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Abstract. The main goal of this work is to investigate how the initial stress affects a thermoelastic micro-elongated layer under a layer
of piezoelectric loading using the theory of Lord-Shulman (L-S) with relaxation time and the model of dual-phase-lag (DPL) with two
relaxation times. The normal mode analysis is used to transform the partial differential equations into ordinary differential equations.
The numerical computations are carried out and the outcomes are visually presented. It is shown that initial stress has a significant
impact on all physical quantities, as demonstrated by a comparison of the DPL model and the L-S theory in both full absence and
presence of initial stress.

Keywords: Thermoelastic micro-elongated layer; piezoelectric; normal mode method; initial stress; DPL model.

1. Introduction

Four degrees of freedom model are presented in an elastic micro-elongated solid: one for micro-elongation and three for translation.
The most recent micro-elongated theory states that only volumetric micro-elongated can be carried out in addition to the previous
material particle average strain. Solid-liquid crystals, gas-filled porous media, and structural materials reinforced with chopped elastic
fibers are other examples of micro-elongated media. A generalized theory of thermoelasticity has been extended to include
deformations caused by internal heat sources in thermoelastic micro-elongated materials with h-thick elastic top layer [1].
Subsequently, recent studies [2] applied the earlier findings in a novel manner, changing the elastic layer's boundary from bounded to
unbounded.

Shaw et al. [3] presented the effects of moving heat sources in homogeneous, isotropic, infinitely long, micro-elongated,
thermoelastic materials. In addition to a user interface for liquid half-spaces and micro-elongated thermoelastic half-spaces, Sachdeva
et al. [4] conducted research on the 2D deformation of these parts when mechanical forces are applied. Recent advances in single crystal
growth techniques have been used to create piezo-ceramics with high voltage and substantial electrical breakdown [5]. According to
Hausstihl et al. [6], bismuth triborate (BiB3Oe) is a nonlinear optical material with well-established piezo-electric and elastic properties.

By absorbing mechanical energy from the surrounding environment, nano fiber-based piezoelectric turbines can optimize energy
for use in a range of electrical devices and hardware, according to Chang et al. [7]. A comprehensive study on virus-based piezoelectric
power generation was conducted by Lee et al. [8]. Recently, results on nonlocal effects and temperature-dependent properties of the
generic linear piezoelectric thermoelastic issue were presented in the literature [9].

It has been explored how to depict the general problem of steady-state vibrations of infinite piezoelectric medium [10]. Using
different hypotheses, Othman et al. [11, 12] investigated how gravity affected the behavior of piezoelectric thermoelastic spinning
medium. Tzou [13, 14] developed the DPL model, a novel heat transfer mechanism that approximates a version of Fourier's law by
replacing Fourier's law with two distinct times. Tzou also provided two separate mathematical hyperbolic models for DPL heat transfer
[14].
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Initial stress & Thermoelastic micro-elongated solid

Fig. 1. Geometry of the problem.

Subsequently, Quintanilla et al. [15-17] examined the DPL thermoelastic system, they demonstrated how a half-group half-
contraction gives rise to the problem's solution. The effect of initial stress on micro-elongated materials under on elastic layer was later
examined using the DPL model [18], which is a DPL variant of the Fourier's law model. In the framework of fractional-order multiphase
hysteresis models, a solution to the issue of thermoelastic interactions in functionally graded materials caused by thermal shock was
investigated by Abbas [19]. In this regard, the following sources provide important details on the evolution of thermo-elastic theories
in many fields [20-29].

Using the L-S theory and DPL model, as illustrated in Fig. 1, the main goal of this work is to investigate the effects of initial stress
and the piezoelectric loading layer on thermoelastic micro-elongated media. Additionally, in the framework of DPL model, this work
investigates the impact of relaxation time 7, period on all physical quantities.

2. Governing Equations

The same theories from [3, 21, 26] can be used to obtain the basic equations governing the behavior of micro-elongated
thermoelasticity with initial stress using the DPL model as follows:

Ty = Pl D)
1 .
Ao+ 5 T—Ap— Aol 5 = Eﬂ}o Pt 2
0 0 oT
k(l + Ty E)Tn = (1 +7, a)(pcea + 5, Tuk,kt) +6, T, Pr (3)
gij:zﬂgij+()‘e_ﬂOT+>‘o(rg)§ij_P(6ij_wij)' 4)

where, w;=(u;;—u;;)/2. For the vector of displacement u(x,z,t) = u(u,,0,u;) and initial stress P, then, from Egs. (1) and (4) we have:

P
sz U, + (/\+:“)e,x - E(ul,zz - uS,xz) 7/10 T:x + )‘Ow,x: pul,tt’ (5)

P
sz Us +(/\+U)e,z _E(u&xx_ u‘l,xz) =BT, + X, =pUsy. (6)

For convenience, the dimensionless variables listed below can be used [30]:

x{:ixi’ z,:w z, ui/: i U, t/:"ft: T«g:w*Tﬂ: Té:w*Tqy O'i,' = il )
¢ ¢ c.Ty Tope.T,
2 0)
‘;0/: A 0 T’:l r_ P P — P, w*:/’ch C2:/\+2/L_
o, T, T,’ A2p’ "t pe Ty R p
By substituting in Egs. (2), (3), (5), and (6) from dimensionless variables defined in Eq. (7), one obtains:
P
a, % U, +a,e, +§(u1,zz — Uy, )_T,x T =Upys (8)
2 P
a,V'u;+a,e, + E(uz,xx — Uy, )- T, +¢,= Uy, )
(v27a4)‘»‘77L a;T— ase = d; ¢y, (10)
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0 0
(147, ot )VZT: (1+Tqa)[a7'r,t+a8 e,[] + Ay, (17)

3. Method of Normal Mode

When operating in normal mode, the response for the recognized physical variables can be subjected to the following analysis:

(U9, 05, uf 08, D 1(x,2,t) = [ug, ¢, T oy, uf,of Dy ](z)e! . (12)
Using Eq. (12) into Egs. (8)-(11), then one has:
[6,D%—6,]u, +& Du, —ibT +iby =0, (13)
8,Du, +[6,D* =& Ju, —DT +D¢ =0, 14
3 1 4 5 3
— 8u;— asDu;+a, T +[D*—§,]¢ =0, (15)
510u;+611Du;+[7 b D2+512]T'+613‘P‘:O- (16)

There is a non-trivial solution to Egs. (13) through (16). If the determinant of the coefficient of the physical quantity equals to zero:
(D® — AD® +BD* —CD? + E){u, (2),u;(2),T (2),¢ (z) }=0. (17)
Equation (18) can be factorized as:
(D* —ki)(D* — k3 )(D* ~k3)(D* k) {u, (2),u (2), T (2), 0 (2) } = O, (18)
where k,(n=1,2,3,4) indicates the roots of the auxiliary Eq. (18). Since z— oo, the generalized solution of Eq. (18) is given by:

4
(u;ru31 150 Z 1 Hln ’HZYI ’H )M knz' (19)
n=1

The components of stresses can be entered into (4) by substituting from Egs. (7), (19):

4
Z H4nrH5n M e( kg z+wt+ibx) an P, (20)
n=1
4 N
(Z):Z H6n Mn plknz+wtibx) (21)
n=1

where the coefficients a,,a,,.....,a,3, 6,6,,.....,6,5, A,B,C,E, H,,,H, ,H,,H, ,H., and H,, are obtained from Appendix 1.
The governing equations of general piezoelectric are [31]:

af = pPuby, (22)
D, =0, (23)
1
of = = Cya (Ui + uf))— eyEs, (24

ij 2

1
D=~ eijk(“f,kJr “i,,‘)jL & E;.

b2
(25)
Ei= — ¢
The non-dimensional variables mentioned below can be used to simplify parameters and equations:
, / . / . of D. C . C Pc
X =cynoxP, 28 =cymy 2P, U =cy P, t¥ = t?, of =%, D=1, =t :Mw’ 770:[)72' (26)
Cn €33 o’ €33 k¥

Utilizing Egs. (26) and (12) into Egs. (22) and (23):
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(LD’ - A, )ul" +ibl, Dut* +ibl, De? =0, (27)
ibL, Du?" + (I, D* — A, )ub* + (1, D> —b?1, )oP* =0, (28)
ibl, Du* +(D* b1y )u* +(—1,y D* +b? )p?* =0. (29)

Eliminating u?", u?’, ¢?* between Egs. (27) to (29), then:

(D°~GD*+ ND*— F){uf'(2), uf'(2), ¢ (2)}=0. (30)
Equation (32) can be factorized as:
(D* —17) (D" =1;))(D* —){u" (2), u'(2), " (2)}=0. (31)

When the roots of auxiliary equation of Eq. (31) are r,(i=1,2,3), and the following are the solutions to Eq. (31):

3
(uf* ,ng* ’Wp* )(Z):Z 1 Lll ’L21 R e +Z 1 (i+3)? 2(1+3) )Ri+3 ev. (32)
i=1

Using Egs. (26), (12) and (32) in Eq. (24) and (25) to derive the electric displacement and stress components in the piezoelectric layer,
one obtains:

3
(05:1 02210 Z L31’L41’L51 R e o +Z 3(i+3)? 4(1+3)’ 5(1+3))Ri eT,Z’ (33)
i=1
3
Z 617 71 R e7TZ+Z 6(1+3)’L (1+3))R1+3e Z' (34)

i=1

where, the coefficients 1,L,.....,l,, A;,A,, G,N,F, L. and L, ;,(m=1,2,3,4,5,6) can be found in Appendix 2

'mi?

4. The Situation at the Borders

It is necessary to choose the parameters M,,M,,M;,M,,R,,R,,R;,R,,R;,R;, so that the surface boundary conditions are:

0, =0, =0y P, 0y =0y, Uy =U;, Uy =13, p=0, Zz =0, D,=0, D,=0 at z=0. (35)
0, =0, —P plwtHibx) _ a,P, 0,=0, at z=-h. (36)

The characteristic equations can be easily obtained from the previous boundary conditions. Ten equations are subjected to the
inverse method matrix in order to obtain the parameters M, ,(n=1,2,3,4) and R,,(n'=1,2,3,4,5,6):

M1 H51 Hsz H53 H54 L41 7L42 L43 L44 7L45 7L46 0
Mz H61 Hsz H63 H64 L51 Lsz L53 L54 7L55 7LS6 0
M, 1 1 1 1 -1 -1 -1 -1 -1 -1 0
M, Hy, H,, H; H, —Ly —Ly, —Lis Ly, —L;s Ly 0
R |_| Hy H., H., H., 0 0 0 0 0 0 0 37)
R,|” |-kH, -kH, -kH,, -kH, O 0 0 0 0 0 0
R, 0 0 0 0 Ly Ly, Ly L Les Les 0
R, 0 0 0 0 L, L, Ly Ly, Ly Ly 0
R, | |Hge"" H,e®" H,e™" H,e" -L,e™ —L,e” —L e —L,e™ —L.e™ —L.e™ |-P
Ry| |Hge™ Hg,e™ Hg,e® Hge" 0 0 0 0 0 0 0

5. The Numerical Results and Discussion

Aluminum epoxy-like material has been used for conducting the analysis (see Table 1) [32]. Cadmium Selenide (CdSe), with
hexagonal symmetry (6 mm class), is the material selected for the piezoelectric device (see Table 2) [30]. In this work, calculations are
carried out in the range 0<z<3 at x=0.005 for time t=1.02. To examine how the initial stress affects the DPL model, the L-S theory,
and the temperature gradient Tc's phase shift affect the DPL model of constant phase lag on heat flow 7,, the components of
displacement u,, u,, the micro-elongated scalar ¢, and the component of stress s,, were distributed with a distance of z, using the
numerical analysis method. Graphs representing the outcomes of numerical estimation are presented in this work.
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Table 1. The material properties of Aluminum epoxy.

A =7.59x10" N/m” i =1.89%10"° N/m’

¢, =966 J/kgk

p=2.19x10 kg/m’

a, =0.61x10 "N jo=0.196x10*m’

5, = B, = 0,05x10° N/m’k k=252 J/m.sk A = A = 0.37x10" N/m?
T, =293K 7, =1x10"s 7,=9x10°s
w=uw, +1¢ w,=—2x10", (=—3.6x10" b=3, h=0.02

Table 2. The material properties of Cadmium Selenide.

C,=7.41x10°N.m? C,,=3.93x10° N.m? C,,=8.36 x10° N.m*

C,,=1.32x10° N.m* p=5504 kg.m" e, =—0.160 C.m"

e,=0.347 C.m” e,=—0.138 C.m" ¢’ =260 J/kg .k

€,=826x10"C*.N".m? ¢,=9.03x10"C*.N".m"
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Fig. 2. Influence of initial stress on the horizontal displacement u,.
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Fig. 6. Influence of 7, on the horizontal displacement u, at P = 4.
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Fig. 7. Influence of 7, on the vertical displacement u, at P = 4.
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The outcomes of the two earlier theories for a mechanical force of magnitude P,=0.3 are displayed in Figs. 2 to 9. Figures 2 to 5
compare physical quantities with and without an initial stress.

The distribution of u, with Z is displayed in Fig. 2. In the theory of (L-S) and (DPL) model, it is clear that the values of u, are less
without initial stress than they are with initial stress. The values of u, grow until they reach zero. Figure 3 clarifies that based on the
(L-S) theory and the (DPL) model, the values of u, increase with increase z for (P=0,4). In the case of P =4, itis clear that the values
of u, go to zero with increasing of z at z>1, as well as in the case P=0 the values of u, go to zero with increasing of z at z>1.6.
Figure 4 explains that the distribution of the micro-elongated ¢ starts from zero in the two theories for (P=0, 4). Evidently, over the
range 0<z<0.4, the four curves of ¢ begin to decline to a minimum value, and over the range 0.4<z<2.5 they decrease all the way
to zero. Figure 5 illustrates that in both the model of (DPL) and theory of (L-S), oy, always begins at a positive value for (P=0,4). The
values of oy, are found to vanish at z> 1.7. Furthermore, it is clear that the values of oy, based on P=4 are lower than the ones
based on P= 0. The distribution of u,,u;, 0y, with z and the microelongational scalar ¢ under the impact of initial stress on the
model of (DPL) for the various phase-lag of temperature gradient r, values are plotted in Figs. 6 to 9. The following values are found at
7,=0.9, 7,=0.1, 0.2,0.3.

12

1% 10 i i ‘ i i 2 ‘ i i
tq=0.9, ©6=0.1 1al tg=0.49, wa=0.1
— = -1g=0.9, 18=0.2 = — = -1g=0.8, 1e=032
05 —— —1g=0.8, 18=03 [| 164 —— =08, w=03 |

Fig. 10. Three-dimension curve variation of the horizontal displacement ~ Fig. 11. Three-dimension curve variation of thivertical di?lacement Uy
u, versus distances at P=4,7,=1x10"",7,=9x 10", versus distances at P=4,7,=1x10",7,=9x10".

- o0 X z 0 o «
Fig. 12. Three-dimension curve variation of the micro-elongated scalar ¢ Fig. 13. Three-dimension curve variation of the stress component o,
. 4 -3 . — —
versus distances at P=4,7,=1x10",7, =9x10"". versus distances at P=4,7,=1x10",7, =9x 10",
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Figures 6 and 7 exhibit that the effect of 7, on u;, and u, are decreasing over the range 0<z<1.7. Figure 8 describes the distribution
of micro-elongated ¢ versus z. The three curves clearly begin at zero, fall to a minimum value over the range 0<z<0.4, and decrease
back to zero over 0.4<z<2.5. Furthermore, it is evident that the impact of 7, on micro-elongated ¢ is waning. The distribution of o,
vs z is displayed in Fig. 9.

The three-dimensional (3D) plotting of Figs. 10 to 13, show the relationship between the physical quantities u,, u,, ¢ and o,, with
both (x,z) at P=4 under the model of (DPL). These numbers are essential for understanding the connections between these real
numbers and the vertical component of distance. All of the field quantities are moving in wave propagations, and the resultant curves
are heavily dependent on the vertical distance.

6. Conclusion

The mathematical model presented for a thermoelastic micro-elongated plate influenced by initial stress and subjected to an upper
load from a piezoelectric layer, within the framework of the (DPL) model, offers a detailed insight into the coupled behavior of thermal,
elastic, and electric fields. By incorporating the effects of initial stress and piezoelectric interaction, this model broadens the
understanding of complex physical phenomena in micro-elongated materials. The use of the (DPL) model allows for a more accurate
representation of thermal and mechanical wave propagation by accounting for phase lags in both heat flux and temperature gradients.
The main conclusions are as follows:

e A comparison was made between the (DPL) model and (L-S) theory, both with and without the presence of initial stress.

e In the context of thermoelastic medium deformation, the initial stress and micro-elongation scalar play pivotal roles.

e The amplitude of the field quantities shows a decreasing trend with increasing relaxation time, highlighting the significant

influence of the relaxation time parameter.

e A decomposition solution is provided for the thermoelastic micro-elongated layer, covered by a finite elastic layer, under the

effect of initial stress.

The results obtained in this study emphasize the sensitivity of the plate's behavior to the initial stress, material properties, and
external loads, making this model a valuable tool in the design and analysis of micro-scale thermoelastic systems. Future extensions
of this work may include nonlinearities, more complex boundary conditions, or dynamic load applications, providing a more
comprehensive understanding of such systems under varying physical conditions.
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Nomenclature

A\ 1 Lame's constants in micro-elongated medium P Initial pressure

g The strain tensor where ¢; = (u, +u,)/2 c, Specific heat at the constant strain in micro-elongated medium

P Density in micro-elongated medium o Density in piezoelectric layer

u Displacement vector in micro-elongated medium [ Micro-elongational scalar

¢ Specific heat at constant strain in piezoelectric layer % Component of stress tensor for micro-elongated medium
o’ Displacement vector in piezoelectric layer E, Electric field in piezoelectric layer

(o The elastic parameters tensor in piezoelectric T Absolute temperature

) Thermal conductivity in piezoelectric layer T, Reference temperature

D, The electric displacement in piezoelectric layer Jo Microinertia

€ The dielectric moduli in piezoelectric layer w A complex constant

e The piezo electric moduli in piezoelectric layer 7, Temperature gradient parameter
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o The electric potential in piezoelectric layer T, Heat flux parameter
P The magnitude of the mechanical force. i -J1
k Thermal conductivity in micro-elongated medium a A\ Micro-elongational constants
0770771
Qr1r The coefficients of linear thermal expansion where b The wave number in the x direction.

By = (BN +2p)e,, B, = BX + 2p)ex,,
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Appendix 1

m P BACE e 2 P2 pc,c
ay=—7, 0, = 2 43 = 101*2’(14:)\112’“5: )\0*2’%:0)01’%: =, (1.2)
pCi pC; Ayp C,w ayw Ay pw 2a, kw
B2T, B,8,T,yc? A A+2p uA+E(A+2u)P u—1(A+2p)P
e =0, Gy = Ay =—, a4y, = » Qi = d 2 ) y Q3= d 2 ) ) (1.2)
kpw RAgw e pc.Ty pe; pCy

Journal of Applied and Computational Mechanics, Vol. 11, No. 3, (2025), 787-796 A‘V'A



Mathematical Model of a Thermoelastic Micro-elongated Plate Influenced by Initial Stress ... 795

5 = a1+§’ 5, =a,b* + a,b® +u?, 6, =ib(a, —g), 5, =a,+ a,, & =a, b’ +gb2+w2 ,6; =ibas, 6, =b*+a, +a,w’, (1.3)
by =1+7w, & =1+7w, by =1bagwd,, &, = agwd,, 6, = b6, + a,wéy, 6,5 = agw, (1.4)

-1 - . X e e o
A=——[a56,6; — 6,050, — 60,85 — 53258 = 8,8,61, — 6,6,6,0), (1.5)

61840
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_ k6, +1bk,58, — 6,k H — k26, H,, +a56,,k,H,, + 6,6,,H, R, — k26,0 — 6615 + 6,6,

T ihs — e —ibs. | > 5 n n (1.8)
(l 64 - 63)kn - lbés 6768kn + 612kn - 68kn - 67612 - 613(513
H,, = W: H,, =ib—ayk,H,, —H,, + H,, (1.9)
77 %n
HSn = ibalo - anln - HZVl + H3n’ HGvn = ibalB‘Hln - alzkn' (110)
Appendix 2
C C,+C (e5, +ey)e prc? C e;e e’
l:i’l:M 13,I: 31 15 33’1: O,Izﬁ’lzls 33,]: 33 R 21
' Cu ? Cu ’ Sren ‘ Cu ’ Cu ° €1Cp ! SHeH @1)
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1
G= (A + Ak + Al L + DL BBl + DL + DL + DLLL ~bLLL), 2.3)
1ty T hlsho
N= ﬁ(—f\qu CAAL D £ DL — BLLL + bULLL — AL — AbLL — AL — AbALL), (2.4)
117 — halsho
Fo 1 (AAV 1+ ABLL), 2.5)
Ll + 1L, '

L LI ¢ AL WL~ A 26

L
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_ —Lbrt + LR + ALY —bPLLr — Ab’

Lugesy = ibLl,r? —ibLLr? +iblLA,r, — ib’LLr, ’ @7)

L ke f;ls—riimzmﬁ Ly = L’ — Aiizli;lznhw ’ (2.8)

L, =ib—1,rL,; —1,rL,, Lygs = ib + 1117§L1(i+3) + IleLz(i+3): L, =ibl, —LrL; —LrL,, (2.9)

Lyiis = 1bly =Ly a — LlLyg s Ly = — L1 +1bL Ly +1blL,;, Log,q =17 + +HibL L, o) +1blLy 5, (2.10)

Ly = — 1l +1ibLL; —1bL,;, Ly 5 = Fly +-1bLLy; 4 —1bL,; 5, Ly =1blis — 1Ly + 1oLy, Ly g = iblg + 1Ly g — LT Lo, ) (2.11)
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