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Abstract. In this study, the influence of the torsional rigidity of the connected shafts, couplings and the working body of the 
machine, as well as the damping capacity of the coupling, on the torsional impact moment generated in the machine transmission 
is investigated. Unlike existing classical calculation models, the torsional stiffness of the connected shafts, the torsional damping 
ability of the coupling and the effects of the moment ratio are taken into consideration together. Under these conditions an 
analytical expression for the shock moment or resonance coefficient is obtained. The main novelties in obtaining of this expression 
are the ratio of the torsional stiffness of the connected shafts with the torsional stiffness of the coupling and the acceptance of the 
moment of resistance of the working body of the machine depending on the torsional stiffness. It has been found that the 
considered factors have a significant effect on the resonance zone. Finally, different and overlapping conditions are determined 
when determining the value of the resonance coefficient characterizing the torque impact moment, calculated according to the 
classical and proposed models. 

Keywords: Torsional stiffness, damping capacity, resonance coefficient, mass moment of inertia, moment of resistance. 

1. Introduction 

Each new generation of machines differs from its predecessors in speed, which leads to additional dynamic loads. The correct 
assessment of these loads and finding ways to reduce them is always an urgent task facing designers. One of the main issues during 
the design of the transmission of modern high-speed machines is the correct assessment of the torsional impact moment in the 
resonance zone and the implementation of constructive measures to reduce it. One of the main parameters characterizing the 
dynamic characteristics of the machine transmission is the resonance coefficient or, in other words, the function of the rise 
(increase) of the relative rotation angle of the connecting coupling [1]. The resonance coefficient depends on many factors such as 
the oscillatory movements of the machine due to the operation of the drive and working bodies, the torsional stiffness of the 
transmission system elements, the damping ability and so on [2-5].  

In the existing classical reporting models, the dependence of the resonance coefficient on the relative damping coefficient of 
the connecting clutch, the rotation frequency of the transmission shaft and the forced oscillations of the driving torque [1]. At this 
time, the connecting shafts are considered absolutely rigid, as well as the moment of resistance of the working body of the machine 
was not taken into account. The rigidity and damping capabilities of the connected shafts, as well as the nature of the loading of 
the working body of the machine, significantly affect the resonance coefficient of the transmission, including the torque growth 
coefficient affecting the clutch [2]. These questions have not been widely covered in the existing literature. Thus, recent studies 
conducted in this area investigated the influence of inaccuracies, gaps, changes in stiffness over time, changes load during 
transmission at the moment of impact when starting and braking [6-8]. Chen et al. [9] investigated the effect of open shaft running 
clearance on torsional stiffness and evaluated its effect on impact torque. When studying the impact torque created in a car 
transmission, in most cases studied the influence of vibrations occurring in the engine and transmission elements [10-14]. Most of 
these studies were carried out using experimental or numerical methods. Kim [15] investigated the torque transmission 
characteristics of a press-fit coupling between an aluminium shaft and a fine-toothed steel ring. Sondkar and Kahraman [16] 
proposed a dynamic model of a two-cylinder planetary gear. Guan et al. [17] proposed a new dynamic model of light-weight spur 
gear transmission system considering the elasticity of the shaft and gear body. Rao et al. [18] studied the dynamic characteristics of 
a bidirectional functionally graded rotor shaft. Lin et al. [19] determined an indirect method for nonlinearly elastic shear stress-
strain constitutive relationships for nonlinear torsional vibration of nonlinearly elastic shafts. Yang et al. [19] presented rigid-flexible 
coupled modelling of compound multistage gear system considering flexibility of shaft and gear elastic deformation. Bavi et al. [20, 
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21] studied parametric resonance, bifurcation of and stability analysis of thin-walled composite shafts. In addition to these studies, 
conducted the dynamic behaviour of some shaft-shaped structural elements in dynamic torsion analysis [22-25] and studied 
nonlinear forced vibrations in primary resonance [26-28].  

The literature review reveals that while analytically determining the resonance coefficient characterizing the torque pulse 
moment created in the transmission of the machine, the torsional stiffness of the connecting shafts and the change in the moment 
of resistance of the working body are not examined. In this study, when determining the impact moment affecting the transmission 
clutch of the machine, in other words, the resonance coefficient, in addition to the torsional stiffness and damping ability of the 
connecting coupling, as well as the torsional stiffness of the transmission shafts and the resistance moment of the working body of 
the machine, unlike the classic models, it is taken into account. 

The structure of the paper is followed as: In Section 2, the formulation of the problem and assumptions is presented. In Section 
3, the basic equations are derived and their solution method is presented. In Section 4, the parametric analysis is included and in 
Section 5, the conclusions are given. 

2. Formulation of the Problem 

Let's describe the reporting scheme as a two-mass oscillating system for the study of the resonance coefficient characterizing 
the torsional impact moment, taking into account the dynamic characteristics of the machine transmission, which uses a linear 
elastic compensating coupling to connect the shafts (Fig. 1). 

The main difference of the proposed scheme from existing schemes is that here the connecting drive shafts are assumed to 
have a certain torsional stiffness rather than being necessarily rigid. It is also taken into account that the moment of resistance 
occurring in the working body of the machine is associated with a certain torsional stiffness.  

Since the analytical solution of the problem under consideration is associated with some difficulties, the following assumptions 
are taken into account:  

1) It is assumed that the driving torque varies according to the law of sinus as follows: 1 sin( ),M nM M M tω= +  where nM  is the 
nominal torque, 1M  is the amplitude of variable sum of torque, ω  is the forced sum of variable torque the frequency of their 
dances and t  is the time;  
2) The moment of resistance of the working body of the machine ( )resM  is proportional to the resistance stiffness ( )wk  in any 
torsion, namely, ;res wM k∼   
3) The torsional damping capacity of shafts made of steel is not considered because it is extremely small 1 2( 0).c c= =  

3. Basic Equations and Solution Method 

According to the considered reporting scheme, the differential equations of motion of the driving and driven shafts can be 
expressed as follows: 

( ) ( )
2

1 1 1 2
1 1 1 22

1 1 1

1 1
sinn M M

d k d d
M M t k c

dt J J J dt dt

ϕ ϕ ϕ
ω ϕ ϕ ϕ

   = + − − − + −     
 (1a) 

( )
2

2 2 1 2
2 1 2 22

2 2 2

1 w
M M

kd k d d
k c

dt J J dt dt J

ϕ ϕ ϕ
ϕ ϕ ϕ ϕ

   = − + − + − −    
 (1b) 

where 1ϕ  and 2ϕ   are the rotation angles of the leading and driven half couplings, respectively; 1J  and 2J  are the induced mass 
moments of inertia of the rotating masses in the leading and driven arms of the transmission, respectively; 1k  and 2k  are the 
torsional stiffness of the leading and driven shafts, respectively; Mk  and Mc  are the torsional stiffness and torsional damping 
coefficient of the elastic coupling, respectively.  

The initial conditions are as follows:  

1 2
1 2 0, 0 at 0,

d d
t

dt dt

ϕ ϕ
ϕ ϕ= = = = =  (2) 

where t  is the time. 

 
Fig. 1. Illustration of a machine transmission with an elastic compensating coupling as an oscillating system. 
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To analyze the influence of the clutch on the dynamic characteristics of the transmission, let's write an expression for the 
purpose of determining the difference 1 2,ϕ ϕ ϕ= −  since the resonance coefficient (V), which characterizes the increase in the 
amplitude of the relative rotation angle of the clutch, is used. For this, let's subtract the second expression of the system of 
equations (1) from the first expression. From here we get that:  

2
1 2

0 1 1 22
1 1 2 1 2 2 2

1 1 1
sin 2 wM

M M M

kd d k k k
m m t K k k k

dt dt J J J J J J J

ϕ ϕ
ω ϕ ϕ

      = + − + − − − + + + +        
 (3) 

where the following definitions are applied: 

1
0 1

1 1 1 2

, , 2n M MM M c c
m m K

J J J J
= = = +  (4) 

To write this expression in terms of 1,ϕ  we assume that: 

1 2

1 2 2

wkk k

J J J
= +  (5) 

where, 2 1 1 2 2 2( / / ) ( 1) 0, 1 / ,wk J k J k J k k J k J= − = ⋅ − > >  1 2/k k k=  is the dimensionless coefficient of the ratio of stiffness of the 
leading and driven shafts, 2 1/J J J=  is the dimensionless coefficient of the ratio of the moments of inertia of the rotating masses. 

Taking into account the above transformations, one gets: 

2

0 12
2 sin

d d
K S m m t

dt dt

ϕ ϕ
ϕ ω+ + = +  (6) 

where  

( )1
1 2

1 M
M

k
S k k

J J
= + +  (7) 

The initial conditions are as follows:  

0 as the 0
d

t
dt

ϕ
ϕ = = =  (8) 

Thus, the solution of Eq. (6) is as follows: 

( ) ( ) ( )20 1
1 2

0

sin t + cos sin 2 cosKt m m
t e B B t S t K t

S A
ϕ β β ω ω ω ω−  = + − − +  

 (9) 

where 2 2( );S K S Kβ = − >  ( )
22 2 2

0 4A K Sω ω= + −  and ( 1,2)iB i=  are determined from the initial conditions (8) as follows: 

( )20 01 1 1
1 2

0 0 0

1
2 , 2

m mm m m
B K K S B K

A S A S A
ω ω ω ω

β β

  − = − + − = +   
 (10) 

Equation (9) can be easily transformed into the following form: 

( ) ( ) ( ) ( )
22 2 2 2 20 1

1 2 1 2

0

sin t 4 sinKt m m
t e B B S K t

S A
ϕ β α ω ω ω α−= ⋅ + ⋅ + + − − + ⋅ +  (11) 

where, 1α  and 2α  are the phase shifts of free and forced oscillations, respectively. 
Since 0m  is a coefficient characterizing the constant sum of the torque affecting the machine movement and its effect on V is 

very small compared to 1,m  that is not taken into account in the subsequent calculations. When the expression (10) is replaced in 
(9) and considering that 0 0,m =  it takes the following form: 

( ) ( ) ( ) ( ) ( )1 1 1
1 2 1 2

0 0 0

1
sin t sin sin t sinKt Ktm m m

t e t e t
A A A

ω ω
ϕ β α ω α β α ω α

β β

− −
 
 = ⋅ + ⋅ ⋅ − ⋅ + = ⋅ + ⋅ − +
  

 (12) 

The amplitude of the relative rotation angle of the semi-coupling is characterized as follows [1]: 

1
2

1 0

max
M

V
J ϕϕ
ω

=±  (13) 

From expressions (12) and (13), we obtain: 

( )

1
2 2 222 20

2
00

4 1V K
A

ϕ

ω ω
ω

ω

−
 
 = = + −
 
 

 (14) 

where 0/ω ω ω=  is the dimensionless coefficient of the oscillation frequency of the system, the quantity A0 is expressed as follows:  

( ) ( ) ( )

( ) ( )

2 2 22 2 2 2 2 2 2 2 2 4 2
0 0 0

2
2 22 2 2 4 2 4 2 2

0 0 0 2
0

4 4 4 1

4 1 4 1

A K S K K
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ω
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ω
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 (15) 
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in which 2
0S ω=  here 0ω  is the characteristic frequency of the oscillation of the system.  

From Eq. (15), the following expression for the torque growth function (resonance coefficient) is obtained: 

( )

2
2

2
0

2
22 2

2
0

1 4

1 4

K

V

K

ω

ω

ω
ω

ω

+

=

− +

 (16) 

On the other hand, in classic studies, the torque growth factor is determined as follows [16, 18]: 

( )

2

2

2
22

2

1
4

1
4

cl

cl

V

ψ

π
ψ

ω
π

+
=

− +

 (17) 

where, 0/cl clω ω ω=  is the dimensionless coefficient of the oscillation frequency of the classical system. It is obvious that the 
characteristic frequency of the classical system 0( )clω  will differ from the characteristic frequency of the system we are considering 

0( ).ω  This difference is explained by the fact that in classical reporting schemes, the connected shafts are considered absolutely 
rigid, as well as the moment of resistance of the working body of the machine is not taken into account.  

The relative damping coefficient ψ  is defined as the ratio of the work done during coupling damping ( )DA  and elastic 
deformation ( )elA  [1]: 

4D

el

A K

A S

π
ψ β= =  (18) 

where  

( )
2 2 2

22 2 2 2 2
0 02 2 2

0 0

1 ,     1
K S K

S K S Kβ ω ω ω
ω ω ω

−      = − = − + − = − +        
 (19) 

Thus, the torsional moment growth factor (16) for current case can be expressed as follows: 

( )

2 22
0

2 2

2 22
22 0

2 2

1
4

1
4

V

ω ωψ

π β

ω ωψ
ω

π β
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=
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 (20) 

According to our adopted reporting scheme, the relative damping factor ψ  will be determined as follows: 

24 4
;

K K
S K

S S

π π
ψ β= = −  2S K>  (21) 

To simplify the analytical expression (20), we make the following transformations: 

2

0 0

2 1
2

K Kψ

π ω ω

  = −   
 (22) 

Due to the physical meaning of the coefficients К and ,ψ  we consider from (22) only the root with a negative sign: 

2

2

0

1 1
4

2

K
ψ

π

ω

− −
=  

(23) 

Substituting expression (23) into (20), it takes the following form: 
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 (24) 

Finally, the expression (24) for the torsional moment growth factor can also be written as follows: 
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where the following equality is taken into account: 
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(26) 
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Fig. 2. Diagram of the dependence of the torque growth coefficient on the dimensionless coefficient of the system oscillation frequency for different 

values of the coupling relative damping coefficient ( ).ψ  

4. Results and Discussion 

In this section, the adequately of our proposed method and the influence of individual parameters of the mechanical system 
on the resonance coefficient of the twisting moment are presented. According to the expression (20), the curves of the dependence 
of the torque growth coefficient on the dimensionless coefficient of the system oscillation frequency for different values of the 
relative damping coefficient of the coupling are illustrated in Fig. 2. From Fig. 2, it can be seen that as the relative torsional damping 
coefficient of the coupling increases, the torque increase coefficient or impact torque decreases significantly. This factor is 
especially pronounced in the resonance zone. At small values of the dimensionless value of the oscillation frequency of the 
mechanical system ( 1),ω ≤  the value of the relative torsional damping coefficient does not significantly affect the resonance 
coefficient. On the contrary, as the dimensionless value of the oscillation frequency ( 1)ω ≥  increases, the increase in the relative 
torsional damping coefficient of the coupling increases the difference between the values of the resonance coefficients calculated 
by the classical and proposed methods. 

The analysis of the charts shows the adequacy of the established reporting scheme. Thus, the growth of the torque in the form 
of an impact occurs in the resonance zone. As you move away from the resonance zone, the torque growth decreases. In addition, 
the relative damping coefficient of the coupling has a substantial effect on the value of the torque. For absolutely rigid couplings, 
the torsional impact moment grows to infinity at the resonance value of the frequency. With the increase of the relative damping 
coefficient, a significant part of the shock torque is absorbed due to the elastic element and the shock torque decreases. 

In order to compare the results (26) obtained for the proposing scheme we have prepared with the results (17) obtained for the 
classical scheme, it is necessary to bring them to a single scale and establish relations between the relevant dimensionless 
quantities, especially between ω  and :clω  

0

0 0
cl

cl cl

ωω
ω ω

ω ω

  = = ⋅   
 (27) 

where 

( )0 1

1 2

1 M
M

k
S k k

J J
ω = = + +  (28) 

Then according to Ref. [1], one gets: 

0
1 2

.M M
cl

k k

J J
ω = +  (29) 

To determine the ratio 0 0 ,clω ω  let's perform the following transformation according to expressions (28) and (29): 

( )
0

0

1 1

1cl

J k

J

ω

ω

+ +
=

+
 (30) 

where 1 / Mk k k=  is a dimensionless coefficient of the ratio of torsional stiffness of the drive shaft and coupling. 
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Then expression (27) will take the following form: 

( )1 1

1
cl

J k

J
ω ω

+ +
= ⋅

+
 (31) 

Substituting (31) into (17), we obtain the following expression: 

( )

2
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2

2

1
4

1 1
1

41

clV

J k

J

ψ

π

ψ
ω

π

+
=
    + +      − ⋅ +   +        

 
(32) 

In order to evaluate the obtained results, according to the expressions (25) and (32), the curves of the dependence of the torque 
growth coefficient (V) on the dimensionless coefficients ( )ω  for different values of the relative damping coefficient of the coupling 
are plotted in Figs. 3 to 6. The analysis of the diagrams shows that the results obtained from the presented reporting scheme for 
rigid couplings completely coincide with the results obtained from the classical scheme. However, as a result of increasing the 
relative damping coefficient of the coupling, the difference between the obtained results increases significantly. This factor must 
be taken into account when designing the transmission of machines. This fact is one of the factors that confirm the correctness of 
the approach to solving the problem. This fact is one of the factors that confirm the correctness of the approach to solving the 
problem. 

 

Fig. 3. Comparison of V and
cl

V coefficients varying depending on frequency with 0, 1, 0.1.J kψ = = =  

 

 

Fig. 4. Comparison of V and
cl

V coefficients varying depending on frequency with 0.4, 1, 0.1.J kψ = = =  
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Fig. 5. Comparison of V and
cl

V coefficients varying depending on frequency for 1, 1, 0.1.J kψ = = =  

 

 

Fig. 6. Comparison of V and
cl

V coefficients varying depending on frequency for 4, 1, 0.1.J kψ = = =  

 

It is clear that the ratio of the mass moments of inertia of the leading and driven branch will also have a significant effect on 
the twisting impact moment generated in the machine transmission. In order to investigate this issue, dependence curves ( )V ψ∼  
of the relative damping coefficient ( )ψ  of the coupling in the resonance zone on the torque growth coefficient (V  and )clV  acting 
on the coupling are illustrated (Figs. 7 and 8). A comparison of the diagrams shows that the difference between the results obtained 
from the presented scheme and the results obtained from the classical scheme is large at small values of the relative damping 
coefficient of the coupling (when the stiffness of the coupling is high). As the value of the ratio of the mass moments of inertia of 
the leading and driven branch of the transmission increases, this difference increases, that is, the torsional impact moment 
increases. For large values of the relative damping coefficient (especially values greater than 1), the results obtained by the proposed 
scheme and the classical scheme coincide. 

Figure 9 shows the change of torque increase coefficients for the near-resonance region ( 0.9),clω =  calculated by the classical 
and presented methods, depending on the dimensionless coefficient characterizing the torsional rigidity of the shaft, for given 
values of the relative damping coefficient of the coupling 0,4ψ =  and the ratio of the moments of inertia of the masses in the 
driving and driven branches drive 0.2.J =  Analysis of the graphs shows that the resonance coefficient calculated by the classical 
method does not depend on the torsional rigidity of the shaft. However, the resonance coefficient V  calculated by the presented 
method varies depending on the dimensionless coefficient .k  As the ratio of the torsional stiffness of the drive shaft to the torsional 
stiffness of the coupling increases, the resonance coefficient, that is, the torque shock moment, decreases. This factor proves the 
correctness of the approach to the issue. 
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Fig. 7. Diagrams of the dependence of the torsional moment growth factor acting on the coupling ( 1)ω → on the relative damping coefficient ( )ψ for 
the resonance zone with 1J = and 0,1.k =  

 

Fig. 8. Diagrams of the dependence of the torsional moment growth factor acting on the coupling ( 1)ω → on the relative damping coefficient 

( )ψ for the resonance zone with 10J = and 0,1.k =  

 

Fig. 9. Dependence of the torque increase coefficient on the torsional rigidity of the shaft. 
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A numerical assessment of the influence of the shaft torsional stiffness on the torsional shock moment over a wider range of 
vibrations is presented in Fig. 10. Analysis of the graphs shows that a significant difference between the values of the resonance 
coefficients for different values of the shaft torsional stiffness occurs predominantly around the resonance zone (0.9 1.1).clω≤ ≤  It 
is shown that the change in the torsional stiffness of the shaft does not significantly affect the torque increase as it moves away 
from the resonance zone. In addition, the difference between the values of the resonance coefficient is obvious at large values of 
the dimensionless coefficient .k  When the dimensionless coefficient k  decreases, this difference is not noticeable. These 
observations confirm the adequacy of the adopted calculation scheme.  

 

 

Fig. 10. Dependence of the torque increase coefficient on the oscillation frequency of the mechanical system for various values of shaft torsional 
rigidity. 

 

Fig. 11. Dependence of the torque increase coefficient on the oscillation frequency of the mechanical system with the 1J = and at different values 

of shaft torsional stiffness. 

 

Fig. 12. Dependence of the torque increase coefficient on the frequency of the mechanical system with the 5J = and at different values of shaft 

torsional stiffness. 
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When analyzing the dependence of the torque increasing function on the torsional rigidity of the shaft, it is also necessary to 
take into account the ratios of the moments of mass inertia 2 1( / )J J J=  in the drive branches before and after the coupling. For 
this purpose, the variation of the resonance coefficient depending on the dimensionless oscillation frequency coefficient ( )clω  of 
the mechanical system for various ratios of mass moments of inertia in the driving and driven branches of the drive and the same 
values of the torsional stiffness of the shaft is presented in Figs. 11 and 12. A comparative analysis shows that with the same values 
of the torsional stiffness of the shafts and the relative torsional damping coefficient of the coupling, the resonance coefficient will 
be lower when the ratio of the mass moments of inertia is high. This factor is especially manifested in large values of the coefficient 
characterizing the torsional rigidity of the shaft. 

6. Conclusions 

Taking into account the torsional stiffness of the connecting shafts and the change in the moment of resistance of the working 
body of the machine, a new analytical expression was obtained for determining the resonance coefficient characterizing the 
torsional impact moment created in the transmission of the machine.  

The analysis results are generalized as follows: 
 The difference between the increase in the relative damping coefficient of the coupling and the values of the torque growth 

coefficients, calculated according to the accepted scheme and according to the classical scheme, increases in the non-
resonance zone, and practically coincides in the resonance zone.  

 As the stiffness of the shafts increases, the V value obtained in the current study and the Vcl value approach each other, 
confirming the adequacy of the adopted reporting plan. 

 At small values of the relative damping coefficient of the coupling around the resonance zone, the increase in the ratio of 
moments of inertia in the driven and driving branch of the system significantly affects the growth coefficient of the torsional 
impact moment. 

 At large values of the stiffness of the connected shafts, as well as at large values of the relative damping coefficient of the 
coupling, the effect of the change in the ratio of moments of inertia in the driven and driving branch of the system on the 
torque growth coefficient is very insignificant. 

 As the ratio of the torsional stiffness of the drive shaft to the torsional stiffness of the coupling increases, the resonance 
coefficient increases. 

 In the resonance zone there is a significant difference between the values of the resonance coefficients for different values 
of the torsional stiffness of the shaft. 

 Any change in the torsional stiffness of the shaft does not significantly affect the increase in torque as it moves away from 
the resonance zone. 

 At large values of the stiffness of the connected shafts, as well as at large values of the relative damping coefficient of the 
coupling, the effect of the change in the ratio of moments of inertia in the driven and driving branch of the system on the 
torque growth coefficient is very insignificant. 

The results obtained allow us to correctly design the transmission as a whole depending on the operating characteristics of the 
machine, that is, the nature of the moment of resistance, and to effectively select the torsional stiffness characteristics of its 
individual elements to reduce torsional shock.The proposed method can be successfully used to solve optimization problems to 
minimize the impact torque in machine transmissions. 
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