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Abstract. This paper presents the extension of the Lagrange Interpolating Polynomial (LIP) scheme for solving differential equations
by using the finite volume method called the Very high-order Spatial Lagrange Interpolating Polynomial (VS-LIP) scheme. The
advantage of the VS-LIP scheme is its convenience for extending the order of accuracy. The correctness of the VS-LIP scheme
solutions is assessed by comparing the solutions with analytical, benchmark, published, and experimental solutions of five
verification problems involving one- and two-dimensional heat transfer and fluid flow. The assessment is carried out to the sixth
and twelfth orders of spatial accuracy. The assessment results indicated that the VS-LIP scheme delivers the correct solutions.

Keywords: Very high-order Spatial Lagrange Interpolating Polynomial scheme; finite volume method; heat conduction; natural
convection; lid-driven cavity flow.

1. Introduction

Using very high-order schemes (The accuracy is greater than the fourth order) [1-4] to solve scientific and engineering problems
has elicited interest from many researchers because of their accurate solutions. In addition, the development of higher-performance
computers has reduced the required computational time. Multiple very high-order schemes have been proposed in the last decade.
Most were developed as extensions of classical second-order or high-order schemes. Gerolymos et al. [1] extended the Weighted
Essentially Non-Oscillatory order (WENO) scheme into a very high-order WENO scheme to solve problems involving hyperbolic
conservation laws. Numerous authors later proposed sixth-order schemes for spatial discretization [2, 5-12]. Wu et al. [13] reported
a very high-order WENO scheme with new smoothness indicators. These new schemes displayed better behavior near critical points
and better stability near discontinuities compared to the classical schemes. Jiang et al. [14] reported a very high-order implicit large
eddy simulation developed from the seventh-order dissipative compact scheme. Clain and Machado [3] presented the extended
Butcher tableau for temporal discretization up to eighth-order accuracy. Mazaheri and Nishikawa [15] constructed a very high-order
hyperbolic scheme for temporal discretization up to the sixth order. Fu [16] proposed a very high-order Targeted Essentially Non-
Oscillatory (TENO) scheme and assessed the performance at eighth-order accuracy by simulations of incompressible and
compressible problems. The results demonstrated that the TENO scheme was robust and stable. Fu [4] improved the family of very
high-order TENO schemes by adding adaptive accuracy order and adaptive dissipation control to upgrade the performance for fluid
simulations. A solution set of benchmark problems was employed to demonstrate the performance of the improved TENO schemes,
and they showed good robustness for conventional gas dynamics. Vasconcelos et al. [17] proposed a very high-order finite volume
method based on the weighted least-squares method and simulated on unstructured grids to determine the solutions of the Poisson
equation. An efficiency test showed that the eighth-order scheme was more computationally efficient than lower-order schemes.
Very high-order schemes have also been extended to the medical sciences. For example, Coudiere and Turpault [18, 19] adopted a
very high-order finite volume method to simulate the propagation of electrical signals in the heart. Bai and Zhong [20] presented a
very high-order upwind multi-layer compact scheme for flow simulations on structured grids. New schemes up to the seventh order
were derived in the finite difference framework. Computational efficiency tests indicated that the new schemes delivered solutions
with very high-order accuracy. Gaburro et al. [21] proposed a new family of very high-order schemes called direct arbitrary
Lagrangian-Eulerian finite volume and discontinuous Galerkin schemes, which they used to solve nonlinear hyperbolic partial
differential equations. They numerically verified the new schemes with second- to fifth-order accuracy in both space and time for
smooth problems. A large set of benchmark problems in hydrodynamics and magnetohydrodynamics was employed to demonstrate
the accuracy and robustness of the new schemes. Tsoutsanis and Dumbser [22] extended the Central WENO (CWENO) and CWENO-
Z (CWENOZ) schemes to present very high-order central non-oscillatory schemes with up to sixth-order spatial accuracy. They
tested the novel schemes on 2D and 3D problems, and the results indicated improved robustness. Guo et al. [23] presented a very
high-order finite volume compact scheme, which they used to solve the one-dimensional Burgers’ equation. The new scheme
displayed strong stability and gave more accurate solutions than some numerical solutions in the literature. Xu [24] devised a very
high-order scheme using the finite volume method for solving unsteady heat conduction problems. Its solutions were compared to
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the 1D, 2D, and 3D numerical solutions and analytical solutions (exact solutions), and the scheme exhibited better performance
than the high-order compact finite difference method and Runge-Kutta discontinuous Galerkin method. Costa and Albuquerque
[25] detailed a novel approach toward temporal simulations using very high-order finite volume schemes, where the Crank-Nicolson
scheme was used for temporal discretization. They verified their approach for fourth-, sixth-, and eighth-order accuracy in the 1D
and 2D unsteady cases. They verified the novel scheme up to the eighth order in both Cartesian and unstructured meshes. The
scheme delivered faster and more accurate results than the second-order scheme. Recently, a mean preserving moving least squares
method was proposed by Ramirez et al. [26]. The proposed method was developed for arbitrary order schemes of the finite volume
method. The assessment of the proposed method in both accuracy and performance was carried out by using several benchmark
problems. The assessment results showed that an arbitrary order of convergence could be achieved.

Some researchers [27-30] approximated the values and derivative values of equations by using polynomial interpolation
methods. Previously, Prasopchingchana worked with Manewattana [30] to introduce a high-order temporal and spatial scheme
called the Lagrange Interpolating Polynomial (LIP) scheme. The strategy of the difference between the LIP scheme and the other
polynomial interpolation methods is that the specific point used to determine the interpolated value is imposed to be zero.
Additionally, they demonstrated the mathematical proving for the accuracy order of the scheme. This scheme can easily be
extended to a very high order by rewriting the letter notation to numerical notation. This article presents the extension of the LIP
scheme called the Very high-order Spatial Lagrange Interpolating Polynomial (VS-LIP) scheme. Consequently, solutions obtained
from the VS-LIP scheme are more accurate than those obtained from the LIP scheme.

The rest of the article is organized as follows: Section 2 details the VS-LIP scheme. Section 3 presents the problems used to verify
the VS-LIP scheme and their solutions. Section 4 offers some perspectives on the VS-LIP scheme and concludes the article.

2. Mathematical Model of the VS-LIP Scheme

The VS-LIP scheme rewrites the notation for the LIP scheme, which is based on the finite volume method and rectangular cells.
In the LIP scheme, the values of variables (¢) on the western, eastern, southern, and northern cell faces are expressed as (¢, ; ;).
(Putij)er (Duij)sr DA (B ;)ns Tespectively. In the VS-LIP scheme, the values of the variables on the cell faces can be written as
Pueyini2),, instead. Then, the coordinate axes and spaces in domains are expressed as x,, and (X,,), . respectively. Table 1
presents the detailed notation. The values of variables at the center of cells can be written in a short form as A2 and the values
of nch(na,nf,i(na)) in Table 1 can be calculated under any constraints indicated in Appendix A.
Figure 1 shows the temporal and 2D spatial axes of a problem domain with cells conforming to the VS-LIP scheme. The
abbreviations C, w, e, s, and n are the cell center, the western, eastern, southern, and northern cell surfaces, respectively. The values
and derivative values of variables on all cell faces with respect to space at the present time are written as:

na, nf

(Llea,nf,i(vla),nc (rbvlt'max, 11+ncc1,i2+ncc2) (1)

nemax(na)
(q)vltmax, i1,i2 )
1

ne=

where
na =1,nf=1,2 and 1 <nc <ncmax(1) — Constraint-1
na = 2,nf=1,2 and 1 < nc < ncmax(2) — Constraint-2
. neel = nc —nch(1, nf, i1)
Constraint-1 =
ncc2=0
Constraint-2 nccl =0
onstraint-2 = .
nce2 = nec —nch(2, nf, i2)
and
d((z)ntmax i1 1'2) nemax(na)
T)M’nf = Z (DLXna,nf,i(na],nc ¢ntmax,i1-ncc1,i2-ncc2) (2)
na ne=1
where

o o na=1,and 1 <nc <ncmax(1) — Constraint-1
i =icmin or i = icmax )
na = 2,and 1 <nc < ncmax(2) — Constraint-2

na =1 — Constraint-1
nf=0 1 < nc<nch(na, 0,i(na)) - :

icmin < i < icmax

na = 2 — Constraint-2

na =1 — Constraint-3

nch(na, 0, i(na)) <nc< ncmax(na){m 2 Constraint-4

na =1,and 1 <nc <ncmax(1) — Constraint-1

nf=1,2 .
na =2, and 1 < nc < ncmax(2) — Constraint-2
neel =1+ nc—nch(1,0,i1)

Constraint-3 =
ncc2 =0

nccl =0

Constraint-4 = .
nee2 =1+nc—nch(2,0,i2)
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Table 1. Notation and definitions.

Abbreviation

Meaning

Value

nt

na

nf

nc

nch (na, nf,

Numbers of time steps

Axis numbers

Face numbers of cells

Spatial grid numbers along the na axis

Numbers of cells for approximation

Location numbers of the central cell in ncmax(na)
on the cell face nf and at the grid number i(na).

i(na))

1< nt < ntmax
where ntmax is the present time step.
ntmax = 4
na = 1 (The horizontal axis)
na = 2 (The vertical axis)
nf = 0 (The center of cells)
nf = 1 (Western or southern faces of cells)
nf = 2 (Eastern or northern faces of cells)
i(na) =i(1) =11
(Grid numbers in the horizontal direction)
i(na) =i(2) =i2
(Grid numbers in the vertical direction)
1 < nc < ncmax(na)
where ncmax(na) is
the spatial order of the VS-LIP scheme
along the na axis.
ncmax(na) = an even integer > 2

1 < nch(na, nf, i(na)) < ncmax(na)

X A

0y p — —
—
02 0 —

6y jp <

(14,0,0)

dxy)o ;1

@4, i1+1-nch(1, 0, i1), 2

YAYAY

D4, i142-nch(1, 0, i), i2

°
\¢4, i1, i2+1

° t
° 3
° ® f
¢4’ il-1, 2 ., 3,il,i2
q
C
by
il i ¢4,i1+1,i2
® °
o
ba, 1, 121N o
[ )
[ )
[ )

D4, i1, i2+2-nch(2, 0, 12)

D4, i1, i2+1-nch(2, 0, 12)

D4, i1, i2+(nemax(2)+1)-nch(2, 0, i2)

¢4, il, i2+tnemax(2)-nch(2, 0, i2)

¢4, il+ncmax(1)-nch(1, 0, i1), i2
¢4, il+(nemax(1)+1)-nch(1, 0, il), i2

x4 i

X

Fig. 1. Schematic of the VS-LIP scheme.
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Table 2. Spatial coefficient and the temporal and derivative coefficients of the VS-LIP scheme.

Coefficient and derivative coefficient Definition
(Xnﬂ)nj,l(na),nc = (Xnﬂ)o,i(na)+ntc(na) -(x, )nf,l(vm)
nemax(na) (7(Xna )nf i(na) n) na=1,2
e X nf=1,2
;i}w (( na )y.f,;(mz),nc 7( na )nf,i(nn),h)
nc=1,2,---, ncmax(na)
nce(na) = nc — nch(na,nf, i(na))
nimasx | ntmax ( )
-TT,,
m=1 mlm_:Il TTm = tm - tntmux
mont | mmem
DLT, = —""* nt=1,2,---, ntmax
[I(TT, -TT,)
m=1
m=nt
nemax(na) | memax(na) (X"G)nf,l(nu),nc - (XY\G>O,!(M)+HCC(VIH) - (xm )ny,.(m
7(Xna )nf,i(na),m) na=1,2
ii=1 iii=1
ii=nc fii=ii nf=0,1,2
DLlea nf,i(na),ne (na) — f ’
. i(na), emax(na X X nc=1,2, -, ncmax(na)
H (( na )nf,i(na),m - ( na )nf,l(na},li) .
i1 nce(na) = nc — nch(na,nf, i(na))

fi=nc

where LX and DLX are the spatial coefficient and spatial derivative coefficient of the VS-LIP scheme. The derivative values of the
variables with respect to the present time are written as follows:

d(bn max, i1, i Rl
tle = Z (DLTM d)nt,il,iz) (3)
nt=1

where t and DLT are the time and temporal derivative coefficient of the VS-LIP scheme, respectively. Table 2 presents the algebraic
forms of the spatial coefficient and the temporal and spatial derivative coefficients of the VS-LIP scheme modified from [31].

3. Assessment of the VS-LIP Scheme

To assess the VS-LIP scheme, in-house codes are developed to solve five problems:

e Unsteady one-dimensional heat conduction,

e Steady-state two-dimensional heat conduction,

e One-dimensional Burgers’ equation,

e Lid-driven cavity flow, and

e Natural convection in a rectangular cavity.

The VS-LIP scheme is used to obtain the solutions of the problems in the steady-state condition by approaching with transient
governing equations. The VS-LIP solutions are compared with previously reported analytical, benchmark, published, and
experimental solutions.

3.1. “Unsteady One-Dimensional Heat Conduction” Problem
Unsteady one-dimensional heat conduction is defined by:

aT
S (v-v)T=0 ()

where T is the temperature. The del operator is V = 9/9x, and x is the space. The domain of the problem, initial condition, boundary
condition, and exact solution [24] are, respectively, expressed as:

x€[0,27], T(0,x)=sinx, T(t,0)=T(t,2r)=0,and T(t,x)=e‘'sinx (5)

Equation (4) is integrated for the finite volume of the central cell:

oT
E{[E]olv-ij’((v.v)T)olvzo ©)
where CV is the control volume of the cell. Then, Gauss’s divergence theorem is applied to Eq. (6):
oT
e -V)T)dA=0
[5Gt [ )

where CS and n are the control surface and unit vector normal to the cell faces, respectively. Then, Eq. (7) is expanded to:

%z]w] —0 ®)

aT
at

aT
ox

d(x)c B

e
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Table 3. Relative L? error obtained from the one-dimensional unsteady heat conduction problem with sixth and twelfth-order accuracies.

Relative L? error

Total number of grid points

6" Order accuracy 12 Order accuracy Difference
20 1.0147E-02 1.0130E-02 1.7E-05
30 4.2768E-03 4.2760E-03 8.0E-07
40 2.3469E-03 2.3467E-03 2.0E-07
50 1.4805E-03 1.4804E-03 1.0E-07

The VS-LIP scheme is used to discretize the derivative values of the temperature with respect to time and space on the central
cell and cell faces, respectively. Therefore, the temperature distribution can be derived as:

ntmax 2 nemax(1)

[ Z (DLTnt Tm,il)d(xl )o, 11] - fz [(_1)"f Z (DLXLnf,il,ncTntmax,il—nccl )] = 0 (9)
nt=1 nf=1 ne=1

Equation (9) can be rearranged to:

ntmax—1 nemax
[ Z (DLTnt Tnt,il)d(xl )0,1‘1 + Z [(71)"lJr Z (DLxl,nf,il,ncTntmax,li—nccl )]‘When necl = 0]

nt=1 nf=1 ne=1

ntmax, il — ncmax (10)

2
DLTntmax d(xl)o,il - ]'Z: [(71)” Z (DLXI,wf,il,nC)
nf=1

ne=1

|[When necl =0

The relative L2 error [24] is used to assess the VS-LIP scheme for this problem. The relative L? error is defined as (Nf(Tn -
T)?dS)/(lL.TdS), where T» and T. are the numerical and exact solutions, respectively. The letter S is the length of the spatial domain,
and the time step is equal to 1/G, where G is the total number of grid points. Table 3 presents the relative L? error of the VS-LIP
scheme. The relative L? error is computed at t = 1. The relative residual error for numerical and exact solutions is 107%°.

3.2. “Steady-State Two-Dimensional Heat Conduction” Problem

As shown in Fig. 2, this problem involves rectangular plates with a width of L and a height of W. The temperature on the top
boundary is T2, and the temperatures on the other boundaries are equal to Ti. The governing equation of the temperature
distribution in the rectangular plate is:

(V-V)T=0 (11)

where V=[0/0x, 8/0x,]" is the del operator. This equation can be solved by using the finite volume method with boundary
conditions. Thus, integrating Eq. (11) by the finite volume of a central cell obtains:

J((v-v)T)av=o0

(12)
cv
Then, applying Gauss’s divergence theorem to Eq. (12) obtains:
J((n-v)T)aa=o0 (13)
cs
Equation (13) can be expanded to:
oT oT oT oT
aTcld(XZ)C]E _[aTcld(mC]w + [T@d(xl)c]n _[aixzd(xl)c]s =0 (14)

T2,@:1

w|T,,®=0] Solidmaterial | 7}, ® =0

7,,0=0
L

Fig. 2. Schematic of the “steady-state two-dimensional heat conduction” problem.
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Table 4. Comparison of the VS-LIP solutions with the analytical solutions to the “steady-state two-dimensional heat conduction” problem.

* o 6" Order accuracy (Error %) 12 Order accuracy (Error %)
0.1 0.00151865 0.00152253 (0.25532269) 0.00152262 (0.26143239)
0.2 0.00318842 0.00319645 (0.25194031) 0.00319663 (0.25760271)
0.3 0.00517545 0.00518605 (0.20487466) 0.00518631 (0.20984938)
0.4 0.00767745 0.00769376 (0.21244829) 0.00769408 (0.21663272)
0.5 0.01094333 0.01096427 (0.19130620) 0.01096464 (0.19470083)
0.6 0.01529793 0.01531770 (0.12922146) 0.01531811 (0.13189333)
0.7 0.02117416 0.02121026 (0.17047082) 0.02121069 (0.17252124)
0.8 0.02915571 0.02919128 (0.12202240) 0.02919173 (0.12356467)
0.9 0.04003410 0.04006541 (0.07821720) 0.04006587 (0.07935872)
1.0 0.05488490 0.05491792 (0.06016712) 0.05491838 (0.06100144)
1.1 0.07516809 0.07520658 (0.05120403) 0.07520703 (0.05180687)
1.2 0.10285655 0.10292689 (0.06837746) 0.10292733 (0.06880741)
1.3 0.14058969 0.14071016 (0.08568930) 0.14071058 (0.0859907)
1.4 0.19182936 0.19185984 (0.01589028) 0.19186024 (0.01609682)
15 0.26094334 0.26105147 (0.04144014) 0.26105183 (0.04157731)
1.6 0.35302698 0.35312705 (0.02834843) 0.35312736 (0.0284356)
1.7 0.47307767 0.47306512 (0.00265211) 0.47306537 (0.0026004)
1.8 0.62398050 0.62402636 (0.00734873) 0.62402653 (0.00737588)
1.9 0.80320814 0.80320683 (0.00016280) 0.80320692 (0.00015205)

The VS-LIP scheme is used to discretize the derivative values of the temperature with respect to time and space on the central
cell and cell faces, respectively. Therefore, the temperature distribution on the rectangular plate can be derived as follows:

2 2 nemax(na)
mzl[nle[((l) d d(xnna )Ovi(y[y[a}) mzﬂ (DLva,nf,i(wa},ncTilJrnccl,iZJrnch) ‘COStralnt_A =0

(15)

c EA If (na = 1)then (nna = 2) end if

onstraint-A= If (na = 2)then (nna = 1) endif

Equation (15) can be rearranged to obtain:
2 2 o ncmax (na) .
- Z Z ((71) d(xnna )O,i(nna)) Z (DLXna,nf,i(na),nc'l:'1+ncc1,i2+nc52) ‘Constralnt—B
na=1{nf=1 ne=1

Til,iz = (16)

na)

nemax(
[((_1)nfd(xnna)o,i(nna}) Z (DLX“avﬂfﬁ(“a%"C)

nc=1

|Constraint-C

where

If (na = 1)then (nna = 2) endif
Constraint-B = {If (na =2) then (nna = 1) endif
When nccl=0 or ncc2=0

If (na = 1)then (nna = 2) endif
Constraint-C ={If (na = 2) then (nna = 1) endif
When ncc1=0 and ncc2=0

For assessment, the relative error value of the developed code is defined as 10'%°. The cell numbers used to determine solutions
to the problem are set to 51x101. The code is run to compute the temperature distribution directly from the dimensional parameters,
but the solutions are changed to be dimensionless. The dimensionless temperature is © =(T —T,)/ (T, — T).

Table 4 compares the VS-LIP solutions (©,) with the analytical solutions as [32]:

(71)n+1+1 .

: sin sinh(nrx,/L)

sinh(nrW/L)

nmx,
L

>

n=1

O, (vaz):

SHIN

at x, =x,/L=0.5 and x, =x,/L

The relative percentage error can be computed from ERROR % = (|0, — O, |x100)/O,.
Figure 3 shows the dimensionless temperature contours in the rectangular plate of the VS-LIP solutions. The contour values and
patterns are the same as those shown in [32].
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Fig. 3. Dimensionless temperature contours of the VS-LIP solutions to the “steady-state two-dimensional heat conduction” problem.

3.3. “One-Dimensional Burgers’ Equation” Problem
The one-dimensional Burgers’ equation is expressed as:

ou
— -V
ot T wV)

1

u:@(v-v)u (17)

where u, Re, and V are the velocity, Reynolds number, and del operator (V =9 /9x), respectively. Equation (17) can be solved by
applying the finite volume method with the VS-LIP scheme:

ncmax

(u)“f)n > (LX u )

ntmax—1 2 1,nf, i1, nc “'ntmax, il+nccl
— > (DLT, u, ,)d(x,), , — DO|(-1)” e |When nccl = 0
" e _ﬁ Z (DLXI,nf,il,ncunrmax,il-nccl)
nc=1
u‘vltmax,il = omax (18)
2 (u)nf,ll Lxl,nf,il,nc)
DLT, e A (%1 ) 1y + 2;1 (—1)" et |[When nccl = 0

" 7R7 Z (DLxl,nf,il,nc)

For this assessment, the initial and boundary conditions of Eq. (18) are given as u(0,x)=(2/ Re)(rsin(mx))/ (2 + cos(rx)),
u(t,0) = u(t,1) =0, x € (0,1) The exact solution [23] is calculated from u(t,x) = (2 /Re)(we ™ "*sin(xx)) /(2 +e " /* cos(nx)).

Table 5 compares the exact solution and VS-LIP solution. The total number of cells is 40. The time step is 0.0001, and the time to
obtain the solution is 0.001. The relative residual error for numerical and exact solutions is 10° for this case.

3.4. “Lid-Driven Cavity Flow” and “Natural Convection in a Rectangular Cavity” Problems

Because the “lid-driven cavity flow” and “natural convection in a rectangular cavity” problems share some similar governing
equations, they are presented together in this section. Figure 4 shows the “lid-driven cavity flow” problem, where a square cavity of
width b is filled with an incompressible fluid. All velocity components of the fluid on the cavity walls are equal to zero except for
the horizontal velocity on the top wall, which is -U. The gravitational acceleration is neglected in the computation. Fig. 5 shows the
“natural convection in a rectangular cavity” problem, where air circulates in a rectangular cavity. The airflow can be defined by
using the continuity, momentum, and energy equations. Because of the slow airflow in the cavity, the flow is assumed
incompressible except for the density in the body force term in the momentum equation in the vertical direction. A no-slip
condition is applied to the air velocity on the cavity walls. The cavity has a width b and height h. The hot and cold temperatures on
the left and right walls of the cavity are denoted by T,, and T,,, respectively. The bottom and top walls of the cavity are adiabatic.

cold»

The governing equations defining fluid flow in a cavity for the two-dimensional problems can be written as:

V-V=0 (19)

a%(era(v.V)@:F(vv)@JrS@ (20)

Table 6 defines the variables in Egs. (19) and (20).

For the “natural convection in a rectangular cavity” problem, the Boussinesq approximation can be adopted for the compressible
air density in the body force term. The VS-LIP scheme can be used with the finite volume method to solve Eq. (20). Then, the values
of the variables can be computed.

Table 7 defines the variables in Eq. (21).
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Table 5. Comparison of solutions to the one-dimensional Burgers’ equation problem.

Present work

Re  Spatial location  Exact solution
6" Order accuracy (Error %) 12 Order accuracy (Error %)
0.1 0.3278695754 0.3267946846 (0.3278409711)  0.3267946846 (0.3278409711)
0.2 0.6550692681 0.6529285016 (0.3268000201)  0.6529285015 (0.3268000273)
0.3 0.9784125669 0.9752677868 (0.3214165687)  0.9752677867 (0.3214165837)
0.4 1.2884635831 1.2844134070 (0.3143415268) 1.284413407 (0.3143415283)
2 0.5 1.5630639473 1.5585969563 (0.2857842769)  1.5585969572 (0.2857842227)
0.6 1.7566421900 1.7531995530 (0.1959782715)  1.7531995569 (0.1959780525)
0.7 1.7872064195 1.7878429538 (0.0356161601)  1.7878429582 (0.0356164049)
0.8 1.5376942857 1.5429825430 (0.3439082365)  1.5429825301 (0.3439073991)
0.9 0.9168595149 0.9216850733 (0.5263138269)  0.9216850490 (0.5263111772)
0.1 0.0657497637 0.0657059372 (0.0666565110)  0.0657059372 (0.0666565110)
0.2 0.1313829447 0.1312947974 (0.0670918781)  0.1312947974 (0.0670918781)
0.3 0.1962808815 0.1961483323 (0.0675303560)  0.1961483323 (0.0675303560)
0.4 0.2585757552 0.2583746199 (0.0777858366)  0.2583746199 (0.0777858366)
10 0.5 0.3138493748 0.3135611167 (0.0918459968)  0.3135611167 (0.0918459968)
0.6 0.3529718374 0.3526424603 (0.0933154101)  0.3526424604 (0.0933153652)
0.7 0.3594428643 0.3593238624 (0.0331073224)  0.3593238626 (0.0331072727)
0.8 0.3095803641 0.3096052036 (0.0080236303)  0.3096052031 (0.0080234518)
0.9 0.1847536857 0.1845688979 (0.1000184660)  0.1845688975 (0.1000186914)
0.1 0.0065789364 0.0065784438 (0.0074877719)  0.0065784438 (0.0074877719)
0.2 0.0131466076 0.0131455270 (0.0082191044)  0.0131455270 (0.0082191044)
0.3 0.0196415692 0.0196396223 (0.0099125009)  0.0196396223 (0.0099125009)
0.4 0.0258774791 0.0258712649 (0.0240139742)  0.0258712649 (0.0240139742)
100 0.5 0.0314128280 0.0313978537 (0.0476694619)  0.0313978537 (0.0476694619)
0.6 0.0353342824 0.0353095931 (0.0698734434)  0.0353095931 (0.0698734434)
0.7 0.0359895216 0.0359719463 (0.0488346241)  0.0359719463 (0.0488346241)
0.8 0.0310042324 0.0309828455 (0.0689805669)  0.0309828455 (0.0689805669)
0.9 0.0185066702 0.0184615697 (0.2436989440)  0.0184615697 (0.2436989440)
0.1 0.0013158577 0.0013158285 (0.0022211546)  0.0013158285 (0.0022211546)
0.2 0.0026294693 0.0026293910 (0.0029781422)  0.0026293910 (0.0029781422)
0.3 0.0039285536 0.0039283657 (0.0047820920)  0.0039283657 (0.0047820920)
0.4 0.0051758498 0.0051748548 (0.0192244580)  0.0051748548 (0.0192244580)
500 0.5 0.0062830617 0.0062803139 (0.0437329558)  0.0062803139 (0.0437329558)
0.6 0.0070675164 0.0070627258 (0.0677835382)  0.0070627258 (0.0677835382)
0.7 0.0071987092 0.0071950928 (0.0502373500)  0.0071950928 (0.0502373500)
0.8 0.0062016687 0.0061969646 (0.0758511075)  0.0061969646 (0.0758511075)
0.9 0.0037018913 0.0036923952 (0.2565200572)  0.0036923952 (0.2565200572)
Table 6. Details of variables in Egs. (19) and (20).
Variables in the momentum Variables in the momentum Variables in
Problem Vecto;igf(];g)s. (19) equation in the horizontal equation in the vertical the energy equation
direction of Eq. (20) direction of Eq. (20) of Eq. (20)
V=[u U]T, = =
. ) ) ., . T =p, and T =p, and
Lid-driven cavity flow ¢=[u v], and _» < -
s, =[S, s o, tox,
_ T a = p, a = p,
v=lu ol I' =y, and I' =y, and “=PG
“Natural convection in a square cavity” &=[u v T]T , and op ap =k, and
T S.=—7—- S,=——7——-n9 S =
s,=[s. s, s, o, ox, :

Note:

compressible density of air filled in the cavity. The density is defined by the Boussinesq approximation, which can be

- To))~
T, : reference temperature computed from T, = (T, + T4) / 2.

Pyt
calculated from p, ; = p,(1 - B(T;

8 : volumetric thermal expansion coefficient obtained from g=1/T,.

p, . density of air at the reference temperature. u and v: velocity components in the horizontal and vertical directions,
respectively.

p: static pressure.

R, C, : viscosity, thermal conductivity, and specific heat at the constant pressure, respectively.

g: gravitational acceleration.
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Fig. 4. Schematic of the “lid-driven cavity flow” problem. Fig. 5. Schematic of the “natural convection in a rectangular cavity” problem.

[S(;, -« “”f‘:’l (DLTm Pt in, 2 ) ](d(x1 )0,1-1 d(x, )o, i2)

nt=1

2 2 ncmax(na) Oé LX .
nf,i1, i na, nf, i(na), nc .
72 mla o i(nna) Z ( ) Z "“ S ¢ntmax,i1+ncc1,i2+ncc2 ‘Constnant—B
na=1 nf 1 ne=1 =T DLXna nf,i(na), nc
Datmax,ini2 = 1
O‘DLTntmax (d [ 11 0, 12)
2 nemax(na) (@ (Vi) o Lo ot ),
+ —1)¥ o2 Constriant-C
3 %) le[(( ) [ ORI
The corrected pressure can be calculated by using the SIMPLE algorithm:
nf
<(71) d(XVIVlﬂ )O,i(nna))
2| s d(x, )o, ip1 d(x, )o, ip2
Z Z ncmax (na) (am)_ 1ip2 ‘Constraint-A
naz1|nf=1 LX ot im0 ne (Vna )i L ki |Constraint-D
ne=1 PP nemax(na) DLXna nf, ip(na), ncp
nep=1 pip1+nccp1,ip2+nccp2
Pl = ; @2
((71) d(xhhﬂ)o,i(nna})
2 2 d(xl )0, ipl d(XZ )O,Epz
Z Z nemax(na) (a ) ) ‘COnStraint-A
o LX o i) e meiptip2 |Constraint-E
ne—1 T ’ nemax(na)
Z (DLXna,nf,ip(na},ncp)
nep=1

where
(V;)ip1,ipz = (u‘)ipl,ipz ’ (Vg)ipl,ipz = <U~)ip1,ip2 ’

) When (ip1 + ncepl = 1) ) When (ip1 + ncepl = i1)
Constraint-D = . ) , Constraint-E = . .
or (1p2 + neep2 = 12) and (ip2 + nccp2 = i2)

ip(na) =i(na)+ncc(na) ,
neep(na) = nep —nch(na,nf,ip(na)) ,
PDLT, max (d( )o, ip1 d(xz )o, ip2)

nemax(na)

fi[( W)y o)

ne=1

p(vvna )nf ip1,ip2 LXna nf, ip(na), nc
—uDLX

(aVlﬂ )i 1]
pLip2 \Constramt C

na, nf, ip(na), nc
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Table 7. Details of variables in Eq. (21).

Variables in the momentum equation in

Variables in the momentum equation in

Variables in the energy equation

Problem . o . N
the horizontal direction of Eq. (21) the vertical direction of Eq. (21) of Eq. (21)
¢nrmax,x1,xz = Uy ip» ¢mmnx,11,(2 = Uy i
G‘>m,(1,12 = Uy i,i20 G‘>m,(1,12 = Uy i1,i20
“Lid-driven (Vl)nf, 2 (u)nf,ll,xi ’ (Vl)nf,xl,xi = (u)nf,ll,xi ’ _
cavity flow”
(Vz )q,n,u = (U>nf,|1,|2 » and (Vz )q,n,u = (U>nf,|1,|2 »and
nemax (1) nemax(2)
SO = Z (DLXLo,u,nc px1+ncc1,mncc2) So = Z (DLXZOJZ"C pﬂ‘"“iv‘z‘“ai)
ne=1 ne=1
, ) ¢mmnx,11,(2 = Ui
anlmax,li,ﬂ - uu,lz' ¢ =T
_ ,
. y ¢m1‘11‘2 =U, i ntmax, i1,i2 ntmax, i1, i2
nt,i1,i2 7 nt,i1,i2? 5
JiL, L1, o =T
. ) (V1 )nf,ll,li = (u)nf,ll,li s Fnt, i1, i2 nt,i1,i2?
Natural convection (V1>nf,|1,|2 = (M)nfﬂv,z , v ) _ )
: C) V. _ d ( 1/nf,i1,i2 (M nf,i1,i2 ?
in a square cavity 2 hpoinie = Wip i, ip 0 @1
(Vz )nf,xl,xz = (U)nf, i1,i2 7 and o o (V ) = (U) and
nemax (2) 2 /nf,it,i2 nf,i1,i2 7
S = ,mm(i) DLX S — - Z (DLXz,o,.z,nc p!1+ncci,|2+nccl) S -0
o 1,0,i1,nc px1+ncci,!2+nccl ) ne=1 @
ne=1
—pi9

Table 8. Comparison of the VS-LIP solutions with the benchmark and published numerical solutions to the “lid-driven cavity flow” problem at
Re = 1000, where the solution values lie on the horizontal centerline of the square cavity.

"

. w
% Present work [33] [34] Present work [33] [34]
0.0000 0.077036 0.077455  0.077429 -5.33857 -5.462170  -5.49670
0.0312 0.078017 0.078837 -8.40592 -8.443500
0.0391 0.077348 0.078685  0.078658 -8.23632 -8.246160  -8.24620
0.0469 0.077362 0.087148 -7.59021 -7.585240
0.0547 0.075855 0.077154  0.077128 -6.51647 -6.508670  -6.50970
0.0937 0.065024 0.065816 0.89892 0.92291
0.1406 0.048291 0.049029  0.049004 3.39638 3.43016 3.42940
0.1953 0.034115 0.034552 2.21513 2.21171
0.5000 0.000000 0.000000  0.000000 2.05870 2.06722 2.06690
0.7656 0.044515 0.044848 2.04662 2.06122
0.7734 0.046585 0.047260  0.047259 1.98610 2.00174 2.00100
0.8437 0.068828 0.069511 0.73014 0.74207
0.9062 0.083210 0.084386  0.084369 -0.81818 -0.823980 -0.82517
0.9219 0.085531 0.086716 -1.23152 -1.239910
0.9297 0.086585 0.087653  0.087625 -1.49309 -1.503060  -1.50250
0.9375 0.087301 0.088445 -1.82126 -1.833080
1.0000 0.089235 0.090477  0.090448 -7.59419 -7.663690 -7.63330

Table 9. Comparison of the VS-LIP solutions with the benchmark and published numerical solutions to the “lid-driven cavity flow” problem at
Re = 1000, where the solution values lie on the vertical centerline of the square cavity.

. p w
X1 Present work [33] [34] Present work [33] [34]
1.0000 0.052662 0.052987 0.052971 15.00001 14.75340  14.7920
0.9766 0.050956 0.052009 12.06494 12.06700
0.9688 0.050112 0.051514 0.051493 9.47013 9.49496 9.4781
0.9609 0.049837 0.050949 6.93754 6.95968
0.9531 0.049054 0.050329 0.050314 4.84723 4.85754 4.8628
0.8516 0.034250 0.034910 1.75024 1.76200
0.7344 0.011847 0.012122 0.012113 2.08288 2.09121 2.0909
0.6172 -0.000651 -0.0008270 2.05717 2.06539
0.5000 0.000000 0.000000 0.000000 2.05870 2.06722 2.0669
0.4531 0.004353 0.004434 2.05345 2.06215
0.2813 0.040523 0.040377 0.040381 2.26183 2.26772 2.2678
0.1719 0.081126 0.081925 1.02554 1.05467
0.1016 0.103279 0.104187 0.104416 -1.61957 -1.63436  -1.6352
0.0703 0.107926 0.108566 -2.17839 -2.20175
0.0625 0.107937 0.109200 0.109160 -2.29373 -2.31786  -2.3174
0.0547 0.109028 0.109689 -2.42455 -2.44960
0.0000 0.109092 0.110591 0.110560 -4.12620 -4.16648  -4.1554
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The corrected velocity components can then be obtained from:

d(xl )0 a d(xz )0 " nemax(na)
(Vna )mmax,il,iz = (V’“‘)il,iz - T 21 (DLXna,nf,i(na),nc pi/1+ncc1,i2+ncc2) (23)
na /i1, i2 ne=
Where (Vl)ntmax,il,iz = untmax,i],iz and (Vz)ntmax,il,iz = Untmax,i],iT
Finally, the corrected pressure can be computed from:
b = p;l,iz +Piio (24)

»

The VS-LIP solutions are compared against the benchmark, published, and experimental solutions to the “lid-driven cavity flow’
and “natural convection in a rectangular cavity” problems [30, 33-50] for assessment. The VS-LIP solutions (present work) use time
steps and order of accuracy of ntmax = 4, and ncmax(1) and ncmax(2) equal to 6, respectively. The dimensionless time step
(At” = At[U|/ b for the “lid-driven cavity flow” problem and At” = At,/g3(T,,, — T.y)/ b for the “natural convection in a rectangular
cavity” problem) is set to 0.001 to run the code. The relative error values of the developed codes are 10° and 10* for the “lid-driven
cavity flow” and “natural convection in a rectangular cavity” problems, respectively. The cell numbers of the simulations for the
“lid-driven cavity flow” problem at the Reynolds numbers (Res) of 1000 and 5000 are 100 x 100 and 160 x 160, respectively. The
“natural convection in a rectangular cavity” problem can be divided into two problems: natural convection in a square cavity and
natural convection in a tall cavity. The cell numbers of the simulations for the “natural convection in a square cavity” problem is 80
x 80 for Rayleigh numbers (Ras) of 10° and 10° and then 160 x 160 for Ras of 10” and 108 The cell numbers of the simulation for the
“natural convection in a tall cavity” problem is 80 x 400 for Ra of 1.1 x 10% and the aspect ratio (AR) is equal to 16. Non-uniform grids
are employed for the simulations. The fine grids are located near the cavity walls, and the coarse grids are assigned to the core area
of the cavities. The ratios of the gap sizes between the coarse grid to the consecutive fine grid are 1.01 for both the horizontal and
vertical axes of the “lid-driven cavity flow” and “natural convection in a square cavity” problem. They are 1.01 and 1.00 for the
horizontal and vertical axes of the “natural convection in a tall cavity” problem, respectively.

0.6 1
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0.4 _’ 0B
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Fig. 6. Velocity profile of fluid flow in the “lid-driven cavity flow” problem at Re = 1000: (a) along the horizontal centerline and (b) along the vertical
centerline.

(@) (®)

Fig. 7. Streamline and vorticity contours of the VS-LIP solutions to the “lid-driven cavity flow” problem: (a) streamline contour at Re = 1000,
(b) streamline contour at Re = 5000, (c) vorticity contour at Re = 1000, and (d) vorticity contour at Re = 5000.
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Fig. 7. continued.
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Fig. 8. Dimensionless temperature contours of the VS-LIP solutions to the “natural convection in a square cavity” problem: (a) Ra = 10°, (b) Ra = 105,
(c) Ra =107, and (d) Ra = 10%.

(@)

Fig. 9. Streamline contours of the VS-LIP solutions to the “natural convection in a square cavity” problem: (a) Ra = 10°, (b) Ra = 10°, (c) Ra = 107, and (d)

/-

Ra = 108
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Fig. 9. Continued.

Tables 8 and 9 compare the VS-LIP solutions with the benchmark and published numerical solutions of the “lid-driven cavity
flow” problem at Re equals 1000. The solution values lay on the vertical and horizontal centerlines of the square cavity. The
dimensionless parameters in Tables 8 and 9 can be computed from x; =x,/b, x, =x,/b, p =p/pU?, and the vorticity
w=dv"/dx; —du"/dx, . The VS-LIP solutions and solutions in [33, 34] are nearly the same.

Table 10 compares the VS-LIP solutions with the published solutions in [34] for the primary vortex and lower-left secondary
vortex at Re = 5000. The solutions for the primary vortex comprise the maximum value of the streamline, vorticity, and
corresponding dimensionless coordinate. The solutions for the lower-left secondary vortex comprise the minimum value of the
streamline, the vorticity, and the corresponding dimensionless coordinate.

Figure 6 displays the dimensionless velocity profiles of fluid flow in the “lid-driven cavity flow” problem at Re = 1000 along the
horizontal and vertical centerlines of the cavity. The dimensionless velocity components in the horizontal and vertical directions
can be calculated from u” =w/U andv’ =vu/U, respectively. Both dimensionless velocity profiles are compared with benchmark
and published data [33, 34, 46, 47]. The profile lines are drawn at the same locations of the data coordinates.

Figure 7 shows the streamline () and vorticity contours of the flow in the square cavity, which are computed by using the VS-
LIP scheme at Re = 1000 and Re = 5000. The streamline can be received from (V-V)¢ = —w. The contour values displayed in Fig. 7 are
rearranged according to the contour values in [33]. Figures 7(a) and (c) are similar to the results in [33], and Figs. 7(b) and (d) are
similar to the results in [34].

Table 11 presents the average Nusselt numbers and dimensionless maximum velocities in the horizontal and vertical directions
on the vertical and horizontal centerlines of the square cavity. The average Nusselt numbers [30] can be computed from
Nu=(1/ b)‘]; (@" -0 +a" | —b) / 205 )dx,, q" =k(dT/dx,), and qy; = k(T — T,)/ b. The maximum dimensionless velocities in the
horizontal and vertical directions can be calculated from u,, =U,.(pc,b)/k and v,, =V,.(pc,b)/k, respectively. The VS-LIP
solutions are consistent with the benchmark and published numerical solutions.

Figures 8 and 9 show the dimensionless temperature and streamline contours of the airflow in the square cavity that are
computed by using the VS-LIP scheme. The dimensionless temperature can be obtained from T  =(T-T,,)/(T,, — T..)- The
contour values in Figs. 8 and 9 conform to those in [35] for Ra = 10°-10° Then Figs. 8 and 9 are similar to the results in [38] for Ra =
107-108.

Table 12 compares the average Nusselt numbers computed by using the VS-LIP scheme with the published experimental and
numerical Nusselt numbers for the “natural convection in a tall cavity” problem at Ra = 1.1 x 10*. The average Nusselt numbers
computed from the VS-LIP scheme are nearly the same as the average of the published Nusselt numbers.

Figure 10 shows the dimensionless temperature and streamline contours of the VS-LIP solutions to the “natural convection in a
tall cavity” problem at Ra = 1.1 x 10% The contour patterns are similar to those in [44].

4. Conclusion

This paper presented the VS-LIP scheme, which is the extension of the original LIP scheme that adopts a numerical notation
instead of a letter notation to refer to computational cells in discrete equations. The VS-LIP scheme can be used to easily extend
the order of accuracy. It is suitable for use with the finite volume method and rectangular cells on Cartesian coordinates. The VS-
LIP scheme was assessed by comparing its solutions with analytical, benchmark, published, and experimental solutions to five
classical problems. The comparison showed that the VS-LIP solutions agree very well with the analytical, benchmark, published,
and experimental solutions.

Table 10. Comparison of the VS-LIP solutions with the published solutions on the primary vortex and the lower-left secondary vortex at Re = 5000.

Vortex Solution  Present work [34]
Vrnax 0.12129 0.12193
w 1.9256 1.9322
Primary vortex < 0.48197 0.48535
vy’ 0.53569 0.53516
Yrnin -0.0031023  -0.0030694
w -2.6681 -2.7245
Lower-left secondary vortex e 0.19358 0.19434
A 0.73996 0.07324
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Table 12. Comparison of the average Nusselt numbers

Table 11. Comparison of the VS-LIP solutions with the benchmark and published numerical solutions to the
“natural convection in a square cavity” problem.

Ra Reference Nu u (X)) v (X))
Present work ~ 4.5247 34.6974 (0.8506) 68.4524 (0.0693)
35] 4.5190 3473  (0.855) 68.59  (0.066)
136] 4.4300 3573 (0.857) 69.08  (0.067)
139] 4.5100 - -
[40] 4.5460 35.521 (0.8554) 68.655 (0.0664)
10° [41] 4.2280 - -
[30] 4.4230 - -
[42] 45218 34.7223 68.5094
[48] 45217 34.8366 (0.8556) 68.5731 (0.0671)
[49] 45255 34.7758 (0.8555) 68.7176 (0.06641)
[50] 4.410 35.576 (0.856) 69.241 (0.064)
Present work 8.8445 64.6650 (0.8506) 219.7511 (0.0368)
[35] 8.8000 64.63  (0.850) 219.36  (0.0379)
[37] 8.7126 64.389 (0.8512) 216.76  (0.03943)
[36] 87540  68.81 (0.872) 221.8 (o 0135)
138] 8.8170 -
[39] 8.8060 - -
10° [40] 8.6520 64.186 (0.8496) 219.866 (0.0371)
[41] 8.2430 - -
[30] 8.8560 - -
[42] 8.8267 64.7889 220.3715
[48] 8.8016 64.9035 (0.8484) 218.853 (0.0407)
[49] 8.8141 64.7115 (0.8516) 220.5469 (0.03906)
[50] 8.679 67.027 (0.852) 227.712 (0.035)
Present work  16.5440 148.2745 (0.8802) 694.0374 (0.0233)
138] 16.5230 -
[40] 16.7900  164.236 (0.851) 701.922 (0.020)
107 [41] 16.0730 - -
[42] 16.5371 148.2929 698.8831
[48] 16.641 149.529 (0.8860) 702.582 (0.0213)
[49] 16.4598  147.0795 (0.8836) 700.9533 (0.0202)
Present work  30.3275 321.7384 (0.9260) 2181.9965 (0.0104)
136] 32.0450 5143 (0.941) 1812 (0.0135)
138] 30.2250
[39] 30.1 - -
108 [40] 30.5060  389.877 (0.937) 2241374  (0.0112)
[41] 31.339 - -
[42] 30.2787 316.8832 2224.25
[48] 30.827 328.734 (0.940) 2250628  (0.0121)
[49] 30.0264  328.2408 (0.9321)  2233.1374 (0.0122)

computed by using the VS-LIP scheme with the published

experimental and numerical solutions to the “natural

convection in a tall cavity” problem at

Ra=1.1x10%
Reference Nu Implementation
Present work  1.5236 Numerical
[43] 1.4307 Experimental
[44] 1.5250 Numerical
[45] 1.5351 Numerical

|
\'a
ﬁ
|

. . e e A e
————=

(®)

Fig. 10. Dimensionless temperature and streamline contours of the VS-LIP
solutions to the “natural convection in a tall cavity” problem at Ra = 1.1 x 10%
(a) temperature contour and (b) streamline contour.
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Appendix A
The constraints for calculation nch(na,nf,i(na)) are as follows:
do na=1, 2
do nf=0, 2

if(nf=0)then
do i=icmin(na),icmax(na)
if(i=icmin(na))then
nch(na,nf,i)=1
else
if(i=icmax(na))then
nch(na,nf,i)=ncmax(na)
else
if((i-icmin(na)+1)<=((ncmax(na)/2)+1))then
nch(na,nf,i)=i-icmin(na)+1
else
if((icmax(na)-i+1)<=((ncmax(na)/2)+1))then
nch(na,nf,i)=ncmax(na)-(icmax(na)-i+1)+2
else
nch(na,nf,i)=(ncmax(na)/2)+1
end if
end if
end if
end if
end do
else
if(nf=1)then
do i=icmin(na),icmax(na)
if((i-icmin(na)+1)<=((ncmax(na)/2)+1))then
nch(na,nf,i)=i-icmin(na)+1
else
if((icmax(na)-i+1),=(ncmax(na)/2))then
nch(na,nf,i)=ncmax(na)-(icmax(na)-i+1)+1
else
nch(na,nf,i)=(ncmax(na)/2)+1
end if
end if
end do
else
do i=icmin(na),icmax(na)
if((i-icmin(na)+1)<=(ncmax(na)/2))then
nch(na,nf,i)=i-icmin(na)+1
else
if((icmax(na)-i+1)<=((ncmax(na)/2)+1))then
nch(na,nf,i)=ncmax(na)-(icmax(na)-i+1)+1
else
nch(na,nf,i)=ncmax(na)/2
end if
end if
end do
end if
end if
end do
end do
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where icmin(na) and icmax(na) are the minimum and maximum numbers, respectively of the spatial grids on the na axis. The
constraints start with how to compute nch(na,nf,i(na)) near the cavity walls, and then the value of nch(na,nf,i(na)) in the core
cavity region is computed.
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