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Abstract. In this paper, an artificial Earth satellite with an electrodynamic attitude control system is considered. Satellite attitude
stabilization in the magneto-Lorentz coordinate system is studied. The problem of the analytical construction of the periodic
steady-state oscillations of the satellite in the passive control mode is solved. The solution is obtained in the form of a partial sum
of trigonometric series. The algorithm for constructing solution is based on the introduction of auxiliary complex variables that
make it possible to transform the initial non-autonomous differential equation of the 6th order to an autonomous differential
system of the 8th order, for which the procedure for analytically finding the coefficients of a trigonometric series does not present
fundamental difficulties, since it is reduced to sequential transformations using recurrent formulas. The constructed steady-state
oscillations of the satellite make it possible to correct measurements of on-board instruments and increase the accuracy of
information transmitted from the satellite.

Keywords: Satellite, Electrodynamic attitude control, Magneto-Lorentz coordinate system, Stabilization, Steady-state oscillations,
Computer simulation.

1. Introduction

For many nonlinear dynamical systems operating under conditions of unsteady force action, the problem of approximate
analytical construction of steady-state oscillatory modes is of great practical importance.

In classical rigid body dynamics, stationary oscillatory regimes have been studied for decades. These studies are currently
ongoing [1]. The problems of integrability of the equations of motion are studied on the basis of the Euler-Poisson differential
equations [2]. Periodic and regular, quasi-periodic motions are of special interest. The stability of stationary motions of the
Goryachev-Sretensky gyrostat is investigated in [3]. More and more complex options for applying force to a classic gyrostat are
being considered. In particular, the effect of the gyrostat charge on its rotational motion in a magnetic field is being studied [4].
Along with studying the issues of qualitative behavior of solutions (stability, periodicity), quantitative issues related to the explicit
construction of solutions are also analyzed. In this case, asymptotic methods based on the introduction of a small parameter are
widely used (see [4] and papers cited therein).

For artificial Earth satellites interacting with the Earth's gravitational and magnetic fields and additionally exposed to numerous
force factors (aerodynamic, light pressure, etc.), the problem of approximate analytical construction of steady-state oscillatory
modes is practically important for the correct processing of measurement information coming from the satellite [5]. At the same
time, this problem is quite complex due to the need to take into account numerous disturbances, often close in magnitude and
nonlinear in structure [6]. Therefore, the investigation of this problem remains relevant in the conditions of various perturbations
and various basic coordinate systems. The latter circumstance is due to the fact that, depending on the purpose of the satellite and
the features of the angular stabilization system, the oscillatory modes of operation of the satellite can be studied in various basic
coordinate systems [7].

The most well-known and well-adapted for solving a wide range of practically important problems is the orbital coordinate
system rotating together with the radius vector of the center of mass of the satellite relative to the center of the Earth [8, 9]. For
problems related to exploring the depths of space, the Koenig coordinate system moving translationally [10] is preferable. For
satellites interacting with the geomagnetic field and equipped with magnetic control systems (MCS), not only the orbital and Koenig
coordinate systems, but also the magnetic and magneto-velocity coordinate systems [11, 12] can be used as the basic ones. In
general, MCS have been successfully used for a long time in various problems of satellite attitude dynamics [12-14]. The features,
advantages, and disadvantages of MCS are described, for example, in [15, 16]. Lorentz control systems (LCS) [17], similar to MCS in
the nature of the control torques generated and based on the use of Lorentz force torques, are also based on the use of the
interaction of satellite with the geomagnetic field [18-20].
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The synthesis of MCS and LCS is an electrodynamic method for controlling the angular orientation of satellites, was proposed
in [21]. It is based on the simultaneous use of the capabilities of MCS and LCS, which makes it possible to remove the characteristic
limitations inherent in both MCS and LCS separately. In the paper [22], this method was optimized to minimize energy costs, and
in the papers [10, 23] it was developed and adapted to solve the problems of stabilizing various modes of satellite attitude motion
in the orbital and Koenig coordinate systems.

At the same time, the magneto-Lorentz coordinate system, which was first introduced in [24], is a natural coordinate system
for satellite attitude stabilization using an electrodynamic control system. This rotating basic coordinate system, associated with
the magnetic induction vector B of the geomagnetic field, the Lorentz force, and the orbital velocity of the satellite's center of mass,
seems convenient for implementing some scanning modes of the Earth's surface. In [25], the issue of the electrodynamic
stabilization of the satellite in the magneto-Lorentz coordinate system was studied. A rigorous analytical substantiation of the
asymptotic stability of the direct position of the satellite equilibrium in the magneto-Lorentz coordinate system based on the
analysis of nonlinear differential equations of motion is given. At the same time, the disturbing effect of the gravitational torque is
taken into account and conditions are obtained that allow for a rational choice of variable coefficients of electrodynamic control
depending on the parameters of the satellite and its orbit.

However, the issue of the passive implementation of the controlled attitude motion mode of the satellite in the magneto-Lorentz
coordinate system, which is natural for the electrodynamic method of controlling, has not yet been considered. This work is aimed
at filling this gap. The goal is to construct an analytical solution of nonautonomous differential equations describing small
oscillations of a satellite passively stabilized in the magneto-Lorentz coordinate system, and then compare the analytical solution
with the results of computer modeling. Since the expected solution can be considered in the future as undisturbed in the study of
various applied problems, and therefore is of interest, it seems advisable to exclude external disturbances unrelated to the effect
of the geomagnetic field on the satellite. In particular, to exclude perturbations caused by the gravitational torque, it is assumed
that the principal central moments of inertia of the satellite are equal (4 = B = C). From a mathematical point of view, this paper
develops a new technique for constructing steady-state oscillatory modes of satellite, which had not previously been used in
problems of satellite attitude dynamics.

2. Problem Statement

A satellite is considered, having its center of mass C' moving along a circular equatorial Keplerian orbit with a radius of R. It is
assumed that the satellite carries an electric charge @ distributed with a density of o over a certain volume of V and has its intrinsic
magnetic moment I. When the satellite moves relative to the geomagnetic field with magnetic induction B, the electric charge and
the intrinsic magnetic moment cause the Lorentz and magnetic torques M, and M,,, respectively [8, 17]. Taking into account the
notation W = B x T', T = & x B, we introduce, according to [24], the right-oriented system of unit vectors guiding the axes of the
magneto-Lorentz coordinate system, hereinafter referred as WBT system (Fig. 1):

o= =5 =T 1)
Wl |B| 7]

It’s worth noting that in all cases of the satellite’s orbital motion, with the exception of geostationary orbits or close to them,
the vector 7' is nonzero (even for orbits with an inclination of i > 79 degrees, when the normal component of the geomagnetic field
moment can become zero). So, the vectors @, and  are defined correctly.

The orbital coordinate system Ctn( is introduced so that the axis C( is directed along the local vertical, the axis C¢ along the
positive transversal, the axis Cn along the normal to the plane of the satellite's orbit. The matrix of direction cosines of WBT axes
in Cen¢ axesis B = (b;)7, (1,5 =1,2,3).

The position of satellite principal central axes of inertia Czyz regarding to WBT coordinate system is represented in “airplane”
angles o, 0, (Fig. 2).

Matrix N = (n,;)7, (4,j = 1,2,3) of direction cosines of Czyz axes in WBT takes the following form when position angles are small:

1 — 6
N~ ( P o1 —Lp). (2)
-0 1

The direction cosines matrix of C¢n( axes in Cryz axes is the following product of matrices: N'"B". The columns of this matrix
represent coordinates of unit vectors ¢,%,  in Cayz axes.

Fig. 1. Satellite in the WBT coordinate system. Fig. 2. “Airplane” angles.
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3. Kinematic Equations

Let & be the absolute angular velocity of the satellite, w’ be the angular velocity of the satellite relative to the WBT coordinate
system, w] be the angular velocity of the satellite relative to the orbital coordinate system, @, be the angular velocity of the WBT
coordinate system relative to the Koenig coordinate system, and o, be the angular velocity of the WBT coordinate system relative

to the orbital coordinate system. Then G =&, + ), wj = Wy, + 7, B=0, + 4y, + w. In addition, according to [25], there are
equalities:
byibyy + bgbyy + bazhas + biawy
Wy = Wy, +@o = | byybyy + biobgy + bisbys + baswy |- G
b21i)11 + b22512 + b23513 + b32w()
According the transition theorem:

| dw

= =— —w XW. 4
dt TYz dt WBT ( )
At the same time:
dis, di, R di, dw’
— 2 =92 —w’ X Wy, —— = — 5
dt oye dt lyer dt oye dt 2y dt e ( )
By definition, in WBT axes:
d)b
dw ot
d_tb =%, |- (6)
WBT U.de

Therefore, taking into account Eq. (2), in the Cxyz axes we get, in the first approximation, the following equalities:

X 4 ’ ; ’ ’
4@ “b, Wy Wz — Wz Wy 1 ¢ -0 Wp, Wy Wy, — Wiy,
b — NT N ’ ’ N N _ ’ Ly
Xyz . ’ oy . . ; L
W, W Wy — Wy Wy 0 e 1 W, Wi Wy, — Wy Wy
@)

. . . ’ ’
Wy, F Ywy, — 0wy, — wywy,, + wlwy,
. . . ’ ’
= | =y, + @y, + oy, — Wowp, + Wiwy,

. . . , ,
ewbl - wwbz =+ wb3 - wzwby =+ wywbz

Note that the angular velocity ’ in “airplane” angles has the following form [21]:

o —1psinb
W = | fcosp+sinpcosh |- (8)
1 cos @ cos 0 — ésing&
Let us revisit the definition of the local derivative to derive approximate value of the vector %’ +y- With up to the second-order
precision, represented in terms of angles and angular velocities:
i $—sind 10 —sinf \ (9
7 ~ | Ocosp+psinpcoshd | = (0 cosp  Sinpcos 6’) 0] 9)
Yz ¥ cos 0 cos p — G sinp 0 —sing cosfcosp/ \y

The derived equations will be used to derive differential equations of small-amplitude oscillations of the satellite in WBT axes.

4. Dynamic Equations

Let M,,M,, M, be the projections on Czyz axes of the principal torque vector M = M, + M, of electromagnetic forces acting on
the satellite. Since dynamic Euler equations:

—[(C = B)w,w, — M,]/A

‘é_f — | -l(A- ). — M) /B |, (10)
vz —[(B—=A)w,w, —M]/C

in the terms of “airplane” angles, can be reduced to the form dd—ﬂzyz = F“(t, ©, 0,7, ¢, é,mb), then based on Eq. (9), the required system
of differential equations will take the form:

-1

(G 1 0 —sin® 1 cos® sin@sing  cospsind
(6) = (0 cos sinupcos@) F(t,9,8,0,9,0,0) = oad ( 0 cosfcosy —sinupcosﬁ) F(t,¢,0,0,¢,0,7). (12)
) 0 —sing cosbcosy cos 0 sin cosf

Taking into account only linear terms of this differential equation, we arrive at the following:

¢ 10 0N .

b 0 o 1
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The expression of F(t,@, 0,0, ¢, é,mb) is derived from dynamic Euler equations for the case A = B = C considered below in the

form:
M
dd| 1 ¥
al,, " (My) ‘ 13
ayz M,
Given Egs. (4) and (5), we get:
v Wy, by, — By, — wywy, + Wiy, . M,
el I —PWy,, + Wy, QW — Wwp, +Wowy, | = 1 (]\/‘[y> . (14)
" layz By, — Py, + Wy, — Wy, + W Wy, M,
Then,
) o ) M, Wy, + Ywy, — Ow,, — WyWy, + Wlwy,
F(t,0,0,0,¢,0,¢) = a M, | — | =iy, + oy, + oy, — wWiwy, +wiwy, | (15)
M, Oy, — Wy, + Wy, — WoWyy + Wy W,

Note that in the Czyz axes:
Wy, 1 v —0 W, wy, + Ywy, — wy,
T =NT (%2) = (1/; 1 Lp) (wbz) = | —Ywy, +wpy, +pwy, | (16)
We, 0 —p 1 “o, Owy,, — puy, +wp,
In addition, since © = &, + «’, then:
4wy, + buy, — Buy,,

0— bwy, + wp, + i, | (17)
b+ Owy, — puy, +wy,

€l
I

Let’s denote g; = w, . Then, Egs. (12) and (15) for the case A = B = C take the form:
1 0

¢ = ZJ\/[x +Z]”z — gy — g, + Ogg — g,
PR | [ . . : .
0 =M, =M, + Yy — G, + Y9, — P9, (18)

P :ZJ\/[z Jf%]uyfegl — g3+ @gy — 0g;.

5. Torque of Electrodynamic Forces

The idea of electrodynamic control is based on the assumption that the controlled vector P of satellite electric charge dipole

moment and vector I of satellite magnetic moment contain restoring and dissipative components. So the P is generated as a sum
S o - = kp = N hy — . .. . - .

P = Py + Pp, where P, = ﬁk, and P, = ﬁw’ x T are the restoring and dissipative components of P respectively, k, and h, are
scalar multipliers selected at the stage of control synthesis, and % is the unit vector of the Cz axis. Then the torque of Lorentz forces
takes the form:

M, = By, + 6y, = ok x T o ke (7 T) x T
i, =M, +M; ==2kxT+=2(xT)xT, (19)

] 7

In projections on the z,y, » axes, we have:

_ k, - . L 0 31 —Ngg
Mg, = |TT kxT=kpkxt=kp (0] x|ns2| =k | na |, (20)
1 Ti33 0
h N1 Wy,
M = %(W xT)xT=hytx(Exw)=hy [{{ )] =hy, {(w;n31 + Wy + Wingg) <n32> - (U{; } ) (21)
| | 33 W),
_ N3y lr N3y W "
Mp=kp | na1 | +hy | (Wong +wyngs +wings) | Me2 | — wy | |- (22)
0 L N33 Wl J

Using the expressions (1) and (5) and discarding the values of the second order of smallness, we obtain:
_ —p 0 ‘P Erop + hrow
My = kg, (‘6') +hy, <0> —10)|=- (kLOHJrh,LOé)- (23)
0 P 1 0
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The control torque M,, is constructed similarly. The controlled vector I is generated as I = I, + I, where I, = k‘%“]j, and T, =

Mg — B . C = . .1
‘g‘g w’ x B are the restoring and dissipative components of the vector I respectively, k; and hy, are the scalar multipliers, and j

is the unit vector of the Cy axis. Then the torque of magnetic forces in linear approximation takes the form:

~ ka, o+ hog, @
My, =— 0 . (24)

Epg b+ hoy, ¢
Based on Egs. (11) and (12), the principal moment M of electrodynamic forces in linear approximation has the form:

(kpy +kagy) e + (hpy + Ty, )@

M=— ey 0+ hy, 0 . (25)
Fepg W + By ¥

When substituting Eq. (13) to the system (10):

2 Hy+H, —g95 9 @ Ky+K, 0 gy ® 0 91
@ ) () O e ) () () (2) &
Y 92 g Hy 1/) 0 g Ky ¥ 0 g3
where Hy; = hy, /A, H, = hy [A Ky = ky, /A, K, =k /A Numerical research has shown that the nonlinear term K¢y has the
same order as the linear terms, therefore its accounting is necessary. This is the only one nonlinear term that should be taken into
account. This is caused by the fact that the dimensionless coefficient X, = K,,/Aw? is of the order of 10, and the product of
amplitudes of oscillations of ¢ and ¢ angles is of the same order of smallness as the amplitude of oscillations of the § angle.
As we will see later, this circumstance will not interfere with the construction of an approximate analytical solution. The
coefficients in the equations of the system (14) depend significantly on the model of the geomagnetic field and the parameters of

the satellite's orbit. For the purpose of this initial investigation, we will assume that the geomagnetic field is represented by an
"inclined magnetic dipole", and the satellite's orbit is circular and equatorial.

6. Calculation of g; Functions for the Case of a Circular Equatorial Orbit

Let's find the transition matrix 3 = (b;;)7 from C¢n( to the WBT coordinate system. To achieve this, we first express the
components of the vectors W and 7' in terms of the components of the vector B. For the case of a circular orbit, 7, = v, £. Therefore:

T.=0, T,=-v.B., T.=v.B,,

(27)
W =v.(B2+B?), W,=-v.B B, W, =-v.BB.
Thus, the desired transition matrix takes the following form:
v, (B2 + B?) B 0
BT [P
_ 7110BnB§ ﬁ 7 v B¢ (28)
B[] Bl 7]
v.BeB.  B.  v.B,
BT 1Bl 7]

In projections on the axes of the orbital coordinate system, the magnetic induction of the geomagnetic field has the form [8]:

B = (Rp/R)*(gi sinug — hi cosug),
B, =—(Rg/R)’4}, (29)

B = 2(Rg/R)*(g1 cosuy + hisinuy).
Note that it is possible to simplify Eq. (29) by introducing an auxiliary angle ~ = u, — arctan(hl/g}) and using the equalities:
gisinuy — hlcosuy = Bsin~y,  gicosuyy+ hisiny, =B cosn, (30)
where g = —1671.8 nT, hi =5080.0 nT, B = \/(g1)? + (hi)? = 5348.0 nT. Taking into account the notation o = —g{ = 29556.8 nT’, § =
(Ry/R)?, we can convert Eq. (15) to the form:
B, =dfsiny, B,=da, B;=20Fcosy. (31)
Further to calculate g, g, and g3, we introduce the notation:

2 4 2
IT = /a2 4 B2 = 30036.7 nT, A= %BZ = 0.095104 nT, A, = 12 = 0.13096 nT',
(e (e

(32)
1 1

e = (S) =
1) V14 A cosn? 2(1) V14 A, cosn?
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Then g¢,, g,, and g, can be represented (see formulas (A.9), (A.10) and (A.11) in Appendix) as:
1 = (305 — 205) 2 sin(7) ,(3) 0,(1), (33
262 (wy — w . aw
gy = - 2208 G2 ) 0, (1)65(0) + S0, 1), €2
452 + 0?)(wy — 2
gy =~ 2O L0 —08) 1,03 21910, () - 2 cosy 04, (5)

Periodic functions of ~ included in the expressions (33), (34), (35) can be approximated by the following partial sums of Fourier
series with an accuracy of 107

siny O, () ©5(~y) = 97325 - 107% sin~ — 26025 - 106 sin 3~ + 70382 - 108 sin 5~ — 19242 - 10~ sin 7,
sin?(y) ©;(v) ©3(y) = 47922 - 107° — 49927 - 1075 cos 2~ + 20751 - 1076 cos 4~ — 73048 - 1078 cos 6~ + 24216 - 1079 cos 8,
O,(y) = 97742 - 1075 — 22197 - 107 % cos 2~ + 37805 - 1078 cos 4~ — 71542 - 107 cos 6, (36)
cosy ©2(~) Oy(~) = 89177 - 1075 cos~ — 34171 - 1076 cos 3~ + 10962 - 107 cos 5~ — 33093 - 1079 cos 7,

cosy Oy () = 95456 - 107° cosy — 14567 - 1070 cos 3~ + cos~ Oy (7)
= 95456 - 1075 cos~ — 14567 - 107 cos 3~ + 33516 - 1078 cos 5~ — 85792 - 10710 cos 7 ~.

Numerical investigation confirms that the derivatives of functions g¢,, g,, and g, with respect of ~ are equal to the derivatives of
the partial sums found with the specified accuracy.
7. Reducing a System of Equations to a Dimensionless Form

Let's replace in the system (14) derivatives by time ¢ to derivatives by the dimensionless variable ~. Considering that < = w, — wp
and introducing the notation w, —wp = Aw, G, = g;/Auw, % =( ), Hy=Hy/Aw= ij“ Kor = Ky /AW = Akji“m H,=H,/

hyp 2 22 in:
Aw=x%, K=K /Aw’ = 55 we obtain:

" Hy+H, —G5 Gy @ Ky+K, 0 G} © 0 G}
(9”) + Gy H, -G, (a) + 0 X, -G <9> — Ky <¢w> +ley] =0 (37)
Y —G, Gy, Hy) \¢ 0 Gy Ky \¥ 0 Gy
The problem of passive implementation of the oriented motion of the satellite in the WBT coordinate system will be carried out

if values k; ,hy .k ,hyy, are constant. Therefore, the coefficients J ., X 5, # ., X , must also be constant.
It follows from the expressions (33), (34), (35), (36) that for functions G,, G,, G, partial sums of Fourier series have the form:

G, = S}siny + S3sin3~ + S?sin5~ + ST sin 7+,
— 02 4 e 6 s 8
G, = C9 4+ C3cos2~+ C5 cosd~ + CS cos6~ + C§ cos 8, (38)

G4 = Cj cosy 4 C3 cos3~ + C§ cos 5~ + CJ cos 7.

8. Constructing a Periodic Solution

Passing to constructing an approximate analytical solution of the system (37), it should be noted that the amplitude value of
the function G}(~) is much greater than the amplitude value of the function G;(v). Numerical calculation (Fig. 3) shows that the

ratio of the amplitudes of these functions is approximately equal to 26.
Therefore, the system (37) can be simplified by replacing it with a system with skew-symmetric matrices for both angles and

their derivatives:

¢ Hy+Hy =Gy Gy ¢’ Ky+Xe 0 0 ¢ 0 G
(9”> + Gy He -Gy (9/> + 0 KXo =G <6> — Ko (W/’) +16Gy| =0. (39)
U’ -G, G, H,) Y 0 G, K/ \ 0 G}
0.4
0.2
— GZ'
1 2 3 ] 5 6 Gy’
-0.2

-04

Fig. 3. Functions G/ (v) and G}(v).
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We will look for a periodic solution of the system (39), which describes the steady-state oscillations of the satellite Czyz axes in
the WBT coordinate system.

To construct steady-state oscillations, including in nonlinear differential systems, the harmonic balance method is usually used,
especially in situations where, due to the required accuracy, it is sufficient to construct a periodic solution in the first approximation,
taking into account harmonic oscillations of only the main frequency. When using this method to construct a solution which takes
into account higher-order harmonics, that is, in the form of partial sums of trigonometric series, we meet overcoming significant
technical difficulties of solving systems of nonlinear algebraic equations to find the coefficients of these trigonometric series.

In this article, to address these challenges, we present an alternative approach to constructing periodic solutions that
incorporates higher harmonics for a non-autonomous differential system of the sixth order. The method of generating solutions is
based on introducing auxiliary imaginary variables used to convert the initial six-order non-autonomous system of differential
equations to an autonomous eight-order system of differential equations. This transformation simplifies the process of analytically
finding the coefficients of a trigonometric series, as it reduces to sequential transformations using recursive formulas.

To derive an approximate analytical solution for the system (39), we introduce two auxiliary variables y;, = e??,y, = e~*. This is
sufficient to autonomize the system (39) via using the equalities 172 = cosy and %722 = sin~ to eliminate its explicit dependence
on the variable ~. With this, we introduce two additional differential equations y; = iy,, y5 = —iy,, which variables y, and y, satisfy
[26].

Let us expand the functions in the equations according to the powers of their arguments, i.e.,, by powers of variables
©0,¢,0,0 0,9 y;,y,. This transforms the system (39) into the form:

"

) H,+H, 0 CF @ K.+Ky O 0 ®
Y —CY 0 Hy Y’ 0 0 Ky ¥
0 0 0 0 0 0
o <C§/2> +u7 ( 0 ) +yi <C§/2> +yi ( 0 ) +y1 <C§/2> + 8 ( 0 )
0 —C3/2 0 —C3/2 0 —C3/2
0 0 0 0 0 0
Yo <C§/2> +y3 ( 0 ) +y3 <C§/2> +ys ( 0 ) + 5 <C§/2> +95 ( 0 )
0 —-C3/2 0 —C3/2 0 —C3/2

—C3/2 —C3/2 —C3/2 —C3/2 —C3/2 —C3/2
+6 {m( 0 >+yf< 0 )Hﬁ( 0 ) +¢ |:?/2( 0 >+y%( 0 )+Uz< 0 )
S1/2i 53 /2i 5% /2i —51/2i —53/2i — 8% /2i

+¢’ +

+y’ +

+

0 22 ‘ 0 ci/2 0 (G52
+ {ul (—S%/2i> +ui| o ) + 43 ( 53/2i> +ui ( 0 ) + 3 (—S‘{’/Qi> + 48 ( 0 ) +
0 02/2 ci/2 0 cs/2
U |4 (S}/%) +93 ) +43 (S 2t> +1 ( 0 ) +y3 (S‘?/Q’i) +43 ( 0 ) +
0 0 0 0
0 0 0 0 0
+6 2/1(0>+yf<0>+y1(0 }+9{u2<0>+y3<0>+y3( >+
51/2 353 /2 552 51/2 3532 58%/2

+i +

0 0 0 0 0
o (=si2) ot (-astre) oot (<ssig2) | o (-stre) + (-astre) vt - W)} ( )+
0 0 0 0 0
Si/2 0 383/2 0 557 /2
+y; ( 0 ) +y? ( Cf/z) +yi ( 0 ) +yt (—20;%) +yP ( 0 ) + 48 ( C§/z>
—C3/2i 0 —3C3/2i 0 —5C% /2i 0

Si/2 0 353/2 0 557/2 0
+y, ( 0 ) +v3 (C%/i) + s ( 0 ) + 5 (20;*/7:) + 5 ( 0 ) + 95 (303/7:) =0.
C3/2i 0 3C%/2i 0 5C5 /2 0

The expansion of the left side of the system (40) is the six-order system, and we will look for a solution in the form of a partial
sum of the Fourier series of the 5th order:

T . .
(@(),0(0),0()) = Ayoys + A1y + Agyt + Apy1s + Agat3 + Azt A+ Ag yiys + Aoy 93 + Agays (41)

+ALYt + A3 Uy + Agoyius + Arsyivs + Aouws + Asoyt + Anyiys + Azytu3 + Agsyivs + Ayivs + Agsys,

where 4, = (®,,,,0,,,V,,)" are the constant vector coefficients. The solution is a real function, so 4,, = 4,;, and:

(@(“1)7 6(“()7¢(“f))T = 2(_ sin(y) Im (A + Ay + Agp) — sin(2y) Im(Ayg + Ajyy) — sin(37) Im(Az + Ayy) — sin(4y) Im(Ay)
—sin(5y) Im(A5q) + cos(27) Re(Ayg + Agy) + cos(v) Re(Ayg + Ay + Agy) + cos(4y) Re(Ayp)
+ cos(37) Re(Agy + Ayy) + cos(57) Re(Ayg)) + Re(Ay; + Ayy)

When searching for these coefficients, we will not use the equation y, y, = 1, but will consider y, and y, as independent variables.
When substituting Eq. (41) into Eq. (40) we first equate the coefficients at the first powers of y; and y,. Thus, we obtain the following
systems of linear algebraic equations with respect to ®,,, ©,y, ¥, and ®,,,0,, ¥;:

o {1+ (T o+ TCop) + (K g+ K )} + W53 S1/2
O {—1+iH + X} +( 0 )_0
Uo{—1 =i pp + Ko} +iCLB, iC3/2

Onf{-1—if  + K} 0

oy {1 =T o+ T o) + (K g+ K pp)} — W, CFi St/2
+ =0
o {—1 4 i 0y + Ky} — iC9B, —iC3/2
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For these systems, we immediately find that ©,, = ©,, = 0. Then, it is not difficult to find the remaining coefficients:

C9C5 + SH(iH p + Ky — 1)

@)= :

0=y (O + (90— i(H g = D) (I, + T3 — (K + Fpg — 1))
v iC9ST — C3(H 4 H oy —i(Kp+ Ky — 1))

0y (032 + (H oy —i(Kpy = D) (FH o+ Ty — (K + Ky — 1))>v

(43)

o — CICE + SH—iH yy + Ky — 1)

" (CF + (90 +i(Kps — 1) (I, + F o+l + 5y — 1))

_— CHHp+H oy +i(Kp+ Ky — 1)) +iCHS]

01 —

2(CF + (0 +i(K g = V) (I + Ty + (K + Ky — 1))

Now we will equate the coefficients for y{y%, where k +i = 2, thatis, the coefficients of the second order. At the same time, we
will immediately take into account that ©,, = 0,, =0.

When equating the coefficients at 32, y3 and y,y,, we get:

oo {—4 4 2i(H ; + Hpp) + (K + K pp)} + 200,CF 0
( O {—4+2iH ; + K} ) + (iq’100§/2 — U, St +iC3 — j(M(bIO\I}m) =0,
Woo{—4+ 2iH 5 + Ky} — 2iCIDy, 0
oo {—4 = 20(FC ; + H pp) + (K + K pp)} — 200, CF 0
( 602{_4 - 21’7‘[5 + jCL‘} ) + <_i¢'010§/2 - \IJ()1S11 - iCQQ - .7(M<1>01\I/01) - 07 (44)
Uoo{—4— 20 + K i} + 2i<1>02020 0

Q11 (K o+ Kae) 0
O X ¢ + i Py — Pp1)/2 | — K py (@190 + Py ¥y) = 0.
0

\Il()Zj(]V[

It is obvious that the coefficients ®,, and ¥,,, (i + k = 2) are equal to zero, and the coefficients ©,,, (i + k = 2) are obviously
expressed in terms of the coefficients of the first order that have already been found:

_ C3®y + 203 + 2iV,5(PyoK 5 + 51)

0, .=
20 4T, — 2i(K , —4) '
@1,1 = 2‘7{.7»’[((1)10\1/01 + q)(];?(lz) + iCZ%(é()l — q)lﬂ)’ (45)
@ _ _CI%(I)(H — 2022 + 2’L‘\Ijﬂl (q)UIjCM + Sll)
0,2 — 8

AT, +2i(K ; —4)

The calculation of all required coefficients is described in detail in Appendix.

9. Computer Simulation and Comparison of Results

Since the goal of our investigation is to construct a periodic solution, it is convenient to represent the result in phase planes
(p,97), (0,8") and (,7’), where periodic solution corresponds to closed phase trajectories. Figures 4 to 6 present these phase planes,
numerical solution of precise nonlinear system and analytical solution. For the numerical solution, it is necessary to fix the values
of the parameters: k;,=0.01893 N-m, k,;y = 0.01923 N-m, h;, = 0.4701 N-m-s,hy;, = 0.4801 N-m-s. The initial conditions are
(0,27 (0),8(0), 8'(0),0(0), v (0).

The analytical solution for the selected parameter values takes the form:

©(7) = 0,000659712sin(y) — 0,00155533 sin(3+) — 0,000157833 sin(5v) + 0,0239189 cos() — 0,00532652 cos(37y) — 0,000111084 cos(57),
0(v) = 0,0000147992 + 0,004892765 sin(27) + 0,00321607 sin(4+) — 0,000852243 cos(27) + 0,000390873 cos(47), (46)

P(y) = —0,048987 sin(y) + 0,0134634 sin(3~) — 0,000247052 sin(57) + 0,00141578 cos(~y) — 0,00501831 cos(3y) — 0,000009.21793 cos(57).

The comparison of the constructed analytical solution with the results of computer modeling is represented in terms of average
integral deviations. Calculations show the values of integral average deviations A®, A®, A¥ of the analytical solution from the

numerical solution:
Ad = 0,000056, AO = 0,000070, AW =0,00014. (47)

These results confirm the high accuracy of the constructed approximate analytical solution. It follows from Figs. 4 to 6 that the
angles ¢, 6 and 1 vary respectively within the segments [—0.024,0.024], [—0.008,0.007], [—0.07,0.07].

Now we can compare solutions for another set of the parameters: k;, = 0.01769 N -m, k,;0 = 0.01665 N-m,h;,=0.4330 N-m -
S, hp =0.4285 N-m - s.
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As we can see, kg, kug:bro, b are now smaller, A is greater, so oscillation amplitude increased. This fully corresponds the
physical reality: dissipative and restoring torques decreased and inertia torque did not change. Integral average deviations
A®, AO, AV of the analytical solution from the numerical one is as follows:

A® =0.00040775, AO =0.00109236, AWV = 0.000530959. (48)

10. Comparison with Harmonic Balance Approximation Method

Now we will try to compare our solution with the one obtained with the harmonic balance method. To use the harmonic balance
method, we will seek for the solution in the form:

O (t) = $yy sin(t) + Py, sin(2t) + Pygsin(3t) + Oy cos(t) + Py, cos(2t) + @4 cos(3t),
O(t) = Oy sin(t) + Oy, sin(2t) + O,q sin(3t) + O, cos(t) + O, cos(2t) + O44 cos(3t), (49)

U(t) = Uy, sin(t) + Uy, sin(2t) + Uys sin(3t) + Uy, cos(t) + Uy, cos(2t) + U5 cos(3t)

After substituting Eq. (49) in Eq. (39), we get a huge nonlinear system of 18 equations (50), that we cannot separate from each
other. The reason why a higher order approximation is not considered is because of the high computational complexity:

24.1834®,, + 0.630302%,, + 0.996421W,, + 0.00482853W o, + 0.5347780 4, — 0.532432 = 0, (50a)

6.34556(— By Wy — Doy Way — Dio Wy — By Wy = Byy Wy — iUy — By, Wy — By W) — 0.534778% — 0.273335W,, + 1149230, ()
+0.3118410,, =0,

—1.00514®,, — 0.0116715®,4 + 11.6911F, + 0.318461F,, + 0.2733350 ,, = 0, (50c)

—0.630302,, + 24.1834®,, — 1.00514%,, — 0.00389048%,, — 0.5596276),, = 0, (50d)

6.34556(®1Way — ®15 Wy — Py Wy + oy Wiy = Do Wig o+ Pyp W — @1y Wi + By W) + 0.55962705 — 0.2590970 — 03118410, 50
+11.49230,, =0,
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0.996421® | + 0.0144856D,, — 0.318461W,, + 11.6911Wy,; + 0.2590976,, + 0.547202 = 0, (50f)

21.1834® , + 1.2606@,, + 2.0025W,, + 0.2673890,,; + 0.8213250,; = 0, (50g)

6.34556 (D, Wyy — Dy Woy — b Uy — BT — B Wy — Dyp Wy ) — 0.267389B,, — 0.821325P,, + 0.5181940,, — 0.532047V (50h)

+8.492250),, + 0.6236826),, = 0,

—2.00062®,, + 8.691120 , + 0.636923W,,, — 0.5181940), + 0.5320476,, = 0, (50i)

—1.2606® , + 21.1834®,, — 2.00062¥,, — 0.2798146,, — 0.8202830 ,;, = 0, (50j)

6.34556(— B Wy — @) Woy — Dy Wy — Do Uy, + By Uy + B, W, ) + 0.279814F,, + 0.820283® 5 + 0.546670,, — 0.5328170,, (50K)
— 0.6236820), + 8.492250,, — 0.017438 = 0,

2.0025® , — 0.636923Ps 5 + 8.69112W,, — 0.546676,,; + 0.5328176,, = 0, (501)

16.1834,;, + 1.89091®,, + 0.0144856W,, + 3.00228W,,, + 0.547550,, + 0.0427138 = 0, (50m)

—0.54754B,, — 6.34556D,, W, + 0.79922W 1, + 6.34556 (— D, U, + oy Wy, + By Woy) + 3.492250),, + 0.935520,, = 0, (50m)

—0.00389®,, — 3.00239D,; + 3.69112W ., + 0.95538W,, — 0.799220,, = 0, (500)

—1.89090® , + 16.18337d,, — 0.011671%,, — 3.00239¥,, — 0.546850,, = 0, (50p)

0.54685® 1 + 6.34556(— Do U — o U,y — B Wy — B Woo) + 0.79807W0y — 0.935520,, + 3.492250,, = 0, (50q)

—0.03727 4 0.00482® | + 3.00228®,, — 0.95538W , + 3.69112W,,, — 0.798076,, = 0. (50r)

System (50) can be solved numerically, while analytical solution is not a trivial problem. Upon calculating the coefficients for
the third approximation and determining the mean integral error, it becomes evident that both methods demonstrate equal
accuracy regarding the angles ¢ and ¢. The phase portraits of the solutions obtained are shown in Figs. 10 to 12.

The mean integral error values for harmonic balance method are as follows:

AP =0.0001818, AO =0.0026340, AW = 0.0004215. (51)
and for complex autonomization method:
A® =0.00021054, AO =0.0028450, AV = (0.0003451. (52)

The deviation in the angle 6 for the third approximation in both instances is of the same order as the oscillation amplitude. This
is due to the fact that a higher order of approximation, at least the fifth, is required for the theta angle oscillations. The method we
employed earlier performs exceptionally well in constructing such an approximation. Meanwhile, the harmonic balance method
necessitates resolving a nonlinear system comprising 30 interrelated equations. Solving such a system requires significantly more
computational power, which indicates that the method under consideration has a considerable advantage over the classical
harmonic balance method. Verification shows that some modifications of the harmonic balance method, which allow avoiding the
calculation of solutions to a nonlinear system, do not provide any gain in accuracy either, but require a larger volume of calculations.

¢
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0.02 iy
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-0.02
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Complex autonomization

Fig. 10. Phase plane (¢, ¢’).
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Fig. 11. Phase plane (0,0').
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Fig. 12. Phase plane (,1/).
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11. Conclusion

Thus, in the course of the work done, a computer simulation of satellite oscillations in the newly introduced magneto-Lorentz
coordinate system in the gravitational and magnetic fields of the Earth was carried out. The study is based on a system of
differential equations derived for this purpose, describing the mode of passive electrodynamic attitude control of the satellite.

The method of complex autonomization was used to construct an approximate analytical solution describing the steady-state
oscillations of the satellite. By analogy with the harmonic balance method, the periodic solution is constructed as a partial sum of
a trigonometric series. Despite this analogy, the proposed method compares favorably with the harmonic balance method for the
following reasons. Firstly, unlike the harmonic balance method, which requires solving a system of nonlinear algebraic equations,
the proposed method requires solving a much simpler linear system. Secondly, the system of algebraic equations for the
coefficients of these series is an easy-solvable system of recurrent equations, which distinguishes it from a similar system of the
harmonic balance method, all equations depending on all unknown values at once. Thus, the procedure to find the coefficients of
trigonometric series analytically brings no difficulties, since it reduces to elementary transformations (can even be performed
manually!) by recurrent formulas.

It is important that an analytical solution describing the steady-state oscillations of the satellite can be obtained in this way
with any desired degree of accuracy. In this paper, for example, the expansion of a periodic solution into a trigonometric series up
to and including fifth-order harmonics is constructed. A comparison of the constructed approximate analytical solution with the
periodic solution obtained numerically shows a high degree of accuracy of the analytical solution in the specified approximation.
The practical significance of the method of analytical construction of a periodic solution demonstrated in the work is based on the
fact that, at first, it allows to estimate the magnitude of these oscillations with any required degree of accuracy and, therefore, to
justify the necessity to take these oscillations into account in the satellite mission. Secondly, the analytical expression of steady-
state oscillations allows to make correct adjustments of measurements of on-board instruments and improve the accuracy of
information transmitted from the satellite.
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Appendix

A.1. Calculation of g, Functions

Representations for absolute values of B, T' and W vectors have the form:

|§| =3y/a2 4 B2sin2y + 4B2 cos? vy = §1/a2 + B2 + 3B2 cos? v,
IT|=, [v2BE +v2B2 = v,8+/a? + 432 cos? v, (A1)

W|=|B||T.
The same absolute values in the introduced notation:

|§| =TI6y/1+ A cos?,
7] = vedar/T+ Ay cos? 7, (A.2)

‘VT/| = 15%v,ay/1 + A, cos2 v /1 + A, cos? y.

Now we can derive the formulas for b,;:

. 1+ Aycos?y b _B sin ~y be —0
BTV 1+ A cos2y S| 14+ A, cos?y o

B sin ~y «Q 1 28 oS~y

by = —— bpyp = py =SSN A3
2 II\/T+ A, cos?y4/1+ A,ycos2y 2T\ /1+ A, cos?y 32 o /1+ A, cos?y (A.3)
B2 sin 2~ 28 cos 1
big=——= 5 5 bag T A oA bss s T e
oIl \/T+ A cos2y/1+ A,cos?y I \/1+ A cos?y V1+ A, cos?y
Taking into account that dB /dy = B. /2, dB/dy = —2Bg, dB, /dy =0, we get:
- d B:B; + B,B, + BB/ B.B 6232 sin 2
[ T 7 e Bk Rl S S R (A.4)
dry B2+ B2+ B? 2 |B| 2|B|
. B, B! + BB, B.B 232 g
T} = [B 4 B =0 et gD 2y (A5)
dy \/ B3+ B2 a ]

Here and further, the (...) sign denotes derivative with respect to ~. Before finding g,, let’s write the expressions for w, ;. Taking
into account that bij = bj;(wg — wp) = bj;Aw, we get the following:

. : . B.(B,\ B, (B B, (B,|B| - B,|B| B, (B.|B| - B|B
Aw = byybyy + bygbyy + byghyy =0— v, — [ = | +v, =2 | = | =—p, = [ L1 )y | 2L P
LJ31701/ w 31021 32022 33023 Ve |T| <|B> Ve |T| <|B> Ve |T| , ‘B|2 Ve |T| ‘B|2

. _, _, . v.B B v.B
—B'B,|B|+ B.B,|B|' + B, B.|B| — B B.|B|') = -1_¢ = _g¢_t"n (A.6)
( n C‘ | ¢ T/| | n C| ‘ n €| ‘) ‘BHT‘ |BHT|

— ,UC
BT

77% sin~y

I\ /T4 A cos?7y/T+ Aycos?y
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’
. . . v.B,B v, B v, B:B. (v.B
Wyya/ B = byybyy + bigbay +bighyy = 0 — —==F ( = c) %( = n)
' 7I[Bl\ 7] 718 \ IT

962

2 T| - B|T| B|T| - B,|T|
Lo (UL BT L (T
T i i 2 - @
v2 N . . v?B,_B, B, v2B, B,
B,BeB|T| — B,B.B(|T|' — B¢B B,|T| + B¢ BB, |T|') = “=L =5 = 2 1%
‘T‘ ‘B|( C‘ | 3 C‘ ‘ £7¢ 'r]| | £7¢ 'r]‘ |) ‘T‘2|B| |T|2‘B|
772_B2 sin?y
Ho \/T+ A cos?v (14 A, cos?y)
JAW = by by + bygbyy + bysh Bﬁ( (BQ+BZ) n( ”BB) Bc( ”cBch)/
Wpo3/ AW = 091011 T 022012 1 023013 = =7 5= =
’ B[\ |B|IT] BI\ BT ) " [BI\ |BI|T| /
_ o (28,8, +2BB)|B||T| — (|BT) (B + B)\ . ((B;Be+B,BOIB|IT| ~ (IB|T]) B, Be
Bl WHﬂz ! |BJ2[T?
— —_— ’
(BB + BBY|B||T| - (|BIT]) BeBe
| BJ2|T?
N N4 115 N 1B A8
WWWP%&QBW\BﬁﬂWWD*3ﬁmmm)f%%WWHBﬁmﬂWU*QQBW\ (a8
. - v,
&%QWW+¥%@WM WWN%&Q B{(B2+ B?)] = |HWWQQ+QwMBM
3
= |B| |T‘ ——< - [48%3 sin? y cosy + 63 B cosy (a? + 4% cos? )] = %Mﬁz sin? v + a2 + 48% cos? 4]
2 2
:_v,iﬁc?q7[462+a2]:_b’(4b’ J;a) cosy 7
|BP2|T| all (14 A cos?y)y/1+ A,cos?y
Now, we can derive the expressions for g;:
77% siny 7& siny w
= I \/1+ A cos2y+/1+ A,cos?y H\/1+A 07 \/T+ A, cos?y (A.9)
B sin -y ’
= (3w, —2
(80 = 23) H\/1+A cos? v /1 + A, cosy
232 sin? v a 1
- Aot Sd — ,
92 e /1 + A cos? v (14 A, cos? ) w+H\/1+A10052’yw0 (A.10)
26___cosy (A.11)

B(45% 4+ a?) cosy

= — - W,
9s oF (14 By cod V1T Ageosts @ /Tt Bacon

A.2. Systems of Equations for Finding Coefficients of the Third and Higher Orders
Further let's find coefficients of the third order, by equating expressions with the same powers after substituting Eq. (24) in Eq

(23). Equating expressions with y3:

Do {9+ 30(F o + T o) + (K o+ K )} + 310509 0 —C1/2 C2/2 0
+i<1>10< 0 )+2i@20< 0 )+i\1110( 0 >+@20< 0 )
St/2

Oy0{—9+3iH , + X .}
2 .
_CQ /2 511/21 BM/2 (A12)

Va0 {—=9+ 3iH 5 + K 5} — 3iCIP4,
352/2
+ ( 0 ) =0,
i3C3/2

Equating expressions with y3:

D3 {—9 = 3i(H o + T p0) + (K o+ Kpp)} — 30503 0 ~C}/2 cz/2 0
6()3{_9_3i}[£ +’7(£} _iq)(ll ( 0 ) _2i®()2 ( 0 ) _i\Il()l ( 0 ) + 6()2 ( 0 )
—c2/2 — 812 0 St/2

Wos{—9 = 3iH e + K o} + 3iCIDy,
35%/2
+( 0 ) =0.
—i3C3/2

Equating expressions with y3y,:

o {1+ i(H o+ Hpp) + (K o+ Kpg)} 105, C3 0 cz/2 ~C1/2 0
O {—1+iH  + X} —i®y, ( 0 ) — il ( 0 ) + 20, ( 0 ) +0, ( 0 ) =0. (A.14)
Wy {1407 50 + K e} — iCOBy, —C3/2 0 —S1/2i St/2
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Equating expressions with y3y,:
Do {—1—i(T o+ App) + (K o+ K pp)} — 19,09 0 C3/2 —C1/2 0
O {—1—iH  + X ,} +i®y, ( 0 ) +i0y, ( 0 ) —2i0, 0 +0, ( 0 ) =0. (A.15)
U {9 —idy + K e} +iCOD,, —C3/2 0 S1/2i 51/2

When solving these four linear systems, we find all the coefficients ®,,,0,,,¥,, for i + k = 3. However, it can be noted that the
©-coefficients of the third order are equal to zero.

This pattern will be observed: © coefficients of odd orders will always be zero, and @, ¥ coefficients will be zero in cases where
they have an even order. Let's continue in finding the coefficients of the fourth order (i + k = 4). Equating expressions with y3:

Dy { =16+ 4i(FC 5+ T pp) + (K + K )} + 400,405 0 0 0 0
O,0{—16 4+ 4iH .+ X .} + 3i®4, (C%/Q) + 1Py, (Cg/?) + 31V, (—S}/Qi) + ¥y, (—S%/?i
0

Wo{—16 + 4iF 5 + K} — 4iC9 Py 0 0 0 ) (A.16)

0 0 0 0
+ U3 <_S11/2> + ¥y (‘35?/2> + (273051> — Kne (‘1)20\1’20 + P30y + ‘1)10\1130) =0.
0 0 0 0

Equating expressions with y;:

Doy {—16 — 4i(I ; + T pp) + (K o + K pp)} — 410, CF 0 0 0 0
Op{—16 — 4i% , + K 2} — 3idy, <C31/2> — iy, <C§;/2> — 3l (S%/Qi) — W, (Sf/Qi)
(A.17)

Wy {16 + 40T o + Ky} + 4iCI%,, 0 0 0 0

0 0 0 0
+ W3 <S11/2> + ¥y, (35?/2) + (—21’051) — Ko (q)oz‘l’oz + Pz Wy + <I>01‘1’03> =0.
0 0 0 0

Equating expressions with y3y,:

Dy { =4+ 20(F 4+ T pp) + (K 5+ K pp)} + 2005, CF 0 0 0
Oy {—4+ 20 , + K ;) +id,, ( 1/ ) iy, <C3 /2) + 3idy, (Cg /2) +ily, (—S} /2i>
0

Wy {—4 + 20K 5 + K o} — 2iCIPy, 0

0 0 0
+ 300y, (S} /22‘) T, (—S} /2) + 0y, ( s! /2) U, ( 353 /2) — iy, (—Sf/%) (A.18)
0 )0 0 0

- ‘%M (q)li()\ll()l + @21\1110 + QIU\IIQI + q>()1 i())
0

Equating expressions with y3y,:

Dp{—4 = 20(F ; + T pp) + (K 5+ K pp)} — 200,309 0 0 0
Oy {—4— 2%, + X ;) —id,, ( 1/ ) +idy, <03/2> — 3idy, (C%/Z) v, (—S}/%)
U {—4— 207 5 + Ko b+ 2iC§<I>13 0 0

0 0 0
+ 30, (S} /22‘) +U, (—S} /2) 0, (- ) Uy, ( 353/2> — iy, (—Sf/%) (A.19)
0 0 0

0
— Ko (‘I)();\I’w + @50 + Py Uy + ‘1)10\1101) =
0

Equating expressions with 32y3:

Doy (K o+ Kpe) 0 0 0 0 0 0
09K . —i®y, <C§/2> — iUy, (S%/Qi) + Oy, (QL/2> + Uy, (S%/Q) +i®Py, <C§/2> +i0y, (S%/Qi)
Voo K 5¢ 0 0 0 0 0 0 (A.ZO)

0 0
+ Uy <_S11/2> — Ko (‘1)12\1101 + @0Wg3 + Po3 ¥y + q)(]l\IjH) =0.
0 0

and coefficients of the fifth order; Equating expressions with y3:

Do {25 + 5i(H o + Apy) + (K o+ K pe)} + 5i050C3 0 0 —C1/2
Q5o {—25+ 5i , + K .} + 3idy, ( 0 ) +idy, ( 0 ) +4i0,, ( 0 )

Woo {25+ 5idy + K o} — 5iCIs, —C3/2 —C3/2 S1/2i (a.21)
—C3/2 cz/2 ci/2 0 0 587/2
+2i0y 0 +3iWs0 [ 0 J+iWy| 0 |+Oun| 0 |+06y 0 + 0 =0.
S3/2i 0 0 St/2 353/2 i5C3 /2
Equating expressions with y3:
Do {25 = 5i(H o+ FHpp) + (K o+ Kpp)} — 510503 0 0 Ci/2 c3/2
Ops{—25 — 5ifH , + K ;} — 3i®,, ( 0 ) — iy, ( 0 ) +4i0,, ( 0 ) +2i0,, ( 0 )
W5 {—25 — 50T o + K 50} + 5iCIBys —C3/2 —C3/2 St/2i U2/ (a02)

C32/2 cs/2 0 0 557 /2
— 31V 0 — 1V 0 + Oy 0 + O 0 + 0 =0.
0 0 St/2 38¢/2 —i5C5 /2
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Equating expressions with yiy,:

Dy {—9+3i(H ;+ FH ) + (K o+ K )} + 300, CF 0 —Cci/2
O {—-9+3iH + X} +i®y, ( 0 ) —i®y, ( ) +2i0;, ( 0 )
—C3/2

0
0
U {=9 4 3i% o + K 5} — 3iCID,, —C3/2 3 S1/2i (A.23)
—C3/2 C3/2 ci/2 0 0 0
+ 4109 0 +73‘I’21< 0 )i‘l’m( 0 >+@31< 0 >+@40< 0 >+@11< 0 )-O-
—81/2i 0 0 St/2 St/2 38¢/2
Equating expressions with y3y,:
Dy {9 = 3i(F ; + Apg) + (K o+ K pp)} — 310,09 0 0 C3/2 Ci/2
O, {-9—3iH + X/} — P, ( 0 ) +i®, ( 0 ) +2i0,, ( 0 ) +4i0, ( 0 )
U, {9 —3idy, + Ko} + 3iCID,, —C3/2 ~C3/2 St/2i =512/ (A 24)
0
0

-

C3/2 C3/2 0
— iV 0 +1i¥y, 0 + 6y + Oy 0 +6,
0 0 St/2 St/2

Equating expressions with y3y2:
yp{—1+i(FH o+ ) + (K o+ Kpp)} + 10503 0 0 —C3/2 —C3
Ogo{—1+iH ;+ K ,} —i®,, ( 0 ) + 3idy, ( 0 ) — 200, ( 0 ) + 2103, ( 0 )

W {—1 4 i 5y + K e} — iCOBsy —C3/2 —C3/2 8% /2 —Si (A.25)

0 0 0 c3/2 a3

+ 6, 0 + 65, 0 + Oy 0 — Wy 0 +3i¥3 | 0 | =0.

S51/2 Si/2 357/2 0 0

Equating expressions with y?y3:

oy {1 — (T o+ T pp) + (K + K p)} — 1903 0 0 C3/2 —C3
Op{—1—iH + K} + 1Py, ( 0 ) — 31D ( 0 ) — 2i0,, ( 0 ) —2i044 ( 0 )
Wo{—1 — i 5y + Ky} = iCID,, —C3/2 —C3/2 53 /2i -5}

0 0 0 ci/2 3
Jr@22< 10 >+@13< 10 >+@20< 2 >+i‘1’21< 0 >3i‘1’03<0>—0-
Si/2 Si/2 357/2 0 0

By sequentially solving these systems, it is possible to explicitly find expressions for the desired coefficients. The analytical
expressions are quite complicated; therefore, they are not given here.

0
( 0 )_OA
353/2

(A.26)
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