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Abstract. This study investigates the effect of magnetic interactions on two-dimensional electrically conducting hybrid nanofluid
flow over an expanding sheet, considering porous media and Darcy forces. In addition, the study addresses the role of Ohmic and
Joule heating effects on the heat transfer processes of a copper—-alumina hybrid nanofluid suspended in water. Here, Mintsa model
is applied to control thermal conductivity whereas Gharesim model is applied to ascertain viscosity. Using similarity
transformations, the governing conservation equations for fluid flow are converted into nonlinear ordinary differential equations.
The application of the Runge-Kutta 4-5th order approach enables accurate and efficient numerical resolution of the governing
system. In addition, the Response Surface Method (RSM), a robust statistical approach, is utilized to investigate the enhancement
of heat transfer across multiple parameters, where optimal findings are validated through Analysis of Variance (ANOVA). The paper
shows a high level of congruence with previous studies in certain instances and gives the physical meaning of the added parameters
through graphs and table. Graphical representations demonstrate that augmented magnetic field strength elevated the fluid
temperature of the nanofluid, resulting in heightened surface friction and thermal transfer rate. However, when the intensity of
the magnetic field intensified, there was a corresponding decrease in the rate of heat transfer until a specific threshold was reached.
This investigation has practical applications in improving the heat managing systems. The renewable energy management, cooling
effects in electronic devices, and trade heat exchangers, by refining heat transmission efficacy and fluid performance.
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1. Introduction

Recent research has introduced nanofluids, which are colloidal solutions containing nanoparticles that greatly improve thermal
conductivity. Their importance has grown rapidly, making it necessary to study their applications in different areas. Nanofluids are
now being used in transportation, refrigeration, air conditioning, microelectronics, fuel cells, solar heating, medicine, drug delivery,
mobile processors, and even military communication systems. Many researchers have explored these and its other potential
applications. Raza et al. [1] examined the hybrid nanofluid flow and heat transfer characteristics across porous surfaces. Abbas et
al. [2] investigated the flow of radiated Casson hybrid nanofluid across a surface with Soret and Dufour effects. Feng et al. [3]
conducted experimental research on nano-organic fluids containing surfactants, revealing higher stability, improved heat transfer,
and diminished pressure drops in Organic Rankine Cycle systems. Raza et al. [4] explored the ternary nanofluid flow with
nanoparticle shape effects over a rotating porous walls associated with permeable Reynolds numbers. Jaiswal et al. [5] examined
micropolar fluid dynamics in an anisotropic porous channel with slip boundaries, demonstrating diminished entropy generation
and implications for heat exchangers, microfluidics, and solar collectors. Raza et al. [6] examined the bioconvective nanofluid flow
phenomena and thermal exploration passing through two orthogonal permeable porous discs. Nourmohammadi et al. [7] analysed
nanofluid applications aimed at boosting the effectiveness of thermal treatment in pomegranate juice processing.

The goal has been to comprehend and enhance the thermal characteristics of nanofluids ever since they were first introduced.
Traditionally, just one nanoparticle makes up traditional nanofluids. Hybrid nanofluids have been created to overcome these
drawbacks. Nanoparticles of more than one types are present in these fluids. Ashwinkumar et al. [8] focused on hybrid nanofluid
flow behavior over two geometrical setups to determine heat transfer rates under magnetic and thermal radiation conditions. A
radial porous fin fully immersed in fluid and experiencing convective-radiative heat transfer was studied by Keerthi et al. [9], with
hybrid nanofluid flowing past it. Thirumalaisamy et al. [10] explored hybrid nanofluid heat transfer performance in a square porous
domain. The mathematical model has been addressed using the marker-and-cell numerical methods, and a comprehensive
parametric analysis has been conducted. Basha et al. [11] conducted research on hybrid nanofluid flow across three fin shapes to

Published online: December 12 2025 A‘VA



1036 Rajat Srivastava and Ram Prakash Sharma, Vol. 12, No. 3, 2026

examine thermal performance and compare results for system optimization. Kumar et al. [12] illustrated the hybrid nanofluid flow
through the fluid dynamics of a porous cylinder subjected to stretching, heat sources, and chemical interactions. Sharma et al. [13]
focused on predicting thermal transfer rate in hybrid nanofluid flow within a porous coaxial disk, influenced by thermal radiation
and a low-frequency oscillating magnetic field. Pattnaik et al. [14] explored the importance of hybrid nanoliquid in rocket nozzle
cooling research.

The phenomenon of magnetic field interaction in the flow of fluids in enclosures is a topic of growing interest among
researchers, and they have immense potential to develop within a wide range of industrial and technological applications. This
interest prevails because thousands of untested applications exist out there particularly in advanced manufacturing operations
and engineering developments. Magnetic-fluid phenomena are being associated by the scientific community with new
opportunities in renewable energy, medicine and aeronautics. As a result, the urgency of research increases to learn the possibilities
of magnetic fields in order to cope with the multifaceted issues of contemporary society. Sharma and Srivastava [15] examined fluid
dynamics around a rotating sphere under the influence of an applied magnetic field. The effects of magnetic field on fluid motion
enclosing a spherical solid under porous constraints were examined by Maurya et al. [16]. Sharma et al. [17] to analyse thermal
transport phenomena of fluid flow past a microchannel under magnetic fields. Kumar et al. [18] exemplified a non-classical Stefan
problem that involves the space-dependent thermal conductivity. The Genocchi polynomials and the collocation scheme has been
utilized to address the mathematical model to illustrate the flow phenomenon. Dolui et al. [19] scrutinized the significance of
radiative forces on the hybrid nanoliquid flow via an inclined surface with magnetic field. According to this study, magnetic force
governs flow velocity and magnetic field growth, whereas radiation parameter increases the opposite. Raza et al. [20] explored the
magnetohydrodynamic (MHD) boundary layer flow of Boger nanofluid over a stretching surface with the influences of nanoparticle
diameter and thermal radiation. The thermal transfer rate of nanoliquid stream through a magnetically influenced permeable slider
was forecasted using an ANN framework by Kumar et al. [21].

The phenomena of fluid flow through porous media are significant due to its numerous applications in contemporary culture.
The impact of thermal transfer and temperature on boundary layer flow in porous media, influenced by a magnetic field, has
enhanced thermal performance. A multitude of studies have been undertaken to investigate fluid dynamics in porous media.
Usafzai et al. [22] investigated the issue of nanofluid transport in porous media affected by slip and jump phenomena by selecting
specific solutions that encompassed stretching or shrinking sheets influenced by differences in velocity slip, permeability, and
Prandtl number. Mubaraki et al. [23] studied the chlorine transport in a single-layered pipe and extends it to the case of a bi-layered
pipe using a hybrid approach that combines the Laplace transform method as well as asymptotic approximations method. Farooq
et al. [24] investigated second-grade MHD nanofluid convection across a porous stretching surface. Ahmed et al. [25] focused on
hybrid nanofluid flow over oscillatory curved porous surfaces, demonstrating impact of nanoparticles on heat transfer
enhancement and influence periodic behaviors due to curvature and porosity. The significance of magnetic fields in governing
nanofluid flow across a rough rotating disk within porous media was investigated by Kumar et al. [26]. Raza et al. [27] deliberated
the two-dimensional boundary layer flow and thermal transfer characteristics of incompressible fluid over a plate embedded in a
porous medium. Jagadha et al. [28] investigated radiative MHD Casson nanofluid flow through porous media, highlighting how
magnetic, thermal, and chemical effects influence velocity reduction and thermal enhancement.

Due to the internal friction of a fluid medium, the generated mechanical energy is converted into heat, which is called viscous
dissipation. In the cases of higher viscosity of the fluid motion, the friction among the adjacent layers resists the flow velocity,
which raises the temperature of the flow. Sharma and Sharma [29] studied impact of nanoparticle aggregation over a parabolic
collector with thermal radiation. Gowtham et al. [30] highlighted the influences of heat source on the third-grade nanoliquid flow
past an inclined microchannel. They reported that the increasing Eckert number and external heat source elevate the temperature
distribution in a more pronounced way. The interaction of nanoliquid stream amid a fixed elongating disk and a rotating cone was
investigated by Madhu et al. [31]. They concluded from the findings that the elevation in the thermophoresis effect accelerates the
concentration profile; meanwhile, the augmentation of Brownian motion decelerates it. Additionally, the enhanced Eckert number
escalated the temperature dynamics. To escalate the thermal efficacy of the microchannel, Soumya et al. [32] rearranged the energy
equation with the Ohmic dissipation and exponential heat source effects. They also analysed the generated entropy of the system.
Their findings suggested that the augmenting impact dissipation and heat source increases the Nusselt number, whereas the
diminishing entropy enhances the efficiency of the channel. The significance of chemical reactions on viscous fluid flow over a
curved surface was analysed by Sharma and Sharma [33]. With the utilization of the RK method, they numerically tackled the
solution and to predict the accuracy of the heat and mass transmission, they employed a neural network architecture to the flow
model. Shamshuddin et al. [34] investigated the thermal characteristics of ternary nanoliquid considering both viscous and Joule
dissipation effects. Executing Adomain decomposition method, the behavior of bi-hybrid nanoliquid flow within a rocket engine
nozzle was studied thoroughly by Pattanaik et al. [35]. Executing KKL model, Galal et al. [36] examined the three-dimensional flow
of a hybrid nanoliquid that past a vertical channel to investigate the thermal transfer performance under dissipative effects.
Moreover, to find the statistical significance of the effect, they utilized RSM to statistically interpret it. Kumar et al. [37] analysed
MXene bi-hybrid nanoliquid stream over a permeable slider, demonstrating slider dynamics, magnetic and thermal effects, and
Taguchi optimization. Fatima et al. [38] conducted a neural network assessment on the heat transportation of the ternary nanoliquid
flow passed within a ciliated microtube.

Response surface methodology (RSM) represents a mathematical-statistical framework designed to model and interpret
systems where several factors simultaneously affect a specific response. It enables process optimization through systematic
evaluation of the interrelationships between input parameters and the corresponding output. Typically, RSM incorporates design of
experiments (DOE) to systematically gather data and applies regression analysis to develop predictive models. It serves as a
powerful tool for achieving performance optimization, with broad utility in areas including engineering, manufacturing, and design
innovation. Malika and Sonawane [39] estimated the effective thermal conductivity of the nanofluid with different complex
parameters using RSM and artificial neural network (ANN) modelling techniques at an optimal nanoparticle mixing ratio. Rana et
al. [40] theoretically exemplified the stagnation points of nanofluid flow at spinning spheres under thermal boundary conditions.
Sharma and Shaw [41] investigated the impact of radiation and dissipative heat on the flow of Casson fluid past an extending
surface. Rehman et al. [42] explored the behaviour of nanofluid flow with chemical reactions and nonlinear mixed convection across
a stretched surface with statistical approach. Sharma and Sharma [43] explored the magnetized nanoliquid stream across a
nonlinear curved stretching surface for several industrial and engineering applications.

1.1. Research gap

e Previous research hasn't looked into how porous medium resistance (Darcy-Forchheimer drag) and magnetic field effects
affect the flow of mixed nanofluids enough. This means that we don't fully understand how inertial and viscous forces work
in these kinds of systems.
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¢ Not much is known about how viscous dissipation changes temperature profiles and improves thermal transport in hybrid
nanofluids, especially for AlLOs-Cu systems based with water.

e Response Surface Methodology (RSM) hasn't been used in many studies to systematically improve and study how different
factors affect the performance of hybrid nanofluid heat transfer.

1.2. Research questions

e In what way does the addition of Cu and Al:Os nanoparticles alter the thermal properties and heat transfer efficiency of the
hybrid nanofluid?

e What effect does the porous medium’s permeability and magnetic have on the motion and behavior of fluid across an
expanding surface?

e How do modifications in essential parameters affect the effectiveness and applicability of real-world operations?

1.3. Objective

This research deepens the core understanding of hybrid nanofluid dynamics and establishes a reliable framework for developing
nanofluids customized for particular applications. The fusion of RSM and sensitivity analysis offers a comprehensive method for
developing optimized hybrid nanofluid formulations, contributing to superior heat transfer behavior in practical applications. This
study's main goal is to examine the flow and heat transfer properties of a water-based hybrid nanofluid with Al:Os and Cu
nanoparticles across a permeable stretching surface while being affected by both Darcy-Forchheimer porous medium effects and
a magnetic field. In order to better represent actual flow behaviour, the research also attempts to include inertial drag and viscous
dissipation in the governing framework. However, this investigation has practical applications in improving the heat managing
systems. The renewable energy management, cooling effects in electronic devices, and trade heat exchangers, by refining heat
transmission efficacy and fluid performance.

1.4. Novelty

o To illustrate the flow dynamics of a water-based hybrid nanoliquid enriched with Al:Os and Cu nanoparticles.

e To present the motion and thermal behavior of a water-based hybrid nanofluid with Al,Os and Cu nanoparticles.

e The research focuses on the behavior of hybrid nanofluid flow with Darcy-Forchheimer resistance in the presence of a
magnetic field over a permeable stretching surface.

e The innovation of the study lies in the inclusion of the Darcy-Forchheimer framework to reflect inertial drag as well as the
influence of viscous dissipation in the intensification of the flow dynamics.

e To examine the improvement in thermal transfer rate for different influencing parameters the RSM is applied.

2. Formulation of the Problem

The 2-D motion of an electrically conducting, MHD, viscous, steady hybrid nanofluid that is flowing over an expanding sheet
and contains porous media and Darcy force while considering the impacts of Joule heating and Ohmic dissipation on the heat
transference phenomenon of the Cu-Al:Os-water hybrid nanofluid. The direction of motion of the sheet is perpendicular to the x-
axis, which is chosen to be on the y-axis. The wall shown in Fig. 1 is impenetrable (with vw = 0).

o The flow is stable, laminar, and 2D with negligible pressure gradient effects.

e The hybrid nanofluid is considered incompressible with uniform nanoparticle distribution and the base fluid.

e Joule dissipation and magnetic field effects are included.

e The porous medium is modelled using the Darcy-Forchheimer approach to account for both viscous and inertial drag effects.

e The no-slip and initial temperature are considered as the wall temperature at the extending surface. The momentum and

temperature asymptotically go to the ambient values.

“,“" % Y Yv—— Cu Nanoparticles

Fig. 1. Flow diagram.
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Under the outlined conditions, the equations describing steady boundary layer flow of hybrid nanofluids are formulated as:

(v), =—(u), 1)
UhnfBz thf Cb 2
u) u+(u), V=rc () U U ———U )
s v g T @
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The flow configuration adheres to the following boundary conditions:

U, =u(0) =c-x, u(co) =v(0) =0,

T(0)=T,, T(cc)=T,. )
2.1. Similarity transformations
The similarity variables used to solve Egs. (1) to (4) are chosen as:
c v 1
1= [E] yum fre s v f e, 0T T g
f

Applying the similarity transformations (5) to Egs. (2) and (3) converts the boundary-condition-based nonlinear PDEs into the
corresponding nonlinear ODEs:
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The governing boundary conditions in their transformed state are defined as:

f(0)=0,f(0)=1, f'(cc)=0 @
0(0) =1, f(cc) = 0. )

The dimensionless parameters are as follows: Prandtl number Pr =, -(c,); / k;, Magnetic field parameter M=o, -B} /(c: p;),

Forchheimer Parameter Fr=C,-x/+Kp", Eckert number Ec=u,’ /1(c,); (T, —T,)], Porosity parameter Da = v, /(c-Kp’).
The main physical quantities considered, namely the skin friction coefficient and Nusselt number, are defined as follows:
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Table 1. Physical and thermal properties of nanofluid and hybrid nanoliquid systems.
Thermophysical properties Hybrid nanofluid Nanofluid
. Py , ,
Density —L=(1- @){dh Pay1- ¢>1)} +, 22 Py =(L=8)p; + i,
Ps Ps Ps
. . . . 'uﬂ —{(1— 1— -25 L \-25
Dynamic viscosity (Mintsa model [6]) u {1-e)1-0)} toy = (1= ¢,)
i
(P, )y (pc,), (pc,), (rc,), (pc,).
Heat capacity —L [ (1-6,)[(1 - &) + 6, = P =(1-0) o,
(ﬁ Cp)f (P Cp)! (P CF )f (P CF )f (ﬁ Cp)!
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Thermal conductivity (Gharesim model [4 = =
Y ( [ ]) knf anf + ks2 + ¢2(knf - ks2) kf 2kf + ksl + ¢1(kf - ksl)
Electrical conductivit Oy T2 + zo-nf +2¢,(0,, — Unf) Iy T + 20} +2¢,(0,, — ‘71)
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Y T s o, + zo-nf —¢,(0,, — Unf) Oy o, + 20} — & (o, — ‘Tf)

Journal of Applied and Computational Mechanics, Vol. 12, No. 3, (2026), 1035-1046 A\V'A



Central Composite Design-Based Parametric Study of Magnetically Dissipative Darcy-Forchheimer Hybrid Nanofluid ... 1039

Table 2. Thermo-physical characteristics of fluid and nanoparticles (Abdelmalek et al. [47] and Raza et al. [48]).

Properties p(kg/m®) ¢, (j/kgK) k(W /mK) o(s/m)
Fluid phase-water 997.1 4180.0 0.6130 59.6 x 10°
Al,03 3970.0 765.0 40.00 35 x 10¢
Cu 8933.0 385.0 401.0 x 10

Table 3. Verification of the outcome for certain Prandtl numbers.

Pr Devi and Devi [45] Khan and Pop [44] Present

2 0.91135 0.9113 0.8882133
6.13 1.75968 1.7363614
7 1.8954 1.8954 1.87211
20 3.3539 3.3539 3.3308567

3. Model and Thermo-Physical Properties

To analyze the boundary layer equations of a hybrid nanofluid, this research proposes a novel thermophysical property. Hybrid
nanofluid is created by mixing Cu (¢,) nanoparticles with different solid volume fractions in 0.1vol. of solid volume fractions of
ALO, (p,) nanoparticles mixed with water to create the necessary hybrid nanofluid referred to as Cu/ ALO, —water. Ultimately
Table 1 shows the effectual thermophysical characteristics of spherical nanoparticles for nanofluid and hybrid nanofluid to make
it obvious. The fundamental thermophysical characteristics of nanofluids are obtained from mainstream works of literature. Table
2 shows the effectual thermophysical characteristics of the fluid phase- water and alumina and copper nanoparticles at 25°C.

4. Computational Solution

The Ohmic dissipation of a hybrid nanofluid flow with electrical conductivity across an expanding surface is examined in this
article. By considering the effects of porous media and dissipative heat energy resulting from magnetic field interaction, the heat
transport process is improved. By adding metal nanoparticles Cu and oxide nanoparticles Al>Os to the base liquid water, the thermal
and physical characteristics of the hybrid nanofluid are illustrated. The temperature dispersal and, consequently, the fluid's thermal
conductivity would be impacted by the addition of Joule heating and Ohmic dissipation to the issue. Therefore, characterizing the
thermal behavior of the hybrid nanofluid and comprehending the impact of the various parameters, including Joule heating, Ohmic
dissipation, porous media, and magnetic effects on the heat transfer process, can be done by combining the Mintsa model for
thermal conductivity with other models, for example, the Gharesim model (to describe the viscosity of the fluid). Table 1
summarizes the thermophysical characteristics of the water and the nanoparticles. The study examines the impact of volume
concentration and other factors on the operation of the system. Cu and Al:0O3 has volume concentrations that are represented by
¢, (Cu) and ¢, (Al20s), respectively. For pure fluid, without the presence of magnetic parameters, thermal buoyancy, and Joule
heating, Table 3 provides validation and a comparison of the present findings with previous research conducted by Khan and Pop
[44] and Devi and Devi [45] in particular cases. The outcomes reveal consistent agreement, confirming that the proposed solution
meets the convergence requirements. The combined use of the shooting technique and the 4th RK approach enables accurate
computation of boundary value problems by converting them into a series of initial value problems. The iterations are repeated
until the results converge within a specified error limit approximately 10® and maintain a constant step size of 0.001.

5. Analysis of Results and Discussion

The physical significance of the various quantities influencing the flow phenomena of the hybrid nanofluid is shown in Figs. 2
to 11. Here, the concentrations of AlLO, and Cu in the base liquid water are taken to be 0 to 20% and 0 to 15%, respectively. The
behavior of the particle concentration on the fluid velocity profile is elaborated in Fig. 2. Interestingly, an increment in ALO,
nanoparticle concentration shows an increase. In contrast, an increase in Cu nanoparticle concentration shows a decrease in the
velocity profile. Due to the higher density of Cu, it enhances the agglomeration of particles. So, it enhances the resistance and hence
declines the velocity domain. In contrast, adding AlO, particles decreases the viscosity due to its lower density and lower
conductivity compared to Cu, thereby raising fluid movement. The clogging near the surface caused by the density of Cu
nanoparticles being much higher than that of AlL,O, nanoparticles. Additionally, compared to pure water, the size and shape of Cu
nanoparticles exhibit a slightly greater friction factor. This shows that in comparison to ALO,/water nanofluids, diluted
Cu/ Al,O, — water hybrid nanofluids will result in a decrease in velocity.

Figure 3 visualizes the influence of nanoparticle concentration on fluid temperature. The fluid temperature is increased by the
presence of volume concentration since the particles have enhanced thermal conductivity. The release of stored energy in the
surface area results in an elevation of fluid temperature and an expansion of the thickness of the bounding surface. The example
of a hybrid nanofluid has the highest rate of growth in comparison to the pure and nanofluid situations. Therefore, the use of hybrid
nanofluid is gaining importance in various industries and engineering gadgets for achieving the desired size and form of the
product. The response of a conductive liquid to the magnetic field is seen in Fig. 4. The plot represents the impact of the magnetic
force on presence or absence of the hybrid nanofluid containing both types of nanoparticles. The introduction of a magnetic force
yields a resistive Lorentz force, which acts in opposition to the profile and reduces velocity. The addition of nanoparticles
BeurPao, > 0 boost the thermal conductivity and also boosts the diffusion of momentum. Thus, the velocity declines more than the
pure fluid. Figure 5 shows the effect of magnetic parameters on the thermal profile of the fluid in presence/absence of ¢, and ¢,,,, -
The Lorentz force, which counteracts the fluid's velocity, results in an accumulation of energy near the surface, thereby the
temperature of the fluid increases. Both enhanced conductivity by the addition of ¢,,4,,, >0 and the resistive force produced by
an upsurge in the magnetic parameter contribute to a growth in the fluid temperature. Figure 6 depicts the system behavior varies
with the Eckert number, which is a measure of the coupling parameter, and the fluid temperature for both pure fluid and hybrid
nanofluid. The Eckert number arises from a consideration of the dissipative heat energy in this system. It is defined mathematically
as the inverse of the temperature differential between the plate's surface and the surrounding temperature.
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As the Eckert number increases, the profile across the domain also rises. The drag between nanofluid particles causes heat due
to viscous dissipation, which elevates the fluid’s initial temperature. Figure 7 demonstrates the influence of Pr on the thermal
profile of Cu— AlL0,/H,0. A higher Prandtl number reduces the temperature of the nanofluid by decreasing thermal diffusivity.
Figures 8 and 9 demonstrate that C; for ALO, nanoparticles and Cu nanoparticles rises as for the non-magnetic case M =0, and
for magnetic field intensity, respectively. These results suggest that the occurrence of a magnetic field enhances the viscosity of the
nanofluid, leading to an increased surface friction force. This force is more pronounced when the volume concentration of Al,0,
nanoparticles and Cu nanoparticles is higher. Figures 10 and 11 show that the Nusselt number for Al,0, nanoparticles and Cu
nanoparticles exhibit an upward trend as for the non-magnetic case M =0, and the presence of the magnetic field intensity,
respectively. The involvement of ¢,,4,,,, >0 the accelerates the conductivity of nanoparticles, facilitating high thermal transfer
via convection. Thus, the rate of thermal energy exchange via convection in the nanoliquid escalates with the augmentation of
nanoparticle concentration, leading to a higher Nusselt number. This enhancement in heat transmission is mitigated by the
escalating viscosity of the nanofluid.
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6. Statistical Analysis

Theoretical evaluation of heat transport rate is performed using multiple influencing parameters, and the derived outcomes
are regarded as observed heat transfer values. Consequently, a statistical validation is undertaken using RSM to develop a predictive
model for the heat transfer rate [49]. The model implementation involves three parameters influencing the Nux: Eckart number,
Darcy number, and nanoparticle volume fraction. A stepwise RSM procedure for heat transfer prediction is elaborated, with
validation carried out through an ANOVA analysis. RSM serves as an advanced optimization and modeling approach that applies
integrated mathematical and statistical tools to complex systems. The approach develops intervariable connections to assess the
dependency of output performance on multiple input parameters. Owing to its methodological flexibility, RSM finds practical
relevance in industries ranging from petrochemical engineering to microbiological process optimization.

6.1. Design of experiments

The predictive model for estimating the heat transfer rate is constructed using the previously defined data, constituting a three-
factor model. The central composite design (CCD) procedure involves 20 unique runs, producing 20 predicted Nusselt number values
using the RSM approach. Table 4 compiles the CCD results from 20 runs, including 8 cubic, 6 axial, and 6 central experimental points.
The analysis also involves estimating standard errors to verify the adequacy of the data fitting process.

To confirm the reliability of the predictive results, an ANOVA test is employed to statistically evaluate the accuracy of the
observed Nux outcomes. Through this methodology, the heat transfer rate model incorporating three key parameters is
mathematically formulated as follows:

Nu, = 1, + Y, A+T,B+T,C+TA*A+TB*B+T,C*C+T;A*B+T,A*C+ Ty B*C, (10)

Here, T, (i = 1-10) are identified as the coefficients of the quadratic equation generated through RSM, employed to determine
the parametric effects on heat transfer behavior. The summary of the present model is tabulated in Table 5.
6.2. Regression equation in uncoded units

Nu, = -2.5603 - 2.27 ¢, + 0.0402 Da + 3.962 Ec + 19.6 ¢, *¢, - 0.00054 Da * Da

-2.419 Ec*Ec +0.097 ¢, *Da - 0.96¢, *Ec - 0.0504 Da *Ec (11)
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Table 4. ANOVA table.

Source DF AdjSS AdjMS F-Value P-Value
Model 9 2.04499 0.22722 373.07 0.000
Linear 3 1.90417 0.63472  1042.15 0.000
b, 1 0.00339 0.00339 5.56 0.040
Da 1 0.01908 0.01908 31.32 0.000
Ec 1 1.88170 1.88170  3089.58 0.000
Square 3 0.13750 0.04583 75.26 0.000
b, %o, 1 0.00006 0.00006 0.09 0.769
Da * Da 1 0.00007  0.00007 0.11 0.744
Ec*Ec 1 0.13496 0.13496 221.59 0.000
2-Way Interaction 3 0.00332 0.00111 1.82 0.208
¢, *Da 1 0.00003  0.00003 0.05 0.828
¢, *Ec 1 0.00003  0.00003 0.05 0.830
Da *Ec 1 000326 000326 535 0043
Error 10 0.00609 0.00061
Lack-of-Fit 5 0.00609 0.00122 * *
Pure Error 5 0.00000 0.00000
Total 19 2.05108

Table 5. Overview of the statistical model.

S R-sq R-sq(adj) R-sq (pred)

0.0246789 99.70%  99.44% 97.74%

Figure 12 illustrates the interaction between Da and ¢, on the Nu,, presented through both contour and surface visualizations.
The contour plots map the Nu, on a two-dimensional plane, taking Da and ¢, as coordinate axes. The interaction between Da
and ¢, is evident through the spacing and curvature of the contour lines. The interaction between these parameters produces a
noticeable improvement in heat transfer rate. A three-dimensional depiction through surface plotting highlights the Nu,
dependence on both influencing factors. In Fig. 13, the combined effect of ¢, and Ec on heat-transfer response is portrayed via
contour surface plots. The contour diagrams link points of identical Nu,, allowing visual interpretation of variation trends. The
degree of contour line proximity reflects the rate of Nu, variation closer lines correspond to stronger effects. In contrast, the
surface plot provides a smooth 3D visualization of Nu, variation, clarifying the parameter interrelations. Elevated regions on the
surface plot denote enhanced heat transfer, while depressions indicate reduced Nu,. Figure 14 provides a contour visualization
showing the interplay between Ec and Da impact on the Nu,. Each contour delineates a steady-state Nusselt magnitude,
providing a layered view of performance variation. The surface plot visualizes the combined effects of Ec and Da dependencies
on the Nu,.

Contour Plot of Nux vs Da, ¢1

Surface Plot of Nux vs Da, ¢1

0.005 0.010 0.015 0.020 0.025 0.030 0.035

@1

Fig. 12. Contour and surface plots: Da and ¢,.
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Table 6. Table of sensitivity analysis.

ONu, ONu, ONu,
0, OEc oDa

[oX Ec

-1 -5.23 9.760 -0.0064
-1 0 -6.19 4.922 -0.0504
+1 -7.15 0.084  -0.1072
-1 -1.31 8.800 0.0906
0 0 -2.27 3.962 0.0402
+1 -3.23 -0.876  -0.0102
-1 2.61 7.840 0.1876
+1 0 1.65 3.002 0.1372
+1 0.69 -1.836  0.0868

Contour Plot of Nux vs Ec, $1

Surface Plot of Nux vs Ec, ¢1

0.005 0.010 0.015 0.020 0.025 0.030 0.035
P71
Fig. 13. Contour and surface plots: Ec and ¢,.

Contour Plot of Nux vs Ec, Da

Surface Plot of Nux vs Ec, Da
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s * . 0.0

Fig. 14. Contour and surface plots: Ec and Da.
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6.3. Sensitivity analysis

To elaborate the sensitivity of the parameters on the output response, the sensitivity analysis is conducted. This study
demonstrates the sensitivity of ¢,, Ec, and Da on the Nu, profile through the partial derivative of Eq. (11). After the derivation,
the modified partial derivatives are expressed below:

ONU, _ 597 +3.924, +0.097Da — 0.96Ec
0,
8;5 Ux _ 3962 4.838Ec — 0.96¢, — 0.0504Da (12)
C
ONu
~ook = 0.0402 ~0.00108Da + 0.097¢, — 0.0504Ec
a

Table 6 illustrates the sensitivity of the above-mentioned parameters on the Nu, profile. The positive and negative sensitivities
represent the increasing and decreasing phenomena of the parameters on the output response.

7. Conclusion

The study researched the influences of varying factors on the stream behavior of hybrid nanofluids and their impacts on heat
transfer. The study aims to explore the flow and heat transfer characteristics of a water-based hybrid nanofluid containing Al,O3
and Cu nanoparticles. It further examines the effects of Joule heating and Darcy dissipation on the thermal behavior of the Cu-
Al,Os/water hybrid nanofluid. The following major findings were made:

e The augmentation of Al2Os; nanoparticle concentration resulted in a rise in velocity, but the presence of Cu nanoparticles

resulted a reduction due to clogging.

e The presence of nanoparticles enhances fluid temperature due to improved thermal conductivity, therefore hybrid

nanofluids show the highest temperature increase compared to pure and nanofluid cases.

e The introduction of a magnetic force (Lorentz force) opposed the velocity profile, resulting in diminished velocity with

increasing magnetic parameter values, and the absence of magnetic parameters led to maximum velocity results.

¢ Enhanced magnetic field strength improved the fluid temperature of the nanofluid, leading to increased surface friction and

thermal transfer rate. However, as the strength of the magnetic field increased, resulting in a reduction in heat transmission
rate until a certain point.

e An increasing Eckert number led to a rise in the profile throughout the domain due to heat generation from viscous

dissipation, which elevates the initial temperature of the fluid.

¢ A higher Prandtl number reduces nanofluid temperature due to decreased thermal diffusivity and boundary layer thickness.

e Using statistical modeling, a predictive design for the Nusselt number is formulated, incorporating the effects of several

contributing variables.

e Based on p-values and calculated errors, the quadratic model emerges as the most suitable representation for the Nusselt

number.

To summarise, the study's findings illustrate the intricate interaction between several factors affecting the flow and heat
transformation properties of hybrid nanofluids. These developments have ramifications for engineering uses, especially in
industries where precise control of temperature and fluid flow is crucial. Further research and experimentation are needed to
explore the practical applications of these insights. furthermore, the limitation of study incorporates the ideal assumption of
nanofluid like uniform dispersion and absence of agglomeration. Also, the application of RSM may not fully define the non-linear
interaction outside the selected range of parameter.
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Nomenclature
T Fluid’s temperature (K) n Similarity variable
T, Wall’s temperature (K) 0 Temperature
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T, Temperature far-off from the sheet (K) C, Drag coefficient
u x -direction’s velocity component (m/s) Pr Prandtl number
v y -direction’s velocity component (m/s) Ec Eckert number
h Coefficient of Heat transfer (W / (m?*K)) Fr Forchheimer Parameter
Cp; Fluid’s specific heat capacity (J/ (kg K)) M The magnetic parameter
Kp Porosity constant (m?) Da The porosity parameter
g The acceleration caused by gravity (m/s?) Re, Local Reynolds number
k¢ Fluid’s thermal conductivity (W/mkK) Cp Local skin friction coefficient
By Fluid’s dynamic viscosity (m?¥s) Nu, Local Nusselt number
vy Fluid’s kinematic viscosity (m?s) Subscripts
Py Fluid’s density (kg/m?) f Properties of fluid
o Electrical conductivity (Q2-m) nf Properties of nanofluid
0C, Heat capacity (J/K) hnf  Properties of hybrid nanofluid
Dimensionless Parameters S, Properties of solid components of Al,O3
b =P, Volume fraction of alumina nanoparticle S, Properties of solid components of Cu
b = O, Volume fraction of copper nanoparticle
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