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Abstract. Imperfect interfaces and pores significantly influence the fracture mechanics of the multiphase structure. In the present 
work, a fast multiple boundary element method is developed for analyzing the interactions between cracks, pores, and imperfect 
interfaces. A novel variable-order asymptotic element is employed to capture the stress singularity, while an imperfect interface 
model connects the different material phases. Numerical results demonstrate that the interfacial strength considerably affects both 
the stress intensity factors and propagation paths of cracks. Furthermore, the presence of random defects is shown to induce crack 
initiation and propagation. 

Keywords: Imperfect interface, Stress intensity Factor, Crack propagation path, Multiphase structure, Fast multipole BEM. 

1. Introduction 

The interfacial phase plays a critical role in governing the fracture behaviors of composites. Initially, some scholars modeled the 
interfacial phase as an ideal perfect interface [1, 2]. However, this idealized assumption fails to account for ubiquitous interface 
imperfections, such as microdefects and weak bonding. A perfect interface can lead to significant stress concentration within a 
very narrow region, whereas an imperfect interface can create a stress transition zone. This zone allows stress and elastic modulus 
to change smoothly from one material to another to avoid sharp stress peaks. Owing to this beneficial mechanism, the imperfect 
interfaces have been successfully applied in various engineering fields, such as thermal conductivity [3-6], multiferroic nanofibrous 
composites [7-9], PN junction [10, 11], spherical–circular inclusion composites [12-15], etc., they all obtain satisfactory results.  

Imperfect interfaces are commonly modeled using the viscoelastic model [16], the rigid model [17], or the spring model [18, 19]. 
The influence of imperfect interfaces on fracture response has been investigated using various numerical methods, including the 
finite element method (FEM) [20, 21], boundary element method (BEM) [22], and phase-field method [23, 24], etc. For instance, Yang 
et al. [20] combined FEM and virtual crack closure technique (VCCT) to analyze cracks-oriented perpendicular to imperfect interfaces. 
Stankevych [22] employed BEM to study interfacial behavior under various contact conditions, ranging from perfect bonding to thin 
compliant interlayers. Zambrano et al. [23] integrated the phase-field method with cohesive zone elements to examine how the 
phase-field continuity affects crack kinking at interfaces. 

In this work, we aim at investigating interactions between defects and imperfect interfaces using the fast multipole boundary 
element method (FMBEM). Unlike previous works, where the crack is typically located at the interface, the crack in this study is 
situated near the imperfect interface. To accurately capture the stress singularities at the crack tip, a novel variable-order asymptotic 
element (VAE) is implemented in the vicinity of the tip. Furthermore, four kinds of imperfect interface models are integrated into 
an advanced FMBEM to compute the complete stress and displacement fields, as well as the fracture responses of multiphase 
structures with an imperfect interface.  

2. Boundary Integral Equations for a Bi-material Cracked Structure 

Consider a 2D elastic cracked structure, as seen in Fig. 1. The conventional boundary integral equation (CBIE) and the hyper-
singular boundary integral equation (HBIE) [25] can be written as follows: 

( ) ( ) ( , ) ( )d ( , ) ( )d ,       ,   ij j ij j ij jc u U t T u∗ ∗

Γ Γ
= Γ− Γ ∈ Γ ∈ Γ∫ ∫y y x y y x y y y x  (1) 

( ) ( ) ( , ) ( )d ( , ) ( )d ,        ,  cij j ijk j ijk jc t K t H u∗ ∗

Γ Γ
= Γ− Γ ∈ Γ ∈ Γ∫ ∫y y x y y x y y y x  (2) 
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Fig. 1. A bi-material cracked structure with an imperfect interface. 

 

Fig. 2. A novel variable-order asymptotic element. 

where x is the field point and y is the source point. ( )ju x  and ( )jt x  are the displacements and tractions at x, respectively. ( )ijc y  
is a coefficient. ( , )ijU∗ x y , ( , )ijT∗ x y , ( , )ijkK∗ x y  and ( , )ijkH∗ x y  are the fundamental solutions for plane strain cases: 
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where ,( ) ( ) / ,i ix⋅ ⋅ ⋅ = ∂ ⋅⋅⋅ ∂ in  is the outward normal vector. r is the distance between x and y. E and ν  are Young’s modulus and 
Poisson’s ratio, respectively, and / [2(1 )].E= +µ ν  For plane stress problems, ν  is replaced with / (1 ).+ν ν  

If the crack belongs to a single domain, Both CBIE and HBIE are established on the crack surfaces to avoid the ill-posedness of 
the system equation. If the crack is at the interface, only CBIE is required.  

3. A Novel Variable-order Asymptotic Element 

As we all know, the stresses near the V-notch /crack tip region are singular, the traditional BEM cannot capture the accurate 
singular stress fields. A novel variable-order asymptotic element (VAE) [26-28] is first used in the defect tip in the present study: 
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where kd   and ks   are the displacement and stress exponents, respectively. The kd   and ks   are obtained by the interpolation 
matrix method proposed by Niu [29]. ( )k

iuɶ and ( )k
itɶ  are the displacement and traction coefficients, respectively. If the V-notch/crack 

tip is at 1.0,=−ξ  1.0.=ϑ  If the V-notch/crack tip is at 1.0,=ξ  1.0.=−ϑ 1N
iu +  and 1N

it +  are the displacement and traction at 
the other end of the VAE away from the tip, respectively. These features enable the VAE to be connected directly to the conventional 
elements without the connective elements. By using the VAE in the defect tip, the singular stress fields near the tip region can be 
obtained accurately. 
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4. Linear Spring Model for an Imperfect Interface 

For the interfacial layer between 1Ω  and 2Ω  (see Fig. 1), the linear spring model is used [30], where the relationship between 
tractions and displacements on the imperfect interface is as follows: 

1 2 1 2( )x x x x xt t u u=− = −β  (8) 

1 2 1 2( )y y y y yt t u u=− = −β  (9) 

where t and u are the tractions and displacements, respectively. ,x yβ β  are interface parameters that do not affect each other. The 
superscript 1 and 2 represent the physical quantities corresponding to 1Ω  and 2 ,Ω  respectively.  

From Eqs. (8-9), we can know that, if 0x →β  and 0,y →β  the interface is a separate interface (SEI). If x →∞β  and ,y →∞β  
the interface is a perfect interface (PEI). If 0x →β  and ,y →∞β  the interface is a sliding interface (SLI). If x →∞β  and 0,y →β  
the interface is a winkler interface (WII). SEI and PEI are special cases of the linear spring model. 

5. FMBEM Analysis for the Cracked Structure with Imperfect Interfaces 

Different a single-phase structure without defects, the system equations established by the FMBEM is more complicate. For the 
general boundary, only two quantities (displacements or tractions) for a node are unknown, but there are four unknowns for one 
node at both the crack surface and the interface. Taking the structure of Fig. 1 as an example, the number of nodes on 1Γ  and bΓ  
are M and Q, respectively, the number of unknowns is 2M + 4Q in 1.Ω  The number of nodes on 2Γ  and cΓ  are L and P, respectively, 
the number of unknowns is 2L + 4P + 4Q in 2.Ω  Because bΓ  is the interface of 1Ω  and 2 ,Ω  the tractions are the linear function 
of the displacements, as shown in Eqs. (8-9), so the unknowns of 1Ω  and 2Ω  are 2M + 2L + 4P + 4Q in total. Note that crack is in 
the 2 ,Ω  2Q CBIEs (1) are established in ,c

+Γ  and 2Q HBIEs (2) are established in .c
−Γ Consequently, the matrix equation is as follows: 
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where 1 ,u  1t  are unknown displacements and tractions on 1Γ  respectively, 2M in total. 2 ,u  2t  are unknown displacement and 
traction on 2Γ  respectively, 2L in total. 12,Bu  12

Bt  are unknown displacement and traction on bΓ  respectively, 4Q in total. 1 1,  c c
+ +u t  

are unknown displacement and traction on c
+Γ  respectively, 2P in total. 1 1,  c c

− −u t  are unknown displacement and traction on c
−Γ  

respectively, 2P in total. T, U are the coefficient matrix of CBIE (Eq. (1)) with respect to displacement and traction. H, K are the 
coefficient matrix of HBIE (Eq. (2)) with respect to displacement and traction. Hence, all unknown boundary displacements and 
tractions of the cracked structure with an imperfect interface are obtained by solving Eq. (10).  

After the whole displacement and stress fields are obtained, the displacement extrapolation method and the maximum 
circumferential stress criterion are used to obtain the crack propagation path. Firstly, the crack-tip opening displacement method 
(CTOD) is used to calculate the stress intensity factors IK  and II :K  

I
0
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u
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r→
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=

+
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π

κ
 (11) 
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0
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∆
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+
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π
κ
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where 3 4= −κ ν  for plane strain, (3 ) / (1 )= − +κ ν ν  for plane stress. ,  nu u∆ ∆τ  is the relative displacement of two crack surface 
along �  and n respectively, as seen in Fig. 3. 

Then, based on the maximum circumferential stress criterion, the crack initiation angle θ  can be determined by: 

I IIsin (3cos 1) 0K K+ − =θ θ  (13) 

2 2
I I II

II

8
2arctan( )

4

K K K

K

− +
=θ  (14) 

Finally, the effective stress intensity factor effK  of each crack tip is obtained by: 

3 2
I IIeff cos ( ) 3 cos ( )sin( )

2 2 2
K K K= −

θ θ θ
 (15) 

 

Fig. 3. Crack opening displacement. 
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Fig. 4. The flowchart of FMBEM implementation process. 

 

Fig. 5. A bi-material plate with a single crack and an imperfect interface. 

If the effK  is larger than the material toughness IC ,K  the crack propagates forward along the direction of the θ  to form a 
new multi-cracked structure. Note that the crack doesn’t propagate when ICeff .K K<  The flowchart of FMBEM can be seen in Fig. 4. 

6. Numerical Examples 

6.1. The interaction between a single crack and an imperfect interface 

A bi-material plate with a single crack and an imperfect interface under tension is considered, as shown in Fig. 5. The width 
and height of the plate W × H = 20 mm × 20 mm. There is a crack parallel to the interface in 2 ,Ω  the length of the crack is 0a  and 
the distance from the crack to the interface is c, where c is variable. 1E  and 2E  are Young’s modulus of 1Ω  and 2 ,Ω  respectively. 

1ν  and 2ν  are Poisson’s ratio of 1Ω  and 2 ,Ω  respectively, �
�

∞ = 100 MPa.  
A simple benchmark case is first considered to verify the accuracy of the present method. Let 1 2 100GPa,E E= =  c = 1 mm, the 

stress intensity factor IK  with PEI under different 0 /a c  are discussed, as shown in Table 1. 

Table 1. Stress intensity factor I  (MPa m).K  

a0/c 0.1 0.2 0.3 0.4 0.5 0.6 

FMBEM 127.13 179.95 227.74 276.25 330.36 396.53 

Analytic solution [31] 126.08 181.58 229.57 278.00 332.44 399.94 

Relative error 0.8% 0.9% 0.8% 0.6% 0.6% 0.9% 



Interactions between Defects and Imperfect Interfaces Analyzing by a Fast Multiple BEM 5 
 

Journal of Applied and Computational Mechanics, Vol. xx, No. x, (2026), 1-11 

 

It can be observed from Table 1 that, the relative error ([FMBEM-Analytic solution]/FMBEM 100%)⋅ of stress intensity factor IK  
are all less than 1%, which shows the FMBEM can obtain the stress intensity factor accurately. 

Next, a composite structure with aluminum and steel is analyzed. The Young’s moduli of aluminum and steel are 80.0 and 208 
GPa, respectively. The Poisson’s ratios are 0.33 and 0.3, respectively. From Fig. 6, we can see that IK  increase with the increase of 

0 / ,a c  indicating a greater fracture risk as the crack propagates toward the interface. The smallest IK  value is observed for the 
crack with PEI, while the largest occurs with SEI. These results demonstrate that the interfacial strength significantly influences the 
safety of the multiphase structure. 

 

Fig. 6. Stress intensity factor KI under different a0/c (MPa m).  

 

(a) 

  

(b) (c) 

Fig. 7. Crack propagation paths after 10 increment steps when a0/c = 1, (a) Crack propagation path, (b) Enlarged view of the left crack tip, (c) Enlarged 
view of the right crack tip. 
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Fig. 8. A plate with a branch crack and an imperfect interface. 

 

Fig. 9. The stress intensity factor KI for different angle γ (MPa m).  

 

Fig. 10. The stress intensity factors KI for different
2 1

/ (MPa m ).E E  

Figure 7(a) shows the whole crack propagation paths for the multiphase structure with different interfaces. Figures 7(b) and 7(c) 
are the enlarged view of left and right part, respectively. For the structures with SLI and PEI, the Mode I crack continues to extend 
along its original path. In contrast, for structures with SEI and WII, the crack path deviates toward the interface. The video of crack 
propagation path can be seen in https://www.researchgate.net/publication/399443553_The_Video_of_Crack_propagation_path. 
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6.2. The interaction between a branch crack and an imperfect interface 

A bi-material plate with a branch crack and an imperfect interface under tension is considered, as shown in Fig. 8. The length 
of the crack branch is a = 2 mm, the angle between two branches is .γ  The width and height of the plate W × H = 20 mm × 20 mm. 

1 2 0.25,= =ν ν  100MPa.y
∞ =σ 1E  and 2E  are Young’s modulus of 1Ω  and 2 ,Ω  respectively. 

Figure 9 shows the variation of stress intensity factor IK  at Node 1 for different angle γ  when 2 1/ 2.E E =  For structures 
with SLI and PEI, IK  exhibits minimal sensitivity to the change in .γ  In contrast, for structures with SEI and WII, IK  shows a 
pronounced dependence on the angle.  

The values of the stress intensity factor IK  at Node 1 for different Young's modulus ratios 2 1/E E  at 60= �γ  are calculated 
and shown in Fig. 10. For the structure with SEI and WII, IK  decreases with the increase of 2 1/ .E E  Conversely, for the structure 
with SLI and PEI, IK  increases with the increase of 2 1/ .E E  Notably, the IK  values for all four cases converge to a similar value 
when 2 1/ ,E E indicating that the influence of the interface diminishes as the stiffness of 2Ω  increases significantly relative to 1.Ω  

6.3. The interaction among an imperfect interface, multiple cracks and pores 

A bi-material plate with an imperfect interface, multiple cracks and pores under tension is considered, as shown in Fig. 11. The 
width and height of the plate W × H = 200 mm × 200 mm. E1 = 50 GPa, E2 = 100 GPa, 1 2 0.25,= =ν ν 100 MPa.y

∞ =σ  
Figure 12 shows the crack propagation paths of the structure with PEI, SLI, SEI and WII. The results indicate that the cracks in a 

plate with PEI (Fig. 12(a)) propagate slower than those in a plate with imperfect interface (Figs. 12(b), (c), (d)). Among the imperfect 
interfaces, the SEI exhibits the most significant effect in promoting crack initiation and propagation. 

Next, a bi-material plate with multiple cracks, pores, and an imperfect interface is analyzed, as shown in Fig. 11(b). The 
corresponding crack propagation paths after 20 increment steps is presented in Fig. 13. A comparison between Figs. 12 and 13 reveals 
that the presence of random pores accelerates and extends crack propagation. These pores serve as stress concentrators, thereby 
weakening the structural strength. If the multi-cracked structure has both random pores and imperfect interfaces, the crack 
propagation is further accelerated. 

  
(a) (b) 

Fig. 11. A plate with multi-cracks and an imperfect interface, (a) No pores, (b) Random pores. 

  
(a) (b) 

Fig. 12. The crack propagation paths of the structure, (a) PEI, (b) SEI, (c) SLI, (d) WII. 
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(c) (d) 

Fig. 12. Continued. 

  

(a) (b) 

  

(c) (d) 

Fig. 13. The crack propagation path of the structure with random pores, (a) PEI, (b) SEI, (c) SLI, (d) WII. 

Finally, a bi-material plate (200 mm × 200 mm) containing 400, 800, 1200, 1600, 2000 cracks under an imperfect interface is 
studied, as illustrated in Fig. 14. The Young’s modulus of two phases are 50 GPa and 100 GPa, respectively. The Poisson’s ratios of two 
phases are both 0.25. The model is subjected to a tensile stress of 100 MPa. The computations are done on a AMD Ryzen 7 6800H 
laptop with a 3.20 GHz CPU. Table 2 shows that the number of degrees of freedom (DOFs) and CPU time for a plate with varying 
number of cracks. With the increase of the number of DOFs, the computational time grows very slowly, demonstrating the high 
computational efficiency of the proposed method. 

Table 2. The degree of freedom and evaluation time used in present method. 

The number of cracks 400 800 1200 1600 2000  

DOFs 15768 29360 43976 57976 72784  

CPU time(sec) 246 297 371 578 814  
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(a) (b) 

  

(c) (d) 

 

(e) 

Fig. 14. A plate with multi-cracks and an imperfect interface, (a) 400 cracks, (b) 800 cracks, (c) 1200 cracks, (d) 1600 cracks, (e) 2000 cracks. 

7. Conclusions 

A fast multipole boundary element method with VAEs is first used to study the interactions between cracks, pores, and 
imperfect interfaces modeled by the linear spring model. Some interesting phenomena are revealed.  

(1) The structure is at greater risk when a crack is located near a weak interface. In structures with SLI or PEI, the Mode I crack 
tends to propagate straight along its original path. In contrast, for structures featuring SEI or WII, the crack deflects toward the 
interface. 
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(2) For the cracked structure with SLI and PEI, the branch angle has little impact on the stress intensity factor. In contrast, for 
the cracked structure with SEI and WII, the branch angle significantly influences the stress intensity factor. 
(3) The presence of random pores and an imperfect interface can weaken the strength of the structure and induce crack 
initiation. 
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