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Abstract. The paper discusses the theory of critical strain energy levels for structures with lumped parameters. The theoretical
assumptions and profs for common case are presented. The idea of external actions and strain energy field separation leads to the
minimum strain energy principle. It has the self-stress of the structure physical sense. In the general case, a structure's extremal
values of parameters are determined from an eigenvalue problem. The critical levels criterion means the self-stress state change.
The strain energy consists of two parts: strain energy, which equilibrates the action work, and residual strain energy, which does
not allow a deformable body to collapse. This allows for the total and residual strain energy to be calculated. The traditional problem
formulation does not give us that option. The proposed theory is illustrated on a rod system, which explains the change in the self-
stress state of the structure in a simple manner. The static matrix and stiffness matrix are obtained for the three-bar structure. The
eigenvalue problem allows us to obtain the principal values of the nodal reactions and displacements of the structure. New
formulations of structural design and structural analysis tasks are given. The results are compared with classical methods of
solution. The formulations of weak link problems and progressive limit state problems are given. A structure's residual load capacity
is evaluated by the residual strain energy.

Keywords: Energy methods, self-stress state, strain energy, critical energy criterion, matrix methods, lumped parameters.

1. Introduction

The most popular approach to the formulation and solution problems of structural mechanics remains the minimum total
potential energy principle. For brevity, it will be called the Lagrange approach. Most problems in the statics and dynamics of
structures [1-8] is based on this formulation of the problem. Numerical procedures which are popular among designers, including
FEM (finite element method) and other numerical methods [9-13], are implemented based on the mentioned approach. As a result,
a reaction of the structure depends on the actions prescribed by designer. After the element’s parameters selection in the cross-
section, the same parameters are assigned to other elements as well, to fulfill the process requirements. The structure is given a
load-bearing capacity reserve that is difficult to estimate. As a result of the inspection of the building, it is required to assess the
residual bearing capacity of its structures, after the appearance of defects from operational actions. When renovating a building, it
is necessary to assess the residual load-bearing capacity of structural elements and the entire building to select a structural
reinforcement.

Problems with tracking loads, temperature, and similar effects, where essentially nonlinear behavior of the structure is
investigated, cannot be solved with satisfactory results in the Lagrange formulation, which has been repeatedly expressed by a
number of scientists. Indeed, having obtained the equilibrium equations, continuity conditions, and surface conditions, from the
variational principal the researcher cannot conclude whether the system has lost its carrying capacity or not. The concept of limit
state, which is mathematically and physically unrelated to the Lagrange formulation, is introduced. As a result of solving the
problem, the values of the parameters corresponding to a given load are obtained. Therefore, there is no way to estimate the
maximum value of the load-carrying capacity of the structure. But then it is not possible to estimate the residual load-carrying
capacity of the designed structure either. In this case even in linear statement the problem of designing structures gets iterative (in
the sense of trial-and-error methodology) manner.
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Many theories of progressive collapse of structures [14-27] is explained by the fact that it is impossible to construct a theory
based on the Lagrange principle that consistently excludes structural elements from operation. The structural optimization theory
is developed to reduce the amount of residual load-bearing capacity [28-30]. But it possesses optimization for the objective function,
which in many cases non guarantees eliminating residual strain energy. One of the ways to reduce the residual load-bearing
capacity could be the theory of sensitivity of structural systems [31-33]. However, there are problems in solving nonlinear structures
behavior tasks, and derivation calculations procedure.

The paper is devoted to the development of the theory of critical energy levels for structures with lumped parameters, which
uses a new variational principle of minimum potential deformation energy [34]. Since the deformed state of a structure depends
on its geometric parameters, mechanical characteristics, and support conditions, it is possible to calculate the self-stress
parameters of the structure for any level of loading (including its absence). Based on the described above reasons, the idea of
separating the fields of external influences and the field of deformations of the structure arises.

2. Materials and Methods

Considering the historically established approach in structural mechanics of setting the problem based on the minimum total
potential energy principle of the structure, the suggested approach is based on this centuries-tested method. And we must know
what mathematical model derive from the Lagrange formulation after separation strain field and action field.

2.1. Separation of the energies of the actions and strain fields

Let the domain of existence of the total strain energy functional of a solid deformable body II can be divided into the areas of
external n €Q, andinternal y €, parameters.Then, according to the Bellman optimality principle [35], the extremum of the initial
functional can be found as:

extr Il = extr extr II. Q)

X, nEQ e neQ,

This means that extremal of functional on external actions:
§II(x,n) =611(x,c)=0. (2)

where c is the domain of external parameters defining the extremum.
Then, determining the extremum of the functional on the domain of internal parameters, from the condition of orthogonality
of the extremals of external and internal parameters one can write:

~6T0(x)+1I1(c) =0. ®3)

Here II(x) = U(x) is the strain energy of the structure, and II(c) can be assumed as a constant, because the internal parameters
vary only. The sign was chosen considering that the internal energy varies.
According to [36], the task (3) can be written as:

8U(x)=0. (4)
under the condition, that for all j extremals:
§U(x)=11(c), j=1,2,..,n, (5)
or in the normalized to unit form:
YU =1 ©)

Expression (6) is a completeness condition of the eigenfunctions of objective (4). According to [36, 37], this requirement
corresponds to the condition of equality to zero and nonnegativity of the second variation of the functional. The connection
between the first and second variations of the functional and the properties of global and local invariance of the functional is well
known [37].

2.2. Self-stressing state of the structure and limiting state

Here we say a few words about the mechanical meaning of criterion (4) and (6). The proposed criterion consists in investigating
the first variation of the strain energy functional of the deformable body. Values of external parameters at the domain of variation
of internal parameters at extremals are constant. Constancy of external parameters does not exclude absence of external actions.
We call this states the critical strain energy levels, including the initial unstressed state.

The normalization condition (6) makes it possible to describe any limit state in a uniform mathematical form, both for ULS
(ultimate limit state) and SLS (serviceability limit state). The homogeneity property of the strain energy function allows us to remove
the smallness restriction on the change in the generalized parameters of the problem. And the condition of orthonormality of
generalized parameters of the problem allows us not to care about the requirement of their change smallness, which is the main
problem of the overwhelming majority of step and iteration procedures in nonlinear problems of structural mechanics. It follows
from the above that ordinary function (functional) (4) has physical meaning of self-stress state of the structure.

Rzhanitsyn [38] connected the normalization condition of generalized parameters (6) characterizing the strain energy with the
state of self-stressing of the structure. He called self-stressed state as a state of the unloaded statically indeterminate structure. In
structural mechanics terms deformable body consist of the bounds (links), pins and discs, when may be a bound. It means that the
structure has a framework which resist to external actions, and guarantee against dividing into separate parts. If we remove one of
the bonds and replace it with a unit of internal forces, we can calculate the self-stress state.

It is worth mentioning the Saint-Venant principle, according to which external influences sharply reduce their influence on the
stress-strain state of the structure as they move away from the point of their application. Therefore, both the structure and the
continuum will deform according to the laws prescribed by their shape and geometric dimensions, as well as by the support
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conditions and mechanical characteristics of the materials. At the same time, external influences are subject to the laws of the
fields that caused them. But they are balanced by the internal reactions of the structure, so they do not work at the critical level.

When a structure is at a critical strain level, it is one of the possible self-stressed states that differs from the initial state by a
constant multiplier. The new state can be obtained by increasing the external load, which will be balanced by internal forces if the
limit state condition is not violated. Or we can consider possible forms of deformed state of the body when the load is constant or
absent. When the critical level of strain energy is reached, the limit state of the body is approached. Then the deformation energy
of the structure consists of two parts at any impact levels:

Uextr = UF + US‘ (7)

Here Uex is the strain energy at a limiting state of the structure, Ur is strain energy part, which balanced work of action, Us is
the strain energy part, on which self-stress state transformation after limit state exceedance depends.

A further change in the energy of the system is possible due to the release of the residual value of the internal strain energy. A
small perturbation of the strain energy field leads to a subsequent change in the equilibrium form of the system. But if the limit
state condition is violated, the structure loses its bonds, the design model of the structure and the self-stress state changes.

The limit state of the structure is not violated if:

Uextr < Ucr: Xextr < Xer+ (8)

The structure is stable and resists increasing impacts due to the residual part of the deformation energy of the structure. On
the critical level of strain energy residual part of strain energy has self- balanced (self-stressed), as on the initial, non-loaded level.
By this means, at critical energy levels, the type of loading and the magnitude (if normalized load values are meant) do not matter.
It is important that under given conditions there is a self-balanced state of the system, and further actual work will be done by
variations in internal forces or deformations fields.

2.3. Critical energy levels of structures with lumped parameters

In classical mechanics, it is stated that the choice of a phase variables and its rate of change is sufficient to describe any
processes [37]. In our tasks more convenient use the vectors of generalized displacement ¢ and generalized forces @, which arises
as a variable conjugate to the vector of generalized displacements. Then strain energy takes a form U(x) = U(¢,®).

The strain energy function U(£,®) can be represented as a Taylor series expansion to quadratic terms on the areas of generalized
forces a <® <b and generalized displacements c<¢ <d as:

N au| - U = *0 . . 0| ,: °0 .
U(,®) = U(&, 00) + —= &)t (@-®y)+2—— “ENP- D)+ == &V o] (@-9)
€D =000+ Te| (€& +Gg  (B-0)i2 00 (E&NE-0) T (€6) +on (@0 ©)
Ei=¢, 5=a, F ‘e b=a,
Then in the nearness of the initial point ¢,,®,, it can be written in the form:
U(¢,®) = AE? 4 2BED + CO?, (10)
where ¢ =¢-¢,, ®=30-0,, and the constants are denoted as:
0’0 o'U U
A=—| ,B=2_—++ y C=o7=7 (12)
208%, ODPIE |-, 209
E=& =D, 52,
At the stationarity point, the conditions are fulfilled:
vl o AU
ol =% e, " (12)
The Lagrange multipliers method are used to investigate the extreme problem:
minU(£,®) > 0,62 + @2 = 1. (13)
The Lagrange function of the problem has the form:
L(¢,®) = AL + 2BED + C? — A(£2 + D). (14)

The stationarity conditions of the Lagrange function give a system of equations that has a solution under the condition:

=0.
B C-A (15)

‘A -\ B ‘
Solving the quadratic equation and using the normalization condition we obtain a partial solution in the form:

B

STy

— Af)‘1

(16)
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The second pair of solutions is defined in the same way when replaced ), by ),. If the roots of the characteristic equation are
different, then one of them gives the maximum and the other the minimum value of the quadratic form U(¢,®).

The state of a system with lamped parameters at critical energy levels is described by the problem of eigenvalues of the form
Egs. (13) and (15) or as:

U6, = A& k=1,...,mi=1,..,n;
(17)
Upd, = Apd,,k=1,..,n;i=1,..,n.
The geometric meaning of the solution of the eigenvalue problem (17) is the transition from some arbitrary energy axes to the

principal axes in the direction these axes energy is extreme. The eigenvalues of the problem correspond to the critical energy levels,
when the behavior of the body changes [36, 37].

2.4. Matrix formulation of critical strain energy problems

To calculate the self-stress state of the deformable structure we must varying the general forces or general displacements in
nodes at DOF (degree of freedoms) directions. If we examine nodal reaction of the structure on the kinematic action, then Eq. (16)
may be that:

[LI{s@} = [\"[{s2}. (18)

Here [L] is the flexibility matrix of the structure; [\"] is the eigenvalue diagonal matrix as:

Sy b e O, Moo ..o
8y Oy e by 0 X .. 0

Lo 1 (19
80 65 e O 0o 0 .. X\

where §; are coefficients, denotes displacement in the i-direction from unit force in the j-direction. General reactive nodal vector
of forces {6®} =[n"]{R} consists from direction cosine matrix and reaction forces vector of the structure.
If nodal displacements are found out, stimulated by external actions, then Egs. (17) lead to:

(Ko} = [A“]{s¢}. (20)

Here [K] is the stiffness matrix of the structure; [)\K] is the eigenvalue diagonal matrix:

Ty Ty e Ty Moo ..o
Ty Ty e 1o 0 X .. 0

L i 1 2
Ty T e T 0 0 .. X

where r; are coefficients, denotes reaction in the i-direction from unit displacement in the j-direction. General reactive nodal vector
of displacements {6¢} = [n*]{Z} consists from direction cosine matrix and reaction displacements vector of the structure.
Some well-known formulae of structural mechanics let us calculate internal forces vector {N} in structure elements:

(N} = [B]" (A [L} {60}, 22)
elements deformations {¢} :
{e}=[AI[LI[AN}N}, (23)
and structure total energy U, :
U, = {N}'[L]{N} /2. (24)

Here [B] is an internal flexibility matrix, and [A] is static matrix of structure, T denotes transposition.

We are able not only to estimate the maximum and minimum possible generalized forces of the system, but also to determine
from them the maximum possible strain energy of the system. Residual strain energy of the structure may derive as odds beside
maximum strain energy of the structure and strain energy balanced external actions work:

U,=U

res extr

~U,. (25)

The residual carryon capacity of the structure is the main goal of the design procedure. But nowadays methods used
probabilistic basis to estimation which in construction not always justified.

2.5. The weak link problem and progressive limit state problem

One of the goals of structural mechanics is to determine the displacements and forces what allow to find the section and point
of the structure in order to write down the corresponding limit state condition. The formulation of the limit state criteria of the
system is not considered in structural mechanics, but in the regulatory documents. This issue is also related to the evaluation of
strength properties of materials.

The left part of the inequalities describing the limiting state of the structure contains the extreme values of the structure
parameters found by the methods of structural mechanics (8), as U(&.xy,Peyr) 1S €xtremal value of strain energy; &, are extremal
values of general displacements; @, are extremal values of general reactions. In the right part of the inequalities, there are

extr
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experimental data, which are documented by normative documents, as U, is limit value of strain energy; ¢, are limit values of
general displacements; ®, are limit values of general forces:

U(&extr’q)extr) S Ucr; gextr S gcr; q)extr S (I)cr' (26)

It is well known that the limit states of a structure of the first group are closely related to the appearance of extreme values of
the deformation energy of the body. The limit states of the second group can be put only as constraints on the design parameters
and serviceability parameters of the structure, and in some cases, the energy of the system at a certain moment of deformation. In
mathematics, only the apparatus of the theory of problems on eigenvalues, which allows us to consider the restrictions of the above
types in a unified formulation, is known. It seems that all the theories describing the destruction of the system from the point of
view of structural mechanics will eventually lead to a formalization related to the term of removal of bonds. Thus, for a
geometrically stable structural system which has received displacements and deformations as a result of external actions, the
condition for reaching the limit state can be represented as the removal of redundant bonds (transformation of the system into a
statically determined one) and then the removal of one of the conditionally necessary bonds. The weak link will be understood as
the link to which the internal forces (deformations) reach the limit value first. Obviously, these are the maximum values of the
generalized forces or displacements that can be achieved in the system [39]. If we construct the theory of sequential elimination of
links, it is necessary to obtain a method of determining the link in the system, which will start the process of removal of links, due
to the onset of the limiting state in them [40, 41]. Residual strain energy value is determinate by subtraction of the external actions
work from total strain energy.

3. Results

Let us consider some problems to illustrate methodology of structure critical strain energy study. The static matrix, flexibility
matrix, eigenvalues matrix and eigenvectors were obtained in [40, 41].

3.1. Statically indeterminate structure with two DOF and one node

Consider the statically indeterminate system shown in Fig. 1, where the values of the stiffnesses of the rods are the same
n, =n, =n, =1, and the inclined rods are located at equal angles « = 3 == /4, I =2 m, the same areas of rods of round cross section
A =0.785x10* m?, diameters d = 10 mm, elastic modulus E = 2.1x10° MPa, yield stress o = 240 MPa. Check the bearing capacity of the
system from the load applied along the horizontal and vertical axes, respectively F1 = 10 kN, F2 = 20 kN.

3.2. External loads and nodal reactions comparison for the structure carrying capacity determination

Nodal reactions of the structure obtained as a result of solving the problem on eigenvalues form an ellipse of limiting reactions
of the structure to external actions [40]. Without calculating the stresses in the bars of the structure, the load carrying capacity of
the structure can be estimated by comparing the magnitude of the external load and the reactive nodal response of the structure.

Let's find the resultant of external forces, the angle of inclination to the horizontal axis and the normalized value of the load:
F=22.36 kN, tan(p)=20/10=2, p =63.32°, F=F /22.36 = 1.0.

The radii of the limit load ellipse for the acting force are determined [40]. The maximum and minimum radii of the reaction
ellipse of the structure from the unit kinematic displacements are calculated by the formula:

{Roex} = [Ar’iax]{néax}{z} —1.707AEA /],
(27)

{Ruin} = [Ar’im]{nﬁin}{Z} —0.7072AEA /1

A reactive force balancing the external action occurs in the structure node. The limit value of this reaction is defined as follows:

(R} =0.7072AEA /1= 0 ,A. (28)

min
Then displacement from limit action is A =¢,1/(0.7071E), and ellipse radii from reactive nodal forces turns out that:

(R} =1.7070,A/0.7072 = 2.4145,A, R, = 0, A (29)

Find the dimensionless value of the permissible load in the same direction as the given load:

Fo =R, Ry /R2.(sinp) +R2, (cosp) =2.205, (30)
where Fo =F, /0,A.
N

[@]

2
0 (b) S12

B CL
(a) S10 S1s
p
F1
7%
Fa
L h 4

1 >
IFz

Fig. 1. Two DOF structure: (a) model of structure, (b) node 1.
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If we get cross section one of the structure bars A = A,, the largest value of the reactive nodal force generated by the system in
the direction of the acting external load is as follows F, = 0,A, = 2.05x 240 x 0.785 x 10> = 38.62 kN.

The value of the specified external load is less than the limit reaction value obtained. The structure does not lose its load-
bearing capacity from the given load. This means that no yield stresses occur in any of the bars of the system. The structure has a
load safety margin (or residual load-bearing capacity) and can be subjected to an optimization procedure to reduce the residual
load-bearing capacity.

3.3. Comparison of the forces in the bars from a given normalized load and the forces detected during self-stressing of the system

It is considered that the limit state of the structure occurs when the limit value of the force in one or more rods is reached
simultaneously. We normalize the vectors of projections of external loads on DOF directions and obtain it in the form of
{F} = {F} / 22.36 = {0.4472; 0.8945)".

Determining the internal forces in the rods of the structure from the normalized vector of external load:

0.5782
[5*]=| 0.524 |. (31)
—0.05423

Finding the vector of internal forces from the nodal reaction vector of the system:

1.0
[57] =] 0.5858 |. (32)
-0.4141

From the results obtained, it is observed that the largest force from the external load occurring in rod 0-1. It is less than the self-
stressing force in the same rod S} , > S} ,. Consequently, this rod should not lose strength from a given load. Therefore, the specified
rod should not lose strength from a given load. The compared forces can be represented in dimensional units. Internal force from
theload inrod 0-1: S; , = 0.5782 x F = 0.5782 x22.36 = 12.93 kN. Magnitude of internal force in the same rod from the nodal reaction
of the structure S}, = 0,A =240x10°x0.785x10* = 18.84 kN. The permissible maximum force in the rod from the magnitude of
the system reaction is greater than the force from a given load by 5.91 kN. The structure does not lose its load-bearing capacity from
a given load. This means that no yield stresses occur in any of the rods of the system.

3.4. Comparison of stresses in bars from a given load and allowable stresses (design resistances) according to traditional methods
Determining the internal forces in the bars of the structure from the external load {F} = {10; 20} (kN):

12.93
{s}=|1172|. (33)
~1.213
oy =0 L‘?’A =16.47 x10* kN/m” = 164.7 MPa. (34)
A 0.785x10

which is less than the yield stress of the rod material. That is, the rod, and therefore the system, will not lose its load-bearing
capacity.

3.5. Residual value of stress energy of the structure

One of the most important applications of the theory of structural mechanics in practical calculations is to find the residual
strength of a structure. In most cases, a probabilistic expression of a structure's ability to carry the load (residual life) or increase
the load in the future is formulated.

The theory of critical energy levels allows us to calculate the residual strain energy in deterministic form. If we know what
maximum strain energy a structure can possess, it is easy to calculate the residual strain energy. To do this, it is necessary to
subtract from the maximum value of the deformation energy of the structure the value of the potential deformation energy equal
to the work of external forces (25).

To calculate the strain energy, we will use expressions (24):

Ufb

max

—0.7071(0,A)’ 1/ EA. (35)

The magnitude of the energy from the external load can be calculated through the forces in the bars of the structure caused by
the external load:

U, =0.3758(0,A)*1/ EA. (36)
The residual potential energy of deformation of the structure is:
U,, =0.3313(0,A)’ 1/ EA. (37)

The reserve of bearing capacity of the structure is due to the fact that the load applied to the structure under the problem
condition is not ultimate. Only 53.1% of the bearing capacity is exhausted.
3.6. Problems "weak link" and "progressive limit state" of a structure

Knowing the residual load-bearing capacity of a structure is not the only goal of structural design. It is equally important to
know which of the structure's bars will be the first to fail under load due to the onset of the limit state in it. Such a rod will be called
a "weak link", and the problem of finding it will be called the problem of the weak link of the structure.

Journal of Applied and Computational Mechanics, Vol. xx, No. x, (2024), 1-11 N\
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If the structure does not lose its load-bearing capacity after the weak link is removed, the limit state can occur in the next rod
and so on. The load may remain constant or increase further until the structure becomes geometrically changeable. The problem
of successive failure of system elements will be called the problem of "progressive limit state".

Returning to the previous problem in Section 3.5, we notice that the remaining part of the structure strain energy is in a self-
stressing state (like the unloaded structure). Due to this fact, it is possible to load the structure by increasing the external load
components. Since further loading of the structure will be at the expense of the residual strain energy, which is in a state of self-
stress, it is possible to use the results (31) to identify in which of the rods the first limit state will occur. Once the limit load is
exceeded, the rod will no longer carry the load, and its further increase will be absorbed by the remaining rods of the system.

In order to obtain the limit state of the structure already at the first stage of the structural calculation, for the problem given in
Section 3.1, we assume the cross-sectional area of the rods Az = 0.1963x10* m? (circular cross-section d = 5 mm). This variant could
occur due to rod corrosion or other reasons of abuse operation.

From the solution of the problem in Section 3.3, it follows that the force in rod 0-1is S{_, = 12.93 kN, and the stress is ¢ = 658.7
MPa. The force in the same rod from the reactive nodal force (self-stressing force) is equal to S;’} = 0,A =4.711 kN. That is, rod 0-1
will be the first to lose strength and no longer work under load. At the same time, the structure remains geometrically unchanged
and can withstand the load. Recall that the value of strain energy at any critical level is determined by multiplying the value of
energy at the first (initial) critical level of strain energy by a constant [39].

Because of the complete symmetry of the structure, the flexibility matrix is diagonal, indicating that the main diagonal contains
the eigenvalues of the flexibility matrix:

=[] = 1 1414 0 28
U1 EA| 0 05858 (38)
It is not difficult to write out the eigenvectors of the flexibility matrix. Two vectors form a vector matrix:
Ly |1 0
115 (39

that is, the originally chosen axes are the principal axes of the limiting energy of the system.

It should be noted that since the quantity of the components of the flexibility matrix [units of length / units of force], the
components of the eigenvector (22) have the quantity [units of force], then the multiplication Z_,, =[\"]{J5.,} has the dimension
of quantity displacement, and shows the values of projections of nodal displacement on the origthally seleBted coordinate axes.

The stiffness matrix of the system is also diagonal and contains eigenvalues:

EA|0.7072 0
Kl=[\¢ === .
(K=Y 1| o 1.707‘ (40)
with their corresponding eigenvectors:
10
1= )

Let's calculate the forces for the possible states of self-stress. By varying the values of the system response in the direction of
the first axis shown in Fig. 1, we obtain the internal forces in the rods of the structure for the first state of self-stressing. Thus, for
the first direction of the unit vector of the internal reaction §®; =1, according to (21), we have:

S, ,=0,8, ,=-S, ,=0.7071. @)

That is the first state of self-stressing corresponds to the compression of the right inclined rod and the stretched left one. There
is no force in the vertical middle rod. The values obtained from the unit forces have the quantity [units of force].

For the second state of self-stressing, in the case of variation of the compliance in the direction of the second eigenvector
6®2, =1, we have the following force distribution:

S, ,=-0.5858,S, , =S, , =0.2929, (43)

when the two inclined rods are tensed by the same force and the vertical rod is compressed. The forces from the combined action
will be equal to the sum of the received separately in Egs. (28) and (29).

The limiting state of the structure is choosing for the maximum value of the internal forces S{ ; =0.7071P“, obtained at the
first stage. Here it should be mentioned that the sign of the forces is important only for choosing the type of the limit state: loss of
tensile (compression) strength or stability of the rod. If the limiting state corresponds to the elastic phase of the material, then
P = Ao,. Where A is the cross-sectional area of the rod, and equivalent stress according to the first strength hypothesis is ;. Then
the critical stress be:

0l 6= SXO =0.70710,. (44)

If the elastic-plastic operation of the material is allowed, the ultimate stress o,, and the magnitude of the ultimate load
P = Ao,. Similarly, for the cases of rod stability, crack theory, and other types of stress state.

The selected symmetric design scheme is close to ideal with respect to the loads acting. Therefore, the calculated energy of the
structure according to (23) is maximurm for the first axes and is equal to U, =1, U, = U, /[(0;A)’1/ EA]. For the first load (self-stressed
state) will be U; =0.707, and for the second load (self-stressed state) U? = 0.293.

We should pay attention to the obvious fact that the total strain energy of the structure is greater than in the other two cases
of self-stressing. If we assume that the structure has been designed for a vertical load, it has residual a load carrying capacity equal
to U2, =0.707.

res
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Let's determine which rod will lose its bearing capacity next. In the second step, we obtain the system shown in Fig. 2 without
the remote rod.

It is easy to see that Det[A]= 0, and hence the system is unchangeable.

The matrix of flexibility coefficients (internal flexibility) of the rod system taking into account the notations 7, =EA/E,A,,
1, =EA/E,A,, has the form:

e (45)
EA|0 15, /cosq|
The flexibility matrix (external flexibility) of the rod system is written as:
L= 1/3.8285 1 16
TEA| 1 (46)
Now we have non symmetric structure. The matrix of eigenvalues takes the form:
= ] [41463 0O -
~EA| 0 068217 47)
The eigenvectors of the system corresponding to the eigenvalues are represented in the following vector matrix:
[/ L] 10953 -0.3029 48
"~ EA|0.3029 0.953 | (48)
For the three types of self-stress the internal forces in the rods for the unit vectors of maximum eigenvalues are:
St ,=2S ,=-1414,8' ,=1,S! ,=-1.414,52,=1,5>,=0. (49)

The result means that the ultimate load in the vertical rod of the two-rod system is higher in absolute value than in the inclined
rod. If we assume that the material of the system resists tension and compression equally, then the system becomes geometrically
variable from the loss of tensile strength of the vertical rod.

The algorithm discussed above illustrates a new formulation of the problem, which we will call the progressive limit state
problem [37].

For unsymmetrical structure at second stage (Fig. 2) we have energy U, =3.414 for two unit variation action, and U} =0.5 for
the horizontal unit variation action (first self-stress), and for the vertical unit variation action (second self-stressed state)
U? =1.914. As one would expect, the energy for the two cases of self-stress is not equal to the energy from the two unit variation
action applied simultaneously. This is a consequence of the violation of the principle of superposition of works in the case of the
action of several forces. However, for the main energy axes, the superposition principle is satisfied because there are no summands
of multiplication parameters as in Egs. (8) and (16).

In two rods structure we have three principal self-stressed states with the internal forces:

P, =5.651, SP', = —5.296, SP', = 5.207,

1 2 2 (50)
SP', — —5.588, SP?, — 0.4435, SP2, = 0.2922.

Here indices "pt" denote the internal forces from the simultaneous action of two principal reaction vectors in the nodes of the
structure. Indexes "p1" denote the internal forces in the rods from the maximum principal reaction vector in the nodes of the
structure, and "p2" denote the internal forces from the minimum principal reaction vector in the nodes of the structure.

Strain energy for each case of loading (35) is:

U, =358, U,y =35.64, U,, =0.1587. (51)

As one can see, the principal superposition of works is satisfied for the main nodal reactions. Construction has two critical
levels of strain energy, before becoming unstable. The strain energy increases as the structure loses its bonds. The internal forces
in the remaining bonds increase to carry the applied load.

ANANANAN \\\\P\\\\\ ANANAN

2 3 (b)

(a)
oL
*« 50,

1 >
i &P,
5P,

Fig. 2. Three-rod structure: (a) without remote rod 0-1, (b) node 1.
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4. Limitations and Future Research

The goal of the paper was to provide a mathematical basis for the hypothesis on the existence of such levels of internal energy
of the continuum after passing which its physical model and consequently the properties of the internal energy field changes. In
this case, the properties of the field determine the presence of critical energy levels, and external influences only reveal this fact,
but not cause it.

Since the authors' area of interest is structural mechanics and the mechanics of a solid deformable body, the meaning of the
proposed variational principle is to preserve the continuity (bearing capacity) of the load-bearing structural system of a deformable
body. Then the variation criterion for destruction (loss of load-bearing capacity, violation of the conditions of the limit state of the
structure) is to overcome a sufficient number of critical energy levels. In the language of structural mechanics, the criterion for the
loss of load-bearing capacity (strength, stability, etc.) is the loss of a sufficient number of connections correlated with the degrees
of freedom of the structural system.

The traditional approach to setting structural mechanics problems excludes the possibility of determining the residual load-
bearing capacity of a structure. Existing probabilistic approaches to determining residual life do not make it possible to calculate
the residual energy of a structure after removing the connection before losing its load-bearing capacity, and the total energy of
deformation of the structure. Therefore, further efforts will be aimed at developing a methodology for determining the total and
residual deformation energy of a structure.

Existing methods of progressive collapse have a large number of implementation options. This indicates that the model of the
phenomenon is insufficiently developed. It is impossible to understand from which element the destruction of the structure will
begin under various influences and what is the general criterion for collapse. The proposed variational principle and criterion
provide a theoretical justification for the model in the understanding of the limit state of a structure accepted from structural
mechanics. Therefore, one of the directions is to study the sequence of occurrence of the limit state in structural elements
(progressive limit state).

The classical formulation of the strength of materials problems implies obtaining design parameters for a particular case of
load action, then checking the compliance of the obtained parameters with the hypothesis of the limit state of a dangerous
structural element. Therefore, it is impossible to avoid step-by-step solutions to structural mechanics problems, even in static
problems. The proposed method allows to avoid a step-by-step solution, since the extreme possible values of the parameters are
immediately found. Therefore, a new technology for designing structural load-bearing systems will be built. Thus, it is impossible
to solve the optimal design problem in general form, and not for a given type of loading. Problems with tracking loading and a
number of temperature problems can also be solved effectively based on the proposed variational principle. In the authors' opinion,
the main problem of strength calculations of nanostructures is the inability to formulate surface loads, which is not decisive in the
proposed approach. It is possible to list other areas of research in the mechanics of solid deformable bodies, but the scope of the
article does not allow this.

5. Conclusion

The separation of the fields of external actions and the field of strain energy allows us to understand that the limit state of a
structure depends on the level of strain energy and its state of self-stressing. There-fore, the criterion of the limit state is the change
in the self-stressing of the structure, which occurs at the critical level of strain energy. The self-stress energy of the structure changes
from the initial level of the unstressed structure to the critical level in the domain of self-reciprocal function of parameters of the
strain energy field in proportion to a constant value (similarly). The proposed criterion and methodology of structural analysis
allows to estimate the maximum carrying capacity possible for the existing structure. The classic approach allows to find a design
for the load of a particular type and magnitude. As a consequence, determining the maximum load capacity becomes a task with
an infinitely large number of variants. The residual strain energy of the construction is determined by the difference between the
maximum strain energy of the deformable structure and the energy equal to the work of external forces to deform the structure.
This energy is in a self-balanced form until a small variation of the strain field parameters at a critical level does not lead to a
change in the design model or the appearance of irreversible defects in the material of the structure. The residual energy of
deformation of a construction is the most important value that allows us to evaluate the residual bearing capacity of the structure
in service. The eigenvalue model of design problem allows from a unified methodological point of view to represent the limit states
as a condition of not exceeding by the internal parameters the values established from the most different assumptions of the
designer. This is one of the main differences between the proposed weak link and progressive limit state theory and the progressive
collapse methodology. Many variants of formulation of problems of progressive collapse and their solutions testify to the weakness
of the concept and insufficient development of theoretical foundations. One of more important issue is the result of calculating the
total and residual strain energy, which allows us to estimate the total and residual bearing capacity of the structure.

Author Contributions

L. Stupishin: conceptualization and supervision, formal analysis, supervision; M. Moshkevich: formal analysis and writing—
original draft; M. Rynkovskaya: formal analysis and writing—original draft. All authors discussed the results, reviewed, and
approved the final version of the manuscript.

Acknowledgments
This publication has been supported by the RUDN University Scientific Projects Grant System, project No. 202247-2-000.

Conflict of Interest

The authors declared no potential conflicts of interest concerning the research, authorship, and publication of this article.

Funding

The authors received no financial support for the research, authorship, and publication of this article.

A\V[‘ Journal of Applied and Computational Mechanics, Vol. xx, No. x, (2024), 1-11



10 Leonid Stupishin et al., Vol. %, No. x, 2024

Data Availability Statements
Not applicable.

References

[1] Mirsayar, M.M., Maximum Principal Strain Criterion for Fracture in Orthotropic Composites under Combined Tensile/Shear Loading, Theoretical and
Applied Fracture Mechanics, 118, 2022, 103291.

[2] vanDijk, N.P., Espadas-Escalante, J.J., Isaksson, P., Strain Energy Density Decompositions in Phase-Field Fracture Theories for Orthotropy and
Anisotropy, International Journal of Solids and Structures, 196-197, 2020, 140-153.

[3] Balabusi, M., Virtual Principle for Determination Initial Displacements of Reinforced Concrete and Prestressed Concrete (Overtop) Members, Open
Journal of Civil Engineering, 11, 2021, 235-253.

[4] Chen, L., Guo, L., Discussions on the Complete Strain Energy Characteristics of Deep Granite and Assessment of Rockburst Tendency, Shock and
Vibration, 9, 2020, 8825505.

[5] Xiang, C.S., Li, L.Y., Zhou, Y., Dang, C., An Efficient Damage Identification Method for Simply Supported Beams Based on Strain Energy Information
Entropy, Advances in Materials Science and Engineering, 11, 2020, 9283949.

[6] Branco, R., Prates, P., Costa, ].D., Cruces, A., Lopez-Crespo, P., Berto, F., On the Applicability of the Cumulative Strain Energy Density for Notch
Fatigue Analysis under Multiaxial Loading, Theoretical and Applied Fracture Mechanics, 120, 2022, 103405.

[7]1Le, T.C., Ho, D.D., Nguyen, C.T., Huynh, T.C., Structural Damage Localization in Plates Using Global and Local Modal Strain Energy Method, Advances
in Civil Engineering, 16, 2022, 4456439.

[8] Li, C.C., Zhao, T., Zhang, Y., Wan, W., A Study on the Energy Sources and the Role of the Surrounding Rock Mass in Strain Burst, International Journal
of Rock Mechanics and Mining Sciences, 154, 2022, 105114.

[9] Portillo, D., Oesterle, B., Thierer, R., Bischoff, M., Romero, L, Structural Models Based on 3D Constitutive Laws: Variational Structure and Numerical
Solution, Computer Methods in Applied Mechanics and Engineering, 362, 2020, 112872.

[10] Bai, L. Wadee, M.A,, K6llner, A., Yang, ., Variational Modelling of Local-Global Mode Interaction in Long Rectangular Hollow Section Struts with
Ramberg-Osgood Type Material Nonlinearity, International Journal of Mechanical Sciences, 209, 2021, 106691.

[11] Vaccaro, M.S., Pinnola, F.P., Marotti de Sciarra, F., Barretta, R., Limit Behavior of Eringen’s Two-Phase Elastic Beams, European Journal of Mechanics
- A/Solids, 89, 2021, 104315.

[12] Khanfer, A., Bougoffa, L., A Cantilever Beam Problem with Small Deflections and Perturbed Boundary Data, Journal of Function Spaces, 2021, 2021,
081623.

[13] Feng, Y., Wang, X., Matching Boundary Conditions for the Euler-Bernoulli Beam, Shock and Vibration, 2021, 2021, 685852.

[14] Chen, Z., Zhu, Y., Ly, X,, Lin, K., A Simplified Method for Quantifying the Progressive Collapse Fragility of Multi-Story RC Frames in China,
Engineering Failure Analysis, 143(A), 2023, 106924.

[15] Liu, W., Zeng, B., Zhou, Z., Zheng, Y., Theoretical Study on Progressive Collapse of Truss String Structures under Cable Rupture, Journal of
Constructional Steel Research, 199, 2022, 107609.

[16] Bao, C., Ma, X., Lv, D., Wu, Q., Doh, S.I., Chin, S.C., Shu, H., Abdul Hamid, N.H., Study on Structural Robustness to Resist Progressive Collapse of
Vertical Irregularly Base-Isolated Structures, Physics and Chemistry of the Earth 2022, Parts A/B/C, 128, 2022, 103268.

[17] Vinay, M., Kodanda Rama, P., Rao Subhashish, D., Swaroop, A.H.L., Sreenivasulu, A., Venkateswara Rao, K., Evaluation of Progressive Collapse
Behavior in Reinforced Concrete Buildings, Structures, 45, 2022, 1902-1919.

[18] Shan, S., Pan, W., Progressive Collapse Mechanisms of Multi-Story Steel-Framed Modular Structures under Module Removal Scenarios, Structures,
46,2022, 1119-1133.

[19] Nguyen, V.H., Yu, J., Tan, K.H., Component-Based Joint Model for RC Frames with Conventional and Special Detailing Against Progressive Collapse,
Structures, 46, 2022, 820-837.

[20] Esteghamati, M.Z., Alimohammadi, S., Reliability-Based Assessment of Progressive Collapse in Horizontally Irregular Multi-Story Concrete
Buildings, Structures, 44, 2022, 1597-1606.

[21] Lua, J.X., Wu, H., Fang, Q., Progressive Collapse of Murrah Federal Building: Revisited, Journal of Building Engineering, 57, 2022, 104939.

[22] Wu, Z., Xu, Z., Qiao, H., Chen, Y., Chen, L., Chen, W., Study on Anti-Progressive Collapse Performance of Assembled Steel Frame Joints With Z-
type Cantilever Beam Splices, Journal of Constructional Steel Research, 199, 2022, 107593.

[23] Pang, B., Wang, F., Yang, J., Zhang, W., Azim, I., Evaluation on the Progressive Collapse Resistance of Infilled Reinforced Concrete Frames Based
on Numerical and Semi-Analytical Methods, Engineering Structures, 267, 2022, 114684.

[24] Kiakojouri, F., Biagiab, V., Chiaia, B., Sheidaii, M.R., Strengthening and Retrofitting Techniques to Mitigate Progressive Collapse: A Critical Review
and Future Research Agenda, Engineering Structures, 262, 2022, 114274.

[25] Li, D., Cui, S., Zhang, J., Experimental Investigation on Reinforcing Effects of Engineered Cementitious Composites (ECC) on Improving Progressive
Collapse Performance of Planar Frame Structure, Construction and Building Materials, 347, 2022, 128510.

[26] Zhanga, Q., Zhao, Y.-G., Kolozvaric, K., Xu, L., Reliability Analysis of Reinforced Concrete Structure Against Progressive Collapse, Reliability
Engineering and System Safety, 228, 2022, 108831.

[27] Luac, W J., Zhang, L.M,, Liuc, H.T., Cai, S.W., Energy Analysis of Progressive Collapses in a Multi-Span Bridge under Vessel Impact Using Centrifuge
Modelling, Engineering Structures, 266, 2022, 114591.

[28] Vestergaard, D., Larsen, K., Hoang, L., Design-Oriented Elasto-Plastic Analysis of Reinforced Concrete Structures with in-Plane Forces Applying
Convex Optimization, Structural Concrete, 22(6), 2021, 3272-3287.

[29] Rad, M.M., Habashneh, M., L6g9, ]., Elasto-Plastic Limit Analysis of Reliability Based Geometrically Nonlinear Bi-Directional Evolutionary Topology
Optimization, Structures, 34, 2021, 1720-1733.

[30] Tauzowski, P., Blachowski, B., L6gd, J., Topology Optimization of Elasto-Plastic Structures under Reliability Constraints: A First Order Approach,
Computers and Structures, 243, 2021, 106406.

[31] Genovese, F., Alderucci, T., Muscolino, J., Design Sensitivity Analysis of Structural Systems with Damping Devices Subjected to Fully Non-
Stationary Stochastic Seismic Excitations, Computers and Structures, 284(30-31), 2023, 1-14.

[32] Li, B., Fu, Y., Kennedy, G.J., Topology Optimization Using an Eigenvector Aggregate, Structural and Multidisciplinary Optimization, 66, 2023, 221.

[33] Zhang, X., Xie, Y.M,, Zhou, S., A Nodal-Based Evolutionary Optimization Algorithm for Frame Structures, Computer-Aided Civil and Infrastructure
Engineering, 38, 2023, 288-306.

[34] Stupishin, L.Yu., Variational Criteria for Critical Levels of Internal Energy of a Deformable Solids, Applied Mechanics and Materials, 578-579, 2014,
1584-1587.

[35] Bellman, R., Dynamic programming, Princeton University Press, 1957.

[36] Courant, R., Hilbert, D., Methods of Mathematical Physics, V. 1, Wiley-VCH, 1953.

[37] Mihlin, S.G., Variational methods in mathematical physics, Pergamon Press, 1964.

[38] Rzhanitsyn, A.R., Structural Mechanics, Higher School, Moscow, 1982.

[39] Stupishin, L.Yu., Mondrus, V.L., Implementation of the Weak Link Problem for Truss, Buildings, 13, 2023, 1230.

[40] Stupishin, L.Yu. ,Mondrus, V.L., Critical Energy Properties Study for Unsymmetrical Deformable Structures, Buildings, 12(6), 2022, 779.

[41] Stupishin, L.Yu., Moskevich, M.L., Limit states design theory based on critical energy levels criterion in force method form, Magazine of Civil
Engineering, 111(3), 2022, 11101.

ORCID iD
Leonid Stupishin“® https://orcid.org/ 0000-0002-1794-867X

Journal of Applied and Computational Mechanics, Vol. xx, No. x, (2024), 1-11 A\V'A



Critical Strain Energy Levels Criterion for Structures with Lumped Parameters 11

Maria Moshkevich"® https://orcid.org/ 0000-0001-8749-2252
Marina Rynkovskaya"* https://orcid.org/0000-0003-2206-2563

the terms and conditions of the Creative Commons Attribution-NonCommercial 4.0 International (CC BY-NC 4.0
license) (http://creativecommons.org/licenses/by-nc/4.0/).

@ @ ] © 2024 Shahid Chamran University of Ahvaz, Ahvaz, Iran. This article is an open access article distributed under
BY

How to cite this article: Stupishin L., Moshkevich M., Rynkovskaya M. Critical Strain Energy Levels Criterion for Structures
with Lumped Parameters, J. Appl. Comput. Mech., xx(x), 2024, 1-11. https://doi.org/10.22055/jacm.2024.46807.4598

Publisher’s Note Shahid Chamran University of Ahvaz remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

A‘"’A Journal of Applied and Computational Mechanics, Vol. xx, No. x, (2024), 1-11



