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Abstract. This work involves the study of the effects of moving loads in an isotropic, homogeneous, micropolar, porous
thermo-viscoelastic solid material with two temperatures. The problem is solved in the context of Green-Naghdi theory (G-N II
and G-N III). The analytical expressions of physical quantities in the physical domain are obtained by Normal modal analysis.
These expressions are numerically evaluated for a given material and shown graphically by comparing the G-N II and G-N III
theories with and without moving initial stresses.
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1. Introduction

The investigation of porous media exhibiting both viscoelastic and thermal characteristics, along with their response to
diverse stimuli, continues to be a critical field of research, several works [1-7] explored employing mechanical models to
represent linear viscoelastic behavior and proposed solutions to linear boundary value problems for viscoelastic material with
temperature fluctuations in the dynamic and quasi-static cases. For this scientific field, several researchers [8-10] related the
solutions of the linear problems of visco-elastic to the corresponding elastic one and proposing an approximation technique for
these solutions. In these books [11-13], some boundary value problems of thermo-viscoelasticity and coupling problems of
continuum mechanics are expressed, referring to experimental results for shedding light on the mechanical properties of
viscoelastic materials. Here are some works [14-16] in which were discussed some problems of viscoelasticity. Regarding the
elastic micropolar material theory and the description of the properties of these materials, Eringen [17] proposed it with the
continuum micropolar mechanics theory, which considers the microstructure of the material. As for the heat conduction
equations and the thermal aspect, there are several theories, that introduce generalized thermoelasticity, which presents the
coupled relation between the thermal and mechanical effects on the elastic bodies, including the three models proposed by
Green and Naghdi [18-20] (GN-I, II, and III). The linearized version of model I corresponds to the classical thermoelasticity theory.
In model II, the internal entropy production rate is assumed to be equal to zero, which means that there is no thermal energy
loss. Model III combines Model I and Model II in one equation with a parameter for energy dissipation. In these works [21-27],
some problems of thermoelasticity and viscosity are discussed in the context of some different thermal conduction theories. The
theory of elastic materials that contain voids focuses on elastic materials riddled with small, distributed cavities, known as voids,
whose volume is one of the fundamental kinematic variables. For this theory, Nunziato and Cowin [28] demonstrated the
connection between changes in void volume and an internal energy dissipation phenomenon, which in turn gives rise to the
material's relaxation properties. In contrast, the linear theory of elastic materials with voids, pioneered by Cowin and Nunziato
[29], treats the void volume fraction as a separate and independent kinematic variable. Several investigators [30-33] have
conducted studies on this theory on many sides, including plane wave behavior in the material, the influence zone theorem, the
heat flow-dependent void thermoelasticity theory, and the viscoelastic behavior of the porous mediums. Iesan [34] provided a
development of the mentioned linear theory based on the work of Cowin and Nunziato [29]. In other work, Iesan [35] presented
two models for linear and non-linear theories of viscous thermo-elastic materials containing voids. Some different issues of
thermo-viscoelasticity with voids are discussed here [36-40]. There is a theory of heat conduction presented in the works [41-43]
that depends on two different temperatures: the conduction temperature and the thermodynamic temperature. Boley and Tolins
[44] found that these two temperatures, and strain, are represented in the form of traveling waves plus reactions that occur
instantaneously throughout the body. The element that distinguishes the two-temperature thermoelasticity (2TT) from the
classical theory (CTE) is a constant (depending on the material properties) called the temperature difference. In these works [45-
47], some different problems of thermoelasticity with two temperatures were discussed.
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Fig. 1. Schematic configuration of the half-space.

2. Formulation of the Problem

The problem is formulated in the 2-dimensional Cartesian coordinates in half-space z >0, where u=(u, 0, w) is assumed to
be a function of (t,x,z) as depicted in Fig. 1. lesan [37] and Green and Naghdi [22] formulated the basic linear equations which
describe the mechanical state for a viscoelastic, homogeneous, micropolar, thermally conducting and isotropic medium
containing voids with two temperatures under moving loads in the absence of body forces:

(1 + WU+ +X)V(V.u) = ' VT + £ (V x0) + b Ve = pil, (1)
(@ + B8 +7W(V.p) =7 Vx(Vxp)+k (VxU) -2k ¢ = Jp, )
AV —&¢—&0—B (V) + (V2 + mT = pxd, (3)

pC, T+ T,é+(MT, —cV?)d=KV?) +K V. ()

The relations between stresses and displacements are:

o5 =pu; + (1 + KU — e o + [N Uy, — v T+ D 95, ©)
m; = o Pr,k 51';' +5 @t 7' Pjir (6)
T=(1-aVv’)ye. )

The parameters \',u,v,b’,A,B,x,a’,3 and ~ are defined as:

N =X1+a9,), B =pl+e,0,), v =v(14+1,0,), b =b(1l+a,8,), A'=A(l+a;9,),
B = B(l+a, a,t)’ a' = o1+ a a,t)' 8= B(L+ ag a,t)’ v = M1+a, a,t)' (8)

5 =r(l+0g0,), V0:1(3/\a0+2;ta1+na8)at, v=0CB\+2p+ kK)o,
v

The dot notation is used to denote time differentiation. Equation (1) can be expressed in the xz —plane by two equations
below:

11+ 0,0 ,) + w1+ g @ )IVU+ ML+ 0 )+ p(l+ 0 )le, =1+ 140 )1 —aV?)0, — k(1 + 050 )y + D1 +0,0,)¢, = puy, 9)

[Ml4+0,0,)+r(1+0as0 )IVW+H[ANL+0,0,)+ 1+, 0, )]e, —v(1+1,0,)(1—aV?)0, + k(l+0az0 )p,, + b1+, ), =pw,, (10)

where e=u  +w,. For simplifications, the following dimensionless quantities are used:

w pCw /ol 1 / Pcz ’ Pcz ;-
X ==x, u ="0"u, [T,0y=={T,0), o' =20, o/ =", t'=0t,
- 2 2
o = —0y, mi/j:imij’ a/:%a, d:PCEQ' e— v T, '
vTy v 1 K PC(A+ 20+ k) (11)

[ AN AN N S A R AL
{Oéo,01,02,03,04,065,06,07,08}7w{ao,041,042,043,044,045,06,047,08},

A+2p 2 c
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In the non-dimensional variables (11), Egs. (9) to (10) and (2) to (4) become, respectively (after dropping the dashed for
convenience):

[*(1+,0,)+ 81+ 00, )[VU+[(1-268 = 67) 1+, 0,)+ (1 + 0, 9, )]e,

12
C (14 000, ) (L1001 0V, + 0y (14 0,0, )0, — 2
1+ 0,)+ 81+ 00 )IVWH[(1—-28 = 67) (140, 0,)+ (1 + 0,0, )]e, 13
+ 512(1 +ag 8,t)¢z,z —(1+w, a,t)(l - aVz)Q’Z +a,(l+a, 8,t)¢,z =W,
(1+q a,t)vz‘f% +a,(1+ag a,t)(u,z - w,x) —20,(1+ag a,r)‘ﬁz = 03Py s (14)
(1+a, a'[)vz(ﬁ —a,(1+¢ 8,t)¢ —as(l+ay a,t)e + (aevz +a,)(1- av2)9 =0dg Py, (15)
(1-aV*)0, +e(l+v, 0,)e, +(a; —a,V*)g, = Vi(e, 0 +e,0,). (16)
The constitutive relations (5) to (7) in non-dimensional versions take the form:
Ty = 1+ 9 Juy; + [* 1+ oy d.)+ &1+ oy A )y — S 1+ oy 9 ) Pr (17)
+[(1-28 = 6) (14 a0 Yy, — (14150, )(1—aV?) + a,(1+a, D) 815,
My =ap(1+ 050, )@ 8 +a,(1+ 060 )y + A (1 +0,0 )y, (18)
T=(1-av?). (19)

where a;,1=1,...,12, &, ¢,, &, are defined in Appendix A. According to the Helmholtz theorem, the displacement components

u(x,z,t), w(x,zt), can be decomposed into potential ® and vortex parts ¥:
u=%o,+v, w=>o, -V, . (20)

Using the Egs. (20), the system of Egs. (12) to (16) tends to:

(1460, )V®—(141,0,)1-aV)0+a,(1+,0,)p=2,, (21)

21+ 0.,)+ 6 (1+050 )IVT —67(1+ 050, ), =T, (22)

(14,0, )V, +a,(14 05 0 ,)V?¥ = 2a,(1+ g D)o, = A0, ., (23)

(14050, )V —a,(1+£0 )0 —a5(1+ 0, 8 ,)V°® + (a,V? +a,)(1 — aV>)0 = ags,,, (24)
(1-aV’)0, + (14150 VP + a5, — V6, =V’ (5,0 +5,0,), (25)

where § = a, +2(a; — )8 + (o — )67

3. Normal Mode Analysis

The considered physical quantities can be decomposed as the following form:
{(E’ \Ij’a’ w2’¢}(x’zl t) = {é’ \Tj’g’gz’a}(z) e(‘dFH.nX)' (26)

Equations (21) to (25) with the aid of Eq. (26) become, respectively:

(b,D? —b,)® + (b,D? — b,)7 + b3 =0, 27)

(bD* —b,)¥ — by, =0, (28)

(b,D* —b,,)¥ +(b,,D* —b,,)7, =0, (29)

(b,,D* —b,,)® + (b,sD* + b,D* +b,,)0 — (b;gD* — by )p =0, (30)
(byyD* —b,,)® + (b,,D*> —b,,)0 — (b,,D* —b,s)p =0, (31)
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where, D=d/dz, and b;, j=1,..,25 are defined in Appendix B. Eliminating ¥ and @, between Egs. (28) and (29), and also
eliminating ®, ¢ and 6 between Egs. (27), (30) and (31), lead to the following ODEs:

(D* —d,D* +d,){¥,%,} =0, (32)

(D® - d,D° +d,D* —d;D’* + d;){®,0,¢} =0, (33)

where all the constants are defined in Appendix A. The Egs. (32) and (33), can be factored respectively as follows:
(D" =KD" +k){T,5,} =0, (34)
(D* —k5)(D* — k)(D* — k) (D” — ko) {®,0,0} = (35)
where, k?,k; and k2, k2, kZ, k2 are roots of characteristic equations (34) and (35), respectively, so, one has:

k* —dk* +d, =0, (36)

K — d,k° + d,k* —dk* +d, = 0. (37)

The bounded solutions at z — o for the two equations (34) and (35) take the form:

MN

{(T.3) = (1L JRe™, (38)

Il
N

o 6
[®,8,6}=> (1L, L, Re ", (39)

i=3

where, L, L,; and L), are defined in Appendix B. Using Egs. (38) and (39) with Eqg. (26), gives the following:

2 .
\1/ \Pz Z R e(—k,z+wt-mx), (40)
i=1
J ( kjz+wt +inx)
{@,0,0} = Z; {1,L,;,L,;}Re" " : (41)
=

Inserting Egs. (40) and (41) into Eq. (20), gives the components u and w, that are bounded at z — oo, in the form:

2 6 .
u= [—2 kR e + ZzinR}-e’k’z]e(”“‘“"’, (42)
i= j=
= _[mZR e 4 Zk R;e el ™), 43)

The stress components, the micro-stress and the temperature distributions can be obtained using Eqgs. (40) to (42) with Egs.
(17) to (19) as follows:

XX

2 .
0 = IN[(1— 267 — 62)(1 + ) — by > RReHe im0
i=1

6 (44)
+ 5 [(1- 287 — )L+ ag)e —byn® + {by (R —n?) — (1 + vow)lLy, + b, Re
j=3
=infb, — (1—26% — 62)(1 + apw ]Zk R katetting
i=1 (45)
+ Z[blkf —(1-262 = 7)1+ agw)n® + {by(k? — %) — (1 + o)L, ; + bl R ™),
j=3
2 2 ki ot ( kz-wt+mx)
;‘[bn + (bg — by )2 + b,L,, )[R+t _in(2b, — by) ZkR (46)
m, =—a, 1121]@ L, Rl keretsing) (47)
9 Z[l G, ]LljRJe( k,z+wt mx) (48)
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4. The Boundary Conditions

For determining R, (i=1,2), R, (j = 3,4,5,6), the boundary conditions at z=0 are taken to be:

0= PN, 0y =0 =50 =m, =0, 0= pMx) (49)
where N(x,t), M(x,t) are known functions, a load with velocity v, is chosen to be acting on the surface z=0 of the medium in
the normal direction, so p, = p,(1+v,), where, p, is the magnitude of the mechanical force. Using the boundary conditions (49),
leads to the following equations:

2 6
EhliRi + ZhljRj = —p:No, (50)
= j=3
2 6
> R +> h, R, =0, (51)
i= j=3
2 6
> R +> hyR =0, (52)
i-1 =3
6
S h,R =0, (53)
j=3
2
S huR =0, (54)
i=1
6
> hyR =p, (55)
=3
where,
hy = in[b, — (1 —26" — 82)(1 + apw)k;, hy = in[(1—26° —67)(1 + ayw) — b, Jk;, (56)
hy; = ben® + (bg — be)k? + bl hy; =— aybyLiR, (57)
hy; =b.ki —(1—26" = 67)(1 + agu)n® + [by(k? —n?) — (1 + vew)ILy; + bsly;, (58)
hy; = (1-2682 = 67)(1+ apw)k! —byn? +[by(k? —n?) — (1+ vew)]Ly; + bly;, (59)

hy = = in(2bs — by)k;, hy; =—L,k;, hy; =[1-a(k] —n’)]Ly;. (60)

jr

Solving Egs. (50) to (55) for R, (i=1,2), R, (j = 3,4,5,6), by using the inverse of matrix method as follows:

X=A1B. (61)
where,
R1 hll hlZ h13 h14 hlS h16 _plN
RZ th hZZ h23 h24 h25 hZG 0
X — R3 , A — h31 h32 h33 h34 h35 h36 , B — 0 (62)
R4 h43 h44 h45 h4—6 0
R, h, h, 0 O 0O o0 0
R6 0 0 h53 h54 hSS hSG pZ

5. Numerical Results and Discussions

The magnesium crystal-like thermoelastic micropolar material was chosen for the purpose of calculating some numerical
results, where its physical data are given from [46] in SI units:
T, =298 K°, {\, u} = {9.4,4} x 10°°kgm~'s7?, p = 1.74 x 10° kg / m®, (63)

o, =7.4033x107K™", C,=1.04x10’kgm>, K=386Wm 'K', a=0.15x10"% (64)

A\V,A Journal of Applied and Computational Mechanics, Vol. xx, No. x, (2024), 1-11
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The voids parameters are:

A=3.668x10"*kgms,b=1.13849 x 10" kgm's %, m = 2.0 kgs 2K *, (65)
x =1.753x107"m?, &, =1.475x 10" kgm's72, £, = 0.0787 x 10 2kgm~"s 3, (66)
7=0.2x10"%kgms K", ¢=0.1x10"kgms. (67)

The micropolar parameters are:
k=10""Nm?, ~=7779x107'N, J=2x102m’. (68)

The comparisons were carried out for:

p, = 0.45, p, = 0.025, v, = 0.45, t =0.45, x=0.06, w=2.05+2.05i, n=2.05, (69)
o, =0.2544x107%, a, =3.9053x107*, a, =6.5088x107*, a, = 0.18x10*%, (70)
a, =1.9527x107%, a, = 0.5088x10°, a, = 0.2018 x10*, 0<z<2.5. (71)

The numerical calculation was used for presenting the distribution of the real parts of all the physical quantities
(U, w, 6, T, 0y, 0,,, Oy 5, $) With the distance Z in the context of G-N II and G-N III with and without moving load effect. All
distributions are shown graphically in Figs. 2 to 10. At v, =0, the black solid lines represent the solution in the context of the G-
N II and the black dashed lines represent the solution for the G-N IIL In the case of v, =0.45, the blue solid lines represent the
solution in the context of the (G-N II) and the blue dashed lines represents the solution for the (G-N III). All physical quantities
indicate that all curves converge to zero, and initial stress effects play an important role in these quantities.

6. Conclusion

The normal modal analysis was used to analyse all the physical quantities mentioned due to moving loads in a micropolar,
porous thermo-viscoelastic solid material with two temperatures. According to the mathematical analysis of this problem, we
can conclude that:

e The employed solving method provides exact solutions without requiring assumptions about the actual physical quantities
involved in the problem under consideration.

e The values of all physical quantities mentioned converge to zero with increasing distance and are continuous.

e It was found that moving loads also play an important role in all physical quantities considered, since the magnitude of these
physical quantities’ changes (increases or decreases) with size.

e It was finally concluded that the deformation of the material considered depends on the type of forces, the influence of
moving loads, and the type of boundary conditions.
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Nomenclature
u Vector of displacement u, w Components of displacement
X,Z Cartesian coordinates t Time
A 1 Lame’s constants o Components of stress tensor
@ Volume fraction field A',¢, &, B, Material constants due to presence of voids
T, S, MY
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T Temperature of thermodynamic 0 Conductive temperature

T, Reference temperature K Thermal conductivity

P Density C, Specific heat at constant strain
o,(i=0..8) Viscoelasticity parameters o, Coefficient of linear thermal expansion

8 Kronecker’s delta @ Characteristic frequency of the material

€, G, Longitudinal and shear wave velocities in the medium n The wave number in x-direction

w The frequency ODE Ordinary differential equation

9,=08/0t,u,=0u/ot i=/-1
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Appendix A
EZZpTKch’ 53:,,?7;5’ (A.3)
for =bgbiy, fo, =—Db,bisby,, (A.5)
f1 =bgby —bgby, —b,by,, f, =b,b,, —bgbyy, fi =bsb;b,, — bbb,y + bbb, — bbb, —b,b,gb,, + b,b,b,, —b,bsb,, (A.6)
fa =bsbsb,, — bbb, + bbb, —b,b,,b,, —b.b,,b,, —bsb,.b,, — b,b,b,s — b,b,,b,, + b,b,;b,, (A7)
+ b,b;sb,s + b,b,gb,,, —b,b,b,c + b,b,b,, +b,b,sb,, + bbb, + byb,gb, + bbby,
fy = bbusby, + bbby, + bybybys + bbby + b,byby, + bibicby, — bibyby, + bibybyg 9
—b,b,sb,, — b,b,b,s + b,b,,b,, —b,b,;b,, —b,b,;b,, — b,b,sb,, —b,b,.b,, +b,b,b,,,
fs =bsb,,b,; —b,b,b,s — bbby, —b,b,,b,s + bbby, + bbby, (A.9)
Appendix B
b, =1+ws, b, =bn’* +u’, by =(1+wry)a, b, =byn’ +(1+ws,), bs = (1 +wa,)a,, (B.1)
bs = 6*(1 + woy) + 67 (1 + wayg), b, = bgh® +w?, by = 62(1+ wag), by = a,(1 + wag), by, = byn?, (B.2)
b, = (1 4+ way), by, =bn® +2a,(1 + wag) + a,w?, by, = as(1+way), by, =b,n?, by =aga, (B.3)
by = a,a —a; —2b,n’°, b, =b,.n* 4+ (a,a —ag)n” —a,, by = (1 +wa,), by =bygn” +a,(1 4 wé) + agw’®, by, = (1 + wiy)w’, (B.4)
by, = byn?, by, = aw’ + &, + £,w, by, = b,,n* +w?, by, = ayow, by = byyn® + dgw, (B.5)
L b b, - bs(bzoki —b,)+ (blkg - bz)(bnki ~by) ®6)
by 7 by(byyk; —bys) — (k] — b, ) (D4R —Db,s)
(o ~ba)(BJ ~by) + (b — by)(bgk; —bis) 57)
g (k7 —Dby5)(bykT — b,) — bs (b, kT —Dby5)
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