in the research literature [26]. However, the analyses in [26, 27] deal
with linear-elastic homogeneous beams of rectilinear geometry. Besides, the beams in [26, 27] do not host delamination. In this
paper, the strain energy release rate (SERR) is derived and checked-up by utilizing of the integral . The effects of broad spectra of
parameters and factors on delamination in the U-shaped structure are investigated. The dependences of the SERR on these
parameters and factors are presented in form of various graphs. A U-shaped structural member supported with two rotational
spring supports of non-linear elastic behaviour is also analyzed in order to see what the effects of these supports on the
delamination are. Some possible practical applications of the analysis developed here in the engineering design of U-shaped
multilayered functionally graded structural members with considering delamination behaviour are specified in the conclusion
section of the present paper.

2. Theoretical Analysis

Consider the load-carrying beam member bent into a U-shape as displayed in Fig. 1. The member is made of longitudinal
layers (their number is n). The length of the vertical parts, B,B, and B,B, is | (Fig.1). b and h are the width and thickness of the
member cross-section (the latter is a rectangle as displayed in Fig. 2).

The part, B,B,, of the member is a semicircle whose internal radius is R,. The member is clamped in section, B,. Besides, the
member is supported by a rotational spring in section, B, as displayed in Fig. 1.

This rotational spring is non-linear elastic and its behaviour is presented by the following non-linear law:

My, = pdg;, )

where M,, is the restoring couple in the spring, p is the spring stiffness, m is a constant, ¢,, is the angle of rotation of section,
B,, of the member. A delamination of length, a, splits part, B,B,, of the member (Fig. 1). The thicknesses of the left-hand and
right-hand delamination arms are h;, and h,, respectively. Eq. (1) is a power law widely applied for non-linear elastic springs
[28].

The lower end of the right-hand delamination arm (this with thickness, h,) is under angle of rotation, ¢, that varies with
time, t. This variation is described by the following law:

¢=0In(1+At), ()

where ¢ and )\ are parameters controlling the variation. The angle rotation, ¢ is in-plane. The idea of using Eq. (2) is to show, in
principle, how U-shaped beams with delamination can be analyzed when the angle of rotation changes smoothly with time.

The layers of the member have non-linear viscoelastic behaviour. Formula (3) represents the non-linear stress-strain-time
relationship describing the behaviour of the i-th layer of the member [29]:

T; (a,t):’lbﬁ(é?)’lbzi(t), ®
where
Le
Wy = 1 +fi62 (4)
) 1
Wy = W’ (5)
i=12..,n (©)
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Fig. 2. Cross-section of the U-shaped structural member.

In formulas (3), (4) and (5), o; is the stress, ¢ is the strain, L, f;, 4 and 4, are material properties. Formula (3) indicates that
the stress-strain-time relationship represents a product of two functions, ¢, and ¢,, where ¢, is function of strains, v, is
function of time only. In fact, 1,; describes the stress-strain diagram of the material since at t =0 the value of +,, is unit [29].
The time-dependent behaviour is described by function, 1, [29].

The layers of the member are functionally graded along the thickness. Therefore, the material properties vary continuously
along the layer thickness. These variations are described by the following laws:

L. —L. .
Li=Lg+—2 W _(z_z)", 7
5t =z &) ?)

Jrgi = Jp !
fi:fliJFM(Z*Zlﬁi) ) 8)

(ngn' — Zp )y

/Br ti _ﬂlfﬁ Wi
b= gt (22, ) 9
e (ngn' - Zlfﬁ) ' ( Iﬁ) ©)

6 i — O P

6= b +—2 (7 _z.),
' e (ngti _Zlﬂi)r‘ ( lfn) (10)
Zigi SZ < Zygs (11)
i=1,2,...,n (12)

In formulas (7) - (10), g, g;, w; and r, are properties controlling the variations, the subscripts, Ifti and rgti, refer to the left-
hand and right-hand surfaces of the i-th layer, respectively. Thus, z; and z,, are the coordinates of these surfaces, z is the
centric axis of the cross-section as displayed in Fig. 2. Ly, fg, By and &y are the values of L, f;, 6 and & on the left-hand
surface, By, fui Bg and 6, arethevaluesof L, f, 4 and 4 on the right-hand surface of the layer.

As known, the SERR is one of the most important quantities analyzed in fracture mechanics. Utilizing the approach from [30],
we derive formula (13) for the SERR, G, in the U-shaped member in Fig. 1:

i=n, Z1rgti i=n Z2rgti

G= Zf“:mwzile*qu;BzBsidzz ) (13)

i=1 i=1

Z1ifii Z2lfti

where n, is the number of layers in the right-hand delamination arm, ug,,,, and Ug,,,, are the complementary strain energy
densities in an arbitrary layer in the right-hand delamination arm and the intact part of the structural member ahead of the
delamination, respectively, z, and z, are the centric axes of the cross-sections of the right-hand delamination arm and the
intact part of the structural member ahead of the delamination. It should be specified that formula (13) is composed with taking
into account the fact that the complementary strain energy in the left-hand delamination arm (this with thickness, h,) is zero
because this delamination arm is not loaded since the angle of rotation, ¢, of the right-hand delamination arm is directed
anticlockwise (Fig. 1).

Formula (14) is applied to obtain the complementary strain energy density in an arbitrary layer in the right-hand
delamination arm, i.e.,

B1B2

Uop1pzi = Op1p2i€B1B2 — Op1p2i0€81825 (14)
0
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where the stress, ¢,,,,, in the layer is found by using formula (3). Formula (14) is applied also to obtain ug,,,, (for this purpose,
emp, 1S replaced with the strain, e;,,,, in the intact part, B,B;, of the structural member).
Formula (15) describes the variation of the strain along the thickness of the right-hand delamination arm:

€p1p2 = Hy (Zl - Zln)’ (15)
where
h, h
—2<z7, <=2, 16
2 =h=7 (16)

In formula (15), «, is the curvature, z,, is the coordinate of the neutral axis (formula (15) takes into account the fact that the
neutral axis shifts from the cross-section centre because the member is inhomogeneous along the thickness).

Formula (17) is used for presenting the variation of the strain along the thickness in the intact part, B,B,, of the structural
member:

Epops = Hy (Zz_ Zm) ) (17)

where

——<z<—. (18)

NS
NS

Here, x, and z,, are the curvature and coordinate of the neutral axis, respectively.

The approach for determining the curvatures and the coordinates of the neutral axes developed in the present study uses the
fact that the law for variation of the angle of rotation of the lower end of the right-hand delamination arm with time is known
(refer to formula (2)). Therefore, first, ¢ is expressed by applying the integrals of Maxwell-Mohr:

& =Kya+ K, (1= @) + Ky Lpspat K4, (19)

where &k, is the change of curvature in the curvilinear part, B,B,, of the member, x, is the curvature in part, B,B;, of the
member. The length of the curvilinear part, l,,;,, thatis involved in (19) is found by using formula (20), i.e.,

h
R, +—

5| (20)

lysgs =7

Four equations are composed by using the fact that the axial forces, Ny, Ny, Ny and Ny, in the four parts, B,B,,
B,B;, B,B, and B,B., of the U-shaped structural member are zero, i.e.,

i=n, Z1rgt

Ny = b; 2{; Op1ppidZy =0, (1)
Npops = sz:ZUBZBSidZZ =0, (22)
Npsps = biz:zz‘?‘:a%wd% =0, (23)
Npups = biz: ZZZ OpapsidZy =0, (24)

where the stresses, oy,p51, Opspe; @Nd 044, in layers of parts, B,B,, B,B, and B,B., of the structural member are determined by
replacing of ¢ with ep,5;, €55, and ey, in the law (3). Formulas (25) and (26) are used for describing the distributions of strains,
€psps ANd ey, along the thickness of parts, B,B, and B,B., respectively:

Ep3pa — K3 (237 Z3p )’ (25)

Epaps = My (247 Z4n)’ (26)

where z,, and z,, are the coordinates of the neutral axes in these parts of the member.
Three equations are composed by considering the equilibrium of sections, B,, B, and B,, of the member (Fig. 1), i.e,,

i=n, Zirgt i=n Z2rgt
bz f Op1psiZedZ, = bz f OpypsiZ,d2, = 0, (27)
i=1 Zyy i=1 Zge
i=n Z2rgt i=n Z3rgt
bz f OpopsiZodZ, — bz f OpspaiZsdZ; = My, (28)
io1 ic1

221t Z3ift

b2f08384i23dz3 = bifgmmsizlldzll =0, (29)

i=1 Zyy i=1 Zyg
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where the restoring couple, M,,, in the rotational spring in section, B,, is found by applying formula (1). The angle of rotation,
¢gs, thatis involved in (1) is derived by the integrals of Maxwell-Mohr, i.e.,

Boz =3 Lygpa hiyl. (30)

Equations (19), (21)-(24), (27), (29) and (30) are used to determine the curvatures, «,, k,, x; and k,, the coordinates of the
neutral axes, z,,, Z,,, z,, and z,,, by the MatLab. Then the SERR is derived by applying formula (13). The integrals in (13) are
solved by the MatLab.

The method of the J-integral is applied in order to perform a check-up of the SERR in the U-shaped member displayed in Fig. 1
[31]. For this purpose, the integration contour, D, D, D,, is used (Fig. 1). This integration contour has three parts, D,, D, and D,,
as displayed in Fig. 1. Since the left-hand delamination arm is not loaded, the value of the J-integral in part, D,, of the contour is
zero. Therefore, the solution of the J-integral is:

}:}D1+}D2’ (31)

where J,, and J,, are the components in the contour parts, D, and D,, respectively.
Formula (32) is applied for obtaining of J,,, i.e,,

i=n, Zugi

=Y [

=n
=1 Zgii

ou ou
Uppypoi COSQ — [pxi 0 + Dy &]1‘15: (32)

where ug,,;, is the strain energy density in the i-th layer in the right-hand delamination arm. This strain energy density is found
by applying formula (33):

B1B2

Uop1poi :f Tp182i0E315s- (33)
0

Formulas (34)-(38) are used for determining of other quantities involved in expression (32):

cosa =-1, (34)
P = —Ogipoir (35)
P =0, (36)
%z — (37)
ds = dz,, (38)

where o;,,,; and e;;, are obtained by applying formulas (3) and (15), respectively.
The component, J,,, is derived by using formula (39), i.e.,

i=n Zergti

0
—||ds.
ox  TUox (39)

u ov
Ugpopsi COSQ— | Py ——+ P,

=1 2 fiii

Here, the strain energy density, ug,,;,;, is found by formula (40):

B283

Uopopsi :f Tpop3iE03- (40)
0

The rest of the quantities in Eq. (39) are obtained by using the following formulas:

cosa =1, (41)
Dy = Opopsis (42)
P =0, (43)
ou
x €p383) (44)
ds = —dz,. (45)

After substituting of (33) and (39) in formula (31), the integrals are solved by the MatLab. The results yielded by (31) match the
SERR found by using formula (13) which is a check-up of the current analysis. Mathematical transformations proving that the
method of the integral J yields results which coincide with formula (13) are shown too. These transformations are as follows. Egs.
(33) to (38) are plugged in Eq. (32), i.e.,

A\V[‘ Journal of Applied and Computational Mechanics, Vol. xx, No. x, (2024), 1-12
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i=n, Zugi|  epigy
Jor =7 f - f

=1z 0

Using (14), one can reduce (46) to:

Then, using Egs. (40) to (45), Eq. (39) reduces to:

Now, Eq. (31) becomes:

i=n, Zugi

Oop182i9€8180 Tp152iCp182 21

Z1rgti
f u OBlBZdzl .

24 frii

Zorgti
f uOBZBSidZZ .

Z3 fiii

i=n  Zrgi

}:Z f“;31szdz1 _Z f u;mzidzz

=1z

that coincides with Eq. (13).

3. Numerical Results

In this section of the paper, numerical results obtained by applying the solution of the SERR (13) are presented.
The following data are used when deriving the numerical results: b=0,004 m, h=0,005 m, 1=0.100 m, n=5,

=1z

(46)

(47)

(48)

(49)

n, =2,

R, =0.400 m, #=0.02 rad, A=10"° and p=600 Nm. The numerical results presented here reveal what are the effects of
variation of different factors on the SERR (the latter is normalized as G/ (L,b)).
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The effect of variation of L, /Ly, ratio on the normalized SERR is illustrated by the curves plotted in Fig. 3.

The effect of the number of layers in the right-hand delamination arm is also considered. For this purpose, the normalized
SERR is plotted against L, /Ly, ratio for n, =2, n, =3 and n, =4 in Fig. 3. The curves in Fig. 3 show significant dependence of
the normalized SERR on both factors (L, /Ly, ratio and the number of layers in the right-hand delamination arm).

This dependence is characterised by a strong reduction of the normalized SERR with rise of L, /Ly, ratio and the number of
layers in the right-hand delamination arm (Fig. 3).
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I
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0.40

G 8
x10 L 1
L,b 0.30 /’

\

0.20
0.10
| | | |
0.0 0.5 1.0 1.5 2.0
o
Fig. 5. The normalized SERR versus f,, / f,,, ratio for 1/ h =10 (curve 1),1/h =15 (curve 2) and 1/ h = 20 (curve 3).
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Fig. 6. The normalized SERR versus g, for R, /1= 0.3 (curve 1), R, /1= 0.5 (curve 2) and R, /1= 0.7 (curve 3).
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Fig. 7. The normalized SERR versus 0 for h /b = 1.3 (curve 1), h /b =1.5 (curve 2) and h / b = 1.7 (curve 3).
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The explanation for the normalized SERR reduction with rise of L, /Ly, ratio consists in the growth of the stiffness of the U-
shaped member. The reduction of the normalized SERR with increase on n, that can be observed in Fig. 3 is induced by the
growth of right-hand delamination arm stiffness (remember that the left-hand delamination arm is not loaded).

Figure 4 displays the effect of the variation of a/l ratio on the dependence of the normalized SERR on the value of the
parameter, g,. The curves plotted in Fig. 4 reveal a continuous growth of the normalized SERR with rise of g, for each of the
considered a/l ratios. Besides, it is seen in Fig. 4 that the normalized SERR grows with rise of a /I ratio (the explanation of this
fact is found in increase of deformability of the U-shaped structural member with increase of the delamination length).

0.501- 3
0.40— 2
G s
x10"( 3oL
L/fﬂb 1
0.20r-
0.10F
| | | |
0.0 0.5 1.0 1.5 2.0
B
Fig. 8. The normalized SERR versus 3,,, / 8, ratio for A = 1x10°° (curve 1), A = 3x 10 ° (curve 2) and A = 5x 10°° (curve 3).
0.50 3
0.40F 5
G 8 i
x10 ¢ 30
wa :
0.20
0.10r
| | | |
0.0 0.2 0.4 0.6 0.8

W,
Fig. 9. The normalized SERR versus w, for §,,, / 6, = 0.5 (curve 1), 6, / 6, = 1.0 (curve 2) and §,,, / §;, = 2.0 (curve 3).
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Fig. 10. The normalized SERR versus r, for n = 3 (curve 1), n = 4 (curve 2) and n = 5 (curve 3).
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The dependence of the normalized SERR on f,,, / fi, ratio is illustrated in Fig. 5 for three 1/h ratios. Here it is seen that rise
of fu/ fi ratio induces rise of the normalized SERR (Fig. 5). Another feature that is expected is the rise of the normalized SERR
with rise of 1/h ratio (Fig. 5).

Figure 6 indicates the variation of the normalized SERR with respect to the parameter, g,. This variation is shown for three
R, /1 ratios (Fig. 6). As displayed in these plots, the normalized SERR continuously reduces when g, grows (Fig. 6). The rise of the
normalized SERR with rise of R, /1 ratio is related to increased deformability of the U-shaped structural member. The influence
of h/b ratio on the dependence of the normalized SERR on the parameter, 6, is also an important consideration when analyzing
delamination in the U-shaped structural member under angle of rotation varying with time according to law (2).

This influence is illustrated in Fig. 7, where the dependence of the normalized SERR on ¢ is plotted for three h/b ratios. The
rise of the normalized SERR with rise of the value of ¢ is due to the growth of the angle of rotation of the lower end of the right-
hand delamination arm. The reduction of the normalized SERR with growth of h/b ratio is generated by the increase of the
stiffness of the U-shaped structural member (Fig. 7).

Displayed in Fig. 8 is the dependence of the normalized SERR on @, /0, ratio corresponding to three values of the
parameter, . The rise of the normalized SERR when the parameter, ), rises is attributed to increase of the angle of rotation, ¢.

The variation of the normalized SERR due to the parameter, w,, and to §,,, / &, ratio is displayed in Fig. 9. The plots in Fig. 9
show reduction of the normalized SERR with rise of w,. An opposite trend, i.e., growth of the normalized SERR can be observed
when 6, / ¢, ratiorises (Fig. 9).

The effects of the values of the parameters, r, and n, on the normalized SERR are also analyzed and the corresponding plots
are displayed in Fig. 10. The reduction of the normalized SERR when the number of layers, n, rises is explained by growth of the
U-shaped structural member stiffness.

The influence of the restoring couple in the spring in section, B,, of the U-shaped structural member is considered too. For
this purpose, the dependence of the normalized SERR on the parameter, m, is studied for three values of the parameter, p. The
results of this study are illustrated by the plots displayed in Fig. 11. These plots show a growth of the normalized SERR when m
rises. The growth of p generates reduction of the normalized SERR (Fig. 11).
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Fig. 11. The normalized SERR versus m for p = 600 Nm, (curve 1), p = 900 Nm (curve 2) and p = 1200 Nm (curve 3).
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Fig. 12. Schema of the U-shaped structural member supported with rotational springs in sections, B, and B,.
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The analysis developed in section 2 of the present paper is applicable also when the U-shaped structural member under
consideration is supported by more than one rotational spring. For instance, the U-shaped structural member displayed in Fig. 12
is supported by two rotational springs (one in section, B,, and another in section, B,). Both rotational springs are non-linear
elastic. The purpose of using rotational springs in different sections of the U-shaped beam is to impose unwanted constrains and
to evaluate the effect of the positions of these constrains. The relation between the restoring couple, M,,, in the rotational spring
in section, B,, of the U-shaped structural member and the angle of rotation, ¢,,, of this section is presented by the non-linear
law (46), i.e.,

M;, = vy, (46)

where v is the spring stiffness, w is a constant. The behaviour of the rotational spring in section, B,, obeys law (1).
Section, B;, of the U-shaped structural member is clamped as displayed in Fig. 12. Part, B,B,, of the structure is
delaminated by a delamination of length, a, as shown in Fig. 12.
The angle of rotation of the lower end of the right-hand delamination arm (Fig. 12) varies with time according to formula (2).
The variation of the material properties in the i-th layer obeys laws (7) to (10).
For the U-shaped structural member in Fig. 12, Egs. (19), (21)-(24), (27), (29) and (30) can be used to determine the curvatures
and the coordinates of the neutral axes. For this purpose, Eq. (29) has to be replaced by the following equilibrium equation:

i=n Zrgt i=n Zargt

beUB3B4iZ3dZ3_ beUB4BSiZ4dZ4:MB4I (47)

=1, =1 2

where M,;, is found by using formula (46).

The strain energy release rate in Fig. 12 is obtained by applying formula (13). The method of the integral, ], is used for check-
up of the strain energy release rate.

Displayed in Fig. 13 is the effect of the variation of v /p ratio on the normalized SERR in the U-shaped structural member
supported with two rotational springs. The normalized SERR for three Ly, /Ly, ratios, namely Ly, /Ly, =0.5, Lg, /Ly, =1.0 and
Ly, / Ly, = 2.0, is obtained and shown in Fig. 13. The reduction of the normalized SERR with rise of v/ p and Ly, /Ly, ratios that
can be observed in Fig. 13 is caused by the fact that the U-shaped structural member becomes stiffer.
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Fig. 13. The normalized SERR versus v / pratio for L., / L, = 0.5 (curve 1), L., / L, = 1.0 (curve 2) and L, / L, = 2.0 (curve 3).
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Fig. 14. The normalized SERR versus w / mratio for q, / q, = 0.5 (curve 1), q, / q, = 1.0 (curve 2) and q, / q, = 2.0 (curve 3).
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Fig. 15. The normalized SERR versus g, / g, ratio for the U-shaped structural member supported with a rotational spring in section, B,, (curve 1) and
the U-shaped structural member supported with rotational springs in sections, B, and B, (curve 2).

The effect of variation of w/m and gq, / q, ratios on the normalized SERR in the U-shaped structural member supported with
two rotational springs is explored too. This effect is illustrated by the plots displayed in Fig. 14.

Figure 15 displays the normalized SERR versus g, /g, ratio for the U-shaped structural member supported with rotational
spring in section, B,, (curve 1) and supported with rotational springs in sections, B, and B, (curve 2).

It can be seen in Fig. 15 that the normalized SERR in the U-shaped structural member supported with rotational springs in
sections, B, and B,, is lower compared to the U-shaped structural member supported with rotational spring in section, B,, only.

4. Conclusion

The preceding theoretical analysis is concerned with delamination of U-shaped functionally graded multilayered viscoelastic
structural members supported by rotational springs. The springs have non-linear elastic behaviour (thus, the relationship
between the restoring couple in the spring and the angle of rotation is non-linear). The left-hand vertical part of the structure is
clamped in its lower end. The U-shaped structural members considered here are delaminated in their right-hand vertical part.
The lower end of the right-hand delamination arm is under angle of rotation varying continuously with time. First, a U-shaped
member supported by one rotational spring is analyzed. An approach for deriving solution of the SERR is presented. The method
of the integral J is applied for performing a check-up of the solution obtained. The solution predicts that the SERR reduces when
L /Ly, ratio rises. Reduction of the SERR is predicted also in cases when n, increases. The increase of the number of layers,
n, also results in a reduction of the SERR. It is found that growth of the values of parameters, g,, w,, 1, also induces
reduction of the SERR. The effect of the structural member geometry (the latter is presented by a/l, h/l, R, /1 and h/D
ratios) is also investigated. It is detected that the SERR rises with rise of a/l, h/1 and R,/l ratios. Rise of h/b ratio
generates a reduction of the SERR. Concerning the effects of the parameters of the rotational spring support, it is predicted that
the SERR reduces when the spring stiffness, p, grows. The growth of another parameter of the spring, m, causes rise of the
SERR. Analysis of a U-shaped structural member supported by two rotational springs also is carried-out. The analysis predicts
that the SERR reduces when »/p and Ly, /Ly, ratios grow. Theriseof w/m and gq,/q, ratios generate rise of the SERR. Itis
found also that the SERR in the U-shaped structural member supported by two rotational spring supports is lower compared to
that in the U-shaped structural member with one rotational spring support. The knowledge obtained in the present paper can be
applied in engineering practice for design of U-shaped structural members with considering the delamination behaviour. For
example, it is possible to determine the desired stiffness of the rotational spring support in order to prevent delamination growth.
For this purpose, the SERR has to be obtained at different stiffness of the rotational spring support by using the solution described
in the present paper. The stiffness at which the SERR becomes equal to the delamination fracture toughness is the desired one.
The thickness of the U-shaped structure can be determined in a similar way, i.e., calculations of the SERR have to be performed at
different thicknesses (the thickness at which the SERR reaches the delamination fracture toughness is the desired one). Other
parameters of the U-shaped structural member which are of critical interest for the engineering design like number and location
of the rotational spring supports, number of layers in the structure, etc. can be determined in the same manner. It should be
emphasized that the approach presented in this paper can be developed to analyze delamination in functionally graded
multilayered viscoelastic structures with more complex geometry supported by rotational spring supports having non-linear
elastic behaviour. For instance, delamination in engineering structures representing combinations of rectilinear members (like
beams and columns) and curvilinear members like various arches and circular members can be treated by the present approach.
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