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Abstract. In this work, we consider a class of non-linear, singular, non-self-adjoint and fourth-order BVP arising in the
semiconductor industry. We investigate the theoretical and numerical results of solutions for the governing model corresponding
to different boundary conditions by considering the domain as a disk of any radius T > 0. Problems are difficult to analyze the
solutions due to their characteristics. Moreover, it has no exact solutions. Additionally, there are two solutions to these problems.
So, it becomes difficult to apply any discrete approach to obtain both approximate solutions. We develop an iterative method based
on boundary conditions that gives numerical approximations. The convergence analysis of the technique is discussed. Some
numerical examples are given to show the efficiency and accuracy of the method.
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1. Introduction

Numerous physical applications include nonlinear singular boundary value problems (SBVP) [1]. The applications in applied
mathematics, physics, and physiological science, as well as applications in engineering, such as transport processes, atomic
structure, nuclear physics, thermal explosion, magneto hydrodynamics, electro-hydrodynamics, gas dynamics, etc. are the source
of these types of problems [1]. Solving various singular BVPs generally a challenging task. Some of these physical phenomena that
occur in the actual world can be solved analytically. However, in many cases, an exact analytical solution is typically difficult or
impossible to find. As a result, to find an approximate solution to such problems, we need a precise and efficient numerical
approach. Still, very few works are done in numerical computation of higher-order SBVP. Swati et al. [2] proposed a nonlinear third-
order Emden-Fowler type equation with some initial conditions as well as boundary conditions. They have given a numerical
algorithm based on the uniform Haar wavelet collocation method and discussed the convergence analysis. Rufai et al. [3] extended
the literature of Swati et al. [2] by developing a one-step hybrid block Nystrom-type method to obtain numerical approximation of
solutions. Pandit et al. [4] proposed the Haar wavelets collocation method for the numerical solution of a nonlinear SBVP of
order n = 4,6,8,10. Also, they have shown that numerical approximation converges to the exact solution. Hasan et al. [5] considered
a class of SBVP of order n + 1, and approximated the solution by using the modified Adomian decomposition method.

We have seen that the main objective of their studies is to compute the numerical approximation of a unique solution. Later,
Pandit et al. [6-9] computed the numerical approximations of fourth-order singular BVP, which has two solutions by considering
the equation as:

l{z [l(z\p'(z))’] } :M+)\7 0<2<1. (1)
z z z

They have shown both numerical solutions exist for 0 < A < \_, where X, is the critical value of \. Before that, the existence of
dual solutions to the model (1) for 0 < A <\, is discussed in [10]. Later, Pandit et al. [11] extended the numerical results of [10-13]
for the following class of fourth-order singular BVP:

i{zu [ia(zo‘\ll/(z))’]/}, _V (V) + 2 V() $AG(2), 0<z<1, (2)

z* z 2z4

where a € Z* such thata > 1,r = k22*2k € R",\is the speed of particle and uniform deposition rate G(z) i.e., G(z) = 1. After
that, for « > 1, equation (2) is discussed in [1] with respect to different types of boundary conditions. They showed the existence of
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at least one solution with the help of monotone iterative technique. By using the transformation h(z) = z*¥(z), from equation (2),
we have:

kh?(z
220 (2) — azh/(2) = hT()

+22/0 AeG(t)dt, z € (0,1]. (3)

In this work, we try to fill the gap in the literature by extending the work of Pandit et al. [11]. We study the theoretical and
numerical results of the solutions of a class of fourth-order singular differential equation (2) by considering the function G(z) as
variable deposition rate such that 0 < b, < G(z) < b, and the domain as 0 < z < T instead of [0,1] with respect to the following
boundary conditions:

W'(0) = 0,%(T) = 0,¥(T) =0, lim 2 ¥ (z) = 0, )
W(0) = 0,W(T) = 0,%(T) + T ¥"(T) = 0,lim =* ¥ (2) = 0, )
U (0) = 0,%(T) =0,V (T) = 0, lim 2> U () = 0. ©)

z—0

For a =1, k =1 and G(z) = 1, the equations (2) and (1) are identical. Equation (1) is the radial form [8, 10] of fourth-order elliptic
partial differential equation, which is given by:

A% f =det(D*f) + AG(z),z € T C R?, (7)

where f:R? x R* — R is the height of the growing interface at the spatial point z € R? and time ¢ € R", D is the Hessian matrix, G(z)
is deposition rate and ) is the speed of the incoming particle. In the semiconductor sector [10], the model (7) is becoming more
prevalent. Under the continuum hypothesis, one can easily obtain equation (7) from the following stochastic partial differential
equation (SPDE):

of

o KV = 2K, det(D2 ) + € (o) (®)

If we put K, = 0 = K in the following Kardar-Parisi-Zhange (KPZ) equation [6, 10, 12], then we can easily derive the equation
®):

O KyV2f 4+ 2K, det(D2f) — KV — L KGA(A)? + (1), ©)
To know further background on the semiconductor industry's significance and the use of mathematical models in this field
reader can read the references [12, 13].
Again, the physical interpretation of the boundary conditions (4), (5) and (6) can be found in [7, 10]. Now, by using i(z) = z22¥'(z2),
the boundary conditions (4), (5) and (6) are reduced to:

1 (0) = 0,(T) =0, (10)
B (0) =0, (o — 1)A(T) = TH'(T), (11)
B (0) = 0,ah(T) = Th'(T), (12)

respectively. The study of the numerical solutions of problem (3) with respect to the boundary conditions (10), (11) and (12) are
difficult due to the following characteristics:

e Itis higher-order, non-linear, non-self-adjoint and singularity present at the origin.

e The behavior of both solutions varies depending on the parameter \.

e The exact solutions are not known.

¢ Also, the problem has two solutions for 0 < A < X\,. Therefore, many discrete methods may not be capable to compute both

the solutions with desired accuracy.

In this paper, first, we investigate the characteristics of the solutions. Then we construct an iterative scheme by using equation
(3) and the corresponding boundary conditions to compute the two solutions with desired accuracy. To check the validity of the
scheme, we discuss the convergence analysis. We demonstrate approximated value of the parameter X for various values of a. We
compare the numerical results with existing data and place the order of convergence to assess performance and robustness of the
proposed approach. We also verify the numerical results with theoretical results.

To investigate the characteristic of the solutions, we transformation equation (3) by using s = f:‘ and h(z) = u(s) into the
following form:

kv (s) Y
(6} — —5 5 a 13
v (s) 2(1_"_002524-(1-"-04) s 4 NG (t)dt, (13)
where 5 =244, § = —and L(s) = (1 + )%, Similarly, the boundary conditions (10), (11) and (12) are reduced to:
R A +af) —
ZS%S v'(s) = 07v(T 6) =0, (14)
lin& 508 v'(s) =0, (a— l)v(TH“S) =Ty (T”"S)7 (15)
and lin& 508 v'(s) =0, av(T”"‘g) = Tltay (T1+"5)7 (16)
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Remark 1.1 Several researchers [7, 8, 10] have examined the equation (1) by treating the domain as [0,1] rather than [0, T], where T > 0 with
regard to various boundary conditions. To the best of our knowledge, no research has been done in the literature on equation (1) over the domain
[0, 7] for any values of a > 1. The key advantage of the proposed scheme is its ability to accurately compute the numerical approximations of the
dual solutions for a class of singular BVPs (3) within the domain [0,7] for a > 1 and T > 0, subject to boundary conditions (10), (11) and (12).

Now, we consider the space as E = C? ((O,T”“S} , [R’), where:

loc

2
Clm:

((O,T”‘1 S} , [R) = {11: (O,T”“g] — D‘\" v € C%([a,b],R) on every compact set [a,b] C (O,T”“g} }. (17)

Below, we discuss some previous works which are relevant to the proposed methodology. Second-order boundary value
problems can be solved by using various numerical techniques such as the variational iterative method [8], homotopy perturbation
method [9], Adomian's decomposition method [6, 14, 15] etc. Earlier, in 2008, Mittal et al. [16] considered a class of singular boundary
value problems (p(t)y'(t))" = q(t)f(t,y(t)) with boundary conditions y'(0)=0 and y(1)= B . They applied the Adomian
decomposition method to find the numerical approximations. In 2009, Pandey et al. [17], considered the same class of singular
boundary value problems with boundary conditions y’(0) = 0 and ay(1) + 8y’(1) = 4. They applied the finite difference method and
approximated the exact solution. Later, Singh et al. [14], considered a class of strongly nonlinear singular boundary value problems
v’ (x) + 24’ (z) = f(z,u(x)) with Neumann and Robin boundary conditions /(0) = 0,au(1) + bu’(1) = ¢ and developed an improved
decomposition method which provides better results than Adomian decomposition method. They showed the convergence of the
proposed scheme. In 2010, Kanth et al. [18] considered a class of singular boundary value problems u” =2y’ + f(z,y) = 0 subject to
boundary conditions y(0) = A and y(1) = C. They demonstrated the applicability of He's variational iteration method to this

problem. In 2018, Roul and Thula [19] considered a class of nonlinear SBVP v"(z) + (% + ’;/(‘f,)) v (z) = g(,u(z)) with Neumann and
Robin boundary conditions and applied optimal quartic B-spline collocation method to find the approximate solution. After that,
Roul et al. [20] solved a second-order singular boundary value problem, which is related to the electro hydrodynamic flow of a fluid
in a circular cylindrical by using a sixth-order numerical method. In 2019, He et al., [21] applied the Taylor series method to find a
solution of Lane-Emden type equation. To know more about the literature reader can read the review paper [2] and the references
3, 4].

The remaining work is organized as follows. In Section 2, we provide the characteristics of the solutions of the equation (3). In
Section 3, we build an iterative technique to find the approximate solutions of equation (3). We demonstrate that the computed
series solutions converge to the exact solutions in Section 4. We provide the numerical results of the proposed method in Section
5. Ultimately, in Section 6, we have concluded the work.

2. Characteristics of the Solutions
In this section, we demonstrate some basic qualitative characteristics of the solutions v € F correspondingto A > 0and a > 1,
which satisfies the following inequality:

L(s) .
+(1 +a)4ﬁ/ AOG(t)dt, s € (0,THe3). (18)

Kv2(s)
7 >
OES /

(1+«)2s?

For T'=1and «a > 1, Pandit et al. [11] analyzed the solutions of the equation (2) with respect to different types of boundary
conditions. Below, we have presented the results to extend the literature for 7 > 1 and « > 1. Due to the similarity of the proof, we
refer to the reference [11], corresponding to few lemmas.

Lemma 2.1 Consider a function v(s) in E. If v(s) satisfies the condition ling sod v’(s) = 0 and inequality (18) then:
55—

lim v(s) = 0. (19)

s—0"
Proof. The proof is similar to the derivation of Lemma 2.0.1 in [11].
Lemma 2.2 Consider a function v(s) in E. If v(s) satisfies the condition (14), inequality (18) and equation (19) then v(s) < 0 forall s € (0, T“a(ﬂ .
Proof. By similar analysis as in Lemma 2.0.1 in [11], we get the result.
Lemma 2.3 Consider a function v(s) in E. If v(s) satisfies the condition (15), inequality (18) and equation (19) then v(s) < 0 forall s € (07 T”“zﬂ.
Proof. At first, we need to show v(7"*5) < 0. Let us assume v(7"**§) > 0. According to equation (19), there exists a s, € (0,7%*J]
such that v(s,) < U(T“"S) [1 —(a—1)5+ “’Tj#} Now, we have:
v(T”“S) —u(sg) - .
et - v'(€), where min{T1%%,s,} < & < max{T1+*3,s,}. (20)
@0 — 8,

Since ¢/ (s) is an increasing function, therefore, equation (20) can be written as:

11(T1+“6) —v(sg) <v (TIMS) _ (o — 1)1;(T1+a6) ' (1)

T1+a8 _ 50 T1+D‘
Thus, we get,
(a—1) THQS*SO 2 ~ (a—1)s ~
U(S()) > |1 — % U(Tl+a6) > |:1 —(a—1)% -‘r(Tl%} U(Tl+a6)4 (22)

This leads to a contradiction. Therefore, v(T”“g) < 0. Again, v(s) is a convex function, which implies v/ (s) is increasing in
(QT“"S}. So, v(s) is a decreasing function in (07 T”“S]. Therefore, from lirgb v(s) =0 and U(T“"S) < 0, we have the result.
s—07
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Lemma 2.4 Consider a function v(s) in E. If v(s) satisfies the condition (16), inequality (18) and equation (19), then v(s) < 0 forall s € (0, T““g] .
Proof. The proof follows from Lemma 2.3.

Lemma 2.5 Consider a function v(s) in E. If v(s) satisfies v(s) < 0, inequality (18) and equation (19), then:

lim s*31/(s) = 0 if and only if lim ﬂ =0. (23)

s—0t s—0" gb
Proof. By similar analysis as in Corollary 2.0.1 in [11], we can proof the results.

Lemma 2.6 Consider a function v(s) in E. If v(s) satisfies liTSL ij’ = 0. and v(s) < 0, then the parameter X follows the inequality:
s—0*

s

(1+ a)*(3 + a)rn?

0 < (24)
Proof. To find the range of the parameter )\, we first rewrite equation (13) as:
/ Kv?(s) 5 = L)
’ o — ¢ —3+1 o 3
(sv'(s) — v(s)) 30+ ) +(14+a) s /0 NG (t)dt (25)
Here, we put w(s) = — . Also, w(s) > 0 for all s € (0, T”“(ﬂ. Integrating both sides on equation (25) from 0 to s, we get:
/S(ftZu/(t))/dt = /.SMdt + /.S(l +a) T /.L(S)M “G(y)dydt (26)
A A 2(1+ )2 A A Y y)ayat,
where 77 = —4 + 1. Since v(s) < 0, from equation (26) we get:
2,2 s, .42 / s L(s)
o ksTWA(s) _/ kt2w(t)w’ (t) / 5 7~]/ o 27
5111(5)74(1_"_04)2 | Srar dt+ A I+a)7t A Xy*G(y)dy dt. (27)
As we have 0 < b, < G(z), therefore:
2,42 5 .42 / s
20 () < _ F5W (s) / Kt2w(t)w’ (t) _/ s a1
s2w'(s) < 4(1+a)2+ ARETERE dt A Ab (14 a) 7t de. (28)
Now, we can write inequality (28) as:
2,2 ]
20 () < _ F5W (8) Noy(Il+a)77s 29
sw'(s) A1+ ) Mt2 ‘ (29)
So, from inequality (29), we get:
2,92 7 o(3+a)8
2 () < FEW (s) Aby(1+a)Ts 30
sw'(s) < 41+ «)? 3+a (30)
Since (3 + a)é > 7, we obtain:
2 g
(1+a) +a (31)
rw?(s) Aby T o
< *4(1“(1))2 — e Vse (O’TH 5]
Thus, we have:
—w’'(s) - K
1M®)+M1+QVXMTPQ"M1+QV' (32
B+ o)k
Integrating both sides of inequality (32) from s to T'+*5, we get:
Tie§ / T §
—w’(t) K
Z) w%n+4u+uymekuﬁ = Z Mt (33)
B+ o)k )
Equivalently, we can write inequality (33) as:
,w(T1+(\g) du K .
_ I+as§
/wm 2 AT )P\, T Z Hi+a)? (1425 =s). (34)
‘ v B+a)k
Applying li%m to both sides of inequality (34) we get:
s—0*
/°° du < lim /w<5’ du L T
b w2 AOT DTS =0t ) gy e A0 2N TTE = AT ) (35)

B+ )k B+a)w

Solving equation (35), we obtain:
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(14 )43 + a)w?

NS T (36)

Lemma 2.7 If the BVPs (3) with respect to boundary conditions (10), (11) and (12) can be solved for some X, > 0, then these BVPs can also be
solved for each 0 < A < ..

Proof. The proof is similar to the derivation of Lemma 4.0.2 in [11].

In the following section, we develop an iterative scheme to find numerical approximations of the solutions to equation (3).

3. Construction of the Scheme

As equation (3) is non-self-adjoint, therefore we convert equation (3) to a self-adjoint form for constructing the scheme. Now,
from equation (3), we have:

h"(z) oh/(2) _ kh?(z) 1 /'z o
3 Lol T 9sat2 +Z_u A Nt G(t)dt’ z € (O’T}' (37)

Equivalently, equation (37) can be written as:

L) 3891 oo .

Now, integrating both side of equation (38) from 0 to z, we get:

W(z) . W(2) TR2(t .
z—a—iﬁéz—a* /t / /“’G )y . (39

First, we have to show the value of lzm

2 exists and finite. As o > 1 and singularity present at z = 0, therefore the situation is
not in hand immediately. Now, on account of equation (37), we have:

’ 2
smapyr(z) — HE) _)TE) / NOG(t (40)

P 7cx+1
By taking limit at z — 0 on both sides of equation (40) , we obtain:

. W(z) . kh%(2)
1—a g7 - a
ézggz h(z) — uizgé o éao Dy +lzm z />\t G(t (41)

z—0

Now, we impose the initial condition 2’(0) = 0 and use the result of Lemma 2.1 that is lmg], h(z) = 0. Therefore, by using L'
Hospital’s rule, from equation (41), we get:

. _ h'(z) w,. 2h(z)h(z) . X2*G(z)
1—a /7 —
é%z W'(z) o é% azol 2@% (a+ 1)z égg (v —1)z02 (42)

So, in view of equation (42), we can assume lin(l), 217 R (2) = a (a finite value). Consequently, we have:
z—
A7 (2)  a

limm =lim ' (z) =lim =— (43)
[

20 2% 20021 250 [

Hence, by using equations (43) and (39), we obtain:

az KRZ

ke R[]
h(z)= o + 5 /O tu+2dt+z /0—a

Again, integrating both sides on equation (44) from 0 to z, we get:
aZQ+1 K z ot hz(’lj) "z x 1 t
hiz) =——+—= [ t¢ = dydt c — [ A\y® dy dtdzx.
(2) ()L((x+1)+2/0 oz +/OT /ota/o y*G(y)dy dtdzx (45)

Now, we assume h(z) € €%(0,T]. By using second fundamental theorem of calculus (Theorem 34.3, p. 294, [25]) to equation (45)
we can conclude that k(z) € €2[0,T]. Therefore, equation (45) can be expressed as follows:

S~

Ay*G(y)dy dt. (44

~

h(z) =c+ L[N (h(2))], (46)
where ¢ = 2 T A A taj Ay G(y)dy dtdz, N[h(z)] = h?(z) and:
= [ [ S @)

Now, we use ) ° h;(z) to approximate h(z). Consequently, we can write the non-linear term N[h(2)] as [26, 27]:

Nlh(2) (Zh ): (g;hi(z> g;A (hg> hy, -, ), (48)

where A, (hy, hy, -, h;) can be defined by:
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1d i ]
Ai(ho’hl""’hi):i_'dB'iN (ngj) i=0,1,2,. (49)
- =0 8=0
Therefore, we can get:
An(h()vhlv"'vhn) = Z hn—z(z)hz(z) ;m=01,- (SO)
i=0

From equations (48) and (46), we obtain:

> hi(z)m e+ LY {Z A, (hg, by, hi)} (51)

i=0 i=0

Thus, the iterative scheme is defined as follows:
G,Z(Hl "z T t

ho(z):er/o x /0 t—a/o)\y G(y)dy dtdz, (52)

z t K

hy(z) :/ t(‘/ —— Ay (hy)dydt,
! o 2yt oo (53)
"z t K

h’n+1(z):/0 ta/o an+2An(h0ﬁh’1a'"ahn)dydtﬁ (54)

and so on. The nth approximation of exact solutions h(z) can be defined as >-" h,(2), where a € R is the constant. By using

boundary condition, we compute two values of the constant a and consequently, two solutions can be achieved. The proposed
method's algorithm is shown below for the reader's better understanding.

Algorithm 3.1

Step 1: By using initial condition »’(0) = 0, convert the equation (3) into the form h(z) = ¢ + L7}[N(h(z))], where L~ is the integral
operator defined by (47), N(h(z)) is the nonlinear term and c is the constant term.

Step 2: Use > ° h;(2) and 3% A;(hg,hy,~,h;) to approximate the functions h(z) and N(h(z)) , respectively, where

=07

A,;(hg,hy, -, h;) is defined by equation (50).

Step 3: Chose the initial approximation &,(z) as in equation (52), and compute h,(z) fori =1,2,--, n.

Step 4: Determine the constant's value « in ¢ by using the boundary conditions and find the approximate solutions as h(z) ~
Yo hi(2).

Step 5: Calculate the residue error R(z), and maximum absolute residue error L, with respect to the domain [0,77].

Step 6: To stop the algorithm, fix the stopping criteria as L., < ¢, where ¢ is the tolerance.

In the next section, we discuss about the convergence analysis of the series - 5,(2) to validate the proposed scheme.

4. Convergence Analysis

We consider a sequence {g,} as n'" partial sums of the series }- h,(2). Thus, we can write h(z) = lim ¢, (2) = lim 3" h;(2).
= n—00 n—oo =
Now, we have to prove the series }_* h,(z) is uniformly convergent, and it converge to the exact solution h(z). The series
Yoo hi(2) can be expressed as:

00

o+ (0 — o) + -+ (@ —Gur) + =0 + D _ (@1 — ) (55)
i=0
Therefore, {g, } can be written as:
0 =40+ (01 = go) + -+ (8 — @ 1) (56)
For each sequence {g, }, we approximate N(Z;:O h;(z)) as follows [26, 27]:
n 2 n
NGa) = (02 = (L 02)) =3 Aty b, 57)
i=0 =0

Lemma 4.1 Consider the initial approximation h,(z) given by equation (52). Assume that h,,(z) € €2(0,T] for all n € NU {0}. Then for alln €
N U {0}, we have:

(i) h,(0)=0,h,(0)=0,h,(2),h,(z),h(z) and A,are bounded on [0,T).

(i) h,(z) € €0, 1),

Proof. In view of equations (52) to (53), we have £, (0) = 0. Now, from equation (52), we obtain:
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’0( z 1 ot
h§(2) :a; +z°‘/ t_a/ Ay G (y)dy dt. (58)
0 o

Thus, from equation (58), we have lz‘né hy(z) = 0. Now:
Z—

(59)

2—0 Q

z t z
W) =zt szt [ [eaayars [ oG-z im0,
0 0 0

So, we have lmé hy (z) = 0. Thus, h{ (z) is bounded. Also, as lmgA (hg) = lz‘né h3(z) = 0. Thus, A,(h,) is bounded on [0, T]. By using
the definition of big ohh [7], we can write hy(z) = 0(2>*1). Also,

|Ag(ho)| = [13(2)] < dpe2+2, (60)
where d} is a fixed positive constant. Hence, we have A, (h,) = O(2***). Now, for n = 1, we get:
’ (e z L
W) = 2 / sz Aol (61)

Thus lin% Ry (z) = 0. Hence, R/ (z) is bounded. Also,

pi— a1 [TEREW) RIE(2) o gy SRG(2)
K (e) = o /0 Syl + e i S 2
\ . )\ 2
. ” k|ho(2)hy (2)+(hY(2 . 7 .
Since hy(z) = O(z**!) and lzm 525 = lim 2 h“4 = lim R t2>+( )] =0, therefore from equation (62), we get h{(z) is

z—0 z—0

bounded. Consequently, we have A, (hy, hy) is bounded. Hence, by using second fundamental theorem of calculus ([25], Theorem
34.3, p. 294), we can conclude that h, (z) € ¢2[0,T]. Now, from equation (54), we have:

z t K z t rd rd Z(2a+2)
< ot | —— Ay (hg)ldydt < [t [ —LgPedydt < —0—— . 63
2)| —z z 2y0‘+2| o(ho)ldydt < z z an+2y yat < 2Aa+1) 2at2) (63)

Therefore, we can write h,(z) = 0(z2**D). Again,
|4y (ho, hy)| = [2ho(2)hy (2)] < d7 232+, (64)

where dj is a fixed positive constant. Thus, using properties of big oh, we have 4, (hy, h,) = O(z3*+D). Let the statement be true for
all values of n=23,--,m. So, h,(z) € €%[0,T], h,(0) =0,k (0) =0,k ( ),k (2),h]/(z) and A, (hy, hq,...,h,) are bounded, and h,(z) =

Oy A (g, by, ) = O(zF24D) for all values of n — 2 ,3,--,m. Now, for n=m+ 1, from equation (54), we can easily
conclude 2,,.,(0) = 0 and:

m+1 / a+2 h hm)dy (65)

It is easy to observe that Lim Ry (2) =0as A, (hy, -, h,,) = O(zm+2(+D) Also,

B S0 1 ZKA hg,hl h )dt—‘rKZ;znhmii(Z)hi(Z)—7alim Ezn()hm L( )hz(z) (66)
ma( A 207 222 " 20 27042 '
and
N Kkd N 'ty(771+2)a+(771+2)
[Pe1 (2 \S/O 13 /21%2 m(Pos sy m)‘dydt<—/o 13 /OTdydta
So, (67)

Hd/ z(m+2)a+(m+2)

=< 2((m+ 1)a+ (m+1)) ((m+2)a+ (m+2)

|hm+1 )

Therefore, we have h,, ,(2) = O(z™+2+Vy and A, (hg, hy, -, hyiq) = O(2m 34D By similar analysis we can conclude that

R, 1(0)=0, k., (2), k)l 1(z) and 4,,,, are bounded on [0,7] and h,, ., (z) € €2[0,T]. Thus, we get the desired result by mathematical
induction.

Lemma 4.2 Consider h,,(2) € C?(0,T]. Let the n*" approximation h,,(z) be obtained from equations (53) and (54) for all n € N U {0}. Then:

(1) ¢,(0) —q,_,(0) =0 for eachn € N.
(i) ¢, (z) and ¢/ (z) are bounded on [0,T) for alln > 0.

Proof. By using Lemma 4.1, we have £, (0) = 0. Now, ¢,,(0) — g,,_1(0) = ho(0) + hy(0) + -+ h,, (0) — hy(0) — hy(0) — - — h,,_4(0) = h,,(0) = 0.
Since q,(z) = ho(2) + hy(2) + -+ h,(2), and h,(z) € €2[0,T] , therefore all terms of ¢,(z) and ¢/ (z) are bounded for allne N u{0}.
Hence we conclude the results.

Lemma 4.3 Consider h,,(z) € €2[0,T). Let the n'" approximation h,,(z) be obtained from equations (53) and (54) for all n € N U {0}. Assume d,; =

sup |zf—,2 s ,1,---. If there exist a natural number n, € N such that d,., < rd, for all i > n, and some value of r < 1, then there exists
z€ (0,7

a real number L, > 0 such that:

0+ 02| )

9 a+1 = 1,

for all z € [0,T] and n € N. (68)
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Proof. For n = 1 and by using Lemma 4.1, we have:

ja) + qO(z)I = Ih’l(z) C20G) < v e (69)

| 9+l 9 a+1
For n = 2, we get:

hy(2) + hy(2) |h1(2) +h2(z)|

|%2(2) + a1 (2 )| [2ho(2) + Ry (2)] | | |
T ot ST o | T[T e | ShF T o | (70)
In view of Lemma 4.1, we have ‘h+f1”) is bounded on [0, 7). Therefore, we consider:
hy(2) 4+ hy(2)
l,=1,+ sup |22
S [()],)T] 27+l
Hence, we have:
% <1,V 2 € [0,T). 71)
In general, we have:
[l L&) <y vz e fo,7), 72)
where,
B (2) + i (2)
l _l m—1
m m—1t zg’fé],gT] 9o+l (73)
Now, for n = m + 1, we get:
|21 (2) + @ (2)] _ |2ho(2) + 2R (2) + 4 hy (2)] | [P (2) + a (2))
< +
9 at+1 | = 9 at+1 [ ] 9ot |’
+h,,q(2) (74)
< m+‘TT“ <lper, V2 €10,7),
where,
T i1 (2) + i (2)
l =1 mp1\2) T M 2) .
mir = bn+ sup ’ 9ot (75)
Thus, by using mathematical induction we can write:
% <l,, Vze[0,T], neN, (76)
where,
ho(2) + hy 4 (2)
1 =1 n ) T 1)
L . 687[31}] 9 atl (77)
Equivalently, we can say that there exists a natural number n, such that:
hy(2) +h,_(2)
b= bl = sup |2 ez 79)
Now, it is necessary to show the sequence {/_}, defined by equation (78), is an eventually constant sequence. Thus:
y q n Yy €q y q
|hn(z) + h,7171(2)| < |h’n(z)| + |hn 1( )|
| 9o+ | = |22a+1| | 9 a+1 |7
1 ¥ t K (79)
SW/ 750‘/ W(‘Anq(hnvhh ) n 1 |+‘A 07h17~~,hn,2)\)dydt
0 0 <
Sinced;, = sup |zf12 R ,1, ..., therefore, equation (79) can be written as:
z€ [0,T)]
h,(2) +h,_ o
I 2za+1 < 5ot / t / d, 1 +d,_o)dydt. (80)
By using d,, < rd;, from equation (80) we have:
[Py (2) + By 1 (2)] 1 z Tk
| Py | < gzt ), e | 5(1 +r)d,,_dydt,
ta 1 dyd (81)
_27a+1 (14 r)rd,,_sdydt,
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Hence, we get:

n—2
sup hy,(z) + T{,l(z) < sup ’/@(1 +r)r"2dyz (82)
=€ [0,T] 2z 2€ [0,7] 4a+2)
Since r < 1, therefore, taking limit on both side we get:
) hyp(2) + h, 1 (2) - k(1 +7)r2d,T
I AN e WA Iy VP Sl A ey §
O T e L ) (®3)

Thus, from equation (78), we deduce that {/, } is an eventually constant sequence, that is, [, =1

1, =1,_1,Vn >n, . Hence, the result
follows.

Lemma 4.4 If {q,,} is defined as the n'" partial sum of the series 3 h,(z), then {g,,} can be written as follows:
¢, =c+ L7 N(g, 1)n > 1, (84)
where the nonlinear operator N is provided by equation (57) and c is the constant.

Proof. By using equations (52) and (54), we obtain:
qn(z) = h’O(z) + hl(z) +eet hn(z)a

n—1

K
g2 Z A;(hg, by, s hy)dydt,
i=0

[
:c+/ ta/LQUM (Zh )dydu )
[*]%

c+ te

=c+ te

2 ) qnfl(z))dydt'

This completes the proof.

Theorem 4.1 Let hy(z) be the initial approximation of an iterative scheme (54). Assume {q,, } represent the n*" partial sum of >y hi(2). Then
the series 3_° h;(z) is uniformly convergent and converge to the exact solution h(z) of the problem (3) in €2(0,T].

Proof. By using equation (84) for n = 1, we get:
0@ -0l < [
0

By using Lemma 4.1, we assume L, = sup {|t“ Otzy%(qo)QdyH. Let L = max{ L, L,}. Thus, we get:
0, T

t K
e /U 2otz (q())Qdy’ dt. (86)

lg1(2) — qo(2)] < Lyz < Lz. (87)

Now, for n = 2, by using Lemma 4.3, we have:

I/\

lg2(2) — ‘10 d"/’ dt. (88)

oz+2

Now, inequality (88) can be written as:

t
o [ |ata —4q
lg2(2) — a1 (2)] < / t / 211 T Do B o) gy gy, (89)
0
By using the results of Lemma 4.3 and inequality (87), we get:
"t R R 7a+2
- t* | kL?dydt < kL ——.
lg2(2) — a1 (2)] < /0 /Oﬂ ydt < kL2 (90)
Again for n = 3, we get:
a G2 +q
15(2) — ga(z |</ / etl dy‘dt</ ; / 22?%11 1)
By using inequality (89), we get:
KQLB & rt K2L3 Z2a+3
— < te ol dydt < ——— =
()~ < gy [ [t < R (02
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Similarly, we get:

:‘63[/4 "z "t 202 dud KSL4 23a+4 93
— <— te « t < X
l94(2) = 45(2)] < (a+2)2(2a+3)/0 /Oy YO S T 222 1 32 (Bt 4) (3)
Let the statement be true for n = m, i.e.,
H77171Lm' 2(77171)a+m
@ (2) = @1 (2)] < . 94
e (@+2)2(2a+3)% - ((m—2)a+ (m—1))° ((m=1Da+m) G4
Now, for n = m + 1, we have:
z ot
U+ G| |9m — Gna|
_ < to | dydt,
D I R N e e 2
RmLm+1 z t (95)
S 5 / $o / y(TTL*I)lX‘F(mV*l) dydt.
(@+2)%((m—2)a+ (m—1))"((m—1)a+m) % o
This implies:
k[ mtl Zma+(m+1)
m1(2) = @ (2)] < . 9%
o (a+2)2---((m72)a+(mfl))z((mf1)a+m)2 (ma+(m+1)) ©6)
Hence, the statement is true for n = m + 1. Therefore, we have:
Knlpn Z(nfl)oﬂrn
@, (2) — g1 (2)] < ., VneN. 97
" e (@+2)2(2a 4 3)% - ((n—2)a+ (n—1))° (n = Da+n) ©7)
Now, we consider the series:
o0 wn—lpn Z(’"*U“*"
g0+ Lz + Z (98)

S (a+2)220+3)2 ((n—2)a+ (n—1)) (n—Da+n

Thus, we can see that the series (98) is convergent for every z € R. Thus, for every z € [0,7], we infer that the series (55) is
convergent absolutely and uniformly. Consequently, we have the limit function h(z) in €2[0, T]. Hence, the proof is complete.

5. Numerical Discussions

In this section, the numerical observations of the solutions &(z) for various values of « and T are shown. Subsection 5.1 contains
the numerical findings for « =1 and 7"> 1. In the Subsection 5.2, « >1 and 7' =1 are taken into consideration. We present
numerical data corresponding to the approximate solutions i(z) for & > 1 and 7' > 1 in Subsection 5.3.

The residue error of problem (3) is provided by:

2 z
R(z) = 220/ (2) — azh' (z) — %(Z) — 22 / AtG(t)dt. (99)
0
The maximum absolute residue error is defined by the following formula:
L= max |R(z +1ix0.1)],z,=0. 100
i=0,....55 (100)

5.1 Approximate Solutions h(z) for T >1and a =1
We examine for G(z) = 1 and p = 1. With the help of iterations (52) and (54), we have:

az? 2\ a?zt a2\ 28\?
ho(2) = — 4+ 22 hy(2) =
o) =F e M= o T ase
and so forth. For any n € N, the approximate solutions to f(z) is 37" h;(z). Here, the constant a can be calculated with the help of
the Mathematica programme.

5.1.1 BCs (10)

We choose n =51 and T = 1.1. We calculate the value of the constant a by applying the boundary condition h(T) = 0. We notice
that there are two solutions for 0 <X < X,. Here, the critical value of X is denoted by .. Since the value of the constant a is
imaginary, we see that there are no approximate solutions for X\ > \.. We determine 115.27 to be the critical value of \. Moreover,
two solutions are approaching one another as we increase the value of \. Numerically, we are unable to identify a unique solution
for X\ = X\,. We provide L_, error corresponding to some positive X\ in Table 1 and plot the graph corresponding to A = 110.25 in Fig. 1.

(101)

Remark 5.1 We have included few values of d; corresponding to A\ = 0 to confirm the condition d, ,, < rd; of Lemma 4.3, in Table 2. Here, we
observe that approximate upper solution 3" h,(z) of problem (3) corresponding to the boundary condition (10) does not converge to the exact

upper solution h(z) for A = 0, as the values do not meet the condition d,, < rd;. However, the proposed iterative technique accurately computed
both solutions for A = 115.27.
5.1.2 BCs (11)

We consider T' = 2 and n = 39. The constant « is determined by using the boundary condition (o — 1)h(T) = Th'(T). We observe
the same observations as in Subsection 5.1.1, except the value of ). A\, has been estimated to be 1.996. For varying values of \, we
have included numerical data In Table 3, Table 4, Fig. 2 and Fig. 3.
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corresponding to approximate upper solution for A = 0.

Table 1. L__ error of approximate solutions h(z). Table 2. The values of sup \%
el0.1]

z

A Lower solution  Upper solution

110.25  5.68 x 107 5.76 x 1072

d; dy d, dy

i

Upper solution  850.40  3576.40  8773.60

Table 3. L__ error of approximate solutions h(z). Table 4. L error of approximate solutions h(z).
A Lower solution ~ Upper solution A Lower solution  Upper solution
0.78  8.88 x 10°'° 1.04 x 1078 1.37 355 x 107 6.16 x 1072
Table 5. L error of approximate solutions h(z). Table 6. L error of approximate solutions h(z).
A Lower solution ~ Upper solution A Lower solution ~ Upper solution
0.19 2.22 x 10716 5.33 x 1071 0.58 4.44 x 1071¢ 3.55 x 1071
z
OOAO 0.2 0.4 0.6 0.8 1.0
Ol
S
2d
34
44
—a— Upper solution
5] L—®— Lower solution
[]

Al —=— Upper solution
®— Lower solution

—a— Upper solution
o Lower solution

Fig. 2. Approximate solutions h(z) for A = 0.78. Fig. 3. Approximate solutions h(z) for A = 1.37.

5.1.3 BCs (12)

We choose T'= 2 and n = 39. The boundary condition ah(T) = Th'(T) are used to find the value of the constant a. We observe
the same observations as in Subsection 5.1.1. We find A, as 0.708. For A = 0.19 and A = 0.58, the maximum absolute residue error is
provided in Table 5 and Table 6, respectively. The graphs of approximate solutions are shown in Figs. 4 and 5.

5.2. Approximate Solutions h(z) forT=1and a > 1

Here also we consider G(z) = 1 and p = 1. Now, by using equations (52) and (54), for a = 2 we have h(z) = % + %, hy(z) = *};;66 +
a2 and so on. For o = 3, we compute hy(z) = % + 22 ) (z) = 22 4 3200 | 223 and 50 on.

a8 T 9216 " 34560 ' 442368
5.2.1. BCs (10)

For a =2 and o = 3, we consider the approximate solutions as h(z) ~ 2}20 h;(z). Similar observations to Subsection 5.1.1 are

made here. Corresponding to o = 2 and « = 3, the value of \, are approximated as 874 and 2960, respectively. We provide Table 7
and Table 8 regarding numerical data.
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Table 7. L error of approximate solutions h(z) for a = 2. Table 8. L error of approximate solutions h(z) for o = 3.
DN Lower solution ~ Upper solution N Lower solution ~ Upper solution
322.73 2.84 x 1071 5.11 x 107° 2000 2.84 x 10713 2.30 x 10710
Table 9. L error of approximate solutions h(z) for a = 2. Table 10. L__ error of approximate solutions h(z) for a = 3.
N Lower solution ~ Upper solution N Lower solution ~ Upper solution
91.92 7.11 x 1071 213 x 1071 137.29 1.07 x 107 8.53 x 1071
Table 11. L__ error of approximate solutions h(z) for a = 2. Table 12. L__ error of approximate solutions h(z) for a = 3.
N Lower solution  Upper solution N Lower solution ~ Upper solution
23.79 1.33 x 1071° 711 x 107 47.83 8.88 x 10715 1.24 x 10714
z
00.0 0.5 1.0 1.5 2.0
I RS " e % T T 1
M o B WP i
h@), |
P
Zad
-4 - n
—a— Upper solution
=— Upper solution —e— Lower solution
5 —e— Lower solution
.5 -4
Fig. 4. Approximate solutions k(z) for X = 0.19. Fig. 5. Approximate solutions h(z) for A = 0.58.

1.0
1
1
)
=
E |
N
—=— Upper solution 1 —a— Upper solut?on
—e— Lower solution -16 —e— Lower solution
10 -18
Fig. 6. Approximate solutions h(z) for A = 91.92. Fig. 7. Approximate solutions hi(z) for A = 137.29.

Remark 5.2 It is observed that, when A = 0, the proposed scheme (54) is unable to yield the exact upper solution h(z) of problem (3) that
corresponds to the boundary condition (10). This is because, for all n € N and a certain value of r < 1, the sequence {d,,} does not satisfy the

condition d,, ., < rd,,.

5.2.2 BCs (11)
We take n = 39 into consideration to get the approximate solutions. We observe the same findings as in Subsection 5.1.1. For

o =2 and o« = 3, we have approximated X\, as 109.92 and 262.19, respectively. For various values of X\, we have placed numerical data
in Table 9, Table 10, Figs. 6 and 7.

5.2.3 BCs (12)

By taking into account h(z) ~ Z?:go I;(z), we can derive approximate solutions. Similar remarks are seen as in Subsection 5.1.1.
The values of X, that correspond to o = 2 and « = 3, respectively, are estimated as 35.30 and 79.58. Table 11 and Table 12 include the

maximum absolute residue error. Figures 8 and 9 show the graphical representation of the solutions.
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Table 13. L error of approximate solutions h(z) for o = 2. Table 14. L__ error of approximate solutions h(z) for a = 3.
N Lower solution ~ Upper solution N Lower solution ~ Upper solution
23349 426 x 1071 321 x 1077 1000 1.17 x 10713 9.88 x 107?
Table 15. L__ error of approximate solutions h(z) for a = 2. Table 16. L__ error of approximate solutions h(z) for a = 3.
N Lower solution ~ Upper solution N Lower solution  Upper solution
0.97  3.55x 1071 1.56 x 10713 1.13 213 x 1071 1.14 x 10713
Table 17. L__ error of approximate solutions h(z) for a = 2. Table 18. L__ error of approximate solutions h(z) for a = 3.
N Lower solution ~ Upper solution N Lower solution ~ Upper solution
0.16 1.78 x 1071° 3.19 x 107 0.21 5.32 x 1071° 7.86 x 1071
z z
1.0 0.0 1.0
T 0 T
=
=
5 <
= e
= =22 J
-4
-6
-8 -
U Ui —=— Upper solution
6 Pper:So ut!on 1 ®— Lower solution
@ Lower solution
-10 4
274 |
Fig. 8. Approximate solutions h(z) for A = 23.79. Fig. 9. Approximate solutions h(z) for A = 47.83.
z z
0.0 0.5 1.0 1.5 2.0 2.0
0+ 1 T
Y21
= T ~
| * g |

1 —a— Upper solution 14 —=a— Upper solution
2104 —e— Lower solution ! o Lower solution
-16 +
124 -18

Fig. 10. Approximate solutions h(z) for A = 0.97. Fig. 11. Approximate solutions h(z) for A = 1.13.

Remark 5.3 We have seen that, throughout the analysis process, the critical values of A consistently satisfy the theoretical estimations obtained
by Pandit et al. [1].

5.3 Approximate Solutions h(z) for T >1and a > 1

Here, we compute the approximate numerical solutions of h(z) corresponding to equation (3) under the following boundary
conditions, whenever o > 1land T > 1.

5.3.1 BCs (10)

In this section, we choose T = 11, p = 1, and G(z) = 1. We have computed the approximate solutions for h(z) = ZZO h;(z) with the
help of iterations (52) and (54). In addition, we note similar findings as in Subsection 5.1.1 and Remark 5.3. The values of A that
correspond to o = 2 and « = 3 are equivalent to 543.99 and 1671.99. Tables 13 and 14 include numerical data for different values of

A
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z
2.0
T
~.—, -
=
—=— Upper solution 8 U ot
E —e— Lower solution —=— Upper solution
] e Lower solution
# -10
Fig. 12. Approximate solutions h(z) for A = 0.16. Fig. 13. Approximate solutions h(z) for A = 0.21.

5.3.2 BCs (11)

Here, we have defined G(z) as 1 + z, p = 1, and T = 2. We have computed the approximate solutions as 21330 h;(z) by using similar

procedure as in Subsection 5.2. The same observations as in Subsection 5.1.1 are made here. The values of X, that correspond to
o =2 and « = 3, respectively, are estimated as 1.55 and 1.74. Numerical values are given in Table 15, Table 16, Figs. 10 and 11, which
correspond to a few values of \.

5.3.3 BCs (12)

We consider p =1, T =2, and G(z) = 1 + z + z* here. Approximate solutions can be expressed as 2‘20 h;(z). We have observed

similar results to Subsection 5.1.1. We estimate the value of X, to be 0.282 for o = 2 and 0.287 for o = 3, respectively. Figures 12 and
13, Table 17 and Table 18 are placed concerning the maximum absolute residue error.

Remark 5.4 Numerical approximations of fourth-order singular BVP (1) is easily computed by using the transformation h(z) = z*¥’(z) and
boundary condition ¥(T') = 0.

5.4. Comparison with Existing Results

In this subsection, we compare the numerical results computed by proposed method with the existing results which is derived
in [1]. We have seen that there are no numerical results in the literature concerning Subsection 5.1 and Subsection 5.3.
Corresponding to Subsection 5.2, we have calculated the numerical approximations of fourth order singular BVP (1) with the help
of Remark 5.4. Due to lack of space, here we place few results of maximum absolute residue error in Table 19 and Table 20.

5.5. Order of Convergence

Here, we illustrate the order of the proposed method. Since the problem has no exact solution, therefore we calculate
approximated computational order of convergence [6].

Table 19. L__ error to the numerical approximations ¥(z) of the singular BVP (1) and
the boundary condition (5) corresponding to A = 109.92,a« = 2and 7 = 1.

Proposed Method n=17 n=19 n=21 n=23 Method in [1]

Lower Solution 242 x 1077 9.85x107°  3.82x 10710 1.45 x 10711 9.23 x 107°
Upper Solution 2.62x 1077 1.07x107% 417 x1071° 157 x 107! 1.14 x 1078

Table 20. L error to the numerical approximations ¥(z) of the singular BVP (1) and
the boundary condition (5) corresponding to A = 262.19,a =3and T = 1.

Proposed Method n=17 n=19 n=21 n=23 Method in [1]

Lower Solution 6.19x 107 145 x 1071 337 x 1072 2,99 x 10713 1.31 x 10710
Upper Solution 6.48 x 107 1.52x 1071°  242x 1072 2.82x 10713 1.69 x 10710

Table 21. Approximated computational order of convergence for the singular BVP (3) and
the boundary condition (11) corresponding to lower approximation, when A =91.92,a =2and T = 1.

Iterations (n) €1 €, [ ACOC (A)
9 1.21x 107 144 x 107  1.67 x 1077 1.01055
10 144 %107  1.67x 1077  1.89 x 10°® 1.00854
11 1.67x 1077 1.89x10°®  212x107° 1.00704
12 1.89x 1078 2.12x107° 234 x 10710 1.00590
13 212x107°  234x 10710 256 x 107 1.00495
14 2.34x 10719 2556 x 1071 2,77 x 10712 1.00447
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Table 22. Approximated computational order of convergence for the singular BVP (3) and
the boundary condition (11) corresponding to lower approximation, when A = 137.29,a =3 and T'= 1.

Iterations (n) €1 €, [ ACOC (4)
6 347 x107°  1.86x10°  9.55x 10°® 1.01757
7 1.86x 1076 955%x 108 4.70 x 107° 1.01277
8 9.55x 107 4.70x 107  2.24x 10710 1.00972
9 470 x 107 224 x 1070 1.04 x 107 1.00750
10 2.24x 10719 1.04x 107" 4.81x 1071 1.00633
11 1.04x 1071 481 x107® 217 x 107 1.00407

Definition 5.1 Approximated computational order of convergence (ACOC) (say A) of the proposed iterative method is computed by:

n n—1
ACOC =A =", p=In ntl g=1In ‘n | where €, = max Z hi(z) — Z h;(2)]- (102)
q n n—1 z€[0.7] i=0 i=0

Due to lack of space, here we place only few data regarding the ACOC of the proposed scheme in Tables 21 and 22. We have
seen that order of the convergence of the proposed method is one, i.e., linear.

Below, we plot few numerical approximations of the solutions to visually represent the stability of the proposed method. From
Figs. 14 to 17, we have noticed that the numerical approximations coincide with each other for increasing the value of n.

Remark 5.5 We have used the 8GB random access memory (RAM) of the CPU to run the method using the Mathematica software. It has been
found that the CPU computes the data up to n = 10 iterations in less than 30 seconds. However, if we increase the number of iterations, the entire
process will take longer than a minute to complete.

Fig. 14. Approximate lower solution h(z) for A =91.92, 7 =1 and o = 2. Fig. 15. Approximate upper solution i(z) for A =91.92, T =1 and a = 2.

h(z)

-2.0 -

-2.5

-3.04
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Fig. 16. Approximate lower solution h(z) for A =137.29, T =1 and o« = 3.  Fig. 17. Approximate upper solution h(z) for A = 137.29, 7 =1 and a = 3.
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6. Conclusions

We have successfully presented the second-order singular boundary value problem (3) subject to three boundary conditions
emerging in the semiconductor industry. We have also classified the characteristics of the solutions. Because there are two solutions
to the problem, computing both numerical approximations are challenging. Here, we have successfully developed an iterative
scheme and computed numerical approximations that are very close to the exact solutions of the given class of problems. One of
the solutions becomes trivial when the value of ) is set to zero, but there is still a second, nontrivial, negative solution. There are
two ordered solutions for positive values of )\, and they get closer as \ increase. When )\ is adjusted to its critical value, we
conjecture that all solutions merge into a single solution that is still nontrivial and negative. Based on the results given in Table 2,
we deduce that for all values of a > 1 and T > 0, the suggested method is unable to capture the upper solution of problem (3) with
respect to the boundary conditions h’(0) = 0,h(T) = 0. However, the proposed method converges very quickly for determining the
numerical approximations of the problem (3) corresponding to boundary conditions (10) and (11) for any valuesof & > 1, T > 0and
X > 0 with desired accuracy. Despite differing in their quantitative behavior, the results corresponding to the three different types
of boundary conditions we have examined here, demonstrate a qualitative agreement. We anticipate that the current findings will
influence how these theoretical models of epitaxial development are understood in the semiconductor sector. As we've seen, the
value of the parameter X affects the characteristics of the solution set. This parameter represents the rate at which new material
is deposited on top of the epitaxially developing solid, and its physical meaning is obvious. When X is small enough, the suggested
method yields two stationary solutions for any constant or variable deposition rate G(z). In view of above discussion, for « = 1 and
T =1, we conclude that lower solution of time dependent problem (8) should be stable whereas the upper solution should be
unstable. We draw the conclusion that the numerical and theoretical results support one another. Moreover, here we have
successfully extended the literature by developing an iterative method that is capable to determine two solutions of a class of
higher order SBVPs. We point out that researcher may try to develop a suitable discrete method to find the numerical
approximations of the governing SBVP and the investigations are still open. Lastly, we believe that the proposed method is powerful,
promising, and reliable. We still expect it can be applied to higher-order SBVP which has dual solutions. Finally, we conclude that
the current work provides a valuable contribution, and the researcher may consider the proposed problem to explore the theoretical
and numerical results.
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