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Abstract. This article demonstrates the possibilities of computer simulation of capillary phenomena using the axisymmetric
contact smoothed particle hydrodynamics (CSPH) method. The conservation accuracy of total momentum and total energy is
important in modeling of many physical problems, including capillary phenomena, since the non-physical acceleration may lead
to incorrect deformation of free surfaces. A modified axisymmetric CSPH method is considered to improve the accuracy of
preserving the total momentum and the total energy. An external pressure boundary condition is proposed for the CSPH method
and used for surface tension modeling. The verification of the surface tension model is performed for three test cases: evaluating
the Laplace pressure in a water droplet, estimating the period of small oscillations of a water droplet, and comparing the velocity
of rims propagation driven by surface tension forces at thin film boundaries with Taylor-Culick's formula. A simulation of the
Rayleigh-Plateau instability development is also conducted.
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1. Introduction

The meshless Smoothed Particle Hydrodynamics (SPH) method has a broad range of applications for modeling the mechanics
of continuous media. In particular, it is well-suited for problems involving large deformations of free surfaces and material
interfaces. The relative simplicity of its software implementation and the setup of boundary conditions along with the lack of need
for complex mesh rebuilding, have contributed to the rapid growth in the popularity of the SPH method since its inception by Lucy
[1] and Monaghan [2] in 1977. In subsequent years, numerous modifications of the SPH method have been proposed.

In 1999, Parshikov [3] presented the equations of the Contact Smoothed Particle Hydrodynamics (CSPH) method for the first
time, wherein the interaction between contacting particles is treated using an approximate Riemann problem solution. In this
sense, the CSPH method is analogous to the computation of fluxes through the cell edges in Godunov-type mesh-based methods
[4]. The CSPH approach enables the elimination of artificial viscosity, the tuning of which may be rather sophisticated.

Three-dimensional modeling in a Cartesian coordinate system requires a large number of particles and can be computationally
expensive, leading to prolonged simulation times. However, for a wide range of practical problems, two-dimensional axisymmetric
modeling can be employed, which significantly accelerates the simulation process and reduces the computational cost. This study
considers an axisymmetric variant of the CSPH method.

The axisymmetric smoothed particle hydrodynamics method was first proposed by Coleman and Bicknell in 1985 [5]. In 1993,
Petschek [6] presented the axisymmetric variant of the SPH method, which was derived by the direct transformation of a three-
dimensional Cartesian scheme with a Gaussian kernel into a two-dimensional axisymmetric one using angular integration.
Subsequently, several alternative axisymmetric SPH methods have been proposed, which incorporate artificial viscosity (see, for
example [7, 8)).

The axisymmetric CSPH method based on the Riemann problem solution was first proposed by Parshikov [9]. MUSCL
reconstruction was incorporated into this scheme in [13] for simulation of ocean engineering problems. However, this scheme is
not conservative. This is not only a consequence of the boundary condition setup, but also an inherent property of the equations
themselves. Accurate conservation of the total momentum and the total energy is crucial when modeling many problems, including
capillary phenomena, because unphysical acceleration may lead to incorrect evolution of free surfaces. To improve the conservation
properties, this study provides a modified scheme for the axisymmetric CSPH method, where the total momentum and the total
energy are exactly conserved in the absence of boundary conditions.

The SPH method with artificial viscosity is widely employed to simulate problems involving surface tension (see, for example
[10-12)]). In these studies, the surface tension is modeled by applying the force, which magnitude at surface particles is computed
based on the curvature of the surface at them.
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In this work, a numerical boundary condition for the CSPH method is proposed, enabling the simulation of surface tension
effects. The boundary particles interact with the ghost particles where pressure magnitude is equal to the Laplace pressure. This
choice of numerical model for surface tension appears to be more optimal, as it allows the reduction of the noise level on the
surface by adjusting the contribution to the SPH sums (weight) of the ghost particles. The paper is organized as follows: Section 2
provides a description of the axisymmetric CSPH method. Section 2.3 contains an explanation of the numerical surface tension
model used. Finally, Section 3 presents the verification test results and simulation results for the development of Rayleigh-Plateau
instability.

2. Axisymmetric Contact SPH Method

To describe compressible media in the axisymmetric case, the equations of continuity, motion, and energy are used. The
continuity equation is more convenient to express in terms of volumetric deformation:
de  1dp U

where V.U =81+ 80° 'y = (9/9r, 9/92)%,U = (U",U*)" is velocity, p is the density.

Equation of motion is:

a1 1,
E—*;VPJF;f ) @

where P is the pressure and f*' is the interfacial surface force. It is assumed that the surface tension coefficient o is constant, hence,
the Marangoni force has no influence on the interface dynamics. The fluid viscosity is assumed to be sufficiently small.
Using the previously introduced notation, the internal energy evolution equation is expressed as follows:
d P PU"
°_ V.U —

da - p pr’

where e is the specific internal energy. Equations (1)-(3) are closed using an equation of state:
P ="P(p,e).

The SPH method is based on the kernel approximation. In the axisymmetric case, for a function F(r) it can be expressed as:
F(r) = /ds/F(r’)W(|r—r’\/h;h) +O(h2), @)

where ds’ = dr'dz’ is the area element. The smoothing kernel W (q;h) is a function of ¢ = |r —7’|/h depending on the smoothing
length © as a parameter. The smoothing length £ is the support radius of the smoothing kernel function. Throughout this study,
two-dimensional Wendland C?smoothing kernel function is used:

70+ 49)(1 - @*, 0 <q <1
W(g:h) = ) s4=h
(g: h) thQ{ 0, q>1,
AW 140 (q(1 — q)®, 0 <q <1,
"(g;h) = —(¢;h) =— ’ - =
Wilash) = - (a:h) Tthz{ 0, q>1.

After discretization, which represents the computational domain with particles, the continuous form of the kernel
approximation (4) can be written via a summation of the neighboring particles as follows:

<E>, =35 27::?:/1;, Wap: ©
where m, is the mass of a the a-th toroidal material element (SPH particle) of radius r,. The particle size D, is determined as
m, /(27 74p,)-
An estimate of the gradient VF at point a can be written using Eq. (5):
<SVE>, =%, F2-V Wy (6)

where

€ho
_ ’ a
V Wy = _Wabh ,

ab

where eff = %7 hg, = 0(D, + D,) is the smoothing length, 6 is the smoothing length parameter. Traditionally the most frequently
used values of 6 in the CSPH are from 0.5 to 0.75, which is associated with acceptable performance. Throughout this article § = 0.5
is used.
Similarly for the vector field F, one can write:
<V F> =% "™ F .V, W, @)

b 27Ty pyy
In the following, angle brackets are omitted when writing SPH approximations.

2.1. Axisymmetric CSPH method with enhanced conservation properties

The concept of the contact method CSPH involves incorporating the velocity and the pressure obtained from the solution of the
Riemann problem on the contact surface into the SPH approximation, rather than utilizing the average values of velocity and
pressure between pairs of interacting particles, as is conventional in SPH methods [3, 9].
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The axisymmetric CSPH scheme of Parshikov [9] is:

a my Rx R ’ Ug
=+ = —2U, — U)W — 8
Eb: 27T7"bpbhab ( ab a ) ab + . ’ ( )
dU, ny,
=S 2 _op.v.w,, ©
di Eb: 2y o0, ’
dE my, P,U;
a _ 2pP* Rxyy7r ___a”a . 10
dt Xb: Doy o W = (10

This scheme is not conservative even in the absence of boundary conditions. In this study, a modified axisymmetric CSPH
scheme is used to improve the accuracy of preserving the total momentum and the total energy, which is called here as a harmonic
mean (HM) scheme.

The HM scheme is derived using the following identities written at a point r:

V(f(rirg)P) + PV f(r;rg) 2P
f(rirg) T+

vV P(r) = e, (11)

v.U(r) :V' (f('r?"dO)U-)fU-'Vf(r'ﬁ"do)7 (12)
frirg)

where f(r;ry) = (r+ry)/2ry, 1o is a certain radius, e®, a = r,z are the unit basis vectors of the cylindrical coordinate system rz. It is
worth mentioning that the function f(r;r,) can be chosen in different ways. For example, one can use f(r;r,) = \/r/r, Or f(r;ry) =
2r/(r +ry). A detailed comparison of different schemes has not been conducted, but their properties in terms of approximating
equations are similar.

Using Egs. (6) and (7) to approximate differential operators in identities (11) and (12), and assuming r, = r,, the volumetric
strain rate and acceleration at point r, (i.e., for particle a) can be expressed as follows:

My Te+ Ty U
E w,-u,) -v,w — 13
27pr 2 T b a) a'Vab + . ) ( )
T, Ty
— E : P +P\WV.W a_er, 14
Qﬂpbpa o b ( a+ b) a ab+ arae ( )

The equation for internal energy evolution may be written as:

de my .+ 1 (P, + Py) PU!
—* =— s < v,-u, -v,w,———=
dt Xb:?ﬂpwa r,ry, 2 U =Ua)- VoWl TaPa

Then the equation for the total energy takes the form:

dE d d P, + P
“= Tay o *_Z Tty (Fo ¥ b)(Ub+Ua)‘VaWab- (15)
2770170:1

@ Ve ta 2r,r, 2

Finally, after incorporating the solution of the Riemann problem into Egs. (14), (13), and (15) the axisymmetric CSPH HM scheme
is:

UT
oy LD R _umw,, 422, (16)
Tpylay 27,7y Ta
P
e Ll pr Wy, 4 e 1)
TPyPa 24Ty PaTa
dE, my, T, +Ty
a _ _ "™ la P* Rx ’ . 18
dt = ﬂ-pbpah’ab 2%% abUab w ab > ( )
where
. Pz +P2z,—2,7,(UF-UE
Pab b bZ +aZ b( b a )7 (19)
a b
R Ry
U(ff,*:U“ Z,+ Uy Z, Pb—&-Pa. (20)

Z,+ 7,

where Z = Cp is the acoustic impedance of the material and C is the speed of sound. UZ* is the projection of the contact velocity
between particles on the R-axis of the local coordinate system, RT (see Fig. 1). The R-axis connects the centers of the particles, and
is directed from the point a to the point b. ef, is the unit vector along R-axis. Since viscosity is not considered here, the Riemann
problem is solved only along longitudinal (i.e., R) direction.

To reduce the numerical viscosity when modeling weakly compressible flows, equations of state with the artificial sound speed
are used, see, for example [14, 15]). In this work the choice of artificial sound speed CO is based on maximal fluid flow speed U,
C, > 10U,,,.. To maintain optimal particle packing, a particle shifting algorithm [16] is employed.

maz*
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Z )

Fig. 1. Particle interaction in the local coordinate system RT.

The first-order scheme is used to integrate velocity, energy, and coordinates over time:

dUa)n Atn7 E;Hl — E;L-‘r (dEa)nAtn7 rn+l — ’l‘ + = (Un+1 +U71)At717

Un+1 Un (
@ dt dt

and for time integration of density the following scheme is used:

de \™
n+l _ A" ( a) ) ,
Pa’ = Pg €XP ( it

where de, /dt is determined by Eq. (16) (or by Eq. (8) in case of standard axisymmetric CSPH scheme of Parshikov). Current time step
is calculated with the help of the Courant criterion:

At = CFL min ( Do ) .
a C2 + (4D, de, /dt)?

It is straightforward to observe that the total energy is exactly conserved in the HM scheme:

ZZ Tt T p PRUEW =33 e Ta T pe (UB + URYW o, =0,

ﬂpbpa ab QT Ty a b<a ﬂ-pbpa ab QT Ty

since the projection of the contact velocity U2 onto the axis R of the local coordinate system changes sign when the indices a« and
b are interchanged, i.e., when transitioning from the local coordinate system RT associated with particle a to the local coordinate
system RT associated with particle b. For the same reason, the total momentum is also exactly conserved in the HM scheme.

2.2. Boundary condition near the axis of symmetry

For particles near the axis of symmetry the support radius of the smoothing kernel function is incomplete because there are no
neighboring particles at r < 0. To solve this problem, it is necessary to introduce a special boundary condition by providing the ghost
particles, which are obtained by the reflection of original particles across the symmetry axis, to the calculation of the SPH sums.

To comprehend the subsequent condition introduced near the axis of symmetry, it is necessary to clarify the behavior of the
accuracy inherent in the proposed scheme in the vicinity of the axis. For this purpose, we first return to the smoothing stage and
express the integrals evaluated using SPH summations in Egs. (13)-(15). Specifically, for the continuity equation, we have:

—/T2+T(U U,)- VW(""G}?’"‘;h)dH%:/(e '(U*UG)J‘IQHV.U)W(""a;’"‘;h)dﬁﬂ:

T, Ty 2r, T Ty
2y _ de 2
V- Ulr,) +O(h) = S (r,) + O(h)
for the equation of motion, the same estimation is:
1 — P, 1 P, +P — P e"
/Ta”(pa + P) VW (—""a ul h) ds+ 2 — /(—( at )ew—T”TVP) W (""“ ul ;h) ds + 25 =
PaTa 2 h PuTa  PaTa 2 2 h PaTa
2 P.e" 1 2
———(P,e" +7,VP(r,) + O(h?)) + —— = ——VP(r,) + —O(h?),
PaTa PaTa Pa PaTa

and for the energy equation, we have:

1 .Ta"l"r ‘ra_rl, —
para/ 2L+ P)(U+T,) VW <T,h,>ds_

! /[(M+4 vp). WU+ P PV U]W("”ah”"‘;h)ds:

PaTa 4
1 PUr 1
==V (PU)|pey, =+ ——O0(h?).
Pa © PaTa  PaTa
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It is evident from this that the approximation of the continuity equation exhibits no singularities near the axis of symmetry,
whereas the error for the equations of motion and energy increases without bound as r, — 0. To ensure the smoothing error remains
bounded, it is necessary to confine the applicability domain of the HM scheme; specifically, this scheme should only be applied to
those particles for which r > Kh, where K > 1 is a constant. Under this condition, the maximum smoothing error will be of order
o(h).

Let’s estimate the discretization error. For this purpose, results from the work of Quinlan et al. [18] can be used. Assuming the
smoothness of the kernel function for irregularly packed particles, and accounting for the restriction of the scheme's applicability
domain, it follows that the discretization error scales proportionally to ;% (2)%. Consequently, to prevent the approximation error
from increasing as the smoothing length /1 decreases, it is necessary to simultaneously adjust both the smoothing length h and the
ratio D/h of the particle size to the smoothing length. Unlike the standard SPH method, where D/h must decrease faster than h'/3,
the proposed HM scheme requires D/h to decrease faster than h?/3. Such analysis is valid for gradient approximation, but it is
difficult to analyze how it affects the results of a specific hydrodynamics simulation. The increase in discretization error with
decrease of smoothing scale h at D/h = const is well-known for the SPH method, but numerical experiments show that in many
cases particles can be made sufficiently small without any problems with decreasing accuracy. So, the choice of the D/h ratio in the
proposed scheme should be made manually for a specific problem as for other SPH schemes.

The axisymmetric Parshikov’s [9] scheme (8)-(10) does not have singularity in the vicinity of the axis of symmetry and for this
reason a local transition to this scheme is performed if » < Kh. Interactions with the ghost (reflected across the symmetry axis)
particles are added to the SPH sums, and their velocities and coordinates should be properly transformed. Unfortunately, this
violates the conservation laws for total energy and total momentum near the axis of symmetry.

To estimate how the boundary condition near the axis of symmetry affects the change in the total energy and the total
momentum, the problem of collision of two water droplets of different sizes is considered. The initial radii of the droplets are 1 mm
and 0.5 mm. The initial velocities of the droplets are 50 m/s and are oppositely directed along the z-axis. The initial size of SPH
particles is 10 ym.

To model water, the Mie-Griineisen equation of state with two reference curves is used:

P = Prc[ + Pyp(e - erc[)’

( poCall— =) . <1, l[ c,(1—2x) ]2 r<1
Pref = i(lisa(l 737)) €ref = 211 78(1(17I) ’ o
poc2(1—x), z >0, c2(1—x)?/2, x>0,

where z = p,/p, py = 1000 kg/m?, ¢, = 1483 m/s, s, = 2,7 =2.

Figure 2 illustrates the evolution of the total momentum and the total energy using the axisymmetric CSPH HM scheme and
Parshikov’s axisymmetric CSPH scheme [9]. The results indicate that the HM scheme preserves the total momentum and the total
energy much more accurately because, in general, it is conservative, and the introduced errors are of local character near the axis
of symmetry.

2.3. Surface tension modeling

To model the surface tension, the ghost particles interacting with boundary particles are used. The ghost particles simulate the
effect of external pressure, which is equal to the Laplace pressure. Each boundary particle and near boundary particle interacts with
its own ghost particle. The algorithm for determining boundary particles is taken from [17]. The determination of boundary particles
is based on the use of the minimum eigenvalue ) ; of the matrix:

— UL _
La - zb: zﬂ_rbpb VaWab ® (Tb Ta)‘ (21)

If for a particle \_;, < 0.75, then it is considered as a boundary particle. In the axisymmetric case, a special boundary condition
must be applied near the axis of symmetry to determine the boundary particles: for particles located near the axis, the contribution
to the sum (21) comes not only from neighboring particles, but also from particles reflected across the axis of symmetry. A particle
is considered to be near the boundary if there are boundary particles among its neighbors (within its smoothing length).
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Fig. 2. Change in the total momentum and the total energy in the problem of collision of two water droplets using the axisymmetric CSPH scheme
HM and the axisymmetric CSPH scheme of Parshikov [9].
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Under constant pressure P, and in the absence of external forces, the acceleration should be zero. Based on this requirement,
the weight of the ghost particles can be chosen. It should be selected such that the acceleration of the boundary particles equals
zero when the internal pressure and pressure in the ghost particle are equal (let the pressure be F,):

P, 1
:—Z M Tt Top gy L0 o Ly op, =0, (22)
TPpPa 24T PaTa Po

from which the weight vector for the ghost particle associated with a boundary particle a is given by:

T

my, T, + rb e
=— v — 23
ZQﬂ'pb o + 2r, 23)
In the region where scheme (8)-(10) is applied, the weight vector is:
m,
bw, =— 2 .
w, zb: Qﬂ,pbrb VaWab
The interaction between the ghost particle g and the boundary particle a is implemented as follows:
de my T, +T Rtirr ur R R
T a ~e 4 o(UR —UR)|b 24
dt z1,:71'thab 2r,ry, (Uab U IWap + Ty * (Uag Ualbwl, @)
2P
772 M Tt peg oy Lo g Zlaag,,, (25)
TPpPq 2r T PaTa Pa
2P
ey e ey, 20 b, 2s)
dt b ﬂ-pbpah’ab 2TaTb Pa

When interacting with a ghost particle (the last terms in Egs. (24)-(26)), the unit vector along the R axis of the local coordinate
system is defined as ef, = —bw, /|bw,|. The pressure in a ghost particle is set equal to the Laplace pressure P;, and the velocity is
set equal to the velocity of boundary particle a. The acoustic impedance of the ghost particle should be set based on physical
formulation of a specific problem. In this work to simulate surface tension the acoustic impedance of ghost particles is set as for
low density (approximately vacuum) media. For this purpose, the acoustic impedance Z, of ghost particles is set six orders of
magnitude less than the acoustic impedance Z, of corresponding real particles. According to Eq. (19), the pressure at the free surface
(i.e. contact pressure P; ) is P;, ~ P, and therefore the proposed algorithm approximates boundary condition on free surface to
model surface tension.

To determine the curvature « and the outward normal, an algorithm from Ref. [12] is used. The vector of the outward normal to
the free surface is defined as:

X

\

my,
=2 G VeWar-
b

777"be

The curvature is calculated as:

My
Zb 2T, 0y (ny —mg) -V Wy, n’
K= m +—,

Zb W:pb('rb - Ta) . VaWab Ta

where n” denotes the radial component of the outward normal vector to the free surface. To improve the accuracy of the curvature
estimate, the normal n is computed using an increased smoothing length (i.e., the smoothing length parameter 6 is set from 1 to
1.5, depending on the spatial discretization accuracy). The Laplace pressure is given by P, = ok, where o is the surface tension
coefficient.

The described approach for surface tension modeling is not conservative. However, it is possible to improve it by calculating the
resulting force from all ghost particles, acting on boundary particles:

5

9 (bw, )*

AF*? = ZmaQP

= Pa

and correcting the momentum of the boundary particles, which interacts with ghost particles. For this purpose, the following
modification of the time integration scheme for z-component of velocity is used:

n+lyz _ n\z dUé)n n_AF; n
Wy =W+ () A ar

where m,,, = >- m, is total particle mass. In this case, conservation of the total momentum is managed only by the choice of
axisymmetric SPH scheme. To demonstrate the effect of the momentum correction when employing the surface tension model, the
test involving the collision of two water droplets (diameters 0.1 mm and 0.15 mm) was conducted. This test compares the
performance of the proposed axisymmetric CSPH HM scheme, featuring improved conservation properties, against the standard
axisymmetric CSPH scheme. The parameter K = 2, the time integration if performed with CFL = 0.5, the smoothing length parameter
0 = 0.5, the initial particle size is 1.1 pm. The linear equation of state is used for the simulation P = C2(p — p,), where the initial
density p, = 1000 kg/m?® and C, is the artificial sound speed (C, = 240 m/s). Surface tension coefficient is ¢ = 0.074 N/m. The results
are shown in Fig. 3. When employing the proposed scheme, the change in total momentum did not exceed 0.005%. In contrast, the
use of the standard axisymmetric CSPH method by A.N. Parshikov provides the total momentum loss more than 3.5%.
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Fig. 3. Change in the total momentum in the problem of collision of two water droplets using the axisymmetric CSPH scheme HM and the standard
axisymmetric CSPH scheme of Parshikov [9] with surface tension model and momentum correction.
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Fig. 4. (a) Comparison of the surface tension coefficient ¢ calculated from the established pressure in a water droplet with the given surface tension
value, (b) Dependence of the period of the water droplet oscillations on the surface tension coefficient 0. Comparison with Rayleigh’s formula.

It should be noted that such correction is feasible because, at each time step, the resultant force exerted by ghost particles on
real particles at the boundary can be computed, and the momentum imbalance introduced into the total momentum by the surface
tension model can be determined. In contrast, it is impossible to similarly correct for the influence of the intrinsic non-
conservativity of the SPH scheme itself. This limitation arises because the simulated system may not be closed in the general case
(e.g., external force fields may be present), making it impossible to disentangle changes in total momentum attributable to genuine
physical effects from those arising due to the scheme's non-conservative properties.

3. Numerical Examples

3.1. Establishment of Laplace pressure in a water droplet

A fundamental test of the surface tension model is the test of establishing the Laplace pressure corresponding to a given surface
tension coefficient. The excess pressure under the curved surface of a spherical droplet, according to the Laplace formula, is as
follows:

20
R )
where R is the droplet radius. Figure 4(a) shows the obtained value of the surface tension coefficient calculated using formula (27)
from the simulation results of the axisymmetric CSPH HM method with the proposed surface tension model. Particles with size

D =28 nm are used. The material of the droplet is water, and the surface tension coefficient is set to o = 0.074 N/m. The linear
equation of state is used for the simulation:

pP= (27)

P=C3(p—po)
where C, = 1483 m/s, p, = 1000 kg/m?. The obtained results are in good agreement with the Laplace formula.

3.2. Small oscillations of a water droplet

This test is aimed to demonstrate the accuracy of the surface tension model for dynamic problems. The period of small
droplet oscillations is determined by the Rayleigh’s formula [19]:

3
T= 27r1/£,
8

where R is equilibrium droplet radius, p is density of the droplet material.

~\/

(28)
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Table 1. Parameters and results in the problem of retracting a thin film with free boundaries under surface tension.

AH,ym Up,m/s UE¥,m/s Initial outer radius k"), m Initial particle size D, nm

0.5 17.20 17.17 1.000001 20
15 7.92 7.48 1.000003 30

Water droplet with diameter d = 5 pm is considered. Initially, the following velocity field is set in the droplet:

r 22 Vr2 4+ 22
Ur=—|l-—/——|exp | ———— ,
R RVr? + 22 R

z r? VrZ £ 22
vi=— 21— e (- Y.
R R/r2 + 22 R

For simulation the linear equation of state is used with artificial sound speed C,, = 150 m/s (this value was selected to achieve a
sufficiently low numerical viscosity while maintaining the stability of the solution). Two series of numerical experiments were
conducted: with initial SPH-particle size D = 71.4 nm (large particles) and D = 35.7 nm (small particles). In the first instance, the
droplet radius accommodated 70 particles, whereas in the second instance, it accommodated 140 particles. For time integration,
CFL = 0.3 is used, the smoothing length parameter is ¢ = 0.5 and parameter K = 2.

In Fig. 4(b), the dependence of the oscillation period of the droplet using the axisymmetric CSPH HM scheme is shown in
comparison with Eq. (28). The obtained periods of small droplet oscillations are in good agreement with Rayleigh’s formula. A slight
increase in the period is due to the effect of the numerical viscosity: the smaller particles the smaller numerical viscosity and
obtained periods closer to Eq. (28). At small values of the surface tension coefficient, the effect of the numerical viscosity on the
period is maximal.

3.3. Taylor-Culick speed

The problem of a thin film with free boundaries retracting under surface tension forces is considered. The material is water,
with the linear equation of state, where the artificial sound speed C,, = 200 m/s. The velocity of the disturbance moving from the
boundary (the point of transition from the film to the rim formed by surface tension) depends on the film thickness and the surface
tension coefficient, and is determined by the Taylor-Culick formula [20]:

20
Ure _”pAH'

In the calculation, films with thicknesses of AH = 0.5 pm and AH = 1.5 pm are considered. The total number of particles in
these two cases is 12500 and 75000. Initial inner radius of the film is chosen equal to 1 m to make curvature on the edges in angular
direction negligible. The parameters used in simulations and the results are presented in Table 1. For time integration CFL = 0.3 is
used, the smoothing length parameter § = 0.5. There are no particles near the axis so parameter K is not important. Figure 5 shows
the results of the simulations using the axisymmetric CSPH HM scheme of these two test cases. The results demonstrate the
applicability of the proposed surface tension model for simulating dynamic problems with complex geometries.

In the current implementation of the code, the mean time expenditure per particle at each step amounted to 3.8 microseconds
in this problem. This performance was attained utilizing 8 cores of an AMD Ryzen 7 processor. The results may vary depending on
the software implementation and the hardware used.

U" (m/s)
-1.4e+01 -10 5 0 5 10 146401

— b

AH = 0.5 ym
t=0.15us
U (m/s)
2 - 0 1 2 3 4 5 6 6.56+00

AH = 1.5pum
t = 0.56 us

Fig. 5. Action of the surface tension forces on the boundaries of a thin flat film: axisymmetric simulation results.
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Fig. 6. Rayleigh-Plateau instability development: (a), (b), (d) Simulation results of instability development using proposed axisymmetric CSPH HM
scheme with different resolution, (c) Simulation results of instability development using standard Parshikov’s axisymmetric CSPH scheme.

3.4. Simulation of the Rayleigh-Plateau instability development

A cylindrical water jet is considered under periodic boundary conditions with a small initial velocity disturbance. The initial
radius is R, = 1 pm. The disturbance wavelength is A = 10R,, and the wavenumber is kR, = 27/10. The velocity disturbance used is:

U? =U,sin(2nz/N),

where U, = 0.1 m/s. Since the problem can be simulated under weakly compressible assumption, the water is modeled using the
linear equation of state with artificial sound speed C;, = 80 m/s.

Because the study of the numerical viscosity properties of the axisymmetric CSPH method is not the purpose of this work, the
consideration is limited by the linear theory of capillary instability of inviscid liquid jets. According to Rayleigh’s work [21], the
growth rate of disturbances (r x exp(qt)) is determined by the following formula:

qZ:LII(kRO)
pRY Iy(kRy)

kRy(1— (kRy)?).

The characteristic timeis ¢, = /pR3 /o = 0.116 us. Figure 6 shows the development of Rayleigh-Plateau instability in a cylindrical

jet based on the simulation results using the axisymmetric CSPH HM scheme with two different initial particle sizes (D = 16.67 nm
(36000 particles) and D = 8.3 nm (144000 particles)) and the standard axisymmetric CSPH scheme (8)-(10) (with initial particle size
D =16.67 nm (36000 particles)). Here the mean time expenditure per particle at each step amounted to 3.75 microseconds (this
performance was attained utilizing 8 cores of an AMD Ryzen 7 processor), which is approximately the same as in the previous case
of the Taylor-Culick problem. At a time ¢/t_ ~ 3.5, a transition to exponential growth occurs. The growth rate of the disturbances is
close to Rayleigh’s estimate, but the numerical curve is slightly lower, which is a consequence of the presence of numerical viscosity.
In Figs. 6(a) and 6(b), a comparison between the evolution of the central droplet radius obtained with proposed CSPH HM method
and Rayleigh’s formula is shown. Figure 6(b) demonstrates zoomed in section with exponential growth of disturbances (i.e., initial
stage of the Rayleigh-Plateau instability development). Simulation with smaller particles lead to a result much closer to the
Rayleigh’s formula, which is associated with smaller numerical viscosity. Figure 6(c) demonstrates results obtained with the
standard axisymmetric CSPH scheme. The results without the proposed modifications are worse, which indicates a decrease in the
error rate due to improved accuracy in preserving total momentum and total energy.

4. Conclusion

In this study, the axisymmetric contact SPH method with improved conservation properties of the total momentum and the
total energy (the HM scheme) is considered. In the general case, near the axis of symmetry, a special boundary condition for SPH
particles is applied, which violates the exact conservation of the total energy and the total momentum. As soon as there is a rather
small number of particles near the axis of symmetry, the numerical (i.e., non-physical) change in the total momentum and the total
energy is significantly smaller than in the earlier axisymmetric scheme of Parshikov [9]. A surface tension model is introduced to
the axisymmetric contact SPH method with the HM scheme. The surface tension model is implemented using the ghost particles
interacting with the boundary particles near the free surface. The proposed numerical model for simulating compressible fluid

A\V,‘ Journal of Applied and Computational Mechanics, Vol. 12, No. 3, (2026), 759-769



768  Georgii D. Rublev, Vol. 12, No. 3, 2026

flows with surface tension is verified for problems such as the establishment of Laplace pressure, small oscillations of a droplet,
and retraction of a thin film by surface tension. The obtained results are in good agreement with the theoretical estimates. A
simulation of the Rayleigh-Plateau instability development is also performed. Despite the good results, the proposed model for
simulating surface tension requires an extension to the case of contact between two different liquids. At the moment it is the main
constraint of the proposed model. In this work the physical viscosity is not modeled: an approach similar to the proposed in [22]
can be used, but it requires an analysis of the numerical viscosity of the axisymmetric CSPH method, which is not considered in
this work.
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