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Abstract. This article contains analysis of thin film flow of fuzzy-fractional Oldroyd-6 constant nanofluid in lift and drain cases. 
The fluid has ability to model both viscous and elastic behaviors accurately in different complex flow regimes and geometries. Due 
to these features, this fluid is very important in food cosmetics industries. Typically, the variables in these models are assumed to 
have crisp values regardless of uncertainties or memory effects in the phenomena. To incorporate uncertainty in the current 
modeling, triangular fuzzy numbers (TFNs) are used in the boundary conditions and volume fraction of nanoparticle along with a 
consideration of Caputo derivative. We examine effects of obtained fuzzy numbers for more accurate and realistic analysis of flow 
regime. To further improve the model accuracy, fuzzy based numerical methods are used to solve the obtained system, which helps 
in precise quantification of uncertainty associated with each parameter. Furthermore, effect of different parameters on the velocity 
profiles is analyzed numerically and graphically. The validation and convergence of the obtained solutions are checked by 
capturing residual errors in each case. Analysis reveals that in draining case, increase in material parameter 1 leads to a less 
pronounced and more diffuse fuzzy velocity profile. On the other hand, increase in material parameter 2 and gravitational 
parameter gr amplifies the fuzzy velocity field, indicating a stronger and faster flow; however, opposite behavior is observed in 
lifting case. The end result of this modeling is more accurate and realistic portrayal of nanofluidic flow, which reflects the 
complexities of phenomena more closely. 

Keywords: Oldroyd 6-Constatnt model; Nanofluid; Caputo derivative; Fuzzy modeling; Homotopy perturbation. 

1. Introduction  
 

In practice, it is well understood that Newtonian fluids cannot accurately model the behavior of viscoelasticity and polymer 
solutions of the phenomena.  The classical Navier–Stokes (NS) equations are inadequate for modeling the rheological behavior of 
viscoelastic fluids and polymer solutions, which occurs in variety of engineering and biological systems. This has made it necessary 
to modify the NS equations and develop new models that are capable of capturing the rheological properties of complex fluids 
more accurately. Among many, Oldroyd 6-constant fluid is of special interest due to its ability to model viscoelastic fluids in wide 
range of situations.  Therefore, over the time, many new models have been developed and broadly classified into rate-type [1], 
differential-type [2], and n-type fluids [3]. In simple configurations like those involving unidirectional steady flows, the Oldroyd-B 
(3-constant) model can be used which includes variables like fluid velocity, stress, time derivatives, viscosity, retardation and 
relaxation, and rate of strain [4-7]. However, when it comes to complex configurations such as those involving instabilities or 
multidimensional problems, more sophisticated models such as the Oldroyd-C (6-constant) and Oldroyd-D (8-constant) models 
are required [8-11]. 

The Oldroyd 6-constant model is widely used to model the behavior of viscoelastic fluids. These fluids include polymer 
solutions, liquid crystals, and biological fluids, and production of plastics and paint. Baris [12] examined the steady and slow two-
dimensional flow of an Oldroyd 6-constant fluid between moving and fixed intersecting planes. Wang et al. [13] created a 
mathematical model for predicting the velocity profile of an incompressible, unidirectional flow of an electrically conducting 
Oldroyd 6-constant fluid under the influence of a transverse magnetic field. The effectiveness of optimal homotopy asymptotic 
method (OHAM) for solving non-linear differential equations of non-Newtonian fluids is studied by Manzoor et al. in [14]. He 
focused on the Oldroyd 6-constant fluid with slippage and analyzed its behavior in three types of flow problems known as plane 
Couette flow, generalized Couette flow, and plane Poiseuille flow. Rana et al. [15] conducted a numerical investigation of the hydro-
magnetic flow between two concentric cylinders using an incompressible Oldroyd 6-constant fluid. Qayyum and Fatima [16] did 
numerical analysis of thin film flows of Pseudo-Plastic and Oldroyd 6-constant fluids.  Bhatti and Michaelides [17] studied Oldroyd 
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6-constants fluid in parallel micro-plates with heat transfer. Salawu and Disu [18] investigated the behavior of a reactive flow in 
Oldroyd 6-constant fluid. Moreover, the work is also further extended in fractional space. The homotopic solutions of fractional 
thin film of Oldroyd 6-constant are studied by Farnaz et al. [19]. 

The world we live-in is a complex place, and its complexity is often attributed to uncertainty and ambiguity. Fuzzy set theory 
is a useful tool for modeling real-world problems that involve incomplete information about the variables and parameters [20]. 
Mathematical equations can be used to create models of dynamical real-life problems, which can take the form of ordinary or 
partial differential equations. When information about the behavior of dynamical system is inadequate, fuzzy differential 
equations are valuable modeling tools. In situations where ordinary measurement is not sufficient to detect fuzzy parameters 
associated with uncertain or inconsistent phenomena, fuzzy differential equations with fuzzy initial conditions may be used. Such 
equations provide suitable mathematical models for many real-life applications like population models [21], physics [22], 
and medicine [23]. To mathematically handle such situations, different fuzzy numbers are available in literature including 
triangular, exponential, Gaussian, and trapezoidal fuzzy numbers. Nadeem et al. [24] utilized triangular fuzzy numbers (TFNs) to 
analyzed the impact of MHD and gravitational parameters on a third-grade fluid. Qayyum et al. [25, 26] proposed and utilized fuzzy 
extension of He–Laplace algorithm to Fractional-Fuzzy Fisher models. Khaliq et al. [27] investigated fuzzy model of tumor growth 
patterns by utilizing the generalized Hukuhara derivative. Naeem et al. [28] utilized the iterative method with Laplace transform 
along with Caputo-Fabrizio operator to analyze fractional-fuzzy Korteweg-De Vries equation. Hoa et al. [29] studied different fuzzy-
fractional differential equations using Caputo-Katugampola fractional derivative. Rashid et al. [30] investigated fuzzy-fractional 
Boussinesq model in oceanography. The recent investigations on various aspects of fuzzy differential models can be seen in [31-
34]. 

The objective of current study is to model and simulate fuzzy-fractional Oldroyd 6-constant nanofluid. This study utilizes a 
fuzzification approach that relies on triangular fuzzy numbers (TFNs) including -cut to indicate the degree of membership within 
a given interval. By doing so, the approach facilitates a more precise representation of uncertainty in a model to make it more 
realistic depiction of industrial and biological processes characterized by uncertain data. Specifically, the study puts forward 
several numerical and semi-numerical algorithms for fuzzy-fractional analysis of Oldroyd 6-constant nanofluid. The article is 
structured into several sections. In Section 2, the preliminary concept of the current study is introduced. The methodology of the 
proposed approach is outlined in Section 3, while its convergence analysis is presented in Section 4. Section 5 depicts a 
mathematical description of the problem using fuzzy logic. The findings and analysis are presented in Section 6 through graphical 
and tabular representations. Finally, Section 7 concludes the article with some concluding remarks. 

 

2. Preliminaries 

Definition I: A fuzzy number Tɶ  is itself a fuzzy set which satisfies following conditions [35]: 
 Tɶ  is upper semi-continuous. 
 ( ) 0T y =ɶ  outside the interval [ ], .g h  
 There exist a real number , :e f g e f h≤ ≤ ≤  for which: 

( ) 1,T y =ɶ  when .e y f≤ ≤  
( )T yɶ  is monotonically increasing on [ ],g e  and monotonically decreasing on [ ], .f h  

 Definition II [35]: A fuzzy number Tɶ  is defined as a pair of functions ( , )T T  that meets the following requirements for 0 1.α≤ ≤  
 ( )T α is bounded, monotonic increasing, and left-continuous function. 
 ( )T α is bounded, monotonic decreasing, and left-continuous function. 
 ( )T α is less than or equal to ( ).T α  

Definition III [36]: Assume that the fuzzy number ( )1 2 3, ,T s s s=ɶ  is known to be a triangular fuzzy number (TFN) if: 
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Definition IV [37]: The α  level set of a fuzzy number Tɶ  is given as: 
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T

T y y
α
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where the ( )1 2 3, ,T s s s=ɶ  is implied, with the following α− cut: 
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Definition V [38]: The fractional derivative of fuzzy valued function Tɶ  of order β  in the Caputo sense is given by: 
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Definition VI [38]: The Laplace transform associated with Caputo’s fractional derivative (3), can be formulated as follows: 

( ) ( ) ( )
1
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3. Methodology of Fuzzy He-Laplace Algorithm 

We have examined a non-linear time fractional ordinary differential equation in order to illustrate the fundamental concept 
behind this approach. The equation is expressed as follows: 

( ) ( ) ( ) ( ) , 0, 1 ,xD F x F x F x f xβ

αα α α
β η β η       + + = > − < ≤            

ɶ ɶ ɶA  (5) 

where α  is a value between 0 and 1 that defines a level set. Consider a known function ( )f x  an unknown function ( )F xɶ  and linear 
and non-linear operators denoted by A  and ,  respectively. The equation above can be expressed in interval form by utilizing the 
α− cut: 
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Equation (5) can also be written as: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ); , ; ; , ; ; , ; ; , ; .x xD F x D F x F x F x F x F x f x f xβ βα α α α α α α α      + + =             A A  (6) 

By applying the differential property of Laplace transform (4), the aforementioned equation is converted to: 
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The homotopy of Eq. (7) is: 
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where ( )0 ;F x α   is the initial guess. Now expanding ;xF α
ɶ  in terms of a Taylor series with respect to   for lower and upper bound: 

( ) ( ) ( )
1

; ; , ; .w
w

w

F x F x F x Fα α α
∞

=
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After substituting the aforementioned equation into the homotopy equation, and equating the coefficients of with the same 
powers.  

We obtain the following equations at first and second order, respectively: 
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Generally, j-th order equation can be written as: 
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1
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ɶ ɶ ɶ ɶA  (12) 

and inverse Laplace transformation of the j-th order equation is: 
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1
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sβ
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− −
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The final expression for the approximate solution of a general fractional fuzzy ordinary differential equation is given by: 

( ) ( ) ( ) ( )0 1 2 3; ; ; ; .......F F x F x F x F xα α α α= + + + +ɶ ɶ ɶ ɶ ɶ  (14) 

4. Convergence Analysis 
4.1. Convergence Theorem 

Consider the two functions ( );nF x αɶ  and ( );F x αɶ  defined in a Banach space [ ]( )0, , . .TΒ  Then the series solution in Eq. (14) 
converges to solution of Eq. (5), whenever ( )0,1 .γ ∈  

Proof: Suppose for the sequence of partial sum of series (14), we need to show that ( );nz x αɶ  is a Cauchy sequence in Banach 
space [ ]( )0, , . .TΒ  For this, we let: 
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Now, for every , , ,n m n m∈Ν ≥  there exist two arbitrary sums nzɶ  and mzɶ  by successively applying triangular inequality, we get: 
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Using Eq. (15), we get: 
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Given 0 1,γ< <  we have 1 1.n mγ −− <  Thus: 
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∈
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Since it is bounded, it yields: 

( ) ( )
,
lim ; ; 0.n m

n m
z x z xα α

→∞
− =ɶ ɶ   

Therefore, sequence { }nzɶ  is a Cauchy sequence in Banach space Β  and hence is convergent. 

5. Mathematical Formulation and Simulation of Fuzzy-Fractional Thin Film of Oldroyd 6-Constant 

Nanofluid 
5.1. Governing Equations 

The equation of motion for an incompressible fluid, while ignoring thermal effects can be expressed as: 

div V  0,=  (19) 

( ) V. V     .T  z,
V
t

ρ ρ
 ∂
 ∇ + = ∇ +
 ∂ 

 (20) 

where t  is the time, ρ  is the fluid’s density, zρ  represents the body forces per unit mass and V  represents the velocity vector. 
The Cauchy stress tensor T  is defined as: 

.T S pN= −  (21) 

Hence, N  represents the unit tensor, p  is the pressure and S  is extra stress tensor which is given as: 

1

1 1

1
S  ( ) ,

2

k

tr R Rµ ν

− 
 = + 
  

 (22) 

where the constants , ,u v k  are defined differently for different fluids, while 1R  represents the rate of deformation tensor: 

( ) ( ) 23 5 1
1  1 1 1 1 2 4 1      ( )

2 2

DS DR
S SR R S trS R R R

Dt Dt
γ γ

γ µ γ γ+ + + + = + +  (23) 

1 , .TR L L L gradV= + =  (24) 

Here, 1 2 3 4, , , ,µ γ γ γ γ  and 5γ  are the material constant while 1R  represents the Rivlin Ericksen tensor. The contravariant 
convected derivative is given by: 

(.) (.)
(.) (.) ,TD d

L L
Dt dt

= − −  (25) 

where 
(.)d

dt
 denotes the material derivative.  
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Fig. 1. Schematic configuration of the flow structure. 

5.2. Mathematical Modeling of Oldroyd 6-Constant Nanofluid in Lifting Scenario 

We examine a container that contains an in-compressible non-Newtonian nanofluid. A wide belt moves vertically upwards 
through the container at a constant speed of 0,U  taking up a thin layer of fluid that has a uniform thickness .β  The fluid is affected 
by gravity, causing it to drain down the belt. For the sake of simplicity, we assume that the fluid flow is uniform, steady, and laminar, 
and that the thickness of the fluid film is uniform throughout.  

To establish a coordinate system, we select an xy− plane, with the x− axis parallel to the fluid and perpendicular to the belt, 
the y − axis upwards along the belt, and the z− axis normal to the xy− plane. As the only velocity component present is in the
y − direction. The flow geometry of the problem is presented in Fig. 1. As the only velocity component present is in the y −
direction. Thus: 

( )( )0,  , 0 ,V F x=  (26) 

and S  is a function of x  only. i.e., 

( ).S S x=  (27) 

Putting Eqs. (21), (26) and (27) in Eq. (20), we get: 
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∂
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∂
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Inserting Eqs. (26) and (27) in Eqs. (24) and (25), we get: 

2
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From Eqs. (33) and (35), we get: 
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0.xz yzS S= =  (36) 

Now, by adding Eqs. (31) and (34), we have: 
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(38) 

Here, the constants 1ζ  and 2ζ  are defined as: 
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( )( )2 1 3 3 5 3 1 .ζ γ γ γ γ γ γ= − + −   

From Eqs. (28), (29), (30) and (36), we obtain: 

0.
p
z

∂
=

∂
  

Taking ˆ ,xxp p S= −  we get: 

.
ˆ ˆ

0
p p
z x

∂ ∂
= =

∂ ∂
  

 This equation implies that pressure is solely a function of .y  Thus, Eq. (29) takes the following form: 

.
ˆ yx

y

dSp
pg

z dx
∂

= +
∂

 (39) 

As there is no pressure gradient along y− direction, this constant can be taken to be zero and fluid is going upward. Using Eq. 
(38) in (39), the final governing equation for the flow of an Oldroyd 6-constant nanofluid is given by: 

[ ]
22 4 22 2 2

1 2 1 2 22 2 2
3 1 0.nf

nf

F dF F dF F dF
x dx x dx x dx

ρ
ζ ζ ζ ζ ζ

µ

      ∂ ∂ ∂      + − + − + =                ∂ ∂ ∂   
 (40) 

Now using boundary condition 0xyS =  at x β=  in Eq. (38), we get / 0dF dx =  at .x β=  Hence: 

0      at     0,

0   at    .

F U x

dF
x

dx
β

= =

= =
 (41) 

To non-dimensionalize form of Eq. (40) subject to Eq. (41), we introduced the dimensionless parameters as: 

( ) ( )
2

* * * * *1 2
1 2 1 22 2

0 0

0 0

, , , , , , .f nf nf
r

f f f

gv x
v x g D D

U U
U U

ρ β ρ µγ γ
γ γ

β µ ρ µβ β
= = = = = = =  

 

From Eq. (40), we have: 

[ ]
22 4 22 2 2

1
1 2 1 2 22 2 2

2

3 1 0.r

F dF F dF F D dF
g

x dx x dx x D dx
ζ ζ ζ ζ ζ

      ∂ ∂ ∂      + − + − + =                ∂ ∂ ∂   
 (42) 

with, 

( ) 1     at     0,

0    at    1.

F x x

dF
x

dx

= =

= =
 (43) 

5.3. Fuzzification of Fractional Oldroyd 6-Constant Nanofluid in Lifting Case 

To incorporate a degree of fuzziness into the model, we added it to both the nanoparticles' volume fraction parameter and the 
boundary conditions. To accomplish this, we introduced triangular fuzzy numbers and discretized them using ( )1 2 3, ,h h h  and 

( )1 2 3, ,w w w  as fuzzy parameters for the α− cut. For instance, we can take the volume fraction of nanoparticles ( ),η  within the 
range of [ ]0.01 0.05 ,−  and represent it as a triangular fuzzy number with the values ( )0.001,0.03,0.05 .η =  This allows us to account 
for the inherent uncertainties and variations in the system, which can significantly impact its behavior and performance. By 
utilizing these fuzzy numbers, we can modify Eq. (42) to incorporate the degree of fuzziness: 
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( ) ( )
[ ]

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
2 42 4

1
1 2 1 2 2

2

,  3 ,  ,  ,    ,  1r

d F d F d F d F d Fd F d F d F d F d F d FD
g

dx dx dx dx dx dx dx dx dx dx D

β β ββ β β

β β β β β β
ζ ζ ζ ζ ζ

                                  + − + − +                                         

( )
2

22

0., 
d F

dx dx

                        

=


 (44) 

Here, 2.5
1 2(1 ) ( / ), 1 / (1 ) ,s fD Dη η ρ ρ η= − + = −  where η  presents the volume fraction with Fuzzy condition: 

( ) ( ) ( ) ( ) ( )1 2 1 3 3 2; ; , ; , , at 0,F x F x F x A h h h h h h xα α α α α   = = = + − − − =    
ɶ ɶ  

(45) 
( ) ( ) ( )

( ) ( )1 2 1 3 3 2

; ; ;
, , , at 1.

dF x dF x dF x
B w w w w w w x

dx dx dx

α α α
α α

 
   = = = + − − − =  
 

ɶ
ɶ  

 
where the TFNs ( ) ( )0.2,1,1.1 , 0.001,0,0.001 ,A B= = −ɶ ɶ  and ( )0.001,0.03,0.05η =  have α− cut expressed as [ ]0.8 0.2,1.1 0.1 ,α α+ −

( ) ( )0.001 1 ,0.001 1 ,α α − −   and [ ]0.001 0.029 ,0.05 0.02 ,α α+ −  respectively. 

5.4. Solution of Fuzzy-Fractional Model in Lifting Case 

We can expend F  and F  in Taylor series form as: 

0

,i
i

i

F p F
∞

=

=∑  (46) 

0

,i
i

i

F p F
∞

=

=∑  (47) 

where, ,i iF F  corresponds to the ith-order lower and upper deformation velocity profiles. Putting fractional order 2β =  along with 
Eqs. (46) and (47) in Eq. (44) and compare the coefficients of like powers of p  gives the following deformation equations:    

0th-order fuzzy problem and solution: 

( ) ( )
( ) ( )

'' '
0 0 0

0

F ( ) 0,  F 0 0.2 + 0.8 ,  F 1 0.001   0.001,

F ; 0.2  0.8   0.001  0.001 .

x

x x

α α

α α α

= = = −

= + + − +
 (48) 

( ) ( ) ( )
( ) ( )

'' '
0 0 0

0

F  = 0,  F 0 1.1  0.1 ,  F 1 0.001  0.001 ,

F ; 1.1  0.1   0.001  0.001 .

x

x x

α α

α α α

= − = −

= − + −
 (49) 

1st-order fuzzy problem and solution: 

( ) ( ) ( ) ( )4' 2 2 ' 4 ' 2 '' ' '' '' '1
02 0 2 0 1 2 0 0 1 2 0 0 1 0

2

(1 2 ( ) ( ) ) 3 ( ) ( ) ( ) ( ) 0, F 0 0, 1 0,r

D
g F x F x F x F x F x F x F x F

D
ς ς ς ς ς ς− + + + − + + = = =  (50) 

( ) ( ) ( ) ( )( ( )

( ) ( ) )

2.5 2 26
1 2 2

4 412 2 2
2 2

1
F ;   g 0.999 0.029 1.01653 0.479356 2 x 4 10 1 1.  2 0.001 0.001

2

2 10 1 1. 0.001 0.001 .

rx x x

x

α α α α ζ α ζ

α ζ ζ α

−

−

= − + × − + − × − + −

− × − + −
 (51) 

( ) ( ) ( ) ( )4' 2 2 ' 4 ' 2 '' ' '' '' '1
2 0 2 0 1 2 0 0 1 2 0 0 1 0 0

2

(1 2 ( ) ( ) ) 3 ( ) ( ) ( ) ( ) 0, 0 0, 1 0,r

D
g F x F x F x F x F x F x F x F F

D
ς ς ς ς ς ς− + + + − + + = = =  (52) 

( ) ( )( ) ( ) ( )(
( ) ( ) )

2.5 2 26 6
1 2 2

4 412 2 12 2
2 2

1
; 1.82648  0.33059 0.95  0.02 2  x  4.  10  1.  2.  10  1.  

2

 2.  10 1.    1.  10  1.  

rF x g x x

x

α α γ α ζ α ζ

α ζ ζ α

− −

− −

= − + × − + − × − + + × − +

− × − + + × − +
 (53) 

The kth-order fuzzy solution up-to 4th order deformation equation is: 

( ) ( ) ( ) ( ) ( )0 0 1 1 2 2; [ ; ,   ( ; ) ] [ ; ,   ( ; ) ] [ ; ,   ( ; ) ] [ ; ,   ( ; ) ] ...F x F x F x a F x F x a F x F x a F x F x aα α α α α= = + + +ɶ  (54) 

5.5. Formulation of Oldroyd 6-Constant Nanofluid in Drainage Scenario 

Now let’s examine the scenario where fluid falls onto an unmovable, stationary belt. Gravity pulls the flow downwards, causing 
Eq. (42) to transform into: 

22 4 22 2 2
1

1 2 1 2 22 2 2
2

(3 ) 1 0,r

d F dF d F dF d F D dF
g

dx dx dx dx dx D dx
ς ς ς ς ς

            + − + + + =                   
 (55) 

subject to: 
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( ) 0      at     0. 

0         at     1.

F x x

dF
x

dx

= =

= =
 (56) 

By applying fundamental definitions of fractional calculus, Eq. (55) is transformed into the subsequent fractional differential 
equation: 

22 4 2

1
1 2 1 2 2

2

(3 ) 1 0,r

d F dF d F dF d F D dF
g

dx dx dx dx dx D dx

β β β

β β β
ς ς ς ς ς

            + − + + + =                   
 (57) 

with boundary conditions: 

( ) 0      at     0,

0         at     1, 1< 2.

F x x

dF
x

dx
β

= =

= = ≤
 (58) 

5.6. Fuzzification of Fractional Oldroyd 6-Constant Nanofluid in Drainage Case 

By utilizing the fuzzy numbers, we can modify Eq. (57) to incorporate the degree of fuzziness: 

( ) ( )
[ ]

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
2 42 4

1
1 2 1 2 2

2

,  3 ,  ,  ,    ,  1r

d F d F d F d F d Fd F d F d F d F d F d FD
g

dx dx dx dx dx dx dx dx dx dx D

β β ββ β β

β β β β β β
ζ ζ ζ ζ ζ

                                  + − + + +                                         

( )
2

22

0,, 
d F

dx dx

                        

=


 (59) 

where, 1 (1 ) ( / ),s fD η η ρ ρ= − + and 2.5
2 1 / (1 )D η= −  with fuzzy condition as Eq. (45) along with the TFN’s ( )0.02,0,0.02 ,A = −ɶ  

( )0.001,0,0.001 ,B = −ɶ and ( )0.001,0.03,0.05η =  have α− cut expressed as [ ] ( ) ( )0.02 0.02,0.02 0.02 , 0.001 1 ,0.001 1 ,α α α α − − − −   and 

[ ]0.001 0.029 ,0.05 0.02 ,α α+ − respectively. 

5.7. Solution of Fuzzy-Fractional Model in Draining Case 

We can expend F  and F  in Taylor series form as: 

0

,i
i

i

F p F
∞

=

=∑  (60) 

0

,i
i

i

F p F
∞

=

=∑  (61) 

where, ,i iF F  correspond to the ith-order lower and upper deformation velocity profiles. Putting fractional order 2β =  along with 
Eqs. (60) and (61) in Eq. (59) and compare the coefficients of like powers of p  gives the following deformation equations:    

0th-order fuzzy problem and solution: 

( ) ( )
( ) ( )

'' '
0 0 0

0

F ( ) 0,  F 0 0.02 0.02, F 1 0.001   0.001,

F ; 0.02  0.02   0.001  0.001 .

x

x x

α α

α α α

= = − = −

=− + + − +
 (62) 

( ) ( ) ( )
( ) ( )

'' '
0 0 0

0

F  = 0,  F 0 0.02  0.02 ,  F 1 0.001  0.001 ,

F ; 0.02  0.02   0.001  0.001 .

x

x x

α α

α α α

= − = −

= − + −
 (63) 

1st-order fuzzy problem and solution: 

( ) ( ) ( ) ( ) ( )4' 2 2 ' 4 ' 2 '' ' '' '' '1
02 0 2 0 1 2 0 0 1 2 0 0 1 0

2

1 2 ( ) ( ) 3 ( ) ( ) ( ) ( ) 0, F 0 0, 1 0,r

D
g F x F x F x F x F x F x F x F

D
ς ς ς ς ς ς− + + + − + + = = =  (64) 

( ) ( ) ( ) ( ) ( )(
( ) ( ) )

2.5 2 26
1 2 2

42 12 2
2 2

1
F ;  g 0.999 0.029 1.01653 0.479356 2 4 0.001 0.001 2 10 1 1.

2

+2 0.001 0.001 1 10 1 1. .

rx x x x

x

α α α α ζ α ζ

α ζ ζ α

−

−

= − + × − + − − × −

− − × −
 (65) 

( ) ( ) ( ) ( )4' 2 2 ' 4 ' 2 '' ' '' '' '1
2 0 2 0 1 2 0 0 1 2 0 0 1 0 0

2

(1 2 ( ) ( ) ) 3 ( ) ( ) ( ) ( ) 0, 0 0, 1 0,r

D
g F x F x F x F x F x F x F x F F

D
ς ς ς ς ς ς− + + + − + + = = =  (66) 

( ) ( )( ) ( ) ( )(
( ) ( ) )

2.5 2 26
1 2 2

4 42 12 2
2 2

1
;   g 1.82648 0.33059 0.95 0.02 2 4 0.001 0.001 2 10 1 1.

2

+2 0.001 0.001 1 10 1 1. .

rF x r x x x

x

α α α ζ α ζ

α ζ ζ α

−

−

= − + × − + − − × −

− − × −
 (67) 

The kth-order fuzzy solution up-to 4th order deformation equation is: 

( ) ( ) ( ) ( ) ( )0 0 1 1 2 2; [ ; ,   ( ; ) ] [ ; ,   ( ; ) ] [ ; ,   ( ; ) ] [ ; ,   ( ; ) ] ...F x F x F x a F x F x a F x F x a F x F x aα α α α α= = + + +ɶ  (68) 
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Table 1. Thermo-physical properties of base fluid and nano-particles. 

Base Fluid/Nanoparticles 
3

( )/kg mρ  ( / . )pC J kg K  

Gold 19300 129 

Silver 10500 235 

Alumina 3970 765 

Water 997 4179 

 

Table 2. Fuzzy solution and error analysis for the impact of 1ζ when

20.8, 0.1, 2, 0.1.rgα β ζ= = = =  

0.8α =  
1 0.3ζ =  

x Sol. 
Abs. Residual Error 

HPM RK-Fehlberg C-Nicklson 

F  

0.0 0.84 2.64×10-4 2.41×10-12 4.15×10-6 
0.2 0.816325 1.09×10-4 9.08×10-14 4.29×10-6 
0.4 0.797881 3.45×10-6 3.13×10-15 4.41×10-6 
0.6 0.784684 6.88×10-7 2.85×10-14 4.49×10-6 
0.8 0.776746 4.41×10-8 9.04×10-13 4.58×10-6 
1.0 0.774073 2.78×10-17 2.49×10-11 4.57×10-6 

F  

0.0 1.02 3.93×10-4 7.59×10-12 5.24×10-6 
0.2 0.99434 1.61×10-4 1.75×10-14 5.46×10-6 
0.4 0.974364 5.09×10-6 4.71×10-15 5.64×10-6 
0.6 0.960093 1.00×10-6 3.72×10-14 5.77×10-6 
0.8 0.951541 6.12×10-8 1.96×10-14 5.85×10-6 
1.0 0.948716 5.55×10-17 1.38×10-11 5.89×10-6 

0.8α =  
1 0.3ζ =  

x Sol. 
Abs. Residual Error 

HPM RK-Fehlberg C-Nicklson 

F  

0.0 0.84 2.64×10-4 1.91×10-12 7.62×10-6 
0.2 0.816392 1.09×10-4 2.56×10-13 8.13×10-6 
0.4 0.797981 3.45×10-6 1.28×10-15 8.56×10-6 
0.6 0.784796 6.88×10-7 9.99×10-14 8.87×10-6 
0.8 0.776861 4.41×10-8 2.53×10-12 9.06×10-6 
1.0 0.774187 2.78×10-17 5.30×10-11 9.13×10-6 

F  

0.0 1.02 1.52×10-3 2.28×10-11 9.49×10-6 
0.2 0.994426 6.23×10-4 5.60×10-13 1.03×10-4 
0.4 0.974491 1.97×10-4 2.11×10-14 1.08×10-4 
0.6 0.960236 3.88×10-6 2.17×10-13 1.14×10-4 
0.8 0.951687 2.39×10-7 5.23×10-12 1.16×10-4 
1.0 0.948862 5.55×10-17 1.38×10-10 1.18×10-4 

 

Table 3. Fuzzy solution and error analysis for the impact of 2ζ when 

10.3, 0.05, 2, 0.1.rgα β ζ= = = =  

0.3α =  
2 0.5ζ =  

x Sol. 
Abs. Residual Error 

HPM RK-Fehlberg C-Nicklson 

F  

0.0 0.44 2.86×10-7 1.66×10-12 7.39×10-7 
0.2 0.429657 1.17×10-7 1.23×10-14 7.34×10-7 
0.4 0.421585 3.69×10-8 7.99×10-15 7.13×10-7 
0.6 0.415781 7.33×10-9 8.58×10-15 7.28×10-7 
0.8 0.412243 4.66×10-10 1.61×10-14 7.27×10-7 
1.0 0.410971 6.94×10-18 1.59×10-12 7.26×10-7 

F  

0.0 1.07 1.34×10-6 9.10×10-13 1.90×10-6 
0.2 1.05622 5.44×10-7 5.15×10-15 1.88×10-6 
0.4 1.04554 1.71×10-7 2.40×10-15 1.86×10-6 
0.6 1.03796 3.35×10-8 2.18×10-15 1.85×10-6 
0.8 1.03347 2.07×10-9 1.71×10-14 1.84×10-6 
1.0 1.03207 0 1.05×10-13 1.84×10-13 

0.3α =  
2 1.0ζ =  

x Sol. 
Abs. Residual Error 

HPM RK-Fehlberg C-Nicklson 

F  

0.0 0.44 2.37×10-6 6.61×10-13 1.71×10-6 
0.2 0.429643 9.69×10-7 7.74×10-15 1.68×10-6 
0.4 0.421564 3.07×10-7 1.28×10-15 1.66×10-6 
0.6 0.415758 6.91×10-8 9.53×10-15 1.65×10-6 
0.8 0.412219 3.89×10-9 1.73×10-14 1.64×10-6 
1.0 0.410947 2.08×10-17 7.55×10-13 1.63×10-6 

F  

0.0 1.07 1.11×10-4 7.74×10-12 4.49×10-6 
0.2 1.05619 4.49×10-6 3.42×10-14 4.36×10-6 
0.4 1.0455 1.41×10-6 1.89×10-14 4.26×10-6 
0.6 1.03791 2.76×10-7 4.43×10-14 4.19×10-6 
0.8 1.03342 1.68×10-8 1.70×10-14 4.15×10-6 
1.0 1.03201 2.78×10-17 8.96×10-12 4.13×10-6 

 

 

Table 4. Fuzzy solution and error analysis for the impact of rg when 

2 10.9, 0.05, 2, 0.1.ζ ζα β= = = =  

0.9α =  

0.1rg =  

x Sol. 
Abs. Residual Error 

HPM RK-Fehlberg C-Nicklson 

F  

0.0 0.92 7.39×10-6 1.66×10-13 2.33×10-6 
0.2 0.895683 3.04×10-6 2.58×10-15 2.38×10-6 
0.4 0.876755 9.66×10-7 9.27×10-15 2.41×10-6 
0.6 0.863223 1.92×10-7 5.55×10-15 2.45×10-6 
0.8 0.855094 1.23×10-8 1.33×10-14 2.46×10-6 
1.0 0.85237 2.76×10-17 1.72×10-13 2.47×10-6 

F  

0.0 1.01 8.97×10-6 3.29×10-12 2.63×10-6 
0.2 0.984689 3.67×10-6 1.44×10-14 2.69×10-6 
0.4 0.964995 1.61×10-6 1.47×10-14 2.73×10-6 
0.6 0.950927 2.28×10-7 1.69×10-14 2.77×10-6 
0.8 0.942491 1.40×10-8 8.07×10-15 2.79×10-6 
1.0 0.939692 2.78×10-17 1.91×10-12 2.80×10-6 

0.9α =  

0.3rg =  

x Sol. 
Abs. Residual Error 

HPM RK-Fehlberg C-Nicklson 

F  

0.0 0.92 2.32×10-3 1.97×10-9 3.86×10-4 
0.2 0.871605 9.59×10-6 1.85×10-11 4.73×10-4 
0.4 0.833871 3.05×10-4 1.08×10-12 5.51×10-4 
0.6 0.806866 6.07×10-6 2.08×10-12 6.13×10-4 
0.8 0.790636 3.84×10-7 3.65×10-11 6.53×10-4 
1.0 0.785209 5.55×10-17 1.41×10-9 6.67×10-4 

F  

0.0 1.01 1.11×10-4 7.74×10-12 4.49×10-6 
0.2 0.959605 4.49×10-6 3.42×10-14 4.36×10-6 
0.4 0.920314 1.41×10-6 1.89×10-14 4.26×10-6 
0.6 0.892201 2.76×10-7 4.43×10-14 4.19×10-6 
0.8 0.87532 1.68×10-8 1.70×10-14 4.15×10-6 
1.0 0.869702 2.78×10-17 8.96×10-12 4.13×10-6 

 

Table 5. Fuzzy solution and error analysis for the impact of 1ζ when 

20.6, 0.1, 2, 0.2.rgα β ζ= = = =  

0.6α =  
1 0.1ζ =  

x Sol. 
Abs. Residual Error 

HPM RK-Fehlberg C-Nicklson 

F  

0.0 -0.008 2.89×10-6 2.80×10-13 1.95×10-6 
0.2 0.01435 1.18×10-6 3.05×10-16 1.94×10-6 
0.4 0.03172 3.76×10-7 3.33×10-16 1.94×10-6 
0.6 0.04409 7.44×10-8 1.59×10-15 1.93×10-6 
0.8 0.05148 4.68×10-9 1.08×10-14 1.93×10-6 
1.0 0.05389 1.39×10-17 1.54×10-14 1.92×10-6 

F  

0.0 0.008 6.79×10-6 1.76×10-13 3.28×10-6 
0.2 0.03472 2.78×10-7 1.05×10-15 3.26×10-6 
0.4 0.05552 8.80×10-7 1.75×10-15 3.25×10-6 
0.6 0.07038 1.73×10-8 9.44×10-16 3.24×10-6 
0.8 0.07934 1.08×10-8 4.16×10-16 3.23×10-6 
1.0 0.08237 0 1.54×10-14 3.23×10-14 

0.6α =  
1 0.5ζ =  

x Sol. 
Abs. Residual Error 

HPM RK-Fehlberg C-Nicklson 

F  

0.0 -0.008 4.35×10-4 1.59×10-12 5.05×10-6 
0.2 0.01424 1.78×10-4 1.50×10-14 5.31×10-6 
0.4 0.03155 5.57×10-6 7.63×10-16 5.51×10-6 
0.6 0.04391 1.08×10-6 1.96×10-15 5.66×10-6 
0.8 0.05129 6.32×10-8 1.22×10-14 5.76×10-6 
1.0 0.053701 1.39×10-17 1.09×10-13 5.79×10-6 

F  

0.0 0.008 1.07×10-4 8.49×10-12 7.97×10-6 
0.2 0.03453 4.42×10-4 8.36×10-14 8.55×10-6 
0.4 0.05523 1.41×10-4 5.83×10-16 9.03×10-6 
0.6 0.07007 2.85×10-6 9.08×10-15 9.38×10-6 
0.8 0.07901 1.87×10-7 6.87×10-14 9.60×10-6 
1.0 0.08205 0 8.73×10-12 9.68×10-6 
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6. Results and Discussion 

The focus of this article is to study fuzzy-fractional thin film flow of Oldroyd 6-constant nanofluid. Fuzzification is done 
through volume fraction of nanoparticles and boundary conditions. The primary objective of this investigation is to evaluate the 
impact of different parameters namely gravitational parameter rg  and material parameters 1ζ  and 2ζ  along with fuzzy volume 
fraction α  on the velocity profile. The problem is modeled and analyzed through numerical and semi-numerical techniques and 
findings are presented in both tabular and graphical formats. Table 1 show the values of thermo-physical properties of base fluid 
and nano-particles which helps to developed the graphical approach, Tables 2 to 4 illustrate the fuzzy solutions and corresponding 
errors in lifting and drainage cases respectively at different values of 1,ζ  2ζ  and rg  keeping fuzzy parameter α  between 0 and 1. 

Table 6. Fuzzy solution and error analysis for the impact of 2ζ when 

10.3, 0.05, 2, 0.1.rgα β ζ= = = =  

0.3α =  
2 0.5ζ =  

x Sol. 
Abs. Residual Error 

HPM RK-Fehlberg C-Nicklson 

F  

0.0 -0.014 2.82×10-7 2.74×10-13 7.39×10-7 
0.2 -0.00393 1.15×10-7 2.48×10-15 7.34×10-7 
0.4 0.003853 361×10-8 4.93×10-16 7.30×10-7 
0.6 0.009377 7.08×10-9 2.78×10-17 7.28×10-7 
0.8 0.012635 4.35×10-10 2.21×10-15 7.27×10-7 
1.0 0.013627 6.94×10-18 2.71×10-13 7.26×10-7 

F  

0.0 0.014 1.35×10-6 1.52×10-12 1.90×10-6 
0.2 0.02805 5.51×10-7 9.94×10-15 1.87×10-6 
0.4 0.03902 1.74×10-7 4.16×10-17 1.86×10-6 
0.6 0.046880 3.43×10-8 3.75×10-16 1.85×10-6 
0.8 0.051652 2.17×10-9 7.13×10-15 1.84×10-6 
1.0 0.053336 0 8.96×10-13 1.83×10-14 

0.3α =  
2 1.0ζ =  

x Sol. 
Abs. Residual Error 

HPM RK-Fehlberg C-Nicklson 

F  

0.0 -0.014 2.32×10-6 1.87×10-12 1.70×10-6 
0.2 -0.00392 9.45×10-7 1.19×10-14 1.68×10-6 
0.4 0.003872 2.96×10-8 0 1.65×10-6 
0.6 0.009398 5.79×10-9 3.19×10-16 1.64×10-6 
0.8 0.012656 3.52×10-9 9.53×10-15 1.64×10-6 
1.0 0.013649 2.08×10-17 1.63×10-12 1.63×10-6 

F  

0.0 0.014 1.13×10-4 9.73×10-12 4.49×10-6 
0.2 0.02809 4.58×10-6 5.49×10-14 4.36×10-6 
0.4 0.03907 1.44×10-6 7.91×10-15 4.26×10-6 
0.6 0.04694 2.86×10-7 5.41×10-15 4.19×10-6 
0.8 0.05171 1.81×10-8 2.00×10-14 4.15×10-6 
1.0 0.05339 2.78×10-17 5.69×10-12 4.13×10-6 

 

Table 7. Fuzzy solution and error analysis for the impact of rg when 

2 10.2, 0.2, 2, 0.1.ζ ζα β= = = =  

0.9α =  

0.1rg =  

x Sol. 
Abs. Residual Error 

HPM RK-Fehlberg C-Nicklson 

F  

0.0 -0.002 7.28×10-6 2.13×10-13 2.33×10-6 
0.2 0.02227 2.98×10-6 2.22×10-15 2.38×10-6 
0.4 0.04117 9.42×10-7 1.94×10-15 2.42×10-6 
0.6 0.05465 1.85×10-7 2.28×10-15 2.44×10-6 
0.8 0.06274 1.14×10-8 2.01×10-14 2.46×10-6 
1.0 0.06543 9.10×10-17 6.31×10-13 2.47×10-6 

F  

0.0 0.002 9.10×10-6 1.10×10-12 2.63×10-6 
0.2 0.02735 3.74×10-6 5.13×10-15 2.69×10-6 
0.4 0.04708 1.19×10-6 1.25×10-17 2.73×10-6 
0.6 0.06119 2.37×10-7 1.30×10-16 2.77×10-6 
0.8 0.06966 1.51×10-8 1.93×10-14 2.79×10-6 
1.0 0.07251 2.78×10-17 7.00×10-17 2.80×10-6 

0.9α =  

0.3rg =  

x Sol. 
Abs. Residual Error 

HPM RK-Fehlberg C-Nicklson 

F  

0.0 -0.002 1.71×10-2 2.35×10-9 3.87×10-4 
0.2 0.07001 7.10×10-3 2.25×10-11 4.73×10-4 
0.4 0.012629 2.27×10-3 1.07×10-12 5.51×10-4 
0.6 0.016666 4.52×10-4 4.14×10-12 6.13×10-4 
0.8 0.019094 2.83×10-6 9.06×10-11 5.53×10-4 
1.0 0.019902 0 3.93×10-10 6.67×10-4 

F  

0.0 0.002 2.11×10-2 3.38×10-9 4.16×10-4 
0.2 0.07703 8.79×10-3 3.24×10-11 5.19×10-4 
0.4 0.13572 2.82×10-3 1.49×10-12 6.14×10-4 
0.6 0.17783 5.64×10-4 6.27×10-12 6.89×10-4 
0.8 0.20318 3.57×10-6 1.27×10-10 7.38×10-4 
1.0 0.21166 5.55×10-17 2.67×10-10 7.56×10-4 

 

 

Table 8. Fuzzy solution and error analysis for the impact of 2ζ when 

10.11, 2, 0.4.rg β ζ= = =  

0.7x =  
2 0.5ζ =  

α  Sol. 
Abs. Residual Error 

HPM RK-Fehlberg C-Nicklson 

F  

0.0 0.148514 1.29×10-7 1.66×10-13 1.36×10-6 
0.2 0.304661 1.93×10-7 2.58×10-15 1.74×10-6 
0.4 0.460938 2.77×10-7 9.27×10-15 2.13×10-6 
0.6 0.617343 3.85×10-7 5.55×10-15 2.56×10-6 
0.8 0.773874 5.18×10-7 1.33×10-14 3.03×10-6 
1.0 0.93053 6.97×10-7 1.72×10-13 3.53×10-6 

F  

0.0 1.02015 1.51×10-6 3.29×10-12 5.49×10-6 
0.2 1.00211 1.31×10-6 1.44×10-14 5.08×10-6 
0.4 0.98413 1.13×10-6 1.47×10-14 4.67×10-6 
0.6 0.966206 9.60×10-7 1.69×10-14 4.28×10-6 
0.8 0.948339 8.12×10-7 8.07×10-15 3.89×10-6 
1.0 0.93053 6.79×10-7 1.91×10-12 3.53×10-6 

0.7x =  
2 1.0ζ =  

α  Sol. 
Abs. Residual Error 

HPM RK-Fehlberg C-Nicklson 

F  

0.0 0.148334 1.76×10-7 4.62×10-14 8.38×10-6 
0.2 0.304437 2.56×10-7 1.91×10-13 1.05×10-4 
0.4 0.460665 3.61×10-7 2.61×10-13 1.29×10-4 
0.6 0.617016 4.91×10-7 1.79×10-13 1.56×10-4 
0.8 0.773489 6.52×10-7 1.03×10-13 1.85×10-4 
1.0 0.930083 8.42×10-7 6.75×10-13 2.16×10-4 

F  

0.0 1.01946 1.77×10-7 1.17×10-12 3.38×10-4 
0.2 0.00148 1.55×10-6 8.44×10-13 3.12×10-4 
0.4 0.983554 1.35×10-6 7.15×10-13 2.86×10-4 
0.6 0.965668 1.16×10-6 1.04×10-12 2.62×10-4 
0.8 0.947874 9.93×10-7 7.46×10-12 2.38×10-4 
1.0 0.930083 8.42×10-7 6.75×10-13 2.16×10-4 

 

Table 9. Fuzzy solution and error analysis for the impact of rg when 

2 11, 0.2, 2, 0.1.x ζ ζβ= = = =  

1.0x =  

0.2rg =  

α  Sol. 
Abs. Residual Error 

HPM RK-Fehlberg C-Nicklson 

F  

0.0 0.0973866 1.47×10-17 8.99×10-12 8.34×10-6 
0.2 0.249573 0 2.54×10-12 1.05×10-4 
0.4 0.402015 2.78×10-17 2.61×10-11 2.42×10-4 
0.6 0.554709 2.78×10-17 5.56×10-14 1.54×10-4 
0.8 0.707651 5.55×10-17 7.95×10-13 1.83×10-4 
1.0 0.860839 0 5.54×10-12 2.13×10-4 

F  

0.0 1.02015 5.55×10-17 4.26×10-12 3.31×10-4 
0.2 1.00211 0 1.65×10-12 3.07×10-4 
0.4 0.98413 5.55×10-17 3.24×10-11 2.91×10-4 
0.6 0.966206 0 7.56×10-13 2.58×10-4 
0.8 0.948339 0 4.53×10-12 2.35×10-4 
1.0 0.93053 0 5.54×10-12 2.13×10-4 

1.0x =  

0.5rg =  

α  Sol. 
Abs. Residual Error 

HPM RK-Fehlberg C-Nicklson 

F  

0.0 0.148334 2.22×10-16 4.12×10-10 1.30×10-3 
0.2 0.304437 0 5.57×10-10 1.64×10-3 
0.4 0.460665 2.22×10-16 2.29×10-9 2.01×10-3 
0.6 0.617016 0 3.04×10-9 3.04×10-3 
0.8 0.773489 1.11×10-16 6.97×10-9 5.06×10-3 
1.0 0.930083 0 1.18×10-8 3.33×10-3 

F  

0.0 1.01946 2.22×10-16 4.23×10-8 5.19×10-3 
0.2 0.00148 1.11×10-16 3.17×10-8 4.49×10-3 
0.4 0.983554 1.11×10-17 3.28×10-8 4.41×10-3 
0.6 0.965668 0 1.79×10-8 4.04×10-3 
0.8 0.947874 0 8.58×10-9 3.68×10-3 
1.0 0.930083 0 1.18×10-8 3.33×10-3 
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Table 10. Fuzzy solution and error analysis for the impact of 2ζ when 

10.11, 2, 0.4.rg β ζ= = =  

0.7x =  
2 0.5ζ =  

α  Sol. 
Abs. Residual Error 

HPM RK-Fehlberg C-Nicklson 

F  

0.0 0.030084 1.56×10-7 6.25×10-16 1.39×10-6 
0.2 0.0382168 2.22×10-7 5.41×10-16 1.74×10-6 
0.4 0.0462201 3.06×10-7 1.64×10-15 2.13×10-6 
0.6 0.0540956 4.09×10-7 1.33×10-15 2.56×10-6 
0.8 0.061845 5.34×10-7 9.71×10-16 3.03×10-6 
1.0 0.06947 6.79×10-7 5.83×10-15 3.53×10-6 

F  

0.0 0.101258 1.13×10-6 1.83×10-16 5.49×10-6 
0.2 0.0950139 1.18×10-6 8.88×10-15 5.08×10-6 
0.4 0.0887135 1.04×10-6 2.55×10-17 4.67×10-6 
0.6 0.0823564 9.12×10-7 3.52×10-15 4.28×10-6 
0.8 0.0759421 7.90×10-7 8.05×10-15 3.89×10-6 
1.0 0.06947 6.79×10-7 5.83×10-15 3.53×10-6 

0.7x =  
2 1.0ζ =  

x Sol. 
Abs. Residual Error 

HPM RK-Fehlberg C-Nicklson 

F  

0.0 0.0302515 1.78×10-7 3.99×10-14 8.38×10-6 
0.2 0.0384293 2.59×10-7 1.37×10-15 1.05×10-4 
0.4 0.0464832 3.63×10-7 1.48×10-15 1.29×10-4 
0.6 0.0544147 4.93×10-7 1.26×10-14 1.56×10-4 
0.8 0.0622256 6.52×10-7 5.99×10-14 1.85×10-4 
1.0 0.0699172 8.42×10-7 7.19×10-14 2.16×10-4 

F  

0.0 0.101974 1.75×10-6 3.43×10-13 3.38×10-4 
0.2 0.0956722 1.53×10-6 5.35×10-13 3.12×10-4 
0.4 0.0893158 1.33×10-6 3.59×10-14 2.86×10-4 
0.6 0.0829048 1.16×10-6 2.88×10-14 2.62×10-4 
0.8 0.0764387 9.91×10-7 3.42×10-13 2.38×10-4 
1.0 0.0699172 8.42×10-7 7.19×10-14 2.16×10-4 

 

Table 11. Fuzzy solution and error analysis for the impact of rg when 

2 10.2, 2, 0.1.ζ ζβ= = =  

1.0x =  

0.2rg =  

α  Sol. 
Abs. Residual Error 

HPM RK-Fehlberg C-Nicklson 

F  

0.0 0.0806051 2.78×10-17 1.49×10-12 8.34×10-6 
0.2 0.0928188 0 8.93×10-13 1.05×10-4 
0.4 0.104778 2.78×10-17 1.28×10-4 2.42×10-4 
0.6 0.116486 2.78×10-17 4.67×10-11 1.54×10-4 
0.8 0.127946 5.55×10-17 7.09×10-11 1.83×10-4 
1.0 0.139161 0 3.14×10-11 2.13×10-4 

F  

0.0 0.182522 5.55×10-17 2.24×10-10 3.31×10-4 
0.2 0.174074 0 1.73×10-10 3.07×10-4 
0.4 0.165514 5.55×10-17 2.82×10-4 2.91×10-4 
0.6 0.156843 0 1.81×10-11 2.58×10-4 
0.8 0.148059 0 6.73×10-11 2.35×10-4 
1.0 0.139161 0 3.14×10-11 2.13×10-4 

0.9α =  

0.5rg =  

x Sol. 
Abs. Residual Error 

HPM RK-Fehlberg C-Nicklson 

F  

0.0 0.235893 2.22×10-16 3.74×10-10 1.30×10-3 
0.2 0.260898 0 1.46×10-10 1.64×10-3 
0.4 0.28537 2.22×10-16 1.39×10-9 2.01×10-3 
0.6 0.309316 0 4.38×10-9 2.41×10-3 
0.8 0.332743 1.11×10-16 6.97×10-9 2.86×10-3 
1.0 0.355657 0 1.31×10-8 3.33×10-3 

F  

0.0 0.437328 2.22×10-16 5.32×10-8 5.19×10-3 
0.2 0.421471 1.11×10-16 4.08×10-8 4.79×10-3 
0.4 0.405377 1.11×10-16 2.99×10-8 4.41×10-3 
0.6 0.389043 0 2.25×10-8 4.04×10-3 
0.8 0.372471 0 8.17×10-9 3.68×10-3 
1.0 0.355657 0 1.31×10-8 3.33×10-3 

 

 

  

(a) (b) 

  

(c) (d) 

Fig. 2. Influence of
1
ζ on fuzzy velocity profile, (a) lower band of lifting case, (b) upper band of lifting case, (c) lower band of draining case, 

(d) upper band of draining case. 

Similarly, Tables 5 to 7 also represent the fuzzy solutions at different values of 1,ζ  2ζ  and rg  keeping fuzzy parameter α  with 
corresponding errors in lifting and drainage cases, respectively. Whereas Tables 8 to 11 demonstrate the fuzzy solution and absolute 
errors along nanoparticle volume fraction parameter ,α  influenced by fluid parameters 2ζ  and rg  for lifting and drainage case, 
respectively. The errors are evaluated using three algorithms namely Runge-Kutta Fehlberg, Crank-Nicolson, and modified 
homotopy perturbation to validate and analyze solutions. 
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(a) (b) 

  

(c) (d) 

Fig. 3. Influence of
2
ζ on fuzzy velocity profile, (a) lower band of lifting case, (b) upper band of lifting case, (c) lower band of draining case, 

(d) upper band of draining case. 

  

(a) (b) 

  

(c) (d) 

Fig. 4. Influence of
r

g on fuzzy velocity profile, (a) lower band of lifting case, (b) upper band of lifting case, (c) lower band of draining case, 
(d) upper band of draining case. 
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Furthermore, the graphical investigation of how these parameters affect the fuzzy profile is carried out for both lifting and 
drainage cases. The material parameters 1ζ  and 2ζ  have distinct physical meanings in industrial usage. Specifically, 1ζ  is 
associated with the relaxation time of the polymer molecules in the fluid while 2ζ  represents the retardation time. When 1ζ  is 
increased, the fluid becomes more viscous and resistant to deformation. As a result, it flows more slowly. Conversely, when 2ζ  is 
increased, the flow behavior resembles shear thinning flow with least resistance to deform. As a consequence, it is able to flow 
more easily. Therefore, changes in values of 1ζ  and 2ζ  have a significant impact on the fluid behavior. By manipulating these 
parameters, it is possible to control the flow properties of the fluid and to optimize its performance for various applications. Figure 
2 illustrates the variation in material parameter 1.ζ  As shown in Figs. 2(a) and 2(b), an increase in material parameter 1ζ  enhances 
the lower and upper velocity profile in lifting case, while Figs. 2(c) and 2(d) depict a decrease in solution profile in drainage case. 

On the other hand, in Fig. 3, the fuzzy velocity profile decreases as the material parameter 2ζ  increases in lifting case, whereas 
in draining case it behaves in-contrast. Figure 4 presents the impact of gravitational parameter rg  which is used for the effects of 
gravity on the fluid flow. This parameter represents the ratio of gravitational force to viscous forces and can affect the fluid velocity 
and film thickness. The observed behavior suggests that increase in the gravitational parameter leads to decease fuzzy solution in 
lifting case, where the fluid is being lifted against gravity. On the other hand, where the fluid flows downhill under the influence 
of gravity, an increase in the gravitational parameter also increases fuzzy solution.  

Figures 5 and 6 provide graphical representations of the impact of fluid parameters 1,ζ  2ζ  and rg  on the fuzzified parameter 
α  (nanoparticles volume fraction) for both lifting and drainage cases, respectively. The nanoparticle volume fraction parameter 

α  describes the concentration of nanoparticles in the fluid. An increase in α  can lead to changes in the rheological properties of 
the fluid, such as viscosity and shear stress. The nanoparticle concentration can also affect the stability of the fluid film on the 
moving belt, which is important in industrial processes such as coating and printing. In Fig. 5, the analysis shows the increase in 
fuzzy profile by increasing material parameter 1ζ  while the decline in fuzzy solution is observed for material parameter 2ζ  and 
gravitational parameter .rg  In contrast, in Fig. 6, fuzzy profile is decreasing along α  by increasing 1ζ  and inverse relationship is 
observed for parameters 2ζ  and .rg  Given that fuzzy profiles are an extension of crisp profiles, it has been observed that the results 
of crisp solutions tend to lie at the midpoint of the solution bounds. In addition, the fuzzy solution remains consistent for both 
the upper and lower bounds when 1.α=  This suggests that the fuzzy solution is more robust and reliable than the crisp solution, 
as it takes into account a wider range of possibilities and can handle uncertainty better.  

The illustration in Figs. 7 and 8 showcase a comparison between gold, alumina, and silver for both cases along the x -axis and 
fuzzified parameter ,α  respectively. Figure 9 presents the effect of the fractional parameter β  along the α− cut, where the fuzzy 
profile decreases as β  increases in the lifting case. On the other hand, Fig. 10 shows the drainage case, where the lower bound is 
observed to decrease while the upper bound increases as β  increases. Our work's uniqueness lies in its ability to capture the 
uncertain and imprecise rheological properties of complex fluids, which are not well-represented by traditional mathematical 
models, thus making it an essential tool for diverse applications in fields such as materials science, chemical engineering, and 
biomedical engineering. 
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Fig. 5. Influence of different parameters on fuzzy velocity profile (lifting case), (a) influence of
1
,ζ (b) influence of

2
,ζ (c) influence of .

r
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Fig. 6. Influence of different parameters on fuzzy velocity profile (draining case), (a) influence of
1
,ζ (b) influence of

2
,ζ (c) influence of .

r
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(a) (b) 

Fig. 7. Comparison of gold, alumina and silver, (a) lifting case, (b) draining case. 

 

  

(a) (b) 

Fig. 8. Comparison of gold, alumina and silver, (a) lifting case, (b) draining case. 
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(a) (b) 

Fig. 9. Influence of fractional parameter β along membership function α in lifting case, (a) lower bound solution, (b) upper bound solution. 

  

(a) (b) 

Fig. 10. Influence of fractional parameter β along membership function α in draining case, (a) lower bound solution, (b) upper bound solution. 

7. Conclusion 

The objective of the manuscript was to model and analyze thin film flow of fuzzy-fractional Oldroyd 6-constant nanofluid over 
a vertical belt in lifting and draining scenarios. Uncertainty in the current model was incorporated through α− cut approach to 
develop triangular fuzzy numbers (TFNs). These TFNs were used in nanoparticle volume fraction and boundary conditions to 
completely fuzzified the modeled equations. Different algorithms including Runge-Kutta Fehlberg, Crank-Nikcolson and modified 
homotopy perturbation were used to validate and analyze the obtained fluid model. Firstly, we converted the obtained equations 
to highly nonlinear fuzzy differential systems. After solving these systems, the impact of different parameters (including fluid and 
fuzzy parameters) on the velocity field was observed numerically and graphically. Analysis revealed the following significant 
outcomes: 

 The fuzzy velocity declined as the material parameter 1ζ  increases in draining case. On the other hand, inverse behavior 
is observed in lifting case. 

 For the material parameter 2ζ  and gravitational parameter ,rg  fuzzy velocity field boosted up in drainage case whereas 
inverse relationship is seen in lifting case.  

 Material parameter 1ζ  increases nanofluid velocity at both upper and lower bound, whereas parameters 2ζ  and rg   
decreases the velocity profile at both bounds in case of lifting. On the other hand, inverse relationship is seen in drainage 
case. 

 Fractional parameter β  shows decrease in fuzzy velocity profile in the lifting case. But in draining case, velocity profile 
show decline at lower bound while increase is observed at upper bound. 

 The relationship between fuzzy and crisp profiles indicated that the results of crisp solutions tended to fall within the 
solution bounds which is the validation of obtained solutions as fuzzy profile is the extension of crisp profile. 

 At 1,α =  the fuzzy solution remained the same for both upper and lower bounds. 
 The findings of this study can have potential applications in various industries such as coating, printing, and food 

processing. Further research on fuzzy-fractional differential equations can enhance the understanding of complex 
phenomena.  
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