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Abstract. A model of freshwater ice behavior under impact compression is suggested. To obtain the parameters (mechanical 
properties of ice at high-speed loading) of the model the Kolsky method is used. The necessary parameter data are obtained at a 
strain rate of 1.4103 s-1. A new procedural approach and an experimental data filtering algorithm are proposed. In addition, a 
phenomenological model of ice is offered, which makes it possible to obtain a relationship between the measured force and the 
parameters of the material. The verification of the model is performed according to the results of experiments in which forces 
are obtained in the study of the destruction of ice samples for high strain rates. It is shown that the analytical force model 
describes the experimental data well. 

Keywords: Ice; high strain-rate behavior; uniaxial compression; Hopkinson–Kolsky bar; ice fracture. 

1. Introduction 

Over the past 60 years, a considerable amount of research has been conducted on the mechanical properties of ice, mainly 
freshwater ice. Although ice is a well-known material, its properties are not fully understood. An analysis of known publications 
on the dynamic strength of ice shows that there is a large variation in the measured parameters, since the quantitative values are 
influenced by the test procedure [1]. In addition, temporal processes play a significant role. 

Reviews of previous work on this topic were presented in [1-5]. One of the problems in studying the process of ice destruction 
is the determination of its dynamic strength at a high strain rate. In the process of developing a constitutive model for ice 
behavior under dynamic loading, the main problems that arise are how to consider micromechanisms of plastic deformation. 
Since different mechanisms of dynamic deformation usually operate simultaneously and can vary depending on the strain rate, 
it does not seem possible to use only a deterministic approach. The decisive influence of the ice microstructure on ice 
destruction, as well as the temporary strength and the stress transfer process, was shown in [6]. For polycrystalline ice, it seems 
impossible to obtain the relationship between the dynamic characteristics at the macroscopic scale and the microlevel using the 
continuum theory of dislocations. We discuss the latest experimental and theoretical results concerning the mechanical 
properties of ice under dynamic loading and their applications. First, we mention the problem of ice crystal icing in aircrafts 
occurring in the clouds at cruise altitudes [7-10]. A model describing ice accretion in turbofan engines was developed to predict 
ice thickness and shape [11]. To model the velocity components of ice crystals colliding with the surface of a blunt-nosed body, a 
model describing two-phase flow was proposed [12]. Ice crystals with diameters between 5 μm and 2 mm and impact velocities 
between 50 and 250 m/s adhere to the surfaces on which they impinge [13, 14]. This problem stimulates the study of the impact 
of ice particles on a solid surface [15-17]. On Enceladus, the moon of Saturn, ice particle plumes emerge from the south polar 
region, and to realize a space mission to Saturn, it is necessary to study the impact of ice particles on the spacecraft, which was 
performed in previous works [17, 18]. It was shown that pure water ice grains with a diameter of ∼700 nm experience rebound, 
adhesion, and fragmentation at impact velocities below 400 m/s, between 400 and 800 m/s, and above 800 m/s, respectively, 
when colliding with a metallic target at a velocity of 0.2-2.4 km/s. A constitutive model was developed to study the failure 
mechanisms of space structural materials under the hypervelocity impact of ice [19]; it was shown that the damage results from 
the competition between fracture, plasticity, and phase transition in the materials. 

Possible damage by hail was discussed in [20] by analyzing the peak force and time of occurrence generated by ice balls with 
diameters ranging from 31.8 to 50.8 mm colliding with a rigid target. The authors described the empirical relationships between 
the peak force and the impact velocity, ice ball radius, ice density, and mechanical properties of ice. Roisman developed a 
hydrodynamic model that describes the deformation and subsequent fragmentation of a spherical ice particle as a result of a 
collision with a perfectly rigid substrate [21]. Ice particle fragmentation resulting from impact on a solid wall was studied using a 
semi-empirical model to predict the size of the largest reemitted fragment [22]. A solid residual ice cone that remains attached to 
the substrate after ice particle impact was studied in [23]. 

During mining in cold regions, frozen, water-saturated soil is subjected to dynamic loads due to drilling and blasting. In these 
applications, the multiaxial and cyclic impact loading of frozen soil containing ice crystals has been studied [24-27]. 
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The split Hopkinson pressure bar (SHPB) system is widely used to study the mechanical response of ice under compressive 
dynamic loading [28-33]. Other deformation modes such as tension [34-36] and bending [37] are also analyzed. Energy dissipation 
through the ice-cotton composite was studied as a function of freezing temperature and cotton content [38]. 

SHPBs were used to study the dynamic strength of differently prepared ice under uniaxial compression at temperatures 
ranging from 173-263 K and at strain rates up to 103 s−1 [39]. It was shown that the peak compressive strength of ice is a linear 
function of density; the pure high density (porous low density) ice showed a peak compressive strength of 49.5 ± 2.0 MPa (36.5 ± 
1.9 MPa); no effect of the strain rate was observed [39]. 

To validate the model proposed in the paper, the results of the high strain rate uniaxial compression test are used. The Kolsky 
method was used in our research with the help of the SHPB. The compression tests are performed in the traditional way as in 
[40-46]. The novelty with respect to the abovementioned works is that we propose a new method of test data analysis. This new 
method helps, in our opinion, to obtained a better analysis of the in-formation received in tests about the deformation process. 

Finally, a phenomenological model of ice is proposed. In our work we include micromechanics in the description of the 
process of dynamic deformation. In this context, one of the experimental problems is the propagation of a steady elastoplastic 
wave. The verification of the model is carried out according to the results of experiments, during which the forces acting on ice 
samples are measured. This approach allows us to obtain a relationship between the measured force and the parameters of the 
material, taking into account the loading modes. 

2. Experimental Methods 

To test ice samples at high strain rates we used the Kolsky method. The tests are performed under compression in the 
traditional way. As a result of the tests, dependences are obtained in the form of graphs necessary to assess the strength of 
materials under the action of dynamic loads. 

A schematic diagram of the split Hopkinson pressure bar apparatus is shown in Fig. 1, where: 1 – gas gun with a pressure 
control system, 2 – striker, 3 – incident bar, 4 – strain gauges, 5 – transmitted bar, 6 – specimen, 7 – trigger, 8 – computer with data 
acquisition system, 9 – calibration and information collection circuit, 10 – clock pulse generator. 

For uniaxial compression tests, the classical Kolsky scheme is used. The sample is located between the bars. The bars are 
used to transmit a stress pulse to the sample, as well as to record the parameters of this pulse. The collision of the striker with 
the incident bar leads to the formation and propagation of a compression wave in this bar. Part of the wave passes into the 
sample, and the other part is reflected at the boundary of the sample and the bar. Strain pulses in the incident and transmitted 
bars were measured using foil strain gauges (or semiconductor strain gauges) glued to the outer surface of the rods. To 
compensate for bending vibrations in the rods and increase the amplitude of the useful signal in the working sections, 4 strain 
gauges connected in series are glued. A strain gauge in the incident bar rod is used to record the loading and reflected pulses; the 
transmitted pulse is recorded on the transmitted bar. Electrical signals from strain gauges are received and processed by a 
computer through a calibration and information acquisition circuit, taking into account their reference to a time scale based on 
synchronizing pulses from the generator. Receiving and recording equipment introduces errors and distortions that significantly 
affect the accuracy of determining characteristics. 

Distilled water was used to remove 20 ice samples. The freezing of water was carried out in a freezer of temperature 20°С. The 
density of ice samples is determined, and several ice samples of known geometry are made (cylinders with a diameter of 20 mm 
and length of 45 mm). The density of the ice samples was 0,90 at 0,92 g/cm3. The sample fabrication methods used were as 
follows. For testing, sets of thin-walled metal clips of the required configuration are made. These clips are fixed on a flat plate 
with glue. Distilled water is poured into the clips up to the upper cut of the clips, and the plate is placed in a freezer for 2 days. 
During the process of water freezing, the volume of the sample increases and the protruding part of the ice sample is removed. 
Next, the samples are removed from the holders and placed in a polyurethane foam container for storage, which remains in the 
freezer all the time. To avoid the appearance of cracks in the samples, the rate of water freezing was reduced by using a heat-
insulating polyurethane foam cap, placed on a set of clips with water. For the compression tests, tablets ~20 mm high and ~40 
mm in diameter were used. The length of the high-strength aluminum alloy striker bar is 0.3 m, and the lengths of the incident 
and transmitter bars are 1.6 m and 1.8 m, respectively. 

 

Fig. 1. Split Hopkinson pressure bar facility. 
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Liquid nitrogen is used to prevent sample heating during test preparation and to cool the edges of the measuring rods. A 
special chamber is made, lined inside with a layer of polyurethane foam to reduce the penetration of heat from the environment. 
The edges of the measuring rods were placed in the chamber. The chamber was purged with liquid nitrogen vapor which helped 
maintain the required negative temperature. The sample temperature is measured using a type E thermocouple, the signal from 
which is transmitted to a digital millivoltmeter. The thermocouple is located inside the chamber directly in the zone of contact of 
one of the measuring rods with the sample. To record the pulse transmitted through the sample glued semiconductor gages are 
used. 

3. Method of Analysis of Experimental Data 

All tests were performed at strain rate of ~1.4·103 s-1 under compression. An example of a typical graph obtained using 
traditional methods for processing data from experiments carried out according to the Hopkinson scheme is shown in Fig. 2. This 
figure shows the dependence of the stresses on time for ice at a temperature of -15°C and a strain rate of 1.4·103 s-1. These 
dependencies are obtained after processing the signals from the strain gauges. 

To determine the value of the stress at the moment of destruction, it is necessary to know the maximum value of the stress 
during dynamic compression and the time when this maximum value is reached. As shown in Fig. 1, several maxima are 
observed on the graph. This raises the question of the nature of the occurrence of these maxima. The solution to this question 
will allow the selection of one of the maxima corresponding to the moment of destruction of the material. The experimental data 
filtering algorithm proposed in this article makes it possible to justify the choice of the stress maximum. 

3.1. Single pulse filtering and analysis 

Various methods for the end-to-end calibration of Hopkinson's experimental setups are known [40-44]. These methods, 
however, do not eliminate a number of factors: such as the spread of loading pulse shapes, inaccuracies in the timing of pulses 
and the presence of noise components, to which methods for calculating the strength characteristics of materials are sensitive. 
Therefore, it is necessary to use digital signal processing methods for filtering and analyzing experimental data as an 
interconnected triad of loading, reflected, and transmitted pulses. The analysis of the experimental data y as a function of time t 
for the loading and transmitted pulses makes it possible to distinguish three characteristic regions for the filtered pulse (see 
Fig. 3): 

1) the derivative of the momentum increases monotonically; 
2) the derivative of the momentum decreases monotonically; 
3) the derivative of the momentum increases monotonically. 

 

Fig. 2. Stress as a function of time under dynamic compression at the strain rate of 1.4·103 s-1. 

 

 
 

Fig. 3. Analyzed impulses and their derivatives. 
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This property of the signal can be used as a criterion for filtering, in particular, to determine the floating average .y  In 
mathematical form, the criterion for dividing into oscillations and floating average can be written as follows: 
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With numerical implementation expressions (1) and (2) can be reduced to a quadratic programming problem. Let us move 
from a continuous representation of the functions (1) and (2) to a discrete representation. For this we represent t, y and y  as 
lattice functions in the form of a sequence of readings t, y and .y  

Then, Eq. (1) will take the form: 
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and then after simplification of Eq. (3) one can obtain: 
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where = −x y y  is a new variable, n is the sample size, and I is the identity matrix of dimension nn. Using Eqs. (4) and (5), we 
rewrite constraint (2) in the following form: 
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Using the properties of the second finite differences (7) one obtains: 
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and after the simplification of expression (6) we have: 
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Using the substitution ,= −x y y  we reformulate Eqs. (1) and (2) as a quadratic programming problem with respect to x: 
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1 1min ,J  = +  x

x I H H x  (9) 

with constraints: 
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2 2 .γ γ≥H x H y  (10) 

The main problem in the proposed algorithm is the determination of the maximum ,∆y  and minimum, since the function y  
is not known in advance. In the course of repeated trial calculations and analysis of experimental data, it was found that the 
initial data y  and ∆y  after filtering by standard methods, for example, using wavelets, can be used as the first iterations of the 
algorithm. At further iterations of the algorithm, the found sequence can already be used. At further iterations of the algorithm, 
the found sequence y  can be used. 

3.2. Pulse triad filtering and analysis 

Filtering the triad of impulses (loading, reflected and transmitted) is complicated by the presence of interrelations between 
them, such as the law of conservation of energy and momentum. Therefore, it is necessary to solve the problem of filtering these 
signals in a consistent manner and introduce the following additional restrictions into problems (1) and (2): 

( ) ( ) ( ) 0,TrLd Rfy t y t y t− − ≥  (11) 
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the following form: 
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( ) ( ) ( )
к к к к к к

0 0 0 0 0 0

22 2
22 2

, ,
min ,

TrLd Rf

t t t t t t

Rf RfTr TrLd Ld
Tr TrLd Ld Rf Rf

y y y
t t t t t t

dy dydy dy dy dy
J y y dt dt y y dt dt y y dt dt

dt dt dt dt dt dt

            = − + − + − + − + − + −                  
∫ ∫ ∫ ∫ ∫ ∫  (13) 

with restrictions, 

2 2

02 2
max max min

2 2

02 2
min max

0,  , , 0,  , ,

0,  , , 0,  ,

Ld Ld Ld

TrLd

Ld Lddy dy dy

dt dt dt

TrLd kdy dy

dt d

d d
y t t t y t t t

dt dt

d d
y t t t y t t t

dt dt

                          

     

     ≥ ∈ ≤ ∈       
  ≥ ∈ ≥ ∈   

( )
( )

2 2

2 2
max min min

2

02
max

,

0,  , , 0,  , ,

0,  ,

Tr Tr Tr

TrRf

t

Tr Tr kdy dy dy

dt dt dt

TrRf d
y y

dt

d d
y t t t y t t t

dt dt

d
y y t t t

dt

     

                          

  +   

 
 
 
  

      ≤ ∈ ≥ ∈       

+ ≥ ∈ 


( ) ( )
( )

( ) к

2

2

2

2
max min min

, 0,

, , 0,  , ,
Tr Tr TrRf Rf Rf

Rf

TrRfd d d
y y y y y y

dt dt dt

d
y

dt

d
t t t y y t t t

dt           + + +               


 ≤


      ∈ + ≥ ∈       

  

( ) ( ) ( ) 0.TrLd Rfy t y t y t− − ≥   

Using expression (13), one can obtain: 

( ) ( ) ( ) ( ){
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )}

T T

, ,

T T

T T

min

.

TrLd Rf
Ld Ld Ld Ld Ld Ld Ld Ld

Tr Tr Tr Tr Tr Tr Tr Tr

Rf Rf Rf Rf Rf Rf Rf Rf

J = − − + ∆ − ∆ ∆ − ∆ +

+ − − + ∆ − ∆ ∆ − ∆ +

+ − − + ∆ − ∆ ∆ − ∆

y y y
y y y y y y y y

y y y y y y y y

y y y y y y y y

 (14) 

Using the properties of finite differences (4) and introducing new variables: 
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Then the restrictions in expression (13) have the following form: 

( ) ( ) ( )(
( )( ( )

( ) ( )( ( )(
( )

2 2
max max min

2 2
0min max

2 2
max min min

2
0 max

0,  3, , 0,  , ,

0,  , , 0,  , ,

0,  , , 0,  , ,

0,  ,

Ld Ld Ld

TrLd

Tr Tr Tr

Rf

Ld Ld

TrLd k

Tr Tr k

Rf Rf

k k k k k

k k k k k k

k k k k k k

k k k

∆ ∆ ∆

∆ ∆

∆ ∆ ∆

∆ +

  ∆ ≥ ∈ ∆ ≤ ∈    
  ∆ ≥ ∈ ∆ ≥ ∈    

 ∆ ≤ ∈ ∆ ≥ ∈  

∆ + ≥ ∈

y y y

y y

y y y

y

y y

y y

y y

y y ( ) ( )

( ) ( )( ( ) ( )(

2

2

max min min

, 0,

, , 0,  , ,

0.

Tr

Tr Tr TrRf Rf Rf

TrRf

Tr kRf

TrLd Rf

k k k k k k

∆

∆ +∆ ∆ +∆ ∆ +∆

  ∆ + ≤ 
 
 ∈ ∆ + ≥ ∈ 
 
− − ≥

y

y y y y y y

y y

y y

y y y

 (17) 

Using the same approach one can obtain another form of expression (17): 
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Expressions (16) and (18) are used to obtain the quadratic programming problem, which has the following form: 
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3.3. Filtering and analysis of the triad of pulses with delays 

An important problem in triad filtering is the presence of a phase shift in the time domain of pulses relative to each other. 
This aspect is not taken into account in expression (19), therefore the creation of a new algorithm is needed. The loading pulse is 
a reference signal, relative to which the phase shifts of the reflected 0τ  and transmitted pτ  signals are calculated. With a 
discrete description, the phase shift can be described as follows:  
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where 0ω  is the sampling frequency, and fix(…) - is the rounding function with discarding of the fractional part. Then the 
problem of filtering of the triad of signals, which takes into account phase shifts, can be written as a mathematical programming 
problem in the following form: 
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о
τ  and pτ : 

( ) [ ] [ ]{ }
н п о

п о п о п о

T

, ,
, min , , ,τ τ τ τ τ τΦ =

y y y
x Hx  (22) 

with constraints: , , ,Tr TrRf Rfτ τ τ τΛ Λ   ≥      x y  where: 

[ ] [ ], , , .trTr

Rf Rf

Ld Ld Ld Ld Ld Ld

Tr Tr Tr Tr Tr Tr Tr Tr Tr TrRf Rf

Rf Rf Rf Rf Rf Rf Rf rf

ττ

τ τ

τ τ τ τ τ τ

τ τ

       − −       
             = = − = − =                
           − −                    

x y y y y y

x x y y y y y y

x y y

A

Ay

A

A y y

 (23) 

Using the algorithm described above, we processed the obtained experimental data. 
An analysis of the signals showed that the oscillatory components characterizing the second and subsequent maxima on the 

transmitted pulse are also present in the loading pulse. These components can be attributed to the noise of the experimental 
setup itself, and, as a result, can be removed and not taken into account in methods for calculating the characteristics of 
materials (see Fig. 4). 

4. The Ice Model 

In this work, we include micromechanics in the model of dynamic deformation. Therefore, we use the problem of 
propagating of a steady elasto-plastic wave as a test problem.  Such a problem is frequently used for a model verification of the 
constitutive equations of a medium (see [47]). In this paper we propose a model for the propagation of steady elastoplastic wave 
based on the dynamics of dislocations. In this model we take into account additional relaxation caused by the variation in the so-
called mass-velocity of ice particles. 

From the experiments with other ice materials, it was found that the shock front in the structural nonuniform medium 
represents the superposition of two modes of motion. The first is the average motion of the flat front and the second mode is the 
quickly fluctuating motion of certain parts with respect to the average motion of the front (see [47]). In this case, the real carriers 
of plastic deformation (such as dislocations) cannot be exactly determined. As the authors of [47] wrote, “the only fact that can be 
estimated using the interferometric methods of detection of wave processes is the spatial scale of the correlation motion of 
deformation carriers, which looks like the ice particle velocity pulsation at the mesolevel”. We assume that the same physical 
mechanisms are present during impact, such as the like loading of ice. 

The model of ice behavior during uniaxial deformation at a high strain rate is as follows. Ice material behavior is represented 
in the form of interacting subsystems, the first of which determines the dislocation mechanism of deformation, studied in detail 
in [48-53], and the second determines the dissipative properties of the material. It is assumed that, at given loading rates, a 
stationary front of plastic deformation is formed, and the dispersion of strain rates is due to the dissipative properties of the 
medium in which the plastic front moves. Depending on the parameters of the experiments (temperature and speed of the 
impactor), different sequences of plastic deformation processes are assumed, which are expressed in the interaction of the 
introduced subsystems, so they can be connected in series in a different order, or in parallel in the case of a superposition of 
deformations of these subsystems. 

We consider the deformation of ice in the temperature range from -10°C to -20°C only.  
To describe the first subsystem, which corresponds to the passage of the plastic front, a model of the dislocation dynamics is 

used.  
For our ice samples we assume that: 11 22 33 0.p p pε ε ε+ + =  
The relation between the normal stress ,σ  total deformation ,tε  and plastic deformation pε  is given by [52, 53]: 

2 2 ,ptlcσ ρ ε µε− = −  (24) 

where ( 2 ) /lc λ µ ρ= +  is the longitudinal sound velocity. 

  

Fig. 4. Signal processing results; The solid line indicates the original signal, and the dashed line shows the signal after filtering. 
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The governing relation for one-dimensional wave propagation is introduced as follows: 

2 8
,

3
p

t t tlcσ ρ ε γ− = −  (25) 

( )11 22

1
,

2
p p pγ ε ε= −  (26) 

where pγ  is the shear plastic strain and t is time.  
The shear strain rate can be represented as follows ,p

t m dbN Vγ =  where p
tγ  is the shear strain rate, Nm is the dislocation 

density, Vd is the dislocation velocity, and b is the magnitude of the Burgers vector. 
The dislocation density can be represented as ([49]): 

0 ,pm mN N αγ= +  (27) 

where Nm0   is the initial dislocation density and α  is the coefficient of dislocation multiplication. 
The following formula for the dislocation velocity is valid in this case: 

0( )
,d

b
V

B

τ τ−
=  (28) 

where B is the dislocation viscosity, τ  is the shear stress, and 0τ  is the reverse stress. Then the governing equation (25) obtains 
the following form: 

2
0(1 )( ),p

t tlc Mσ ρ ε γ µ γ τ τ∗− = − −  (29) 

where, 

2
0 ,mb N

B
γ∗ =

0

,
m

M
N

α
=  0 / .τ τ µ∗ =  (30) 

Equation (30) can be represented as follows: 

(1 ) ( 2 ) .p p
t pMγ γ µ γ ε γ τ∗ ∗

 = + − −    (31) 

Considering the mass and momentum balance equations: 

0,t xuρ σ+ =  (32) 

0,x tu ε+ =  (33) 

and Eq. (30) one can obtain the system of equations for the dynamic deformation of a one-dimensional isotropic material. In Eqs. 
(32) and (33) u is the ice particle mass-velocity [54]. 

Let us consider the propagation of a stationary wave with the constant velocity c0. Then we can introduce the variable z = x-c0t 
and rewrite the set of equations in the following form: 

0

0

0

0,

0,

(1 ) ( 2 )

z z

z z

p p p
z

c u

c u

c M

ρ σ

ε

γ γ µ γ ε γ τ∗ ∗

− =

− =

 = + − −  

 (34) 

We can rewrite system (34) and obtain the equation with respect to the particle velocity u: 

2
1 2 3 0,zu L u L u L+ + + =  (35) 

where, 

1

0

1
( 2 ),L a M

c
γ µ τ∗ ∗= − −  2 2

0

( 2),
M

L a
ac

γ µ∗= −  3 ,L aγ µτ∗ ∗=
2 2

0

8 1
.

3 ( )l

a
c c

µ

ρ
=

−
 (36) 

The solution of Eq. (35) has the following form: 

1

0
0

0

( 2)
1 exp ,

u M a
u u z

ac

γ
−

∗
   −  = +      

 (37) 

where 0u  is the value of the particle velocity at z = .−∞  Formula (37) corresponds to the propagation of the stationary wave front 
from z = −∞  to z = .+∞  The wave slope is determined by the dislocation parameters. Using data from [46-51], one can calculate 
the shock wave profile. This profile is presented in Fig. 5.  

This profile does not consider that the propagation of a shock front is certainly nonuniform in the velocity space process. 
Therefore, we can expect that the real response under shock loading cannot be described exactly as such.  

To take into account the dissipative effects we assume that the front generated by the dislocation mechanism acts on the 
second subsystem. This mechanism gives us the following equation: 

( )
2 2

1 22 2
,

v v
E Q Q u

x t
ρ

∂ ∂
− − =

∂ ∂
 (38) 
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Fig. 5. Shock wave profile. 

where E is the Young modulus, ρ  is the initial ice density, 1Q  is the force of internal interaction, ( )2Q u  is the force as a result of 
the action of the first subsystem, and v  is the ice particle displacement. 

By analogy with the well-known solution of the wave operator, one can obtain the following expressions for deformation and 
equation, which relates the mass-velocity of ice particles in the form: 

1 2

0

,  ,t
tt t

v
v v u

c
ε φ φ= + =  (39) 

where 1φ  is the coefficient of internal viscosity and 2φ  is the coefficient. As before we introduce the variable z, and then Eq. (39) 
becomes: 

( )

2
0 0

1 2
2

0 0

,  ,

 ,

,

zz tt z t

zz z

z

c v v c v v

v v u
c c

z v

φ φ

ε

= − =

− =

= −

 (40) 

Then we have: 

1

1 2 1
2

0 0

0 2 01
1 2 1 2

0 0 0

,
1

( 2)
,  ,  .

z a z

b
u

c c e

u M a u
a a b

ac c c

φ φ
ε ε

γ φφ∗

− = − =
+

−
= = − = −

 (41) 

The solution of Eq. (41) can be obtained as follows: 

( )

( )

( )( )

( )

1

2 2 2 2

2

1 1 1

1

2 2

1 1

2 2 2

2

1

2

1
2

1 1
1

1

1
1 1

1
1

2

1

1
1

1

,
1

,
1 1 1

,

 ,
1 1

1

,

z a z

z z za z a z a a
a z

a a a

a

a a
s zz za a

a z a z a z
a
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a z

b
a

e

b e b e e
d d b e d

e e e

s e

s d s sd b ds
b e b e e

s s a
s s

a

a

b ds
e

a s

ξ ξ ξ

ξ ξ ξ

ξ

χ

ε ε

ε ξ ξ ξ

ξ

ξ ξ
ε

χ

ε

− − − +
−

−∞ −∞ −∞

−

− − −

− +
−∞ −∞ −∞

−
+

+ =
+

= = =
+ + +

=

= = =
+ +

+

= −

=

∫ ∫ ∫

∫ ∫ ∫

( )( )

( )

( )
( )

( )

( ) ( )( ) ( ) ( )( )

2

2

1

1

1

1

,1,
1

,1, ,1, ,

s z
s za z

s
s

a z

b
e s s

s a

b
e s z s z s s

a

χ

χ χ

χ

χ χ

− −

−∞
−∞

− −−

 = Φ − − = 
+  

 = Φ − − − −∞ Φ − −∞ −  

∫

 
(42) 

where ( )Φ …  is the Lerch function. 
The total force acting on ice during impact loading is as follows: ( )1 2 .Q Q Q u= +  
Let us relate this force to the ice deformation using Eq. (39): 

1 2

0

1 2 1 0 2

,  ,

,

t
tt t

tt t

v
v v u

c

v v u Q c u

ε φ φ

φ φ φ ε φ

= + =

= − + = − = − +
  

 



10 Andrey Yu Kuchmin and Andrey K. Abramyan, Vol. x, No. x, 2024 

 

Journal of Applied and Computational Mechanics, Vol. xx, No. x, (2024), 1-13 

Then we rewrite these expressions via the variable z as follows: 

( )

( ) ( )

2
0 0

1 2 1 2
2 2

0 0 0 0

2
02

01 2 1
2

0 0 0 0

0

,  ,

 ,

.
( 2)

1 exp

zz tt z t

zz z

c v v c v v

v v u Q z u
c c c c

u
c

Q z u z
c c c u M a

z
ac

φ φ φ φ
ε

φ

φ φ φ
ε ε

γ∗

= − =

= + = − = − +

= − = −
 − +   

 

(43) 

This force can be measured in experimentally and has the following form:  

( )
( ) ( )

2 2
1

3 3 4 3 4

,
1 exp 1 exp

a a
Q t a t

a t a a a a
= + −

+ − + −
 (44) 

where a1, a2, a3 and a4 are the approximation parameters. To estimate the coefficients in Eq. (44), we can use the methods of 
parametrical identification.  

In terms of optimization this problem can be described as follows: 

( ) ( )
2*

0

min ,
i

N

k k
a

k

J Q t Q t
=

    = −      
∑  (45) 

where J is the functional, Q*(tk) is the magnitude of the force measured at time tk, Q(tk) is the magnitude of the force computed 
according to expression (44) at time tk, and N is the sample size.  

The algorithm of analysis and filtering of the experimental data described in section 3 has been modified and applied at the 
stage of signal preprocessing to exclude the influence of multiplicative and additive noise. This method increases the stability of 
solving the problem of estimating parameters in model (45) using the Levenberg–Marquardt algorithm [53]. 

When the loading rate increase, it is leads to a change in the sequence of subsystems in the material model, now the 
dissipative part is switched on first, and only then the dislocation fracture mechanism appears. Then, the model obtains the 
following form: 

2
1 2

1

0

,

z z

zz z

v u L u L u

v v
c

φ

= − +

=
 (46) 

under appropriate initial conditions. By integrating the second equation in (46), one obtains 2

0 .a z
zv a e y−= =  Substituting the 

solution of the linear equation into the first equation (46), one obtains the general Riccati equation: 

22
1 2 0 .a z

zu L u L u a e−− + =  (47) 

After some manipulation, we can obtain the modified Bessel equation: 

2
2

2

1

2

1 2 0

2 22 012
2

2 2

2 0 2 22 1

2 2

2
2 2 1

2
2

,  0,

42
,  1 0,

2 2
,  0,

,  0.

L udz a z
zz z

a
z

ss s

L

a

I e I L I L a e I

L aL
s e s I sI s I

a a

L a a L
s I I I

a a

L
I y y y y

a

ξξ ξ

ξξ ξ

ξ ξ ξ ξ

ξ ξ ξ ξ

−

−

−

∫= − − =
 
 = + + − =  

+
= + − =

 
 = + − + =  

 (48) 

 

Fig. 6. Force profile for ice describing the elastic and plastic deformation mechanism for a strain rate of 1.4·103 s-1. 
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The solution of Eq. (48) is determined by the following expression: 

1 1

1 12 2
2 2 0 2 02 2

2 2

2 2

2 2
,

1
ln ,  ,

L L
L La az zL udz

z

L a L a
I e e H e

a a

I
udz I u

L L I

− −        ∫    = =                

= =∫

 (49) 

where ( )...H  is the general solution of the modified Bessel equation. 
The equation for the force measured during the experiment is defined as follows: 

. . .

0 0

,  .Sp Sp Sp

u u
Q C C

c c
ε ε= = =  (50) 

To estimate the coefficients of the models of the first and second modes, based on the experimental data, parametric 
identification methods are used. Finally, the profile of the force Q(t) is calculated and drawn in Fig. 5. In the same figure asterisks 
represent the experimental results. There are slight differences in the values calculated according to the proposed model and test 
results. For a constant strain rate, the following results were obtained: 

a1 = 18.3125 
a2 = 2.0435e+003 
a3 = -0.5026 
a4 = 12.13091. 
The profile of the force Q(t) is shown in Fig. 6. 

5. Conclusions and Discussion 

To determine the mechanical properties of ice at high-strain rates the Kolsky method was used at a strain rate of 1.4·103 s-1. A 
new procedural approach and experimental data filtration algorithm were suggested. An ice phenomenological model was 
proposed that makes it possible to obtain a relationship between the measured force and the parameters of the material and 
loading modes. The verification of the model was carried out according to the results of experiments, during which the forces 
were obtained in the study of the destruction of ice samples for high strain rates. The analytical force model describes the 
experimental data well. The process of identifying the parameters of the force model using the least squares method was 
proposed. Future studies should identify the model of ice deformation and destruction by determining of the coefficients of ice 
characteristics and loading parameters, taking into account the physical justification of the processes occurring in the samples in 
more detail. 

Processing data obtained in the experiment the authors initially used different methods of analyses and filtering of the signal 
including wavelets, various types of filters, and analysis in the frequency domain. Those methods significantly distort the signal 
and cause the loss of its physical properties. Oscillations visible in Fig. 2 have the same frequency range as the signal front. 
Therefore, the removal of these components by standard methods leads to the signal front flattening and affects significantly the 
characteristics (for example the incubation time) describing the material destruction. It signifies the necessity to maintain the 
physical validity of signal characteristics resulted from the processing. The second issue is coordinated analysis and filtering of 
all three signals obtained in the experiment. The relation of the momentum conservation law in the experiment should be 
satisfied. It is impossible to achieve that requirement using standard methods. The frequency domain filtering introduces a 
phase shift into the signal, and it is very difficult to control the value of that shift, but it changes the signal maximum peak time. 
That is, our goal is to propose a co-filtering algorithm for three impulses without losing the front slope of all three signals and to 
satisfy the momentum conservation law. The obtained algorithm is reduced to a quadratic programming problem, which can be 
efficiently implemented using computer technology. The complexity of implementation is comparable to that of other filtering 
methods when choosing the appropriate parameters of classical filters or decompositions with high accuracy. 

The research reveals that the stand recording equipment introduces the uncontrolled shift into the recorded data in the time 
domain. Those shifts result in the failure of the momentum conservation law. There is another problem. Analysis of 
characteristics determining the destruction moment requires their strict binding to the time axis, and uncontrolled phase shifts 
are sources of errors in determining that moment of destruction.  The phase shifts have a systematic component and a random 
component. The determination of the shifts must be systematic and performed for all three impulses simultaneously, taking into 
account the momentum conservation law. Thus, the correlation methods, as a proposed alternative, do not take into account the 
momentum conservation law. The correlation methods require a reference signal, but the resulting signal profiles are unique in 
each experiment. Therefore, it is not possible to predict the ideal signal for each experiment.  The authors of the paper propose 
the algorithm that allows including other restrictions related to the physics of the fracture process. Research in this area is 
ongoing. 

Our goal is to perform filtering without distorting the steepness signal profile and determine the true position of the 
maximum, taking into account the physics of the destruction process. Therefore, the given characteristics of the destruction 
process have already taken into account the time shift of the curves introduced by the measuring system of the stand. Taken into 
account the errors (time shifts) of the measuring systems increases the accuracy of determining the characteristics of the 
material. 
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