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Abstract. The mathematical model in this study advances prior research on enzymatic biofuel cells by applying the Rajendran-joy
method, which enables approximate analytical solutions of nonlinear reaction-diffusion equations incorporating Michaelis—
Menten-type enzyme kinetics. Unlike many earlier models that primarily relied on numerical simulation or simplified linear
assumptions, this study provides explicit analytical expressions for substrate concentration profiles and current-potential
relationships for multiple electrode geometries (planar, cylindrical, spherical). The analytical approach delivers high accuracy
validated against numerical simulations, allowing systematic parametric sensitivity analysis to reveal how critical parameters—
such as the Thiele modulus, Michaelis-Menten constants for substrate and mediator, applied potential, and electrode geometry—
govern biofuel cell performance. This enhances mechanistic understanding and design optimization, including evaluation of
limiting cases, thereby offering new insights beyond previous methods that were either purely numerical or less comprehensive
in addressing nonlinear kinetics and geometric effects.

Keywords: Mathematical modelling, Nonlinear equations, Biofuel cell, Analytical and numerical method, Reaction-diffusion
equation, Sensitivity Analysis.

1. Introduction

There is a significant interest in the development of biofuel cell due to their ability to generate non-hazardous and
environmentally benign energy to tackle the future global energy demand [1, 2]. Extensive research has been conducted on biofuel
cells (BFCs) due to the possibility of miniaturization and thereby fit into portable electronic devices. These cells have been used in
robotics, aerospace, transportation, and telecommunication [3, 4]. In recent years, enzymatic biofuel cells have attracted
considerable interest owing to their simplicity and the availability of redox enzymes that can be readily extracted and purified from
biological systems [5]. Enzymatic biofuel cells convert the chemically generated energy of biofuels into electrical power via the use
of enzymatic processes as catalysts. There has been a lot of interest in their potential to replace conventional energy sources.
Enzyme-modified electrodes are utilized in electrochemical detectors, bioreactors, medicinal implants, and biological chemistry to
gain insights into enzyme functionality. Conventional electrochemical techniques such as cyclic voltammetry and
chronoamperometry are commonly used to study enzymatic biofuel cells and electrodes [6, 7].

Mediated bioelectrocatalysis is highly helpful in constructing biosensors, bioreactors, and biofuel cells [8]. Tamaki et al. [9, 10]
developed a biofuel cell electrode using surface-modified carbon to generate a substantial current density. Barton et al. [11] realized
a high current density using a carbon-cloth composite electrode. Davis et al. show that the most recent advances in biofuel cells
use catalytic enzymes to convert chemical fuels into electrical power [12]. Guetal. [13-15] and Songet al. [6] improved biofuel cell
performance and self-powered biosensing using conjugated organic nanozymes and nanomaterial-based hybrids, enhancing
power density, sensitivity, and autonomous operation for real time biomedical monitoring of exosomes and microRNAs.

Solutions of reaction-diffusion equations in enzyme electrodes have been obtained analytically [17-19] and numerically [20, 21]
under inadequate limiting conditions. Wen et al. [22, 23] engineered carbon fibre-carbon nanotube electrodes for glucose oxidase
immobilization, enhancing electron transfer and bioanode efficiency in biofuel cells. Modelling and simulation are essential tools
to better understand and improve biofuel cell performance [24, 25]. Validated models should be employed to analyze reactions,
design new electrodes, and accelerate practical system development alongside experimental studies. However, only a few models
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have been developed to date. These models have a few essential exclusions, such as flow of fluids, transfer of heat, ion migration,
interactions, and spatial variations [26, 27].

Sensitivity analysis in EBFCs helps clarify the impact of kinetic parameters on system performance and supports optimization.
De Oliveira et al. [28] developed a kinetic model showing key parameters influencing current in ethanol fuel cells, while Padierna-
Vanegas et al. [29] highlighted parameter identifiability using dynamic modeling to improve predictive accuracy. Hu et al. [30]
demonstrated that coupling light-responsive materials with enzymatic glucose oxidation enhanced EBFC efficiency, while Rizwan
etal. [31] used reliability and sensitivity modeling to identify key factors influencing voltage stability. Parametric sensitivity analysis
improves enzymatic biofuel cell design, stability, and performance through mathematical modeling validation. Tamaki et al. [9]
used the FDM to solve differential equations in a biofuel cell model. Saravanakumar et al. [32, 33] developed the steady and non-
steady state current density using the HPM. To the best of our abilities, no comprehensive analytical formulas for current density
and concentrations under non-steady state conditions have been provided for all parameter values.

This study employs the Rajendran-Joy technique [34-37] to derive theoretical results for steady-state current density and
concentrations. Our analytical findings enhance the understanding of diffusion and reaction processes in biofuel cell electrodes.
These theoretical models assist in experimental planning, parameter optimization, and prediction of electrode behavior. This
investigation advances biofuel cell technology by integrating distinct electrode geometries with the Rajendran-Joy method. This
integration represents a novel approach that enhances the understanding of electrochemical performance and optimization in
biofuel cell systems.

2. The Mathematical Modeling Process

The redox polymer film's enzyme reaction process, which operates on a ping-pong reaction system, can be represented as
follows [26]:

S+Eoy <]f_1>£s—kz—> P+E;; (Enzymatic Reaction) (1)
2Myx + Epg ﬁﬂi—QMm +E, (Mediator-Enzyme Electron Transfer) 2

The reduced and oxidised forms of the enzyme have been identified as Erea and Eox. Also, Mox/Mres are oxidised and reduced
forms of the redox mediator. Herein, S and P represent substrate and product, respectively. The mediator's electron transport at
the electrode surface (x = 0) may be represented as follows:

Mg, < My, +e (Mediator-Electrode Electron Exchange (at x = 0)) (3)

Under steady-state and isothermal conditions, and assuming Fickian diffusion and Michaelis-Menten-type enzymatic reaction
kinetics, the system of equations describing the concentration profiles u(x) and v(x) (typically substrate and enzyme-related species)
in a general coordinate system (with geometric parameter N = 0 for planar, N = 1 for cylindrical, and N = 2 for spherical geometry)
is given by:

1d dC (x

DS XTE XN S}E ) — Vgp, (CS!CMO) = 0’ (4)
1d dCy (x

M F& XN %()] + 2UEYIZ (CSICMO) =0. (5)

where Cs and Cumr express the concentrations of the substrate (glucose) and the reduced mediator, respectively.
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— | x™ o = = —_0 = —_——
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Fig. 1. Engineering design of enzymatic electrode systems for biofuel cells.
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The ping-pong process of the rate of reaction of GOD is shown by:

k.:C
C ’C — cat ~Enz
Ve (Co:Cu0) = 3 76 () + Ko/ o ()

()

where Cenz and Cwmo are the concentrations of the enzyme and the oxidized mediator, respectively, Ks is the Michaelis constant for
substrate, and Kuis the Michaelis constant for mediator. All other parameters retain their standard meanings as described in the

literature [26]. The boundary conditions are stated below.
At x =0, (film base or electrode surface):

Ci(x=0)=0. and Cy(x=0)=Cyr[1+exp(¢) .
At x =1, (film surface):
Cs(x=1)=Cg. and Cy(x=1)=1

Potential = ¢ = nF(E —EX,,
density is:

dCyx
dx

i=nFA,D,

)
x=0

@)

®)

)/RT. Also, Csy represents the bulk concentration of the substrate. At the electrode surface, the current

©)

where Ap = (actual surface area) / (predicted surface area). Also, Cyg(X)=Cyo(X)=Cyr = Qur /(A,pl) and Cg, :QET/(A I). As

explained in the texts [26], all the other factors keep their normal meanings. Using the result described above, Egs. (4) an

be changed into the two subsequent nonlinear differential equations:

RIRET

— Uk, (CSICMO) =0,

S|xN dx dx
1d dc,,, (x
MYV dx x" I;(;(( >] — 20y, (CS’CMO):O'

The reaction rate v, is provided by Eq. (6). The boundary conditions are provided by:

dc 1
Atx=0,225=0;C,, =Cppp——— = C, .6,
X dx MO MT [1 + exp(ig)] MT
dc
Atx=1,Cg :Csb;Tﬁé’O:O.
Here, 1/[1+ exp(—¢)]= 6. The current density is given below:
. dc
1=nFA, D, d;’“’ o
It is essential to introduce the following dimensionless variables:
2
u(x)= Cs(x)’ v(x)= CMO(X)’ :E,tb: ReqtCrnal ’QZE’B: Ky )
CSb CMT I CSbDS CSb CMT
Equations (10) and (11) become:
N Su()v(x)
u” Y + 20 Y)— -0
0 )~ e+ aul) + B )
N 20u(x)v(x)
v (x)+—V'(x)— =0.
00 Y ) S0 + aul) + B0

The boundary conditions for Egs. (16) and (17) are defined as follows:
1
u(x=0)=0u(x=0)=— . =04.
(x=0)=0;u(x=0) T

u(x=1)=1, v'(x=1)=0.

d

5) can

(10)

(12)

(12)

(13)

(14)

(18)

(19)

Nondimensionalization converts Egs. (4) and (5) into Egs. (16) and (17) by removing physical units and large parameter
variations. This process introduces dimensionless groups like the Thiele modulus, simplifies computation, enhances numerical
stability, and generalizes the model for diverse electrode geometries and operating conditions, ensuring broader analytical and
practical applicability. The current density is calculated based on the gradient of concentration of the oxidized mediator, as shown

in Eq. (20):

v i du(y)
nFA, D, ax |y_g

(20)
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The nonlinear differential equations in (16) and (17) are widely applicable across various scientific and engineering fields
involving coupled reaction-diffusion phenomena in radially symmetric domains.

In computational mechanics, this nonlinear diffusion-reaction models are used to simulate coupled transport and reaction
phenomena in complex media. They describe heat and mass transfer, chemical reactions, and energy conversion within porous or
reactive structures. These models help analyze multiphysics interactions, enabling accurate numerical prediction of thermo-
mechanical behavior, material degradation, and performance optimization in engineering systems.

3. Results and Discussion
3.1. A fundamental idea of the Rajendran-joy Method (RJM)

The Rajendran-Joy Method (RJM) provides an analytical approach for obtaining accurate approximate solutions to nonlinear
differential equations. A fundamental idea of RJM [34-37] can be illustrated by considering a nonlinear second-order differential
equation with a single independent variable x, expressed as:

Ps: f(us,us,us) =05 =1,2,.....,7 (22)

In this context, ps denotes a polynomial involving the function us = us (x, a, b) and its derivatives to x. The parameters a and b
are constants, and x belongs to the domain [L, U], which can be either a finite or semi-infinite interval, depending on the problem
setting. The function us must also satisfy specific boundary conditions:

At x =L,ug(x) = Ug, OF ug(x)=1ug, . -

At x = U, U (X) = Ug, OT Ug(X)=Ug,,. (22)
Suppose the solution to the nonlinear equations can be expressed as an exponential function:

ug (x) = l;exp(nx") + mgexp(—n.x") (23)

The exponential function is employed because it effectively accommodates boundary conditions that are either finite or semi-
infinite. The parameter n is assigned values of 1 or 2, depending on the boundary conditions specified. The values of Is, ms and ns
are found by solving the nonlinear equations outlined below:

Ug (L) =, exp(nsl") + mg exp(-—ngL") = Ugp,
or (24)
ug (U) =lsexp (nsLn) —nmg EXP(_HSUI) = Ugy,
and,

Ug (U) = Is exp (nsUn) + mg exXp (_nsUn) = Ugy,
or (25)
ug (U) = s exp(nsU") —n mg exp(—ngU") = ug,

Inserting Eqg. (23) into Eq. (21) yields the following nonlinear algebraic equations:

p: : f(uy (%1,mg,ng,n,0,b),u; (%,15,mg,ng,n,a,b),uy(x,5,mg,ng,n,a,b)) = 0
(26)
p, : f(u, (%,15,mg,ng,n,a,b),u/ (x,l;,mg,ng,n,a,b),u’(x,1s,mg,ng,n,a,b)) = 0

The preceding equation holds for all x within the interval [L, U]. Selecting an arbitrary point x = g such that L < 5 < U, Eq. (26) can
be used to derive the following set of linear or nonlinear algebraic equations:

b f(u1 (ﬁ:ls:ms:ns:nya,b>:ui (ﬁ:ls:ms:ns:nyayw:ui/(ﬂ:ls:ms:ns:nyayb» =0
(27)
p: f(u,(B,ls,ms,ns,n,a,b),uﬁ([)’,Is,ms,ns,n,a,b),uﬁ’(ﬁ,ls,ms,ns,n,a,b)) =0
Now the differential equation is converted into a nonlinear algebraic equation. By solving these nonlinear algebraic equations,

specifically Egs. (24), (25), and (27) using Wolfram Alpha, the unknown parameters Is, ms and ns, can be determined for given values
of a and b. A flowchart illustrating the basic concept of the RJ]M method is provided in reference [36].

3.2. Application of the RJM method

Nonlinear equations involving differential variables are the outcome of multidimensional mathematical representations of
discrete processes. The Rajendran-joy method (RJM) may be employed here to solve nonlinear Egs. (16) and (17). The main benefits
of RJM compared to earlier techniques are its simpleness and efficacy in addressing complex nonlinear differential equations. The
fundamental principle of this approach is outlined in Section 3.1. Following this method, the solution of the Egs. (16) and (17) are:

u(x)=Ae™ +Be ™, (28)

v(x)=Ce™ +De ™. (29)
Applying the boundary conditions from Egs. (18) and (19) in the above equations, we get:

1 oe™" oe ™"
= s = and D=
cosh(m) e" e e e

(30)
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Hence, Egs. (28) and (29) become as follows:

_cosh(my)
u()= cosh(m) (32)
8[cosh((1-x)n)]
=t ~ 7 32
v cosh(n) 42
Substituting Egs. (31) and (32) in Eq. (16) and simplifying the result at x = 1, we get:
2 _ o¢
m = [(1+N) (5081 3) (33)
In addition, if we use Egs. (31) and (32) in Eq. (17) and simplify the outcome for x = 0.5, we obtain:
2¢
nZ — T
[(1+N) (6+as+5) (34)
Dimensionless current is:
i =éntanhn) ~ én’ = 5{*} (35)
(1+N)(6+ab+0)

From Eq. (35), it is observed that the dimensionless current ¢ is most sensitive to the kinetic parameter ¢ and the mass transfer
term N, which directly govern reaction and transport rates. Parameters §, «, and  significantly influence performance depending
on their relative magnitudes, with 5/6(1 + o) determining diffusion-reaction dominance in the biofuel cell.

When ¢ = —o0,

; - = L / _
5_[1+e = 6)170 and n 5 N)’ the current (¢ =—o00)=0.
Similarly, when ¢ = oo,
= 1 = ; 2¢
b= =1 (€= I
[1 exp( f)] Current is (¢ =o00) [(1 Ata )}

The electric power of fuel cell is P = i?R. Here R is the external resistance and:

. 2¢
—nFA D6 <% |

O N B ras ) (36)

26 ’

The power becomes, P = [nFAmDM]2 WJM R. Now the dimensionless power p becomes:
ab+
2
P 26¢

P= - : 37
R[nFA,D,[ |[(L+N)(E+a6+5) (37)

3.3. Validation of analytical results with numerical results

The nonlinear differential Eq. (16) and (17) are solved using the function pdexred in Scilab, a numerical software (Free and open-
source software for numerical computation. Available: https://www.scilab.org). The analytical solutions (Egs. (28) and (29)) are
compared with the numerical results in Figs. 1 and 2 and Tables 1-8 for various experimental values of parameters. The new
analytical and simulated results are very close. In addition, the average error between the numerical and analytical results is only
0.5%, highlighting the high accuracy and robustness of the proposed model. This small deviation confirms that the analytical
formulation can reliably predict the performance of biofuel cells under various operating conditions.

3.3.1. Effect of the parameter on the substrate concentration at the electrode surface

The general analytical equations for the concentrations of substrate and oxidized mediator are represented by Egs. (31) and
(32). One of the most important parameters in mass transfer is the substrate concentration at the electrode surface. The electrode
surface concentration fundamentally determines the coupling efficiency between enzymatic reactions and electron transfer in
biofuel cells. Engineering design must integrate reaction-diffusion modelling, material optimization, and system-level mass
transport control to achieve maximal performance. Neglecting surface concentration effects leads to inaccurate modelling, poor
power prediction, and suboptimal fuel utilization

The type dependency of the error function determines the substrate concentration for simple diffusion-controlled processes in
potential step experiments. However, because it relies on the scan rate, the equations for the surface concentration in cyclic
voltametric studies are more complex. The surface concentrations of ultramicroelectrodes depend on the process being studied
and the electrode shape. Therefore, the accurate expression for surface concentrations concerning electrochemical analysis is
essential to understanding the reaction process. In our problem (from Eq. (28)) the concentration of the substrate at x = 0 is:

o¢

u(x =0)=sech) s )

. (38)
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Table 1. Comparison of numerical and analytical (RIM) results for u(y) at various values of ¢ when § =0.8, =3, a =15, N=0.

Numerical RJM Eq. (31) Error %
N ¢ =0.01 p=1 6=3 $=5
$=001 ¢=1 $=3 $=5 m=00225 m=00236 m=03814 m=04828 ¢=001 ¢=1 ¢=3 ¢=5
n=0.0356 n=0.3653 n=0.6695 n=0.9206

0.0 0.9997 0.9753 0.9288 0.8863 0.9997 0.9755 0.9314 0.8938 0.0000 0.0205 0.2799 0.8462

0.2 0.9997 0.9763 0.9318 0.8910 0.9997 0.9765 0.9342 0.8981 0.0000 0.0205 0.2576 0.7969

0.4 0.9997 0.9793 0.9405 0.9049 0.9997 0.9795 0.9425 0.9109 0.0000 0.0204 0.2127 0.6631

0.6 0.9997 0.9843 0.9550 0.9281 0.9997 0.9845 0.9564 0.9323 0.0000 0.0203 0.1466 0.4525

0.8 0.9997 0.9914 0.9753 0.9605 0.9997 0.9915 0.9760 0.9627 0.0000 0.0101 0.0718 0.2290

1.0 0.9997 1.0000 1.0000 1.0000 0.9997 1.0000 1.0000 1.0000 0.0000 0.0000 0.0000 0.0000
Average Error % 0.0000 0.0153 0.1614 0.4980

Table 2. Comparison of numerical and analytical (RIM) results for u(x) at various values of « when §=0.8, ¢ =5, 3=3,N=0.

Numerical RJM Eq. (31) Error %
a=15 a=30 a =100 « = 10000
X a=15 a=30 a=100 a=10000 m=04828 m=0.3748 m=02182 m=00224 a=15 a=30 «a=100 «a=10000
n=0.9206 n=0.6553 n=0.3559 n=0.0354
0.0 0.8863 0.9323 0.9766 0.9998 0.8938 0.9336 0.9767 0.9998 0.8462 0.1394 0.0102 0.0000
0.2 0.8910 0.9350 0.9776 0.9998 0.8981 0.9363 0.9776 0.9998 0.7969 0.1390 0.0000 0.0000
0.4 0.9049 0.9433 0.9804  0.9998 0.9109 0.9444 0.9805 0.9998 0.6631 0.1166 0.0102 0.0000
0.6 0.9281 0.9571 0.9852 0.9998 0.9323 0.9578 0.9852 0.9998 0.4525 0.0731 0.0000 0.0000
0.8 0.9605 0.9764 0.9919 0.9998 0.9627 0.9768 0.9919 0.9998 0.2290 0.0410 0.0000 0.0000
1.0 1.0000 1.0000 1.0000  0.9998 1.0000 1.0000 1.0000 0.9998 0.0000 0.0000 0.0000 0.0000
Average Error % 0.4980 0.0849 0.0034 0.0000

Table 3. Comparison of numerical and analytical (RJM) results for u(y) at various values of 3 when § =0.8, ¢ =5, a = 15, N = 0.

Numerical RJM Eq. (31) Error %
B=3 B=15 B8 =50 = 5000
X =3 pB=15 [B=50 [B=5000 m=04828 m=03603 m=0.2445 m=00282 [B=3 pB=15 [=50 S =5000
n=0.9206 n=0.6243 n=04022 n=0.0447
0.0 0.8863 0.9331 0.9693 0.9996 0.8938 0.9384 0.9708 0.9996  0.8462 0.5680 0.1548  0.0000
0.2 0.8910 0.9359 0.9706 0.9996 0.8981 0.9409 0.9720 0.9996  0.7969 0.5342 0.1442 0.0000
0.4 0.9049 0.9442 0.9744 0.9996 0.9109 0.9484 0.9756 0.9996  0.6631 0.4448 0.1232  0.0000
0.6 0.9281 0.9580 0.9807 0.9996 0.9323 0.9609 0.9815 0.9996  0.4525 0.3027 0.0816 0.0000
0.8 0.9605 0.9770 0.9894 0.9996 0.9627 0.9785 0.9898 0.9996  0.2290 0.1535 0.0404 0.0000
1.0 1.0000 1.0000 1.0000 0.9996 1.0000 1.0000 1.0000 0.9996  0.0000 0.0000 0.0000 0.0000
Average Error % 0.4980 0.3339 0.0907  0.0000

Table 4. Comparison of numerical and analytical (RJM) results for u(y) at various values of § when =3, ¢ =5, a =15, N=0.

Numerical RJM Eq. (31) Error %
0 =0.0001 0=0.1 0=0.5 0=1
X 6=0.0001 6=0.1 6=05 46=1 m=00072 Mm=02252 m=04353 m=04991 ¢6=0.0001 §=0.1 6=05 =1
n=18256 n=1.6710 n=11454 n=0.8224
0 1 0.9596 0.8998 0.8814 1 0.9752 0.9122 0.8872 0 1.6257 1.3781 0.658
0.2 1 0.9617 0.9041 0.8862 1 0.9762 0.9157 0.8917 0 15077 1.283 0.6206
0.4 1 0.9674 0.9166 0.9007 1 0.9792 0.9263 0.9053 0 1.2198 1.0583 0.5107
0.6 1 0.9761 0.9372 0.9248 1 0.9843 0.9441 0.9281 0 0.8401 0.7362 0.3568
0.8 1 0.9873 0.9657 0.9586 1 0.9914 0.9692 0.9603 0 0.4153 0.3624 0.1773
1 1 1 1 1 1 1 1 1 0 0 0 0
Average Error % 0 0.9348 0.803 0.3873

Table 5. Comparison of numerical and analytical (RJM) results for v(x) for various values of ¢ when =1, 3=3, «=0.01, N=0.

Numerical RJM Eq. (32) Error %
¢=0.01 ¢=15 ¢=3 ¢=5
X ¢=0.01 ¢$=15 ¢=3 ¢=5 m=0.0499 m=0.5316 m=0.6565 m=07171 ¢=0.01 ¢=15 ¢=3 ¢=5
n=0.0706 n=0.8999 n=1.3076 n=1.7283
0 1 1 1 1 1 1 1 1 0 0 0 0
0.2 0.9991 0.8879 0.8104 0.7378 0.9991 0.8856 0.8043 0.7271 0 0.259 0.7527 1.4503
04 0.9984 0.8038 0.6729 0.5562 0.9984 0.8006 0.665 0.5437 0 0.3981 1.174 2.2474
0.6 0.9979 0.7455 0.5802 0.4388 0.9979 0.7422 0.5724 0.4272 0 0.4427 1.3444 2.6436
0.8 0.9976 0.7116 0.5274 0.3737 0.9976 0.7083 0.52 0.3634 0 0.4637 1.4031 2.7562
1 09975 07011 0.5113 0.3541 0.9975 0.6979 0.5041 0.3443 0 0.4564 1.4082 2.7676
Average Error % 0 0.3367 1.0137 1.9775
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Table 6. Comparison of numerical and analytical (RJM) results for v(y) for various values of « when § =1, ¢=5,and 3=3,N=0.

Numerical RJM Eq. (32) Error %
a=0.01 a=10 a =40 « = 10000
X a=001 =10 a=40 «=10000 m=0.7171 m=0.5662 m=0.3356 m=0.0224 =001 a=10 «o=40 «=10000
n=17283 n=0.9913 n=0.5045 n=0.0316
0 1 1 1 1 1 1 1 0.9997 0 0 0 0.03
0.2 0.7378 0.8867 0.9602 1 0.7271 0.8673 0.9577 0.9997 1.4503 2.1879 0.2604 0.03
0.4 0.5562 0.7987 0.9293 1 0.5437 0.7695 0.9253 0.9997 2.2474 3.6559 0.4304 0.03
0.6 0.4388 0.7359 0.9072 1 0.4272 0.7027 0.9025 0.9997 2.6436 4.5115 0.5181 0.03
0.8 0.3737 0.6983 0.894 1 0.3634 0.6642 0.8891 0.9997 2.7562 4.8833 0.5481 0.03
1 03541 0.6865 0.8899 1 0.3443 0.6523 0.885 0.9997 2.7676  4.9818 0.5506 0.03
Average Error % 19775 3.3701 0.3846 0.03

Table 7. Comparison of numerical and analytical (RJM) results for v(y) for various values of 3 when §=1,¢ =5, « =0.01, N=0.

Numerical RJM Eq. (32) Error %
B=3 8=10 B =40 3= 5000
Y 5=3 =10 =40 B=5000 m=07171 m=05577 m=03297 m=00316 H=3 B=10 F=40 A=5000
n=17283 n=09681 n=04945 n=0.0447
0 1 1 1 1 1 1 1 0.9995 0 0 0 0.05
0.2 0.7378 0.873 0.9592 1 0.7271 0.872 0.9592 0.9995 1.4503 0.1145 0 0.05
0.4 0.5562 0.7788 0.928 1 0.5437 0.7774 0.928 0.9995 2.2474 0.1798 0 0.05
0.6 0.4388 0.7141 0.906 1 0.4272 0.7127 0.906 0.9995 2.6436 0.1961 0 0.05
0.8 0.3737 0.6767 0.8931 1 0.3634 0.6754 0.8931 0.9995 2.7562 0.1921 0 0.05
1 0.3541 0.6652 0.8891 1 0.3443 0.6639 0.8891 0.9995 2.7676 0.1954 0 0.05
Average Error % 1.9775 0.1463 0 0.05

Table 8. Comparison of numerical and analytical (RJM) results for v(y) for various values of 6 when ¢ =5, =3, «=0.01, N=0.

Numerical RIM Eq. (32) Error %
6=0.01 0=0.5 0=1
X 52001 5205 6=1 me00723 me05095 meO7171 6=001 §=05 6=1
n=18248 n=17772 n=17273
0 0.01 0.5 1 0.01 0.5 1 0 0 0
0.2 0.0071 0.3624 0.7378 0.0071 0.3594 0.7271 0 0.8278 1.4503
0.4 0.0052 0.269 0.5562 0.0052 0.2656 0.5437 0 1.2639 2.2474
0.6 0.0039 0.2094 0.4388 0.0039 0.2064 0.4272 0 1.4327 2.6436
0.8 0.0033 0.1767 0.3737 0.0033 0.1741 0.3634 0 1.4714 2.7562
1 0.0031 0.1669 0.3541 0.0031 0.1644 0.3443 0 1.4979 2.7676
Average Error % 0 1.0823 1.9775

From Eg. (38), it is observed that the maximum value of the concentration of substrate at the electrode surface is one. This
maximum value is also reached when «, 3, and N are large while ¢ and ¢ are incredibly small.

The mathematical ceiling implied by Eq. (38) unity surface concentration under optimised kinetics and transport defines a
tangible engineering target. By manipulating electrode microgeometry, flow architecture and operating conditions to elevate «, 3,
N while suppressing ¢, § practitioners can approach this limit, translating directly into higher current densities, sharper selectivity
and lower specific energy consumption. Modern tools such as 3D printing, CFD optimisation and integrated micro-sensing now
make these ideals practically attainable, heralding more efficient, scalable and robust electrochemical technologies.

3.3.2. Impact of the parameters on the concentrations

The concentration of the mediator and substrate is determined by the parameter m, which in turn is controlled by the variables
¢, a, B, and 4. The parameter ¢ represents the Thiele modulus. The kinetics dominate, and the substrate uptake is kinetically
regulated when the Thiele modulus is relatively small. Internal diffusion is rate-limiting for high Thiele modulus values, which
causes the concentration in the enzyme layer to decrease rapidly to nearly zero. The kinetic parameters « and 3 are directly
proportional to the Michaelis constant and bulk concentration of substrate and mediator. Also, the parameter ¢ is directly
proportional to the potential. This finding indicates that optimizing the Thiele modulus, for example by adjusting the enzyme film
thickness, can enhance biofuel cell efficiency through a balanced interaction between diffusion and reaction rates.

The fluctuation of the substrate concentration for various system parameters is determined by Eq. (31), is shown in Figs. 2(a)-
2(d). It is evident from Fig. 2(a) that when the Thiele modulus increases, the substrate concentration value decreases. As the Thiele
modulus increases, the substrate concentration decreases, indicating that diffusion becomes the rate-limiting step at higher
moduli, thereby reducing the overall efficiency of the biofuel cell. Substrate surface concentration increases with kinetic
parameters o (enzymatic rate) and 8 (electron transfer rate), or when bulk substrate decreases, creating favorable diffusion
gradients (Figs. 1(b), 1(c)). The resulting potential drop with higher surface concentration (Fig. 2(d)) reflects Nernst thermodynamics,
where increased substrate availability reduces oxidation potential but enhances current generation—a fundamental voltage-
current trade-off in bioelectrocatalytic systems. Also, the concentration is uniform when ¢ < 0.01 and ¢ < 0.01. The variation of the
oxidized mediator concentration v(y) with system parameters is illustrated in Figs. 3(a)-(d). Figure 3(a) shows that increasing the
Thiele modulus reduces v(x), reflecting enhanced substrate diffusion limitations and reaction confinement within the electrode. In
Fig. 3(b), higher substrate Michaelis-Menten constants increase v(x), indicating slower enzymatic consumption of substrate and
accumulation of the oxidized mediator. Figure 3(c) reveals that decreasing the mediator Michaelis-Menten constant lowers v(x), as
faster mediator turnover accelerates electron transfer. Across Figs. 3(a)-(c), reductions in both « and 3 decrease vu(y), reflecting the
combined effects of limited diffusion and reaction kinetics. Figure 3(d) demonstrates that higher applied potentials elevate v(x) by
driving the oxidation of the mediator more strongly, consistent with electrochemical control of the biofuel cell.
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3.3.3. Effect of the parameters on the current

Figure 4(a) represents the effect of the Thiele modulus and kinetic parameters « on current. From Fig. 4(a), it is evident that the
current increases when the turnover rate, Thiele modulus or increases. Figures 4(a) and 4(b) show that the current density decreases
upon an increase in the kinetic parameters «, 3 values. Figure 4(b) displays the effects of the shape factor and the kinetic parameter
8 of the current density. An increase in the shape factor leads to a reduction in current density. Figure 4(a-b) shows the fluctuation
of the steady-state current density for various potential levels. The current density is minimum at a large negative potential. All
combined data are displayed in these figures, demonstrating how the current density rises as the potential increases for all other
parameter values. Furthermore, the highest value of the current density is reached when the dimensionless potential ¢ = 5. The
results indicate that electrode geometry has a substantial effect on biofuel cell efficiency, with cylindrical and spherical
configurations outperforming planar ones at higher Thiele modulus values. This suggests that the selection of electrode geometry
should be tailored to the specific operating conditions and diffusion characteristics of the biofuel cell.

3.3.4. Effect of the parameters on the power

The plot of power versus potential for different parameter values using Eq. (37) are shown in Figs 5(a) and 5(b). As the bulk
concentration of glucose increases, the power attained its maximum. There is a correlation between decreasing film thickness and
increasing power density.

Figure 5(a) represents the effect of the Thiele modulus on power. From Fig. 5(a), it is observed that the current increases when
the turnover rate, Thiele modulus, increases. Figures 5(a) and 5(b) illustrate that power diminishes as the kinetic parameters « and
3 increase. Figure 5(b) displays the effects of the shape factor on the power. As the shape factor increases, the power output of
enzymatic biofuel cells tends to decrease. This is largely due to greater mass transfer limitations and less efficient utilization of
the electrode surface. A higher shape factor impedes the diffusion of fuel and oxygen to the enzyme sites, thereby limiting the
reaction kinetics. Consequently, the reduced accessibility and active surface area lead to lower rates of electrochemical reactions
and diminished overall power generation efficiency.
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3.4. Differential sensitivity analysis of parameters

The differential equation of the model is the key to differential sensitivity analysis. The partial derivative of the dependent
variable (current density) has been determined about the independent variables (¢, o, 3, §, and N). One may obtain the numerical
value of the rate of change of the current density, 1, at specific experimental values (¢« = 0.1, 3=2,§ =1, ¢ =5, and N = 1) of the
parameters. The percentage of change in current density concerning the parameters can be determined from this value. Figure 5
provides a sensitivity analysis of the parameters.

It may be seen from Fig. 6 that the parameter § (potential) and N (Shape factor) are highly significant. Since ¢ (Potential) is critical
for driving efficient electron transfer and maximizing bioelectrocatalytic activity, and N (Shape Factor) controls geometric
optimization of mass transfer and reaction surface area, directly affecting power output and efficiency. The current density in a
biofuel cell shows little variation with Thiele modulus, Michaelis-Menten constant, and kinetic parameters because the system
often operates under diffusion-limited conditions. In such cases, mass transport dominates the reaction rate, minimizing the
influence of kinetic factors.

The global Sobol sensitivity analysis or the Morris method will also be applied to analyse the parameters. Sobol's method is a
variance-based global sensitivity analysis technique. It decomposes the total variance of a model output into fractions attributed
to individual inputs and their interactions. The Morris method is a screening method for identifying which input parameters have
significant, negligible, or non-linear effects.

3.5. Various limiting cases

The rate of a reaction and its dependence on reactant concentration are characterized by Michaelis-Menten, zero-order, and
first-order kinetics.

Limiting case 1 (Michaelis-Menten kinetics): When Ku << Cur or j3 is very small, the rate of the reaction becomes Michaelis-
Menten kinetics. Now the Egs. (16) and (17) reduce to:

EM/(X),L(X):O. and U”(x)JrEU’(X)*M*O- (39)

MN(X)JF)( u(x)+a X M(X)+a_
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The concentrations are obtained by using the boundary conditions (18) and (19) as:

I sleosh|(1 - ) [-—20 ]
u(o) = cosh ((1+N)(1+a))x] and v(y) = cosh|(1=x) [6(1+N)(1+a§) 40
9 26 ‘
cosh[\/((1 TNAE a))] cosh[\/[m]]
The current is:
.
o= [(1+N)(1+a) ' (41)

Limiting case 2 (First-Order Kinetics): When Ku << Cur, and Cs» << Ks, the reaction is first-order kinetics. In this case, 3 = 0 and
a is large, and the Egs. (16) and (17) become:
N y N 2¢
W)+ () - Zu(x)=0. and v'(y) + V0= Tul=o. (42)

The concentrations are determined by applying boundary conditions (18) and (19) as:
¢
cosh[ (E)X]
d) K
)
}o I#X] 0
u(x)=1{—~%2, N=1! and v(x)=
25
[ Va
¢
)]

cosh

cosh

G e |
o)

cosh

sinh

N

Il
N

The current is:

2¢

Y=laxNa

. (44)

Limiting case 3 (Zero-Order Kinetics): In zero-order kinetics, the reaction rate does not depend on reactant concentration, and
a fixed amount of the reactant is removed per unit time. In this case, Cs >> Ks and Cur >> Ku or a = 0, 8 = 0. Now the Egs. (16) and
(17) become:

u”(x) +gu’(x) —¢=0. and v'(x)+ gu’(x) —2¢=0. (45)

Applying the boundary conditions (18) and (19) gives us the concentrations:

N ) 5 §|lcosh|(1—x) [76(12¢N ]H
u(y) = 2NFX 02 4nd u(y) = +N) (46)

2 leetwl

cosh

From this, we can get the appropriate current as:

=

26
1+ N)]‘ (47)

The present findings provide a robust analytical framework for predicting enzymatic biofuel cell behavior, guiding experimental
validation and optimization of electrode design. Future research may extend this model to transient or multi-enzyme systems,
integrate heterogeneous electron transfer kinetics, and support advanced theoretical developments for next-generation
bioelectrochemical energy devices.

4. Conclusion

In this study, a comprehensive mathematical model was developed to describe nonlinear reaction-diffusion processes
occurring at electrodes of various geometries in enzymatic biofuel cells. By integrating Michaelis—-Menten-type enzyme kinetics
and applying the Rajendran-Joy analytical method, explicit solutions were obtained for substrate and mediator concentration
profiles. The analysis revealed that the dimensionless current is strongly influenced by the Thiele modulus, catalytic rate constants,
enzyme loading, applied potential, and electrode geometry- key factors determining biofuel cell efficiency and design optimization.
Beyond biofuel cell performance analysis, the proposed modelling framework has wide-ranging applicability. It can be directly
employed in designing enzyme-based biosensors for medical diagnostics, optimizing controlled drug release systems, enhancing
enzyme-reactor configurations in bioprocess engineering, and simulating nutrient transport in tissue scaffolds. Moreover, it can
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aid in predicting pollutant degradation in environmental systems and studying thermochemical reactions in energy materials. A
more detailed exploration of these practical applications in future studies would further strengthen the model’s impact and
promote its integration into experimental and industrial design strategies.
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