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Abstract. The main goal of this work is to investigate how the initial stress affects a thermoelastic micro-elongated layer under a layer 
of piezoelectric loading using the theory of Lord-Shulman (L-S) with relaxation time and the model of dual-phase-lag (DPL) with two 
relaxation times. The normal mode analysis is used to transform the partial differential equations into ordinary differential equations. 
The numerical computations are carried out and the outcomes are visually presented. It is shown that initial stress has a significant 
impact on all physical quantities, as demonstrated by a comparison of the DPL model and the L-S theory in both full absence and 
presence of initial stress. 

 

Keywords: Thermoelastic micro-elongated layer; piezoelectric; normal mode method; initial stress; DPL model. 

1. Introduction 

Four degrees of freedom model are presented in an elastic micro-elongated solid: one for micro-elongation and three for translation. 
The most recent micro-elongated theory states that only volumetric micro-elongated can be carried out in addition to the previous 
material particle average strain. Solid-liquid crystals, gas-filled porous media, and structural materials reinforced with chopped elastic 
fibers are other examples of micro-elongated media. A generalized theory of thermoelasticity has been extended to include 
deformations caused by internal heat sources in thermoelastic micro-elongated materials with h-thick elastic top layer [1]. 
Subsequently, recent studies [2] applied the earlier findings in a novel manner, changing the elastic layer's boundary from bounded to 
unbounded. 

Shaw et al. [3] presented the effects of moving heat sources in homogeneous, isotropic, infinitely long, micro-elongated, 
thermoelastic materials. In addition to a user interface for liquid half-spaces and micro-elongated thermoelastic half-spaces, Sachdeva 
et al. [4] conducted research on the 2D deformation of these parts when mechanical forces are applied. Recent advances in single crystal 
growth techniques have been used to create piezo-ceramics with high voltage and substantial electrical breakdown [5]. According to 
Haussühl et al. [6], bismuth triborate (BiB3O6) is a nonlinear optical material with well-established piezo-electric and elastic properties. 

By absorbing mechanical energy from the surrounding environment, nano fiber-based piezoelectric turbines can optimize energy 
for use in a range of electrical devices and hardware, according to Chang et al. [7]. A comprehensive study on virus-based piezoelectric 
power generation was conducted by Lee et al. [8]. Recently, results on nonlocal effects and temperature-dependent properties of the 
generic linear piezoelectric thermoelastic issue were presented in the literature [9].  

It has been explored how to depict the general problem of steady-state vibrations of infinite piezoelectric medium [10]. Using 
different hypotheses, Othman et al. [11, 12] investigated how gravity affected the behavior of piezoelectric thermoelastic spinning 
medium. Tzou [13, 14] developed the DPL model, a novel heat transfer mechanism that approximates a version of Fourier's law by 
replacing Fourier's law with two distinct times. Tzou also provided two separate mathematical hyperbolic models for DPL heat transfer 
[14].  
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Fig. 1. Geometry of the problem. 

Subsequently, Quintanilla et al. [15-17] examined the DPL thermoelastic system, they demonstrated how a half-group half-
contraction gives rise to the problem's solution. The effect of initial stress on micro-elongated materials under on elastic layer was later 
examined using the DPL model [18], which is a DPL variant of the Fourier's law model. In the framework of fractional-order multiphase 
hysteresis models, a solution to the issue of thermoelastic interactions in functionally graded materials caused by thermal shock was 
investigated by Abbas [19]. In this regard, the following sources provide important details on the evolution of thermo-elastic theories 
in many fields [20-29]. 

Using the L-S theory and DPL model, as illustrated in Fig. 1, the main goal of this work is to investigate the effects of initial stress 
and the piezoelectric loading layer on thermoelastic micro-elongated media. Additionally, in the framework of DPL model, this work 
investigates the impact of relaxation time θτ  

period on all physical quantities. 

2. Governing Equations 

The same theories from [3, 21, 26] can be used to obtain the basic equations governing the behavior of micro-elongated 
thermoelasticity with initial stress using the DPL model as follows: 

ij j i ttu=, , ,σ ρ  (1) 

ttii j ja T u j+ − − =0 1 1 0 0 ,, ,

1
,

2
ϕ β λ ϕ λ ρ ϕ  (2) 

q e tk ktii

T
k T c T u T

t t t

∂ ∂ ∂
+ = + + +

∂ ∂ ∂
0 1 0 ,,,(1 ) (1 )( ) ,θτ τ ρ β β ϕ  (3) 

ij ij ij ij ije T P w= + − + − −0 02 ( ) ( ).σ µε λ β λ ϕ δ δ  (4) 

where, ij j i i jw u u= −, ,( ) / 2.  For the vector of displacement u x z t u u u= 1 3( , , ) ( ,0, )  and initial stress P,
 
then, from Eqs. (1) and (4) we have: 
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For convenience, the dimensionless variables listed below can be used [30]: 
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(7) 

By substituting in Eqs. (2), (3), (5), and (6) from dimensionless variables defined in Eq. (7), one obtains: 
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q t t tT a T a e a
t t

∂ ∂
+ ∇ = + + +
∂ ∂

2
7 , 8 , 9 ,(1 ) (1 )[ ] .θτ τ ϕ  (11) 

3. Method of Normal Mode 

When operating in normal mode, the response for the recognized physical variables can be subjected to the following analysis: 

t i b xp p p p
i ij i ij i i ij i ij iu T u D x z t u T u D z e +

=
( )* * * * * * *[ , , , , , , ]( , , ) [ , , , , , , ]( ) .ωϕ σ σ ϕ σ σ  (12) 

Using Eq. (12) into Eqs. (8)-(11), then one has: 
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There is a non-trivial solution to Eqs. (13) through (16). If the determinant of the coefficient of the physical quantity equals to zero: 
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Equation (18) can be factorized as: 
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where nk n =2 ,( 1,2,3,4)  indicates the roots of the auxiliary Eq. (18). Since z→∞,  the generalized solution of Eq. (18) is given by: 
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 The components of stresses can be entered into (4) by substituting from Eqs. (7), (19): 
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where the coefficients a a a1 2 13, ,....., , 1 2 13, ,....., ,δ δ δ A B C E, , , , n n n n nH H H H H1 2 3 4 5, , , , and nH6 are obtained from Appendix 1. 
The governing equations of general piezoelectric are [31]: 
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The non-dimensional variables mentioned below can be used to simplify parameters and equations: 
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Utilizing Eqs. (26) and (12) into Eqs. (22) and (23): 
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Eliminating p p pu u ∗* *
1 3, , ϕ  between Eqs. (27) to (29), then: 
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Equation (32) can be factorized as: 
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When the roots of auxiliary equation of Eq. (31) are ir i=2 ,( 1,2,3 ),  and the following are the solutions to Eq. (31): 
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Using Eqs. (26), (12) and (32) in Eq. (24) and (25) to derive the electric displacement and stress components in the piezoelectric layer, 
one obtains: 
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where, the coefficients l l l1 2 13, ,....., , A A1 2, , G N F, , , miL  and miL m=, ( 1,2,3,4,5,6 )
 
can be found in Appendix 2 

4. The Situation at the Borders 

It is necessary to choose the parameters M M M M R R R R R R1 2 3 4 1 2 3 4 5 6, , , , , , , , , ,  so that the surface boundary conditions are: 

P
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The characteristic equations can be easily obtained from the previous boundary conditions. Ten equations are subjected to the 
inverse method matrix in order to obtain the parameters nM n =,( 1,2,3,4 ) and nR n′

′ =,( 1,2,3,4,5,6 ):  
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 (37) 

5. The Numerical Results and Discussion 

Aluminum epoxy-like material has been used for conducting the analysis (see Table 1) [32]. Cadmium Selenide (CdSe), with 
hexagonal symmetry (6 mm class), is the material selected for the piezoelectric device (see Table 2) [30]. In this work, calculations are 
carried out in the range z≤ ≤0 3

 
at x = 0.005  for time t = 1.02.  To examine how the initial stress affects the DPL model, the L-S theory, 

and the temperature gradient Tc's phase shift affect the DPL model of constant phase lag on heat flow q ,τ  the components of 
displacement u1 , u3 , the micro-elongated scalar ,ϕ  and the component of stress xzσ  were distributed with a distance of z,  using the 
numerical analysis method. Graphs representing the outcomes of numerical estimation are presented in this work.  
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Table 1. The material properties of Aluminum epoxy. 

= ×
10 27.59 10 N mλ  = ×

10 21.89 10 N mµ  = ×
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a −
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4 2
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= = ×
5 2
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10 2
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θ
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q

−
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−
=− ×

4

0 2 10 ,ω
−
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33.6 10ζ

 
b=3, h=0.02

  

Table 2. The material properties of Cadmium Selenide. 

C = ×
10 -2

11 7.41 10 N.m  C = ×
10 -2

13 3.93 10 N.m  C = ×
10 -2

33 8.36 10 N.m  

C = ×
10 -2

44 1.32 10 N.m  =
-35504 kg.mρ  e =− -2

31 0.160 C.m  

e = -2

33 0.347 C.m  e =− -2

15 0.138 C.m  p

e
c =260 J kg.k  

−
∈ = ×

11 2 -1 -2

11 8.26 10 C .N .m  −
∈ = ×

11 2 -1 -2

33 9.03 10 C .N .m   
 

 

  
Fig. 2. Influence of initial stress on the horizontal displacement 1.u  Fig. 3. Influence of initial stress on the vertical displacement 3.u  

  
Fig. 4. Influence of initial stress on the micro-elongated scalar .ϕ  Fig. 5. Influence of initial stress on the force stress component .

xz
σ  

  
Fig. 6. Influence of

θ
τ on the horizontal displacement 1u at 4.P =  Fig. 7. Influence of

θ
τ on the vertical displacement 3u at 4.P =  
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The outcomes of the two earlier theories for a mechanical force of magnitude P =1 0.3  are displayed in Figs. 2 to 9. Figures 2 to 5 
compare physical quantities with and without an initial stress. 

The distribution of u1  with Z is displayed in Fig. 2. In the theory of (L-S) and (DPL) model, it is clear that the values of u1  are less 
without initial stress than they are with initial stress. The values of u1  grow until they reach zero. Figure 3 clarifies that based on the 
(L-S) theory and the (DPL) model, the values of u3  increase with increase z  for P=( 0,4 ).  In the case of P= 4,  it is clear that the values 
of u3  

go to zero with increasing of z  at z≥1,
 
as well as in the case P=0  the values of  u3  

go to zero with increasing of z  at z≥1.6.
 

Figure 4 explains that the distribution of the micro-elongated ϕ  starts from zero in the two theories for P=( 0, 4 ).
 
Evidently, over the 

range z≤ ≤0 0.4,
 
the four curves of ϕ  begin to decline to a minimum value, and over the range z≤ ≤0.4 2.5

 
they decrease all the way 

to zero. Figure 5 illustrates that in both the model of (DPL) and theory of (L-S), xzσ  always begins at a positive value for P=( 0,4 ).
 
The 

values of xzσ  are found to vanish at z> 1.7.  Furthermore, it is clear that the values of xzσ  based on P=4  are lower than the ones 
based on P= 0.  The distribution of u1 , u3 , xzσ  with z  and the microelongational scalar ϕ  under the impact of initial stress on the 
model of (DPL) for the various phase-lag of temperature gradient θτ  values are plotted in Figs. 6 to 9. The following values are found at 

q=0.9,τ =0.1, 0.2, 0.3.θτ  
 

  
Fig. 8. Influence of

θ
τ on the micro-elongated scalar ϕ at 4.P =  Fig. 9. Influence of

θ
τ on the force stress component

xz
σ at 4.P =  

  
Fig. 10. Three-dimension curve variation of the horizontal displacement

1u versus distances at 4 34, 1 10 , 9 10 .
q

P
θ
τ τ

− −
= = × = ×  

Fig. 11. Three-dimension curve variation of the vertical displacement 3u
versus distances at 4 34, 1 10 , 9 10 .

q
P

θ
τ τ

− −
= = × = ×  

  
Fig. 12. Three-dimension curve variation of the micro-elongated scalar ϕ

versus distances at 4 34, 1 10 , 9 10 .
q

P
θ
τ τ

− −
= = × = ×  

Fig. 13. Three-dimension curve variation of the stress component
xz
σ

versus distances at 4 34, 1 10 , 9 10 .
q

P
θ
τ τ

− −
= = × = ×  
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Figures 6 and 7 exhibit that the effect of θτ  on u1  
and u3  

are decreasing over the range z≤ ≤0 1.7.
 
Figure 8 describes the distribution 

of micro-elongated ϕ  versus z.  The three curves clearly begin at zero, fall to a minimum value over the range z≤ ≤0 0.4,  and decrease 
back to zero over z≤ ≤0.4 2.5.

 
Furthermore, it is evident that the impact of θτ  on micro-elongated ϕ  is waning. The distribution of xzσ

vs z  is displayed in Fig. 9. 
The three-dimensional (3D) plotting of Figs. 10 to 13, show the relationship between the physical quantities 1 ,u 3 ,u ϕ  and xzσ with 

both x z( , )  at P=4  under the model of (DPL). These numbers are essential for understanding the connections between these real 
numbers and the vertical component of distance. All of the field quantities are moving in wave propagations, and the resultant curves 
are heavily dependent on the vertical distance. 

6. Conclusion 

The mathematical model presented for a thermoelastic micro-elongated plate influenced by initial stress and subjected to an upper 
load from a piezoelectric layer, within the framework of the (DPL) model, offers a detailed insight into the coupled behavior of thermal, 
elastic, and electric fields. By incorporating the effects of initial stress and piezoelectric interaction, this model broadens the 
understanding of complex physical phenomena in micro-elongated materials. The use of the (DPL) model allows for a more accurate 
representation of thermal and mechanical wave propagation by accounting for phase lags in both heat flux and temperature gradients. 
The main conclusions are as follows: 

 A comparison was made between the (DPL) model and (L-S) theory, both with and without the presence of initial stress.  
 In the context of thermoelastic medium deformation, the initial stress and micro-elongation scalar play pivotal roles.  
 The amplitude of the field quantities shows a decreasing trend with increasing relaxation time, highlighting the significant 

influence of the relaxation time parameter.  
 A decomposition solution is provided for the thermoelastic micro-elongated layer, covered by a finite elastic layer, under the 

effect of initial stress. 
The results obtained in this study emphasize the sensitivity of the plate's behavior to the initial stress, material properties, and 

external loads, making this model a valuable tool in the design and analysis of micro-scale thermoelastic systems. Future extensions 
of this work may include nonlinearities, more complex boundary conditions, or dynamic load applications, providing a more 
comprehensive understanding of such systems under varying physical conditions. 
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Nomenclature 

,λ µ  Lame's constants in micro-elongated medium P  Initial pressure             

ij
ε  The strain tensor where , ,( ) / 2

i j j iij u uε +=

 
e

c  Specific heat at the constant strain in micro-elongated medium 

ρ  Density in micro-elongated medium      P
ρ  Density in piezoelectric layer 

u  Displacement vector in micro-elongated medium   ϕ  Micro-elongational scalar 

P

e
c  Specific heat at constant strain in piezoelectric layer 

ijσ  Component of stress tensor for micro-elongated medium 

pu  Displacement vector in piezoelectric layer    
i

E  Electric field in piezoelectric layer 

ijkl
C  The elastic parameters tensor in piezoelectric  T  Absolute temperature 

p
k  Thermal conductivity in piezoelectric layer 

0T  Reference temperature   

i
D  

The electric displacement in piezoelectric layer 
0j  Microinertia 

ij
∈

 
The dielectric moduli in piezoelectric layer ω  A complex constant 

kij
e

 
The piezo electric moduli in piezoelectric layer 

θτ  Temperature gradient parameter 
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p
ϕ

 

The electric potential in piezoelectric layer  
qτ  Heat flux parameter 

1P
 

The magnitude of the mechanical force. i
 

1= −  

k
 

Thermal conductivity in micro-elongated medium 
0 0 1, ,a λ λ  

Micro-elongational constants 
 

21 ,
ttα α  

The coefficients of linear thermal expansion where 

0 1 1 2(3 2 ) , (3 2 )
t t

β λ µ α β λ µ α= + = +  
b

 
The wave number in the x direction. 
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