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Abstract. This paper proposes an integrated XFEM-RBF-MOPSO framework for the inversion of multiple crack parameters from 
displacement data. High-fidelity forward response samples are generated by the extended finite element method (XFEM) using 
optimal Latin hypercube sampling (OLHS). The XFEM results are used to construct a radial basis function (RBF) surrogate, which 
approximates the mapping between crack parameters and displacement responses. Multi-objective particle swarm optimization 
(MOPSO) is employed to search the parameter space using the RBF surrogate in order to match the observed displacements, thereby 
reducing the computational cost. This is because the RBF surrogate has higher predictive accuracy than the Kriging surrogate under 
limited-sample conditions, as verified by cross-validation. Our approach is validated through three numerical examples, including 
collinear double-edge cracks, two parallel internal cracks, and three parallel internal cracks. The crack-tip coordinates obtained by 
the combined MOPSO-RBF approach are in good agreement with those of the actual cases. The results demonstrate better 
convergence and computational efficiency, indicating that the proposed approach is a promising approach for practical multi-crack 
inversion. 

Keywords: Crack inversion; Extended finite element method; Radial basis function; Multi-objective optimization; Particle swarm 
algorithm. 

1. Introduction 

Fatigue cracks are a major cause of failure in engineering structures such as bridges, aircraft, and pressure vessels. Therefore, 
accurately identifying the location and size of cracks in engineering structures is crucial for ensuring structural reliability. Existing 
approaches for crack identification can be broadly categorized into three types: physics-based numerical identification methods, 
image-processing-based or machine-learning- and deep-learning-based identification methods, and surrogate-model-based 
numerical identification methods. 

In the field of crack identification, physics-based numerical inversion methods were among the earliest approaches applied. In 
these methods, numerical techniques such as the finite element method (FEM), extended finite element method (XFEM), or 
boundary element method (BEM) are employed for forward analysis to obtain structural displacement, strain, and other responses. 
Global optimization algorithms are combined with these numerical methods to invert crack parameters, including crack location 
and size. Early research on numerical inversion methods mainly focused on the integration of XFEM with optimization algorithms. 

Rabinovich et al. proposed an inversion framework combining XFEM and the Genetic Algorithm (GA), capable of effectively 
locating cracks without remeshing and significantly improving dynamic identification accuracy [1, 2]. Zhang et al. and Khatir et al. 
developed crack identification methods based on XFEM or FEM models using structural vibration frequencies as features, obtaining 
the crack location and depth in experimental beam structures using particle swarm optimization (PSO). However, these methods 
are sensitive to shallow cracks and noise [3, 4]. Bouhala et al. combined XFEM with a cohesive zone model for fracture parameter 
identification in composites, demonstrating the importance of physics-based modeling for inversion accuracy [5]. Agathos et al. 
proposed a stabilized XFEM coupled with multiscale global optimization, which was applied to three-dimensional multiple cracks 
in complex structures [6]. Feerick et al. applied XFEM to simulate crack propagation in anisotropic cortical bone, verifying the 
effectiveness of this method in predicting crack behavior [7]. Gao et al. and Dai et al. integrated XFEM with high-order hybridization 
operators or improved inverse XFEM for crack identification in tunnels and large-scale structures, thereby enhancing numerical 
stability and engineering applicability [8, 9]. 
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Beyond mechanical responses, some researchers have also employed parameters from other physical fields to invert for crack 
location and size. For instance, electric potential field inversion methods based on BEM have been developed, in which electric 
potential tomography was used for non-destructive measurement of three-dimensional hidden cracks [10]. Noii et al. combined 
phase-field modeling with Bayesian inversion to identify fracture parameters in ductile materials, highlighting the potential of 
integrating physical consistency with probabilistic inversion frameworks [11]. 

Overall, physics-based numerical inversion methods offer strong physical interpretability and generality. However, these 
methods are sensitive to measurement noise and have a high computational cost, making them difficult to extend to multi-crack 
or high-dimensional problems. Thus, surrogate model–based and data-driven methods for crack identification are becoming 
increasingly common due to their computational efficiency and robustness. 

In recent years, with the rapid development of computer vision and artificial intelligence technologies, image-based crack 
detection methods have become an active research area. These methods acquire high-resolution images of structural surfaces and 
automatically identify the presence and morphological features of cracks using image processing or machine learning and deep 
learning models, enabling rapid assessment of surface damage. Traditional image processing approaches rely on algorithms such 
as filtering, edge detection, and morphological analysis to identify cracks, whereas machine-learning-based techniques train 
models on large-scale datasets for pixel-level crack segmentation and classification. 

Relevant literature [12] shows that image-recognition-based methods have achieved significant improvements in detection 
accuracy and automation, making them suitable for the rapid non-destructive inspection of surface cracks in bridges, roads, tunnels, 
and similar infrastructure. However, these methods struggle to capture internal cracks and three-dimensional crack parameters. 

Overall, physics-based numerical inversion methods suffer from high computational costs and low convergence efficiency. 
Although image-processing-based and machine-learning- and deep-learning based approaches are highly efficient, they struggle 
to capture the internal geometric and mechanical characteristics of cracks. To address this issue, researchers have proposed 
surrogate-model–based crack identification techniques. These methods construct an approximate model for crack identification 
using a limited number of samples, which replace forward analyses based on FEM or XFEM and enable rapid prediction or inversion 
of crack parameters. Depending on whether optimization algorithms are incorporated, these methods can be broadly categorized 
into two types: direct surrogate identification methods and surrogate-plus-optimization inversion methods. 

Direct surrogate identification methods utilize surrogate models to establish a functional mapping between structural response 
and crack characteristics, thereby enabling the prediction of crack location or damage state. Corrado et al. proposed a crack 
localization method for beam structures using Gaussian process regression, capable of simultaneously identifying single and 
multiple crack locations and quantifying prediction uncertainty [13]. Liu et al. implemented crack identification for composite 
sandwich structures based on Gaussian process classification, transforming the crack detection problem into a probabilistic 
classification problem [14]. Wang et al. proposed an online crack assessment method using a heteroscedastic Gaussian process 
model, improving the modeling accuracy of noise and uncertainty in traditional Gaussian process models [15]. Zhong et al. 
combined XFEM data with a neural network surrogate model to achieve high-accuracy identification of multi-crack structures, 
demonstrating the superiority of deep surrogate models under complex geometric conditions [16]. In comparison, direct surrogate 
methods are computationally efficient and structurally simple, but their accuracy depends on the quality of sample distribution 
and lack generalization capability in high-dimensional parameter inversion. 

Surrogate-plus-optimization inversion methods are based on surrogate models and intelligent optimization algorithms, such 
as PSO and GA, to search for crack parameters that minimize the error between predicted responses and observed data, thereby 
achieving accurate inversion and identification. Gao et al. proposed a crack identification framework based on the Kriging model, 
using FEM simulations to generate sample data and establishing an approximate relationship between crack parameters and 
structural responses, thereby inverting crack location and depth through error minimization [17]. Gao et al. further extended this 
method to cantilever plate structures, verifying its accuracy and applicability in two-dimensional crack identification [18]. Wang et 
al. combined the Kriging model with the improved nondominated sorting genetic algorithm-III (NSGA-III) to achieve crack 
parameter inversion in rotating machinery systems, significantly improving computational efficiency and identification accuracy 
[19]. These methods reduce iterative costs while maintaining numerical accuracy, and represent one of the most widely used 
inversion strategies in engineering crack identification. 

Surrogate-model-based crack identification methods, which combine numerical stability and computational efficiency, have 
become an important research direction bridging physics-based inversion and data-driven approaches. Direct surrogate methods 
are suitable for rapid localization and online monitoring, whereas surrogate-plus-optimization based inversion methods inversion 
methods are more appropriate for precise identification and multi-parameter inversion. In the process of identifying crack location 
and size in engineering structures, interactions among multiple cracks are often involved, which can significantly alter the crack-
tip stress field and energy release characteristics [20]. Therefore, the coupling effects among multiple cracks must be considered in 
crack identification to avoid errors arising from the single-crack assumption. Based on this, this paper proposes a high-accuracy 
multi-crack identification method for thin plate structures, integrating XFEM, surrogate models, and optimization algorithms to 
achieve accurate inversion and localization. 

The remainder of this paper is organized as follows. Section 2 presents the theoretical framework of the proposed XFEM-RBF-
MOPSO method for multi-crack inversion. Section 3 validates the proposed approach through numerical case studies and evaluates 
the accuracy of the inversion results.  Finally, Section 4 presents the main conclusions of this study. 

2. Proposed XFEM-RBF-MOPSO Framework for Multi-Crack Inversion 

2.1. Extended finite element method 

XFEM enriches the standard finite element approximation with additional functions that capture discontinuities and 
singularities without remeshing. Specifically, a Heaviside function models displacement jumps across cracks, while asymptotic 
crack-tip functions capture stress singularities. This enables accurate representation of crack initiation and propagation within a 
fixed mesh [21-23]. 

The displacement field can be expressed as [24]: 

4

1

( ) ( ) ( ) ( ) ( ) ( )k ki i j j
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where u(x) is the displacement vector at position x; Ni(x) is the standard finite-element shape function of node i; ui is the 
conventional nodal displacement; H(x) is the Heaviside function representing the displacement jump across the crack surface; aj 
denotes the additional degrees of freedom of the nodes j in the set J enriched by H(x); F�(x) (� = 1,…,4) are the crack-tip asymptotic 
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enrichment functions [25-27]; kbα are the corresponding enriched nodal degrees of freedom for nodes k in the set K; and I, J, and K 
represent the collections of standard, Heaviside-enriched, and crack-tip-enriched nodes, respectively. 

Based on this displacement approximation, applying the standard finite element derivation process ultimately yields a system 
of linear algebraic equations describing the equilibrium of the system: 

XFEM XFEM XFEMK =U F  (2) 

The global degree of freedom vector UXFEM contains both the standard degrees of freedom of all nodes and the enriched degrees 
of freedom of the enriched nodes, denoted as {u,b,c}T. The global stiffness matrix KXFEM and the load vector FXFEM incorporate 
contributions from standard, enriched, and coupling terms [28]. Their computation requires specialized numerical integration 
methods to handle discontinuities and singularities within elements. Solving this system yields the full-field response of the 
cracked structure. The core advantage of XFEM lies in its flexibility and efficiency in handling discontinuity problems, particularly 
due to its ability to avoid mesh reconstruction during crack propagation simulations [29, 30]. Crack geometry is described by a level 
set method [31], in which the signed distance functions define crack surfaces and tips [32, 33]. This allows flexible insertion of single 
or multiple cracks without altering the mesh topology. 

In this study, XFEM is served as a high-fidelity forward model to generate displacement responses under given crack 
configurations. These responses form the training dataset for the surrogate model described in Section 2.2. 

2.2. RBF surrogate model 

In inversion problems such as crack identification, high-fidelity models with XFEM establish the link between physical inputs 
(crack parameters) and outputs (displacement). However, since inversion requires repeated evaluations of the forward model during 
optimization, directly using XFEM would be computationally impractical. A surrogate model, trained on selected sample points, 
approximates the XFEM response and replaces it in optimization algorithms like multi-objective particle swarm optimization 
(MOPSO). This significantly reduces computational time while preserving acceptable accuracy.  

We choose the RBF network over alternatives such as Kriging because it is a universal approximator that can be trained 
efficiently through linear least squares, while also showing robust performance when only a limited number of samples are 
available, which is consistent with our optimal Latin hypercube sampling (OLHS) dataset. In addition, the radial locality of RBF 
makes them particularly suitable for modeling displacement fields that are smooth but spatially varying. To further demonstrate 
this advantage, a subsequent section presents a direct comparison of RBF and Kriging using the same training sample size, including 
both surrogate-model accuracy and the final crack-inversion results. 

The core of the RBF neural network is based on the theory of radial basis functions, where the response of a network node 
depends on the distance between the input vector and the center vector associated with that node [34]. A typical RBF network 
consists of three layers [35,36]: 

The input layer receives external input data. The input vector p ∈ Rd represents the d-dimensional geometric parameters 
describing the multi-crack state. The nodes in the input layer simply transmit p to the next layer. 

The hidden layer is the key layer for achieving nonlinear mapping. It consists of N RBF neurons, where each neuron i has a 
center vector ci ∈ Rd and an activation function, which is a radially symmetric RBF �. The most used RBF is the Gaussian function: 
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where p ∈ Rd denotes the input vector, ci is the center of the i-th neuron, σi > 0 is its width parameter, and ∥ p − ci ∥ represents the 
Euclidean distance between p and ci. The width σi governs the effective receptive field of the i-th neuron. Mapping the input space 
into an N-dimensional feature space, the hidden layer enables the network to approximate complex nonlinear relationships. The 
center vectors ci and width parameters σi therefore constitute key structural parameters of the RBF network. 

The output layer is composed of m linear neurons. It generates the final output of the network. In this study, the output vector 
ˆ m

k R∈u  represents the predicted m-dimensional structural displacement response corresponding to the input crack parameters p. 
The k-th output ˆ ku  is the weighted sum of the outputs from all neurons in the hidden layer: 
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where wik is the weight connecting the i-th hidden neuron to the k-th output neuron. 
When using the RBF network as a surrogate model, a dataset ( ) 1{ , }M

j j jS == p u containing M samples is first generated by running 
the high-precision XFEM model, where pj represents the input crack parameters, and uj is the corresponding displacement 
calculated by XFEM. The RBF network is trained using this dataset. The objective is to minimize the error between the surrogate 
model predicted output ˆ ju  and the true XFEM output uj, improving the accuracy of the surrogate model. 

2.3. MOPSO optimization algorithm 

After constructing the surrogate model, the next step is to perform efficient inversion calculations using it. The inversion of 
crack parameters is essentially an optimization problem, in which an optimal set of crack parameters p is obtained by minimizing 
the difference between the predicted displacement response û  of the surrogate model and measured displacement response uobs. 

In the numerical examples presented in this study, the parameter vector to be identified is: 

{ }1 1 2 2, , , ,... ,Q x y x y=  (5) 

where x1, y1, x2, y2, … denote the coordinate positions of the crack tips.  
The objective function is: 

( )
ˆ

ˆ
obsO Q

−
=∑

u u

u
 (6) 

Considering the potential presence of multiple optimization objectives in practical problems, this study adopts MOPSO to find 
the crack coordinates that minimize O(Q), thereby inverting the initial crack coordinates. 
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The standard PSO algorithm simulates the social behavior observed in swarms. The algorithm maintains a swarm of Np particles 
(candidate solutions). Each particle � has a position vector d

i R∈p and a velocity vector .d
i R∈v  At each iteration t, the velocity and 

position of the particles are updated according to the following equations: 

( ) ( ) ( ) ( )( ) ( ) ( )( )1 1 2 21i i i i it w t c r pbest t t c r gbest t t+ = + − + −v v p p  (7) 

where w is the inertia weight, adjusting the influence of the previous velocity on the current velocity. c1, c2 are learning factors (or 
acceleration constants), which adjust the weights for learning from the individual best and global best, respectively. r1, r2 are random 
numbers uniformly distributed in the interval [0, 1]. pbesti(t) is the personal best position found by particle i up to iteration t. gbesti(t) 
is the global best position found by the entire population up to iteration t. 

Position update: 

( ) ( )1  = 1i i it t+ + +p p v  (8) 

MOPSO is an extension of the standard PSO algorithm to the field of multi-objective optimization. MOPSO uses a pbest update 
rule based on Pareto dominance and selects a leader gi from a dynamically maintained archive of non-dominated solutions, driving 
the particle swarm to converge to the true Pareto front while exploring different regions along the front. This aligns well with the 
inherent requirements of multi-objective optimization problems, making it a powerful tool for solving such problems [37]. 

2.4. Overall inversion workflow 

OLHS enhances Latin Hypercube Sampling (LHS) by introducing an optimization criterion-maximizing the minimum distance 
between sample points or minimizing correlations among sample points) [38,39]. This further refines the LHS design, resulting in a 
set of sample points that not only preserve uniformity of projections in each dimension, but also achieve enhanced space-filling 
and uniformity throughout the high-dimensional space [40]. 

To invert for the positions of multiple cracks efficiently and accurately, this paper proposes an integrated computational 
framework. To mitigate the high computational cost associated with XFEM-based parameter analysis, OLHS is used to generate N 
representative sample points in the multi-dimensional crack parameter space. The corresponding displacement responses can be 
obtained by simulating with the XFEM program developed in MATLAB at these sample points, forming a database that captures the 
crack parameter-displacement mapping. This database is then used to train an RBF neural network surrogate model. The trained 
RBF network can rapidly predict displacements, effectively replacing XFEM calculations during the inversion process [41]. 

Subsequently, the inversion task is formulated as an optimization problem to identify the crack parameters that minimize the 
discrepancy between the RBF-predicted and the target displacement. Given the complex solution landscape and potential multi-
objective nature of the problem, MOPSO is employed to perform the optimization. MOPSO iteratively evaluates candidate crack 
parameters by querying the RBF surrogate model, conducting global searches, and converging to a Pareto-optimal solution set. This 
set yields high-quality candidate solutions that balance competing objectives in multi-crack inversion. 

To illustrate the physical application of the proposed framework, the schematic configuration of the considered engineering 
system is presented in Fig. 1. This model represents a typical structural component (e.g., a plate section within a pressure vessel 
subjected to remote tensile stress). The system is characterized by multiple internal cracks, whose tip coordinates constitute the 
unknown parameters to be identified. The distinct markers (blue dots) distributed along the boundaries indicate the responding 
points where displacement responses are monitored. These observed data serve as the physical ground truth that drives the XFEM-
RBF-MOPSO workflow to iteratively search for the accurate crack parameters. 

3. Numerical Examples and Result Analysis 

3.1. Collinear double-edge cracks under uniaxial tension 

(1) Arrangement Scheme 

Consider a rectangular plate of size 2 m×2 m with an elastic modulus E = 22000 Pa and Poisson’s ratio � = 0.33. The upper and 
lower edges of the plate are subjected to a uniform tensile stress � = 1 MPa. In this example, the plate contains two horizontal edge 
cracks, each with a length of a = 0.4 m. The first crack extends horizontally to the right from the midpoint of the left boundary (0, 0), 
with the crack tip located at the true coordinate (0.4, 0). The second crack extends horizontally to the left from the midpoint of the 
right boundary (2.0, 0), with the crack tip located at the true coordinate (1.6, 0), as shown in Fig. 2. The plate is discretized using a 
structured mesh with nH = 50 elements along the vertical direction, resulting in a total of 50×50 elements. Each element is a four-
node quadrilateral, allowing for an accurate representation of the geometry and boundary conditions. 

 

 

Fig. 1. Schematic configuration of the cracked plate model. 
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Table 1. Response point coordinates of the crack model. 

Axis 1 2 3 4 5 6 7 8 9 10 11 12 

X 0 0 0 0 0.4 0.8 1.2 1.6 2 2 2 2 

Y 0.2 0.4 0.6 0.8 1 1 1 1 0.8 0.6 0.4 0.2 

Table 2. Target displacement data. 

x1 y1 x2 y2 U01 … U12 

0.4 0 1.6 0 0.000120014716231  0.000120851305837 

Table 3. Sample data obtained from XFEM calculations (Unit: meter). 

Number x1 y1 x2 y2 U01 … U12 

1 0.4343 0.0263 1.497 -0.0465 0.0001823  0.0001482 

2 0.3899 0.2 1.6828 -0.0788 0.0001523  0.0001028 

3 0.2889 -0.1232 1.5535 -0.0505 0.0001151  0.0001653 

…        

100 0.2889 -0.1636 1.7475 -0.002 0.00011544  0.0000970 

Table 4. Numerical model configuration and parameters. 

Item Description 

Geometry 2 m×2 m square plate 

Material properties 
Elastic modulus E = 22,000 

Pa, Poisson’s ratio ν = 0.33 

Loading condition 
Uniform tensile stress σ = 1MPa 

applied on top and bottom edges 

Crack configuration 

Two horizontal edge cracks: 

Crack 1: from (0, 0) to (0.4, 0) 

Crack 2: from (2.0, 0) to (1.6, 0) 

Number of unknown parameters 4 (coordinates of 2 crack tips: x1-2, y1-2) 

Parameter bounds 
x₁ ∈ [0.2, 0.6], y₁ ∈ [−0.2, 0.2] 

x₂ ∈ [1.4, 1.8], y₂ ∈ [−0.2, 0.2] 

FE mesh 50 × 50 structured quadrilateral elements 

Response points 12 points 

OLHS sample size 100 

Reference crack length a0 0.4 m 

(2) Surrogate Model Construction 

To construct the training database required for the RBF surrogate model, the inverse parameter space of the crack tip coordinates 
was first defined. For collinear bilateral cracks, since the crack mouths are located at the structural edges with fixed positions, the 
unknown parameters to be inverted are specifically the crack tip coordinates of the two cracks. Specifically, the coordinate range of 
crack tip 1, (x₁, y₁), is set as x₁ ∈ [0.2, 0.6], y₁ ∈ [−0.2, 0.2]. The coordinate range of crack tip 2, (x₂, y₂), is defined as x₂ ∈ [1.4, 1.8], y₂ ∈ 
[−0.2, 0.2]. 100 sample points with good spatial coverage were selected in this four-dimensional parameter space using the OLHS 
method. 

In the simulation, twelve response points were used to extract displacement data, with their exact coordinates listed in Table 1 
and their locations on the plate indicated by the blue markers in Fig. 2. To enhance the representativeness of the surrogate model 
inputs, these points were concentrated in regions with significant displacement, mainly the upper half of the plate in this case [42]. 
The target displacement data for inversion were obtained by performing an XFEM simulation of the numerical model, where the 
crack coordinates were set according to the actual crack configuration described above, and extracting the displacements at the 
same twelve response points. The resulting values are listed in Table 2. 

For these 100 sets of crack parameter combinations, high-precision XFEM forward simulations were performed for each set, and 
the displacement data at the predefined response points were collected, thereby forming a sample database containing 
( ) 100

1 1 2 2 1{ ., , , , }i ii
x y x y u =  The resulting samples from the XFEM calculations are presented in Table 3 and were subsequently used to train 

the RBF surrogate model. Numerical model configuration and parameters are presented in Table 4. 

 

Fig. 2. Arrangement scheme. 
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Fig. 3. Bar chart of R2. Fig. 4. Bar chart of RMSE. 

  

Fig. 5. Convergence history of y1 and y2. Fig. 6. Convergence history of x1 and x2. 

(3) Accuracy Verification 

To ensure the accuracy and reliability of the RBF surrogate model, this section presents the validation of the proposed method. 
Cross-validation was employed for evaluation. Specifically, out of the 100 sample points generated by OLHS and XFEM simulations, 
20 points were randomly selected for cross-validation analysis. To quantitatively assess the predictive performance of the surrogate 
models, the coefficient of determination, R2, and the root mean square error, RMSE, were used as key evaluation metrics. R² 
measures the proportion of variance in the data explained by the model (ideal value = 1), while RMSE represents the average 
magnitude of prediction errors (a smaller value indicates better performance). In this study, the acceptable thresholds were 
specified as R2 ≥ 0.99 and RMSE ≤ 0.02. The R2 and RMSE values at the 12 response points (U01–U12), obtained through cross-
validation, are presented in Figures 3 and 4 to compare the predictive accuracy of the RBF surrogate model with that of the Kriging 
model under the same training-sample size. 

Figures 3 and 4 show that, with the same training sample size, the RBF surrogate consistently outperforms Kriging. Its R2 values 
stay near 1.0 and above the 0.99 acceptance level, while its RMSE remains below 0.01 and well under the 0.02 threshold, whereas 
Kriging fails to meet these accuracy criteria across all response points. 

The comprehensive evaluation results from cross-validation of R2 and RMSE demonstrate that the trained RBF surrogate model 
possesses excellent predictive accuracy. This confirms that the RBF surrogate model has achieved sufficient accuracy to reliably 
emulate XFEM behavior and can be confidently used in the subsequent multi-crack inversion optimization process performed via 
MOPSO. 

(4) Optimization Process and Results 

After training the RBF surrogate model based on the generated sample database, the MOPSO algorithm was applied to solve the 
inversion problem. The objective function was formulated to minimize the error between the displacements predicted by the RBF 
surrogate model and the target displacements. 

The MOPSO parameters were determined through a brief pilot study aimed at balancing convergence speed, exploration, and 
computational cost. A moderate swarm size-maintained population diversity without excessive forward evaluations; the inertia 
weight was gradually reduced to shift from global search to local refinement; and the cognitive and social coefficients were set to 
stabilize the interplay between individual and collective learning. The maximum particle velocity was scaled according to the 
admissible ranges of crack coordinates and radii, avoiding overshooting while maintaining efficient movement in the design space. 
These calibrated settings were then fixed for subsequent analyses, and the following two examples adopted the same parameter-
selection rationale. The specific parameter settings of the MOPSO algorithm are shown in Table 5. 

Table 5. MOPSO parameter settings. 

Parameter Maximum Iterations Swarm Size Inertia Weight Global Increment Particle Increment Maximum Velocity 

Value 100 50 0.1 0.3 0.5 0.1 
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Table 6. Inversion results. 

Crack coordinates (xinv, yinv) (xtrue, ytrue) Epos(%) 

(x1, y1) (0.4157, 0.000547) (0.4, 0) 3.96 

(x2, y2) (1.5922, -0.028693) (1.6, 0) 7.43 

Table 7. Comparison of Epos values obtained from different approaches. 

Crack coordinates EKR+MOPSO(%) EKR+NSGA(%) ERBF+MOPSO(%) 

(x1, y1) 46.34 48.07 3.96 

(x2, y2) 36.51 27.33 7.43 

Table 8. Response point coordinates for the edge crack model. 

Axis 1 2 3 4 5 6 7 8 9 10 11 12 

X 0 0 0 0 0 0 2 2 2 2 2 2 

Y -2 -1 0 1 2 3 3 2 1 0 -1 -2 

As shown in Figs. 5 and 6, the particle swarm initially explores widely within the defined parameter space, then quickly 
converges toward the optimal region, and finally stabilizes near specific values, demonstrating good convergence performance. 

The MOPSO algorithm searches for a set of non-dominated solutions representing optimal trade-offs among multiple objectives. 
One representative Pareto-optimal solution is selected as the final inversion result. The Pareto-optimal solutions were obtained at 
iteration 2020. 

To quantify the overall positional discrepancy between the inverted and true crack-tip coordinates, a normalized Euclidean 
distance is adopted. Let (xinv, yinv) and (xtrue, ytrue) denote the inverted and true crack-tip coordinates, respectively. 

The positional error is defined as: 

( ) ( )
2 2

0

100%
true trueinv inv

pos

x x y y
E

a

− + −
= ×  (9) 

where a0 is the true length of the target crack used as the reference length. 
Inversion results and error analysis is presented in Table 6. In this study, KR+MOPSO and KR+NSGA were adopted as benchmark 

methods, where KR denotes the Kriging surrogate model; MOPSO denotes the multi-objective particle swarm optimization 
algorithm and NSGA denotes the non-dominated sorting genetic algorithm, respectively. These combinations were selected based 
on established literature [17–19], which demonstrated the broad use of Kriging-based optimization frameworks in crack 
identification. To ensure methodological consistency, the surrogate model (Kriging) was fixed while the optimization algorithm 
varied, allowing a systematic comparison of optimization strategies. 

This design highlights the superior performance of the proposed RBF surrogate under limited-sample conditions. For rigorous 
validation, additional MOPSO- and NSGA-based inversions were performed using Kriging surrogates trained with the same sample 
size as in the proposed method. The resulting crack-tip errors EKR+MOPSO, EKR+NSGA, and ERBF+MOPSO are compared in Tables 7, 14, and 21 
across all numerical examples. This benchmarking framework ensures fair comparison under consistent sampling conditions and 
quantitatively confirms the enhanced accuracy and robustness of the XFEM-RBF-MOPSO approach for multi-crack parameter 
inversion. 

As shown in Table 7, the RBF+MOPSO approach yields more accurate and stable predictions than the KR+MOPSO and KR+NSGA 
approaches under limited sample conditions. 

3.2. Two parallel cracks under uniaxial tension 

(1) Arrangement Scheme 

Consider a rectangular plate with dimensions of 2 m×30 m, with an elastic modulus of E = 22000 Pa and a Poisson's ratio of � = 
0.33. The top and bottom edges of the plate are subjected to a uniform tensile stress of � = 1 MPa. In this example, the plate contains 
two horizontal parallel internal cracks, each with a length of a = 1 m. The first crack is horizontally aligned, with the true coordinates 
of its two crack tips being (0.5, 1.0) and (1.5, 1.0). The second crack is also horizontally aligned, parallel to the first crack, and 
symmetric about the y = 0 axis (the transverse centerline of the plate), with the true coordinates of its two crack tips being (0.5, -
1.0) and (1.5, -1.0), as shown in Fig. 8. The plate is discretized using a structured mesh with nH = 400 elements along the vertical 
direction, resulting in a total of 6000×400 elements. Each element is a four-node quadrilateral, allowing for an accurate 
representation of the geometry and boundary conditions. 

(2) Surrogate Model Construction 

The inversion parameter space consists of the coordinates of the four crack tips of the two horizontal cracks, totaling eight 
inversion parameters. Denote the left and right crack tip coordinates of the upper crack as (x1, y1) and (x2, y2), and those of the lower 
crack as (x3, y3) and (x4, y4). 

To generate the sample points required for RBF training using OLHS, the parameter ranges are defined as follows: 
Upper Crack: x1 ∈ [0.25,0.75], y1 ∈ [0.75, 1.25], x2 ∈ [1.25,1.75], y2 ∈ [0.75, 1.25] 
Lower Crack: x3 ∈ [0.25,0.75], y3 ∈ [-1.25, -0.75], x4 ∈ [1.25,1.75], y4 ∈ [-1.25, -0.75] 
Subsequently, the OLHS method was applied within this eight-dimensional parameter space to generate a total of 500 sample 

points for the XFEM computations. Twelve response points were used to extract displacement data. Their exact coordinates are 
listed in Table 8, and their locations on the plate are indicated by the blue markers in Fig. 8. 

Following the same procedures as in Section 3.1, the sample data obtained from the XFEM calculations are presented in Table 9, 
and the target displacement values are listed in Table 10. Numerical model configuration and parameters are presented in Table 11. 

(3) Accuracy Verification 

From the total of 500 sample points generated through OLHS and XFEM, 80 points were randomly selected for cross-validation 
analysis. The acceptable threshold for R2 was set to 0.99, and for RMSE, to 0.025. The R2 and RMSE values for the 12 response points 
(U01-U12), obtained through cross-validation, are presented in Figs. 9 and 10 to compare the predictive accuracy of the RBF surrogate 
with the Kriging model using the same training-sample size. 
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Table 9. Sample data obtained from XFEM calculations (Unit: meter). 

 x1 y1 … U01 … U12 

1 0.27 1.0175  0.000592984  0.000593639 

2 0.6789 0.7961  0.000597680  0.000598827 

3 0.4795 1.0486  0.000596282  0.000596742 

       

500 0.7089 1.1909  0.000594180  0.000594852 

Table 10. Target displacement data. 

x1 y1 x2 y2 x3 y3 x4 y4 U01 … U12 

0.5 1 1.5 1 0.5 -1 1.5 -1 0.0005943283904344  0.0005949147744104 

Table 11. Numerical model configuration and parameters. 

Item Description 

Geometry 2 m × 30 m rectangular plate 

Material properties 
Elastic modulus E = 22,000 Pa, 

Poisson’s ratio ν = 0.33 

Loading condition 
Uniform tensile stress σ = 1 MPa 
applied on top and bottom edges 

Crack configuration 

Two horizontal edge cracks: 

Upper Crack: from (0.5, 1.0) to (1.5, 1.0) 

Lower Crack: from (0.5, -1.0) to (1.5, -1.0) 

Number of unknown parameters 8 (4 crack-tip coordinates: x1-4, y1-4) 

Parameter bounds 
x₁, x2 ∈ [0.25, 1.75], y₁, y2 ∈ [0.75, 1.25] 

x₂, x4 ∈ [0.25, 1.75], y₂, y4 ∈ [−1.25, -0.75] 

FE mesh 6000 × 400 structured quadrilateral elements 

Response points 12 points 

OLHS sample size 500 

Reference crack length a0 1.0 m 

Figures 9 and 10 show that, with the same training sample size, the RBF surrogate consistently outperforms Kriging. Its R2 values 
stay near 1.0 and above the 0.99 acceptance level, while its RMSE remains below 0.01 and well under the 0.02 threshold, whereas 
Kriging fails to meet these accuracy criteria across all response points. 

The comprehensive evaluation results from cross-validation of R2 and RMSE demonstrate that the trained RBF surrogate model 
possesses excellent predictive accuracy and can be confidently used in the subsequent multi-crack inversion optimization process 
performed via MOPSO. 

(4) Optimization Process and Results 

The specific parameter settings of the MOPSO algorithm are shown in Table 12. Figures 11-14 illustrate the convergence history 
of the eight inversion parameters (crack tip coordinates x1, y1, x2, y2, x3, y3, x4, y4) during the MOPSO optimization process. 

 

Fig. 8. Arrangement scheme. 

  

Fig. 9. Bar chart of R2. Fig. 10. Bar chart of RMSE. 
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Table 12. MOPSO parameter settings. 

Parameter Maximum Iterations Swarm Size Inertia Weight Global Increment Particle Increment Maximum Velocity 

Value 100 12 0.1 0.4 0.5 0.1 

Table 13. Inversion results. 

Crack coordinates (xinv, yinv) (xtrue, ytrue) Epos(%) 

(x1, y1) (0.50027, 1.018) (0.5, 1) 1.80 

(x2, y2) (1.476, 1.0761) (1.5, 1) 7.98 

(x3, y3) (0.49997, -0.9626) (0.5, -1) 3.74 

(x4, y4) (1.5171, -1.0406) (1.5, -1) 4.41 

Table 14. Comparison of Epos values obtained from different approaches. 

Crack coordinates EKR+MOPSO(%) EKR+NSGA(%) ERBF+MOPSO(%) 

(x1, y1) 10.12 22.54 1.80 

(x2, y2) 15.59 20.97 7.98 

(x3, y3) 4.65 12.81 3.74 

(x4, y4) 5.91 23.64 4.41 
 

  

Fig. 11. Convergence history of x1 and x3. Fig. 12. Convergence history of x2 and x4. 

  

Fig. 13. Convergence history of y1 and y2. Fig. 14. Convergence history of y3 and y4. 

As shown in Figs. 11- 14, the Pareto-optimal solutions were obtained at iteration 279. The inversion Results and error analysis is 
presented in Table 13. As in Section 3.1, the Epos results obtained from different inversion methods are presented in Table 14. 

As shown in Table 14, the RBF+MOPSO approach yields more accurate and stable predictions than the KR+MOPSO and KR+NSGA 
approaches under limited sample conditions. 

3.3. Three parallel cracks under uniaxial tension 

(1) Layout Scheme 

A rectangular plate with dimensions of 2 m × 30 m is considered. The material has an elastic modulus of E = 22000 Pa and a 
Poisson’s ratio of ν = 0.33. Uniform tensile stress is applied to the upper and lower edges of the plate, identical to that in Section 3.2. 
The plate is assumed to contain three horizontally aligned, parallel internal cracks, each with a length of a = 1 m. The first crack is 
horizontally oriented, with its two crack-tip coordinates located at (0.5, 0) and (1.5, 0). The second and third cracks are also 
horizontally oriented, parallel to the first crack, and symmetrically arranged with respect to it. Their crack-tip coordinates are (0.5, 
-2.0) and (1.5, -2.0), and (0.5, 2.0) and (1.5, 2.0), as shown in Fig. 16. The plate is discretized using a structured mesh with nH = 400 
elements along the vertical direction, resulting in a total of 6000×400 elements. Each element is a four-node quadrilateral, allowing 
for an accurate representation of the geometry and boundary conditions. 

(2) Surrogate Model Construction 

The inverse parameter space consists of the coordinates of the six crack tips of the three horizontal cracks, totaling twelve 
parameters to be identified. Let the left and right crack-tip coordinates of the upper crack be (x1, y1) and (x2, y2), those of the middle 
crack be (x3, y3) and (x4, y4), and those of the lower crack be (x5, y5) and (x6, y6), respectively. 

To generate the sample points required to train the RBF model using OLHS, the parameter ranges are defined as follows: 
Upper crack: x1 ∈ [0.3,0.7], y1 ∈ [1.8, 2.2], x2 ∈ [1.3,1.7], y2 ∈ [1.8, 2.2] 
Middle crack: x3 ∈ [0.3,0.7], y3 ∈ [-0.2, 0.2], x4 ∈ [1.3,1.7], y4 ∈ [-0.2, 0.2] 
Lower crack: x5 ∈ [0.3,0.7], y5 ∈ [-1.8, -2.2], x6 ∈ [1.3,1.7], y6 ∈ [-1.8, -2.2] 
Subsequently, the OLHS method was applied within this twelve-dimensional parameter space to generate a total of 500 sample 

points for the XFEM computations. Twenty response points were used to extract displacement data. Their exact coordinates are 
listed in Table 15, and their locations on the plate are indicated by the blue markers in Fig. 16. 
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Table 15. Coordinates of response points for the double-crack model. 

Axis 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 

X 0 0 0 0 0 0 0 0 0 0 2 2 2 2 2 2 2 2 2 2 

Y -3 -2.5 -1.5 -1 -0.5 0.5 1 1.5 2.5 3 3 2.5 1.5 1 0.5 .5 -1 -1.5 -2.5 -3 

Table 16. Sample data (Unit: meter). 

Number x1 y1 … U01 … U20 

1 0.47395 1.83527  0.000548327  0.000548249 

2 0.47956 1.85852  0.000549116  0.000549714 

3 0.56132 2.07415  0.000549925  0.000549740 

…       

500 0.49399 1.91142  0.000549302  0.000550054 

Table 17. Target displacement data. 

x1 y1 x2 y2 … x6 y6 U01 … U20 

0.5 2 1.5 2  1.5 -2 0.0005497938254848  0.0005501307896338 

Table 18. Numerical model configuration and parameters. 

Item Description 

Geometry 2 m × 30 m rectangular plate 

Material properties Elastic modulus E = 22,000 Pa,  

Poisson’s ratio ν = 0.33 

Loading condition Uniform tensile stress σ = 1 MPa  

applied on top and bottom edges 

Crack configuration Two horizontal edge cracks: 

Upper Crack: from (0.5, 2.0) to (1.5, 2.0) 

Middle Crack: from (0.5, 0.0) to (1.5, 0.0) 

Lower Crack: from (0.5, -2.0) to (1.5, -2.0) 

Number of unknown parameters 12 (6 crack-tip coordinates: x1-6, y1-6) 

Parameter bounds x₁, x2 ∈ [0.3, 1.7], y₁, y2 ∈ [1.8, 2.2] 

x3, x4 ∈ [0.3, 1.7], y₂, y4 ∈ [−0.2, 0.2] 

x3, x4 ∈ [0.3, 1.7], y₂, y4 ∈ [−2.2, -1.8] 

FE mesh 6000 × 400 structured quadrilateral elements 

Response points 20 points 

OLHS sample size 500 

Reference crack length a0 1.0 m 

 

Fig. 16. Arrangement scheme. 

Following the same procedures as in Sections 3.1 and 3.2, the sample data obtained from the XFEM calculations are presented 
in Table 16, and the target displacement values are listed in Table 17. Numerical model configuration and parameters are presented 
in Table 18. 

(3) Accuracy Verification 

Out of the total 500 sample points generated through OLHS and XFEM, 80 points were randomly selected for cross-validation 
analysis. The acceptable threshold for R2 was set to 0.99, and for RMSE, to 0.02. The R2 and RMSE values for the 20 response points 
(U01-U20), obtained through cross-validation, are presented in Figures 17 and 18 to compare the predictive accuracy of the RBF 
surrogate with the Kriging model using the same training-sample size. 

Figures 17 and 18 show that, with the same training sample size, the RBF surrogate consistently outperforms Kriging. Its R²
values stay near 1.0 and above the 0.99 acceptance level, while its RMSE remains below 0.01 and well under the 0.02 threshold, 
whereas Kriging fails to meet these accuracy criteria across all response points. 

The comprehensive evaluation results from cross-validation of R2 and RMSE demonstrate that the trained RBF surrogate model 
possesses excellent predictive accuracy and can be confidently used in the subsequent multi-crack inversion optimization process 
performed via MOPSO. 

(4) Optimization Process and Results 

The specific parameter settings of the MOPSO algorithm are shown in Table 19. Figures 19-23 illustrate the convergence history 
of the 12 parameters to be identified (crack tip coordinates x1, y1, x2, y2, x3, y3, x4, y4, x5, y5, x6, y6) during the MOPSO optimization 
process. 

As shown in Figs. 19-23, the Pareto-optimal solutions were obtained at iteration 4687. The error analysis is presented in Table 
20. As in Sections 3.1 and 3.2, the Epos results obtained from different inversion approaches are presented in Table 21. 

As shown in Table 21, the RBF+MOPSO approach yields more accurate and stable predictions than the KR+MOPSO and KR+NSGA 
approaches under limited sample conditions. 
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Table 19. MOPSO parameter settings. 

Parameter Maximum Iterations Swarm Size Inertia Weight Global Increment Particle Increment Maximum Velocity 

Value 100 50 0.1 0.3 0.5 0.1 

Table 20. Inversion results. 

Crack coordinates (xinv, yinv) (xtrue, ytrue) Epos(%) 

(x1, y1) (0.4938, 1.946) (0.5, 2) 5.44 

(x2, y2) (1.5628, 1.9876) (1.5, 2) 6.40 

(x3, y3) (0.48622, -0.03048) (0.5, 0) 3.35 

(x4, y4) (1.4753, -0.0075637) (1.5, 0) 2.58 

(x5, y5) (0.5342, -1.9446) (0.5, -2) 6.51 

(x6, y6) (1.486, -2.0592) (1.5, -2) 6.08 

Table 21. Comparison of Epos values obtained from different approaches. 

Crack coordinates EKR+MOPSO(%) EKR+NSGA(%) ERBF+MOPSO(%) 

(x1, y1) 1.51 14.34 5.44 

(x2, y2) 3.78 23.21 6.40 

(x3, y3) 2.20 21.15 3.35 

(x4, y4) 12.05 27.28 2.58 

(x5, y5) 5.33 17.06 6.51 

(x6, y6) 9.72 17.87 6.08 

 

  

Fig. 17. Bar chart of R2. Fig. 18. Bar chart of RMSE. 

  

Fig. 19. Convergence history of x1, x3, and x5. Fig. 20. Convergence history of x2, x4 and x6. 

  

Fig. 21. Convergence history of y1 and y2. Fig. 22. Convergence history of y3 and y4. 
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Fig. 23. Convergence history of y5 and y6. 

4. Conclusion 

The present study has developed a synergistic XFEM-RBF-MOPSO framework for efficient inversion of multiple interacting 
cracks with limited displacement measurements. The forward responses were generated through XFEM, while the RBF surrogate 
was trained to approximate the displacement field with high accuracy. MOPSO was employed to perform the inversion. Three 
numerical examples involving collinear double-edge cracks, two parallel internal cracks, and three parallel cracks were conducted 
to validate the proposed approach. The integrated XFEM-RBF-MOPSO framework demonstrates high predictive accuracy and 
computational efficiency, making it a promising tool for practical structural monitoring and multi-crack identification. It also 
provides an effective bridge between physics-based numerical modeling and data-driven inversion methods. The key findings of 
the present investigation can be summarized as follows: 

1) The proposed XFEM-RBF-MOPSO method successfully identifies multiple crack-tip coordinates, with displacement-based 
positional errors below 8%. 

2) The RBF surrogate model achieves R2 values above 0.99 and RMSE values below 0.02, which are superior to those of the 
Kriging model under the same training-sample size. It also exhibits higher robustness and convergence stability. 

3) Compared with the KR+MOPSO and KR+NSGA approaches, the proposed approach yields significantly lower crack-tip errors 
in multi-crack problems. 
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Nomenclature 

a 

Uk 

yn 

ν 

Crack length [m] 

The displacement of the k-th response point 

The y-coordinate of the n-th response point 

Poisson's ratio 

E 

xn 

σ 

 

Elastic modulus [Pa] 

The x-coordinate of the n-th response point 

Applied stress [MPa] 
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