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Abstract. We discuss methodological aspects of assessment of the service life of structures and devices used in new technologies, 
paying a particular attention to non-stationary thermomechanical loading of “dangerous” zones of the systems under investigation. 
As result, using the approach of modern mechanics of the degradable continuum, we develop a model describing the associated 
processes of viscoplastic deformation and damage accumulation and adapted it to description of thermal fatigue. The presented 
model describes the main effects of inelastic deformation and damage accumulation processes in polycrystalline structural alloys 
for arbitrary complex deformation trajectories. A combined form of the kinetic equations for damage accumulation in the areas of 
interaction between low-cycle fatigue and long-term strength has been proposed, which makes it possible to properly describe the 
nonlinear nature of the damage accumulation. 

Keywords: Thermocyclic durability, continuum damage mechanics, viscoplasticity, complex deformations, fracture. 

1. Introduction 

The operation of critical infrastructure facilities is characterized by a significant increase in the proportion of non-stationary 
loading modes and an extension of the temperature range of operation of structures. Requirements for safety, reliability and long-
term operations are becoming more stringent. One of the main tasks of effective management of such an object is the reliable 
calculation of the resource, diagnostics of the exhausted resource and forecast of the remaining resources [1, 2]. From the relevant 
engineering facilities, we mention those ones that are oriented towards long service life, such as oil and gas equipment, new 
generation gas turbine engines and installations (GTE), nuclear power plants (NPP), etc. The solution to the main problems of 
determining the resource is based on taking into account the local manifestation of degradation processes in the “dangerous” zones 
of the object, passing at an increased speed, which makes it possible to calculate the service life of structural elements. At the same 
time, the parameters of degradation processes vary essentially depending on the physical, mechanical and strength properties of 
structural alloys, characteristic manufacturing features and a number of other factors. 

The methodology for operational resource monitoring was proposed in [2]. The approach is based on the method of 
mathematical modeling within the framework of the continuum damage mechanics (CDM) and fracture mechanics (FM). The 
approach makes it possible to take into account abnormal operating conditions of the object, real physical and mechanical 
characteristics of the material, and a number of beyond design conditions. Non-destructive testing methods are used to check the 
condition of the material in “dangerous” zones. 

Under thermomechanical conditions, their characteristic degradation mechanisms are revealed, leading to a decrease in fatigue 
life. The rate of change in load (mechanical deformation) and temperature, and the duration of a loading cycle are significant. When 
assessing durability, the total number of cycles to failure becomes an incomplete characteristic of durability, and time to failure 
must be taken into account [3-6]. The difference in failure mechanisms is the result of different damage processes, in general. One 
of these processes occurs under the dominant influence of plastic deformation, which depends only on changes in the load without 
taking into account its duration. Such damage accumulates inside alloy grains and leads to a transgranular fracture. Damage from 
unsteady creep deformation depends on the loading history, the duration of the load, and leads to the development of damage 
along the grain boundaries. As a result, intracrystalline destruction occurs. 

Synergistic effects of the mutual influence of damage mechanisms occur in the intermediate region, where both types of 
destruction processes occur simultaneously. Durability in this area is determined by the summation of damage caused by both 
processes [7, 8]. In [7-10], a variant of the damaged medium model was proposed for the associated processes of non-isothermal 
viscoplastic deformation and damage accumulation under multiaxial disproportionate modes of cyclic thermomechanical loading. 

In this paper, based on a general approach and a model for a coupled thermomechanical formulation, we present the analysis 
of the resource of flame tubes of combustion chambers under thermal pulsations, that used in modern gas turbine engines. 
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2. Basic Relations of the Model of Continuum Damage Mechanics 

The basic equations of the model proposed in [7, 8] and developed in [9, 10] are the constitutive relations of 
thermoviscoplasticity: thermoplasticity [11], thermocreep [12], evolution equations of damage accumulation and the strength 
criterion of damaged material [8], listed below: 

a) Thermoviscoplasticity 

  - Mises flow equation: 

2 0, ,p
pij ij ij ij ijS S C S σ ρ′− = = −  (1) 

where ijσ′   are the components of the stress deviator, pC  and p
ijρ  are the radius and coordinates of the center of the yield surface, 

respectively. 
  - Equation of the surface of cyclic “memory”: 
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max 0,p p
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where p
ije  are the components of the plastic deformation tensors, maxc  and ijξ  are the maximum value of the intensity of plastic 

deformations and one-sided accumulated plastic deformations, respectively. 
  - Evolution equation for the radius of the yield surface: 

( )0

0

( ) ( )

, ( , ) ,

( , ) , ( ) ,

t

p cycmon T
p p p p p p p

p cyc p cyc cycmon mon p
p p p p p p p

C C C dt C T C C C

C T q C a Q Cχ

χ

χ χ χ

= + = + +

= = −

∫ ɺ ɺ ɺ ɺ ɺ

ɺ ɺɺ ɺ

 (3) 

( )( ) ( ) , ,c cyc c cyc cycc T
p p p p c p TC a Q C C q Tχ= − =ɺ ɺ ɺɺ  (4) 

( ) ( ) ( )

( ) ( )

2 1 2 1 2 1

2

1/2 1/2

1 , 1 , 1 ,

1 cos , cos , , ,

p p p c c c
p p

ij ije s e s
ij ij ij ij

ij ij ij ij

q q A A q Q Q A A Q Q Q A A Q

e S
A n n n n

e e S S

χ = + − = + − = + −

′
= − Θ Θ = = =

′ ′

ɺ

ɺ ɺ

 (5) 

1 /2

0

, 0 0,2
, ,

0, 0 0,3

0, 0 0,

, 0 0,

t p p
p e ij ijcycp p

p p p pij ij p p
e ij ij

p p
e ij ijmon

p p p
p e ij ij

a e e
dt e e

a e e

a e e

a e e

χ
χ χ χ χ

χ
χ

 < ∨ ≤  = = =     = ∧ ≥
 < ∨ ≤=  = ∧ ≥

∫
ɺɺ

ɺ ɺɺ ɺ ɺ
ɺ

ɺ

ɺ
ɺɺ

 (6) 

where 0
pC  is the value of the initial radius of the yield surface; 1 2, , Tq q q – parameters of monotonic isotropic hardening; 

1 2 1 2, , ,p p c cQ Q Q Q  are the parameters of cyclic isotropic hardening; pχ  is the length of the path of plastic deformation, p p c, ,cyc cycmonχ χ χɺ ɺ ɺ

and is the length of the path of plastic deformation in monotonic sections, in sections of cyclic loading and in sections of holding 
under load, respectively. 

  - Equation for the displacement of the center of the yield surface: 
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where 1 2 1 2, , ,p,r p,r c, c,g g k kξ ξ  are the material parameters. 
Hereinafter, the following definition are used for :Tɺ  
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  - Equations of the family of equipotential creep surfaces: 

( ) ( ) ( ) 2( ) ( )0, , 0, 1, 2, ...,n c n c n n c n
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- Equation of the zero-level creep surface: 

(0) 2 0, .c c c
c cij ij ij ij ijF S S C S σ ρ′= − = = −  (12) 

where c
ijS  and ijσ′  are the set of stress states corresponding to zero creep rate; 

  - Ratio for the radius of the creep surface of zero level: 

c c c( , ) C ( , ),cyc cycmon mon
c cC C T Tχ χ= +   

0
2 1

0

, ( ) , (1 ) ,
t

cyc cyc cyc cyc cyc cycp p c c
c c c c c c c c cC C C dt C a Q C Q Q A A Qχ= + = − = + −∫ ɺ ɺ   

1/2

0

2
, ,

3

t

c c
c c cij ije e dtχ χ χ

 = =   ∫ɺ ɺɺ ɺ  (13) 

0, 0 0, , 0 0,

, 0 0, 0, 0 0,

c c c c
e c eij ij ij ijcycmon

c cc c c c
c e eij ij ij ij

a e e a e e

a e e a e e

χ
χ χ

χ

  < ∨ ≤ < ∨ ≤ = =  = ∧ ≥ = ∧ ≥  

ɺ
ɺ ɺ

ɺ
  

( , ) ,c c c c cTλ λ ψ λ ψ= =   

where mon
cC  and cλ  are some experimental functions. 

  - Equation for the displacement of coordinates of the center of creep surfaces [12]: 
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 The value of parameter cλ  depends on the section of the creep curve (see Fig. 1). 
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Fig. 1. Dependence of the length of the creep deformation trajectory on the process time during multiaxial deformation along ray trajectories. 
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where ω  is the material damage parameter. 
The algorithm for connecting the thermoplasticity equations (1) to (10) with the thermocreep equations (11) to (16) is that 

stresses, creep plasticity strains are found from the thermocreep equations by the Runge-Kutta method. The stress deviator is 
corrected by determining the stresses from the thermoplasticity equations at the average creep strain rate at every new time 
interval. 

b) Accumulation of damage 

The process of damage accumulation is given in the form [13-16]: 
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where , 1, 4,if i =  are the following functions: ( )1f β  is the “volume” of the stress state; ( )2f ω  is the level of accumulated damage; 
( )3 0f W  is  the value of the relative “dangerous” energy 0W  used for the formation of microdefects; ( )4f Θ  is a function that takes 

into account the influence of the parameters of the deformation trajectory defined as follows: 
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where ,aW , ( )cyc,mon
a pfW W T  and cfW (T)cyc,mon  are the material parameters dependent on temperature.  

c) Strength 

For the damage criterion we choose the condition [8]: 

1.fω ω= ≤  (22) 

The model of the damaged medium (its components a-c) are “coupled” by introducing effective stresses [7, 8]: 
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where ,G Kɶ ɶ  are the effective elastic moduli, determined by the Mackenzie formulas [17].  
Thus, modeling of these processes leads to the need to integrate nonlinear ordinary differential equations with initial 

conditions. The choice of an effective algorithm for the numerical integration of these equations is of decisive importance for 
ensuring the stability of the process of calculating the parameters of the deformation process and reducing the calculation time. 

Determination of the main characteristics of the process of viscoplastic deformation of damaged materials (state parameters), 
which in the general case are described by tensors , , , ,p p c

ij ij ij ij ije e eσ ρ′  and scalars , , ,p cC C Tχ  and ω  can be carried out with the 
appropriate formulation of the constitutive relations of the CDM in increments that depend on the selected step .t∆  The time step 

t∆  can be adjusted when passing through complex sections of the deformation trajectory throughout the entire calculated time, 
provided that the calculations are stable (explicit Euler scheme). 

This approach is most convenient for solving boundary value problems in the mechanics of a deformable solid and is used in 
this work. 

With the mutual influence of the processes of plasticity and creep, stresses, plastic deformations and creep deformations are 
determined by integrating the thermocreep equations (11) to (16) by the four-point Runge-Kutta method with correction of the 
stress deviator and subsequent determination of stresses according to the thermoplasticity equations (1) to (10) taking into account 
average creep strain rate at time: 1 .n nt t t+ = + ∆  

3. Research Results 

Trouble-free operation of gas turbine engines and installations is ensured by new heat-resistant materials, cooling systems and 
parts protection means [18-21]. With the help of such systems and means, it is possible to achieve an increase in thermal cycle 
durability by more than 5 times. Currently used heat-resistant alloys operate at maximum permissible temperatures. 
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Table 1. Chemical composition of the VZh-159. 

Fe, % Si, % B, % Mg, % Mn, % Co, % Cr, % Ti, % Cu, % Ni, % 

< 3 < 0.8 < 0.005 < 0.03 < 0.5 < 0.2 26-28 < 0.2 < 0.07 53.879-63.01 

V, % Al, % P, % C, % S, % Nb, % La, % Y, % Mo, % W, % 

< 0.2 1.25-1.55 < 0.013 0.04-0.08 < 0.013 2.7-3.4 < 0.03 < 0.03 7-7.8 < 0.2 

Table 2. Thermocyclic durability. 

Angle of inclination of the channel axis to the surface Diameter, mm Number of cycles to failure N Average value Ncp 

a) о35γ =  1 174 194 200 117 292 156 189 

b) о90γ =  1 851 950 983 576 1431 765 926 

In [20], the results of experimental and theoretical studies are presented on the influence of the angle of inclination of the 
cooling channels of models of flame tubes of combustion chambers on their thermal cyclic durability. Experimental data provide 
estimates of the influence of inclination angles and channel parameters on the thermal cyclic durability of models of flame tubes 
of combustion chambers of gas turbine engines. 

Let us consider hollow box-shaped samples made of the VZh-159 heat-resistant alloy on a nickel base. A plug is installed at the 
upper end of the sample. The formation of a crack was observed through a binocular microscope, and a thermal imager of the 
temperature field of the perforated wall of the sample was used for control. Wall thickness 1 mm. Rows of holes with a diameter of 
1; 1.5; 2 cm (Fig. 2a). On one side the holes are made perpendicular to the surface о( 90 ),γ =  and on the other - at an angle о35γ =  
(Fig. 2b). 

Thermocyclic trapezoidal heating is specified by increasing the temperature of the surface of the part by heating from 350C to 
900C. The heating time was t = 5 s. At the temperature 900C, the hollow samples were kept for 7 s. Cooling air was supplied inside 
the sample at a constant flow rate 121 s. 

Table 1 shows the chemical composition of the VZh-159 heat-resistant alloy on a nickel base (according to the standard GOST 
5632-14) [22]. 

Table 2 shows the results of experiments with different angles of inclination of the cooling channels (hole diameter 1 mm). 
Our studies show that the temperature gradient across the wall thickness of the sample with normal channels is lower and the 

temperature difference showed 250C. The experimental results show a more than 5-fold decrease in the resource characteristics 
of pipe models with channels at angle 35, compared to when angle 90. In this case, the role of the size of the hole for supplying 
cooling air with design diameters is 1; 1.5; and 2 mm is insignificant (their effect on the thermal cycle life is no more than 20%). 

The numerical solution is a sequential solution of the following problems: electromagnetic; thermal conductivity; calculation 
of service life characteristics under multiaxial stress conditions. From the solution of Maxwell's equation, the nonstationary 
distribution of specific heating power over the thickness of the pipe was found. 

The calculation of the non-stationary thermal field for the cooled product was carried out using the ANSYS software package 
(Customer license 244793). In the calculations, the thermal conductivity and heat transfer of the environment were assumed to be 
20 and 25 W/(m2 K); heat transfer coefficient inside the pipe – 1900 W/(m2 K); specific heating power – 9105 W/m2; range of product 
surface heating temperature from 350C to 900C. The solution was carried out in a coupled formulation. 

Numerical analysis shows that the temperature gradient in the vicinity of normal channels is less than that near inclined ones. 
The temperature field is non-uniform and the temperature difference across the thickness for normal channels is 164.5C (Fig. 3a), 
and for inclined channels -264.3C (Fig. 3b). The result is confirmed by experimental data. 

The assessment of thermal cyclic durability at various angles was solved numerically using the found temperature fields [7-10]. 
The kinetics of stress-strain state in a nonlinear formulation was determined in the ANSYS software package. The distribution 

of the von Mises equivalent stress fields and the intensity of inelastic deformations of a fragment of a pipe model with perforated 
holes in the vicinity of one of the channels for the second cycle of thermocyclic stress is shown in Figs. 4 and 5 respectively. The 
highest von Mises equivalent stress is observed inside the pipe wall, while the maximum intensity of inelastic deformations occurs 
in the vicinity of the outer heated edge of the channel surface. It is noted [23] that it is in this area that degradation processes occur 
most intensively [20]. A microscopic crack has formed in this zone [20]. 

The study allows us to assert that thermal fatigue depends on the influence of the physical, mechanical and strength properties 
of the heat-resistant alloy on temperature and the process of “captivity” of the thin outer (heated) surface of the channel with the 
more rigid “cold” part of the wall. 

 

 

Fig. 2. Laboratory sample scheme. 
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(a)       (b) 

Fig. 3. Temperature fields C in the vicinity of (a) normal channels, (b) inclined channels. 

 
(a)       (b) 

Fig. 4. Distribution of von Mises equivalent stress fields (MPa) of a fragment of a pipe model in the vicinity of one of the channels for the second 
cycle of thermocyclic stress. 

 
(a)       (b) 

Fig. 5. Distribution of inelastic deformation intensity fields of a fragment of a pipe model in the vicinity of one of the channels for the second cycle 
of thermocyclic stress. 

In the most loaded zone, we select point A. In the vicinity of point A (Fig. 5), a stress state close to a plane stress state is realized. 
At point A, the dependences of temperature and strain tensor components on the number of loading steps were obtained for 

two inclination angles of the cooling channels. These results were used to evaluate the thermal cycle life of the pipe using the 
EXPMODEL software tool. 

For point A in Figs. 6 and 7, the cyclic hysteresis loops are shown, calculated using the EXPMODEL software tool [8]: 11σ ⁓ 11e  (Fig. 
6), 22σ ⁓ 22e  (Fig. 7). In Fig. 8, we present the loading trajectories 11(σ ⁓ 22 ).σ  The data obtained (Figs. 6 to 8) show the presence of 
rotation of the main areas of the stress and strain tensors, as well as the misalignment of the stress, total and inelastic strain 
tensors. In addition, it is clear that taking into account the formation of creep deformations (even minor ones) affects the shape of 
the cyclic hysteresis loop [23]. 

Integrating the evolutionary equation for the accumulation of fatigue damage makes it possible to show the effect of the angle 
of the cooling channels on the thermal cyclic durability (point A in Fig. 5). The dependence of damage values on the number of 
loading cycles is shown in Fig. 8. Experimental (Table) and calculated (Fig. 9) data show the necessary engineering accuracy of the 
results. 
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(a) (b) 

Fig. 6. Cyclic hysteresis loops calculated using the EXPMODEL software tool 11
σ ⁓ 11

e : (a) о35 ,γ = (b) о90 .γ =  

 

  

(a) (b) 

Fig. 7. Cyclic hysteresis loops calculated using the EXPMODEL software tool 22
σ ⁓ 22

e : (a) о35 ,γ = (b) о90 .γ =  

 

  

(a) (b) 

Fig. 8. Loading trajectories 11
σ ⁓ 22

:σ (a) о35 ,γ = (b) о90 .γ =  

 

  

(a) (b) 

Fig. 9. Dependence of damage values on the number of loading cycles for two inclination angles of perforated holes: (a) о35 ,γ = (b) о90 .γ =  

Thus, using the developed EXPMODEL software and a methodology that provides end-to-end modeling (step-by-step calculation 
of the thermal state, a three-dimensional nonlinear problem of calculating the stress-strain state and further use of the obtained 
results as a condition for non-isothermal loading of the dangerous zone of the product), an assessment of the thermal cyclic 
durability of models of flame tubes of combustion chambers of modern gas tubes was carried out. engines during thermal 
pulsations. The calculation results confirm the correctness of the approach to assessing the thermal cyclic durability of materials 
and structures and the adequacy of the developed model of the continuum damage mechanics. 
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4. Conclusion 

An assessment of the reliability of the modified model of a continuum damage mechanics during material degradation by the 
mechanism of thermal fatigue was given. As an example, the calculation of models of flame tubes of combustion chambers of gas 
turbine engines was carried out. The design possibility of influencing resource characteristics has been demonstrated. Calculation 
showed that the decrease in thermal cyclic fatigue life is associated with a decrease in the angle of inclination of the perforated 
surfaces of the flame tubes of the combustion chambers, which is confirmed by experimental data. The research results confirmed 
the reliability of modeling the processes of complex thermocyclic deformation and assessing the thermal fatigue of materials and 
structures under multiaxial stress conditions. 
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