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Abstract. This study proposes a unified beam–substrate model for the static and dynamic characterization of nanobeams resting 
on elastic substrates, explicitly incorporating size-dependent surface energy effects. The formulation combines the modified strain 
gradient elasticity theory (MSGET) with the Euler–Bernoulli beam theory to capture nonclassical bulk behavior through three 
intrinsic length-scale parameters, while the substrate–structure interaction is modeled using a Winkler foundation. Surface energy 
effects are incorporated via the Gurtin–Murdoch surface elasticity framework. Hamilton’s principle is used to derive the governing 
equation of motion and the associated boundary conditions, from which closed-form solutions are obtained for bending, buckling, 
and free vibration. Representative simulations demonstrate pronounced stiffening induced by the combined effects of MSGET 
nonlocality, surface energy, and foundation stiffness. For the cantilever case, the proposed model predicts a tip-deflection reduction 
of approximately 64.14% compared with the classical local model. For simply supported systems, the normalized critical buckling 
load and the normalized first natural frequency can reach up to 27.05 and 5.17, respectively, over the considered parameter ranges. 
These findings underscore the importance of accounting for small-scale and surface effects in the design and interpretation of the 
mechanical response of nanobeam–substrate systems. 

Keywords: Euler-Bernoulli beam, Bending analysis, Buckling analysis, Free vibration analysis, Modified strain gradient theory. 

1. Introduction 

Recent technological advancements have driven numerous scientific and engineering innovations [1–2]. Among these, 
nanoscale technologies have attracted increasing attention due to their broad impact on engineering applications. Representative 
examples include nanowires [3], nanoscale actuators [4], nanoscale sensors [5], and atomic force microscopes (AFM) [6]. Accordingly, 
understanding the structural behavior of nanoscale materials is essential to ensure their strength and reliability, which motivates 
the present study. In studies of nanostructural behavior [7–13], experimental results are generally regarded as more reliable than 
theoretical predictions. Nevertheless, nanoscale experimental investigations face major challenges, such as the need for specialized 
equipment, high cost, and technological limitations [7–8]. Consequently, mathematical modeling remains a widely used and 
effective approach for analyzing the mechanical behavior of nanostructures [9–13]. 

Typically, micro- and nanostructures are modeled using three main approaches: atomistic models [14–15], continuum models 
[16–19], and hybrid frameworks that couple atomistic and continuum mechanics [20–21]. Atomistic and hybrid approaches are less 
commonly used than continuum models because their discrete description of matter and inherent complexity generally require 
longer computational times and substantially higher computational cost [14, 15, 20, 21]. As a result, continuum modeling is widely 
regarded as an effective alternative that offers a practical balance between accuracy and simplicity [16–19]. To date, non-classical 



1218 Worathep Sae-Long et al., Vol. 12, No. 3, 2026 

 

Journal of Applied and Computational Mechanics, Vol. 12, No. 3, (2026), 1217-1232 

continuum models, often combined with higher-order elasticity theories, have been extensively developed and applied to 
investigate the static and dynamic mechanical behavior of micro- and nanostructures [22–30]. 

Among higher-order elasticity theories, the modified strain gradient elasticity theory (MSGET), originally introduced by Lam et 
al. [7], incorporates three material length-scale parameters to represent the discrete nature of matter in nanostructures. In addition 
to the conventional equilibrium of forces and moments, the theory also accounts for the equilibrium of couple-stress moments. 
Consequently, MSGET has proved to be a powerful tool for investigating the mechanical behavior of nanostructures over the past 
two decades [31–38]. For example, Movassagh and Mahmoodi [31] employed MSGET to refine the classical plate model and study 
size effects in microscale Kirchhoff plates under static loading. Ansari et al. [32] applied MSGET to curved microbeams made of 
functionally graded (FG) materials, developing a beam formulation that includes small-scale effects and first-order shear 
deformation. They subsequently extended this framework to circular and annular FG microplates to examine axisymmetric 
bending, buckling, and free vibration [33]. Salehipour and Shahsavar [34] and Thai et al. [35] used MSGET-based plate models to 
analyze size-dependent static and free-vibration responses of FG micro/nanoplates. Bostani and Mohammadi [36] investigated size 
effects on the quality factor associated with thermoelastic damping in microbeam resonators by combining MSGET with the Lord–
Shulman theory for silicon microbeams in cantilever and clamped–clamped configurations. Su et al. [37] studied the nonlinear 
behavior of porous FG composite rectangular microplates with and without cutouts, while Chu et al. [38] examined nonlinear free 
vibrations of PFG composite microplates and assessed how microstructural tensors influence large-amplitude oscillations. Overall, 
these studies [31–38] demonstrate MSGET’s strong capability to capture size-dependent responses in micro- and nanostructures. 
Accordingly, MSGET is adopted in the present work to investigate size-scale effects within the proposed model. 

In addition to size-scale effects, free surface energy becomes increasingly important as structural dimensions decrease. This 
behavior arises from the energy difference between the free surface and the bulk material, which can introduce pronounced size-
dependent characteristics in nanoscale structures. To capture this phenomenon, Gurtin and Murdoch [39, 40] proposed the surface 
continuum model, building on and modifying Cammarata’s surface elasticity theory [41]. Because this model can be incorporated 
into continuum formulations in a relatively straightforward manner, it has been widely used to study surface effects in nanoscale 
structures [42–48]. Prior studies [42–48] have shown that the Gurtin–Murdoch surface model can effectively represent such size-
dependent influences; therefore, it is adopted in the present work. 

Over the past two decades, the concept of beams on elastic foundations has been widely employed to develop and analyze the 
interaction behavior between nanoscale structures and elastic support layers [9, 11, 16, 18, 22]. These studies have contributed to 
nanoscale innovations, including stretchable electronics [49–50], flexible optoelectronics [51], and carbon nanotube-reinforced 
composites (CNTRCs) [52–53]. Despite these advances, reliable and accurate mathematical models for nanobeams on elastic 
substrates are still needed and remain an active area of research [16, 18, 29, 45, 55–59]. For instance, Limkatanyu et al. [16] utilized 
Eringen’s nonlocal elasticity framework to enhance a beam–substrate model for examining the flexural behavior of nanobeams. 
Sae-Long et al. [18] further advanced this framework by analyzing the buckling and flexural responses of nanobeams within the 
context of the thermodynamics-based strain gradient theory [54]. Limkatanyu et al. [45] also developed a modified strain-gradient 
elasticity model to account for small-scale effects in nanobeams on elastic substrates. Rezaee and Hamidi [55] examined nonlinear 
vibrations of nanobeams on viscoelastic media using nonlocal elasticity theory to address material and geometric nonlinearities. 
Mamu and Togun [56] employed a perturbation method to study Euler–Bernoulli nanobeam vibrations under thermal effects, 
including Winkler, Pasternak, and nonlinear foundation interactions. Zhang et al. [57] proposed a viscoelastic nanobeam model 
with axial pretension embedded in an elastic substrate, using the Kelvin viscoelastic model. Civalek et al. [29] investigated 
functionally graded nanobeams with nonlocal strain gradient theory, incorporating elastic springs at the ends for stability analysis. 
Uzun and Yaylı [58] examined the buckling response of nanoscale beams supported by a one-parameter elastic foundation using 
the nonlocal strain gradient elasticity theory. Finally, Limkatanyu et al. [59] utilized a mixed stress-driven nonlocal formulation to 
integrate both surface-energy and nonlocality effects into the beam–substrate interaction system. Their study demonstrated that 
substrate–structure interactions, surface energy, and material nonlocality significantly influence the flexural behavior of 
nanobeams. Although numerous beam–foundation formulations have been developed for nanoscale applications [16, 18, 29, 45, 55–
59], most existing models incorporate either nonlocal/strain-gradient effects in the bulk or surface elasticity effects, whereas only 
a limited number account for both within a single framework for nanobeams resting on elastic substrates. In particular, to the best 
of the authors’ knowledge, MSGET (with three independent material length-scale parameters) has not yet been coupled with the 
Gurtin–Murdoch surface elasticity model in a beam–substrate system to provide a unified analytical treatment of bending, buckling, 
and free vibration. Accordingly, further development of beam–substrate medium models is needed to capture size-dependent 
effects in nanostructures and to enable accurate analysis of flexural response, buckling, and free vibration. The present work 
addresses this gap by developing an integrated formulation and presenting closed-form solutions together with systematic 
parametric investigations. 

The central aim of this research is to formulate an integrated model that couples nanobeams with a substrate medium, enabling 
a unified investigation of the flexural, buckling, and free-vibration characteristics of nanobeam–substrate systems. The proposed 
model combines the MSGET, Winkler foundation model [60], Euler–Bernoulli beam theory (EBBT), and Gurtin–Murdoch surface 
model. This represents the first application of these theories and models together in a nanobeam–substrate system, highlighting 
the novelty of the present work compared with previous studies [16, 18, 29, 45, 55–59]. The schematic configuration of the proposed 
approach is illustrated in Fig. 1. The methodology begins with model formulation, including kinematic assumptions, MSGET, 
nanobeam–substrate interactions, and surface elasticity theory. The model is then applied to evaluate bending, buckling, and free 
vibration responses, as presented in the numerical simulations section. All simulations were performed using Mathematica [61]. 

2. Kinematic Assumptions of the Nanobeam 

The kinematic assumptions of the nanobeam in this study are based on EBBT [62], which states that the beam cross-section 
remains plane and perpendicular to the longitudinal axis during deformation. According to these assumptions, the displacement 
fields can be expressed as: 

( )
( )

( ) ( ) ( ), ; , 0; and ,
w x

X x z z Y x z Z x z w x
x

∂
=− = =

∂
 (1) 

where ( ), ,X x z  ( ), ,Y x z  and ( ),Z x z  denote the displacements along the x-, y-, and z-axes, respectively; z  represents the transverse 
distance measured from the x-axis; and ( )w x  is the transverse displacement of the nanobeam section. 
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Fig. 1. Schematic illustration of the proposed nanobeam–substrate medium model and the boundary conditions adopted in the numerical 
simulations: (a) beam-foundation element, (b) flexural analysis, (c) buckling analysis, and (d) free-vibration analysis. 

3. Modified Strain Gradient Elasticity Theory (MSGET) 

In 2003, Lam et al. [7] proposed the MSGET, which introduces higher-order equilibrium equations to describe the behavior 
associated with higher-order stresses. Beyond the traditional equilibrium conditions for forces and moments, MSGET additionally 
enforces the equilibrium of couple-stress moments [7, 63]. For isotropic linear elastic materials, the constitutive framework 
comprises three independent higher-order material length-scale parameters in addition to the two classical elastic constants. The 
strain energy (U) of an isotropic linear elastic solid occupying the volume (V) is formulated as follows: 

( ) ( ) ( ) ( )( )1 11
2

s s

ij ij i i ijk ijk ij ij

V

U p m dVσ ε γ τ η χ= + + +∫  (2) 

where ijσ  is the Cauchy stress tensor; ijε  is the strain tensor; ,ip  ( )1 ,ijkτ  and ( )s
ijm  represent higher-order stress tensors; ,iγ  ( )1 ,ijkη  and 

( )s
ijχ  are the corresponding strain-gradient measures; and denotes the material volume. 

The deformation measures can be expressed mathematically as follows [63]: 

( ), ,

1
2ij i j j iε = +u u  (3) 

,i mm iγ ε=  (4) 

( ) ( ) ( ) ( ) ( ), ,, , , , , , ,

1 1 1
2 2 2

3 15 15
s

mm k mk mijk jk i ki j ij k ij jk mm i mi m ki mm j mj mη ε ε ε δ ε ε δ ε ε δ ε ε = + + − + − + + +    (5) 

( ) ( ), ,

1
2

s

ij ipq qj p jpq qi pe eχ ε ε= +  (6) 

where iu  denotes the displacement vector; ijke  denotes the permutation symbol; and ijδ  denotes the Kronecker delta. 
The constitutive stress–strain relationships within the framework of the MSGET [7] can be formulated as follows: 

2mmij ij ijkσ δ ε µε′= +  (7) 

2
02i ip lµ γ=  (8) 

( ) ( )1 12
12ijk ijklτ µ η=  (9) 

( ) ( )2
22s s

ij ijm lµ χ=  (10) 

with 

1
3 mmij ij ijε ε ε δ′ = −  (11) 
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where µ  and k  denote the shear modulus and bulk modulus, respectively; 0 ,l  1 ,l  and 2l  represent the additional material length-
scale parameters associated with dilatation gradients, deviatoric stretch gradients, and rotation gradients, respectively; and ijε′  
denotes the deviatoric strain.  

Based on the EBBT, as described in Eq. (1), the non-zero strain measures in Eqs. (3) to (6) can be expressed as follows: 

( )
( )2

2
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For the present Euler–Bernoulli nanobeam model, Poisson coupling is neglected, and the dominant axial stress is represented 
by ( ) ( ), , .xx xx xxx t E x tσ ε=  This assumption is consistent with the classical one-dimensional beam idealization for slender beams with 
traction-free lateral surfaces, in which ( ),xx x tσ  governs bending while lateral normal stresses remain negligible [16, 18]. Within the 
MSGET-based formulation, including Poisson’s effect would primarily modify the effective constitutive coefficients appearing in the 
stiffness resultants; however, it would not alter the spatial order of the governing equation, which remains sixth order due to the 
strain-gradient measures. Accordingly, the present assumption enables a compact closed-form formulation while retaining the key 
size-dependent mechanisms. Its influence is expected to be most pronounced for materials with relatively large Poisson’s ratios 
and/or for moderately thick beams, which may be addressed in future extensions. 

Accordingly, under the Euler–Bernoulli beam assumptions with Poisson’s effect neglected, the nonzero stress components can 
be reformulated, using the compatibility relations in Eqs. (12) to (19) together with the constitutive equations in Eqs. (7) to (10), as 
follows: 
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where Exx denotes the nanobeam’s elastic bulk modulus. 
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Fig. 2. Gurtin–Murdoch surface elasticity idealization: bulk core surrounded by a zero-thickness surface layer carrying surface stress [45]. 

4. Nanobeam-Substrate Medium Interaction 

This study adopts the classical beam-on-elastic-foundation model introduced by Winkler [60] to characterize the nanobeam- 
substrate medium interaction. In this formulation, the substrate is idealized as a continuous distribution of independent springs 
along the beam’s length. Consequently, the substrate medium’s interaction force ( ( , ))subD x t  can be expressed as follows: 

( ) ( ), ,sub sub subD x t k x t= ∆  (29) 

where subk  denotes a constant of the substate medium modulus; and ( , )sub x t∆  denotes the substrate medium’s deformation. 
The Winkler foundation model [60] assumes perfect compatibility between the substrate medium and the nanobeam. 

Accordingly, the substrate medium’s deformation ( ( , ))sub x t∆  and the nanobeam’s displacement ( ( , ))w x t  are related as follows: 

( ) ( ), ,sub x t w x t∆ =  (30) 

By substituting the compatibility condition of the substrate medium from Eq. (30) into Eq. (29), the following expression is 
obtained: 

( ) ( ), ,sub subD x t k w x t=  (31) 

5. Surface Elasticity Theory 

When structural dimensions are reduced to the nanometer scale, the contribution of surface energy becomes significant and 
cannot be neglected. This surface energy, analogous to the stored energy within the bulk material, begins to noticeably influence 
the mechanical behavior of nanoscale structures, as supported by experimental and numerical findings [39–48]. To incorporate this 
size-dependent effect, the proposed model adopts the Gurtin–Murdoch framework [39–40]. According to the surface elasticity 
hypothesis [39–40], the beam cross-section is composed of a central core surrounded by a thin outer surface layer, as depicted in 
Fig. 2. The model assumes a perfect bond between the core and the surrounding surface layer. The mechanical behavior of the 
surface layer, idealized as a mathematically thin elastic membrane with negligible thickness, is governed by its constitutive 
relations: 

( ) ( ), , , ,
sur sur sur sur sur sur sur sur sur sur

res m m resij ij i j j i j iu u u uτ τ λ µ δ µ τ = + + + + −    (32) 

,
sur sur sur

resni n iuτ τ=  (33) 

where sur
niτ  and sur

ijτ  represent the out-of-plane and in-plane surface stresses, respectively; surλ  and surµ  denote the surface elastic 
constants; suru  represents the surface deformation; and sur

resτ  represents the residual surface stress, as determined from atomistic 
simulation results [64]. 

For the in-plane Euler–Bernoulli beam system, the non-zero surface stresses can be expressed as described by Limkatanyu et 
al. [16, 45] and Guo and Mahmoud [65]: 

( ) ( ), ,sur sur sur sur
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( ) ( ), ,sur sur sur
nx res nxx t x tτ τ ε=  (35) 

where ( )sur
xx xε  is the surface strain; ( )sur

xx xτ  is the surface stress at the in-plane component; 2sur sur sur
xxE λ µ= +  denotes the surface 

elastic modulus; ( )sur
nx xε  is the surface deformation; and ( )sur

nx xτ  is the surface stress at the out-of-plane component. 
Based on the surface model proposed by Gurtin and Murdoch [39–40], which assumes perfect bonding between the outer surface 

layer and the bulk core, the deformation of the surface layer and its relation to the nanobeam’s transverse displacement ( ( , ))w x t  
can be written as follows: 
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where zn  represents the z-component of the unit vector n perpendicular to the lateral surface of the beam cross-section. 
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Fig. 3. Nanobeam on Winkler foundation showing the end nodal forces and nodal displacements. 

By substituting the surface-layer compatibility conditions from Eqs. (36) to (37) into Eqs. (34) to (35), the following expressions 
are obtained: 

( )
( )2

2

,
,sur sur sur

xx res xx

w x t
x t zE

x
τ τ

∂
− =−

∂
 (38) 

( )
( ),

,sur sur
nx z res

w x t
x t n

x
τ τ

∂
=

∂
 (39) 

6. Formulation: Hamilton’s Principle 

For the nanobeam–substrate medium system, the strain energy (U), incorporating the surface-energy effect (Fig. 3) for an 
isotropic and linearly elastic material, can be expressed mathematically as: 

( )
( )

( )
( )
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( )

( )( )
2 2 22 3
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2 3

0 0 0 0
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xx xxeffEI E I E I Al Al Alµ µ µΓ= + + + +  represents the lower-order flexural rigidity; 2 2
0 1( ) 2 4 / 5H
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the higher-order flexural rigidity; ( )L sur

reseffK S Pτ Γ= −  represents the lower-order stiffness of the nanobeam–substrate medium system; 
Γ  denotes the nanobeam section perimeter; L  denotes the nanobeam length, denotes the applied axial force; IΓ = ∮ �2

Γ
 dΓ denotes 

the second moment of the perimeter; I = ∫ �2
�

dA denotes the second moment of area; and SΓ = ∮ �	
2

Γ
dΓ.  

By evaluating the first variation of Eq. (40) over the time interval [0, T], the following expression is obtained: 
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      ∂ ∂ ∂ ∂             = +                ∂ ∂ ∂ ∂     
  ∂ ∂    + +      ∂ ∂   

∫ ∫ ∫

∫ ∫
 (41) 

Next, integration by parts is used to transfer the differential operators, allowing Eq. (41) to be rewritten as: 

( ) ( )
( )

( )
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( )

( ) ( )
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( )
( )
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∂ ∂ ∂
+ − +

∂ ∂ ∂
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∫
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x

dt
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δ

=

=

=

=

 
 
   
 ∂ ∂ +  ∂ ∂  

∫

∫

 (42) 

The external work (W) in the first variation form of the proposed model is expressed as the sum of the nodal forces (P) and the 

applied transverse load ( ( , ))zw x t  over the time interval [0, T]: 

( ) ( )
0 0

, ,
T L

zW w x t w x t dx dtδ δ δ
 
 = + 
  
∫ ∫ TU P  (43) 

where [ ]1 2 3 4 5 6

T
P P P P P P=P  is the force vector, comprising the nodal forces; and [ ]1 2 3 4 5 6

T
U U U U U U=U  is the 

displacement vector, comprising the nodal displacements. 
The kinetic energy (K) in the first variation form of the nanobeam, formulated within the MSGET framework over the time 

interval [0, T], is evaluated by extending the methodology proposed by Demir [66], as expressed below: 

( )
( )

( )
( )2

2

0 0 0 0
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, ,

x LT L T

x

w x t w x t
K w x t A dx dt w x t A dt

t t
δ δ ρ δ ρ

=

=

    ∂ ∂    = − +    ∂ ∂      
∫ ∫ ∫  (44) 
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where 
 is the nanobeam’s mass density. 
To derive the governing differential equation of motion (GDEM) and its boundary conditions (BCs), Hamilton’s principle is 

employed. Accordingly, Eqs. (42) to (44) can be presented collectively as: 
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∫
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 (45) 

Given the arbitrariness of ( ), ,w x tδ  the GDEM for the proposed model can be expressed as: 
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6 4 2 2

, , , ,
, ,

H L L

zsubeff eff eff

w x t w x t w x t w x t
EI EI K k w x t w x t A

x x x t
ρ
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− + − + =

∂ ∂ ∂ ∂
 (46) 

Equation (46) serves as the fundamental expression for analyzing both the static and dynamic characteristics of the proposed 
beam–substrate model. Moreover, this equation reduces to the GDEM for a local beam on an elastic foundation when the size-scale 
and surface-energy parameters approach zero [67]. 

The BCs of the proposed model in the Cartesian coordinate system are derived by considering the arbitrariness of ( ),w x tδ  and 
δU  in Eq. (45), analogous to the derivation of the GDEM in Eq. (46): 
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 (47) 

6.1. Bending analyses: analytical Solutions 

For the bending analysis, the governing differential equation (GDE) of the proposed model is obtained by neglecting the inertia 
and applied axial forces (P). Consequently, Eq. (46) reduces to the following form in the spatial domain x: 

( )
( )

( )
( ) ( )

( ) ( )
6 4 2

6 4 2 0
H L sur

res zsubeff eff

w x w x w x
EI EI S k w x w x

x x x
τ Γ

∂ ∂ ∂
− + − + + =

∂ ∂ ∂
 (48) 

It can be noted that the form of the GDE in Eq. (48) resembles that of a beam on a three-parameter elastic foundation [68–69]. 
Therefore, the analytical solutions for such beam systems can be applied here. The general solution of the GDE in Eq. (48) 
comprises two components: 

( ) ( ) ( )h pw x w x w x= +  (49) 

where ( )pw x  is the particular solution; and ( )hw x  is the homogeneous solution. 
The homogeneous solution ( ( ))hw x  of the GDE in Eq. (48) can be generally expressed following the works of Morfidis [68] and 

Avramidis and Morfidis [69] as: 

( ) ( ) ( ) ( ) ( ) ( ) ( )1 1 2 2 3 3 4 4 5 5 6 6
hw x x C x C x C x C x C x Cϕ ϕ ϕ ϕ ϕ ϕ= + + + + +  (50) 

where 1 ,C 2 ,C 3 ,C 4 ,C 5 ,C  and 6C  are integration constants determined from the BCs; and ( )1 ,xϕ ( )2 ,xϕ ( )3 ,xϕ ( )4 ,xϕ ( )5 ,xϕ  and 
( )6 xϕ  are the generalized displacement functions, as detailed in Appendix A. It is important to emphasize that the general 

solutions presented in Appendix A are valid over the entire beam domain and encompass all variables required for the boundary-
value analysis on x ∈ [0, L]. 

6.2. Buckling analyses: analytical solution 

To define the critical buckling load (Pcr), the GDEM in Eq. (46) is employed once again. By neglecting the inertia force and the 
transverse load ( ( )),zw x  the GDEM reduces to the following form in the spatial domain x: 
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( )
( )

( )
( )

( )
( )
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6 4 2

6 4 2 0
H L L

subeff eff eff

w x w x w x
EI EI K k w x

x x x

∂ ∂ ∂
− + − + =

∂ ∂ ∂
 (51) 

For brevity, the analysis is restricted to the nanobeam–substrate medium system with simple supports. The corresponding 
classical boundary conditions (CBCs) are specified as follows: 

( ) ( )
0

0 and 0
x x L

w x w x
= =
= =  (52) 
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( ) ( )
( )

( )
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   ∂ ∂ ∂ ∂   = − + = = − + =   ∂ ∂ ∂ ∂      
 (53) 

The non-classical boundary conditions (NBCs) are presented by Zhang and Gao [70] for a simply supported nanobeam system 
as follows: 
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( )
( )2 2

2 2

0

0 and 0
x x L

w x w x
x x

x x
κ κ

= =

∂ ∂
= = = =
∂ ∂

 (54) 

Sae-Long et al. [18] derived an analytical expression for the critical buckling load, wherein the displacement field is formulated 
as follows: 

( ) ( )sinw x C xψ=  (55) 

 
where C  denotes the generalized coordinate; and / .Lψ π=  

The critical buckling load (Pcr) is obtained by substituting the analytical solution in Eq. (55) and enforcing the non-triviality 
condition given in Eq. (51), resulting in: 

( ) ( )6 4 2

2

H L sur
res subeff eff

cr

EI EI S k
P

ψ ψ τ ψ

ψ

Γ+ + +
=  (56) 

Equation (56) can accurately predict the critical buckling load of the local beam-foundation model ( )local
crP  when both the 

surface-layer parameters and the material length scale parameters are set to zero. It is important to note that the critical buckling 
load given in Eq. (56) accounts for all variables involved in the boundary-value analysis on x ∈ [0, L]; however, it is applicable only 
to the simply supported boundary condition. 

6.3. Free-vibration analyses: analytical solution 

For the free vibration analysis of the proposed model, Eq. (46) is considered without the axial force (P) and the transverse load 
( ( , )).zw x t  Accordingly, the GDEM is reduced to: 
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( ) ( )
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( )6 4 2 2

6 4 2 2
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− + − =

∂ ∂ ∂ ∂
 (57) 

For simplicity, this study focuses exclusively on the nanobeam–substrate medium system with simple supports. The CBCs for 
this configuration are defined as follows: 

( ) ( )
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w x t w x t
= =
= =  (58) 
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   ∂ ∂ ∂ ∂   = − = = − =   ∂ ∂ ∂ ∂      
 (59) 

The NBCs for the simply supported nanobeam system, as proposed by Kong et al. [63] and Akgöz and Civalek [71], are given as 
follows: 

( )
( )

( )
( )2 2

2 2

0

, ,
, 0 and , 0

x x L

w x t w x t
x t x t

x x
κ κ

= =

∂ ∂
= = = =

∂ ∂
 (60) 

The separation of variables technique is employed to obtain the analytical solution of Eq. (57). The displacement field satisfies 
all BCs given in Eqs. (58) to (60) and is expressed as [45, 70]: 

( ) ( )
1

, sin n

n
i t

n n
n

w x t C x e ωψ
=∞

=

=∑  (61) 

where i  denotes the imaginary number; n  denotes the vibration mode; nC  denotes the Fourier coefficient; nω  denotes the 
natural frequency correspond to the nth vibration mode; and / .n n Lψ π=  

Upon inserting Eq. (61) into Eq. (57), the natural frequency of the nth vibration mode can be derived by imposing the appropriate 
non-trivial condition ( 0).nC ≠  The resulting formulation for the nth natural frequency is: 

( ) ( )6 4 2H L sur
n n res n subeff eff

n

EI EI S k

A

ψ ψ τ ψ
ω

ρ

Γ+ + +
=  (62) 
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Table 1. Material parameters of the nanobeam for all simulation cases. 

Simulation Material 
xx

E (GPa) µ (GPa) sur

xx
E (nN/nm) 

sur

res
τ (nN/nm) Reference 

I Iron 56.25 22.50 23,000 110 [72, 73] 

II Silver 76 27.74 1.22 0.89 [74] 

III Lead 16 5.71 8 0.63 [75, 76] 

It is important to highlight that, by setting the surface parameters and nonlocal parameters to zero, Eq. (62) collapses to the 
corresponding natural frequency of the local beam-foundation model ( ).local

nω  Moreover, the natural frequency expression in Eq. (62) 
differs from that reported for a strain-gradient nanobeam on an elastic substrate in the previous work [18], particularly in the 
definitions of the lower-order (( ) )L

effEI  and higher-order (( ) )H
effEI  flexural rigidities, which constitute the primary bending-resistance 

characteristics in the respective nanobeam models. It is important to note that the natural frequency given in Eq. (62) accounts for 
all variables involved in the boundary-value analysis on x ∈ [0, L]; however, it is applicable only to the simply supported boundary 
condition. 

7. Numerical Simulations 

To analyze the static and dynamic performance of nanobeam–substrate medium systems, three numerical simulations are 
carried out in this section. The first simulation evaluates the effects of system parameters on bending behavior, the second 
examines the buckling load, and the third investigates how the natural frequencies vary with system parameters. All simulations 
were performed in Mathematica [61]. The material properties of the nanobeam used in the simulations are listed in Table 1. 

7.1. Simulation I: bending analysis 

In this simulation, a cantilever nanobeam-substrate medium system is employed to investigate the impact of system 
parameters on flexural behavior, as presented in Fig. 4. The nanobeam has a square cross-section with height (h) in nm and a fixed 
length (L) of 1,000 nm. A concentrated load ( )endP  of 500 nN is applied at the free end of the nanobeam, while the material length 
scale parameter 0( )l  is maintained at 100 nm. The nanobeam’s material properties are provided in Table 1. To study the effects of 
system parameters on bending behavior, this simulation considers the material length-scale parameters 1(l  and 2 ),l  the non-
dimensional substrate modulus 4( / ( ) ),L

sub sub effK k L EI=  the slenderness ratio (h/L), and the non-dimensional surface parameters 
( / ).sur sur

res xxEτ  The effective bulk modulus (EBM, )eff
bulkE  represents the equivalent bulk stiffness of the nanobeam–substrate system, 

incorporating surface-energy effects to characterize bending behavior. The EBM can be determined using the following equation: 

( )( ) ( )( )
( ) ( )( ) ( )( )

1/ 4 1/ 4

3/ 4 1/ 4 1 /4

sinh 2 / 4 sin 2 / 4

2 / 4 2 cos 2 / 4 cosh 2 / 4

eff eff
xx xxend sub bulk sub bulk

end
eff eff eff eff

xx xx xx xxbulk sub bulk sub bulk sub bulk

P L k E I L k E I
v

E I k E I L k E I L k E I

  −   
=

  + +   

 (63) 

It is worth noting that the end transverse displacement ( )endv  on the left-hand side of Eq. (63) is calculated through the proposed 
model, while the terms on the right-hand side are derived based on the classical beam on foundation model [67]. Therefore, the 
EBM can be obtained by solving the nonlinear relation of this equation, as suggested by Limkatanyu et al. [16]. 

To examine the impacts of the material length scale parameters 1(l  and 2 )l  and the non-dimensional substrate modulus ( )subK  
on the EBM, the section height (h) is fixed at 100 nm. The material length scale parameters are normalized by and varied from 0 to 
2, while the non-dimensional substrate modulus values are set to 1 and 10 [18]. For the material and geometric properties 
considered, both solution cases 3 2( 0α β∆= + >  and 3 2 0)βα∆= + <  are activated. The analytical results in Fig. 5 show that 
increasing the material length scale parameters, which represent nonlocal effects, leads to an increase in EBM. Likewise, a higher 
non-dimensional substrate modulus causes a slight increase in the EBM. Overall, this investigation highlights the influence of 
substrate–structure interaction and nonlocal effects on the flexural behavior of a nanobeam- substrate medium system. 

To analyze the effects of the slenderness ratio (h/L) and the non-dimensional surface parameters ( / )sur sur
res xxEτ  on the EBM, the 

material length scale parameters 1(l  and 2 )l  are maintained at a constant value of 100 nm. The non-dimensional surface 
parameters range from 0.001 to 0.2, while the slenderness ratio is varied between 0.05 and 0.2 [18]. For the material and geometric 
properties considered, both solution cases 3 2( 0α β∆= + >  and 3 2 0)βα∆= + <  are activated. The analytical results in Fig. 6 
indicate that the influence of surface energy on the EBM becomes more pronounced as the slenderness ratio decreases and the 
non-dimensional surface parameters increase. This behavior results from the higher beam surface-area-to-section-area ratio, 
consistent with the findings of Sae-Long et al. [18] and Limkatanyu et al. [45]. Additionally, an increase in the non-dimensional 
substrate modulus ( )subK  produces a slight increase in the EBM. These results underscore the significant role of surface-energy 
effects in governing the flexural response of a nanobeam on a substrate medium. 

 

Fig. 4. Simulation I: investigation of the bending characteristics of a cantilever nanobeam on Winkler foundation subjected to an end load Pend, 
including details of its geometry and cross-sectional properties. 
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(a) (b) 

Fig. 5. Variation of the EBM on the normalized material length scale parameters for: (a) 1;
sub

K = and (b) 10.
sub

K =  

  

(a) (b) 

Fig. 6. Variation of the EBM on the slenderness ratio and non-dimensional surface parameters /sur sur

res xx
Eτ for: (a) 1;

sub
K = and (b) 10.

sub
K =  

 

Fig. 7. Bending deflection along the length of the cantilever nanobeam, illustrating the system stiffness induced by size-scale effects and  
surface energy. 

However, it can be observed that the variations in EBM in Figs. 5 and 6 change only slightly with changes in the non-
dimensional substrate modulus ( ).subK  This is because, within the parameter range considered, EBM is governed primarily by the 
MSGET-induced higher-order bending-stiffness terms, whereas the foundation contribution enters the EBM identification through 
Eq. (63) in a comparatively weak manner (notably through the fourth-root dependence on the foundation modulus in the classical 
beam-on-foundation formulation). Consequently, increasing subK  from 1 to 10 produces only a modest shift in the EBM surface 
compared with the variation induced by the length-scale parameters (Fig. 5) and the surface parameters (Fig. 6). 
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To highlight the influence of surface energy and nonlocal effects, and to compare the proposed model with existing 
formulations, Fig. 7 presents the transverse displacement distribution along the nanobeam length. In this work, the nanobeam–
substrate system is modeled using a strain-gradient-based formulation derived from the thermodynamics-based strain gradient 
theory [18]. For comparison, a local model based on classical elasticity is also considered; this model neglects all nonlocal and 
surface-related effects. The results indicate that incorporating surface energy and nonlocality increases the system stiffness, 
leading to a reduction in transverse displacement. In addition, the proposed model predicts a higher stiffness than the strain-
gradient-based model because it includes extra material length-scale parameters associated with higher-order stresses. The end 
displacement obtained from the two nonlocal models differs from the local-model prediction by approximately 64.14% and 
60.45%, respectively. 

7.2. Simulation II: buckling analysis 

This simulation employs a simply supported nanobeam, illustrated in Fig. 8, to examine the buckling behavior of the nanobeam-
substrate medium system. The nanobeam has a square cross-section with a height of 100 nm and a length of 1,000 nm. As listed in 
Table 1, the material properties include a fixed material length scale parameter 0( )l  of 100 nm. The influence of the length scale 
parameters 1(l  and 2 )l  and the non-dimensional substrate modulus ( )subK  on the critical buckling load ( )crP  in Eq. (56) is explored 
by varying the normalized length scale parameters from 0 to 2 and selecting values of the substrate modulus ( )subK  between 1 and 
10 [18]. 

 

Fig. 8. Simulation II: investigation of the buckling characteristics of a simply supported nanobeam on Winkler foundation, including details of  
its geometry and cross-sectional properties. 
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Fig. 9. Influence of normalized material length scale parameters on the normalized critical buckling load
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The distribution of the normalized critical buckling load ( / )local
cr cr crP Pξ =  with respect to the normalized material length scale 

parameters 1 0( /l l  and 2 0/ ),l l  as well as the non-dimensional substrate modulus ( ),subK  is presented in Fig. 9. The results show that 
increasing the material length scale parameters (i.e., enhancing the nonlocal effect) leads to an increase in the normalized critical 
buckling load, particularly in a softening substrate medium (lower values of ),subK  as indicated at point B. Conversely, a reduction 
in nonlocality decreases the critical buckling load, as found at point A. In this case study, the surface-energy contribution remains 
constant and continues to enhance the system stiffness. Collectively, these results demonstrate that the buckling characteristics of 
the nanobeam–substrate system are governed by the combined effects of substrate–structure interaction, nonlocality, and surface 
energy, which together enhance the overall system stiffness, consistent with previous findings on the buckling behavior of 
nanobeams on a Winkler foundation [18, 45]. 

7.3. Simulation III: free vibration analysis 

In the final simulation, parametric analyses are performed to assess the effects of the material length-scale parameters 
(nonlocal parameters) and substrate modulus on the first natural frequency of the proposed model, as defined in Eq. (62). As shown 
in Fig. 10, a simply supported nanobeam system resting on an elastic substrate medium is considered. The nanobeam has a square 
cross-section with a height (h) of 100 nm and a length (L) of 1,000 nm, while the reference nonlocal parameter 0( )l  is set to 100 nm. 
To investigate the variation in natural frequency with respect to the nonlocal parameters and the substrate modulus, the nonlocal 
parameters 1(l  and 2 )l  are normalized by 0l  over a range of 0 to 2. The non-dimensional substrate modulus ( )subK  is varied from 1 
to 10 [18]. 

 

Fig. 10. Simulation III: investigation of the free-vibration characteristics of a simply supported nanobeam on Winkler foundation, including details of  
its geometry and cross-sectional properties. 
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Fig. 11. Influence of normalized material length scale parameters on the normalized first-mode natural frequency 1
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Fig. 12. Increase in natural frequency due to surface-energy-enhanced system stiffness versus slenderness ratio for a simply supported nanobeam 
on Winkler foundation. 

Figure 11 presents the variation of the normalized first-mode natural frequency 1
1 1( / )local

ωξ ω ω=  with respect to the normalized 
nonlocal parameters 1 0( /l l  and 2 0/ )l l  and the non-dimensional substrate modulus ( ).subK  The analytical results show that a 
reduction in the material length-scale parameters decreases the degree of nonlocality, leading to a reduction in the normalized 
natural frequency, as found at point A. In contrast, increasing the nonlocality results in a higher normalized natural frequency, as 
seen at point B, with the increase being more pronounced for soft substrate media (lower values of ).subK  Furthermore, the surface-
energy contributes to rise in system stiffness, thereby enhancing the normalized natural frequency. These results highlight that the 
interplay among nonlocal effects, surface energy, and substrate–structure interaction is a key factor governing the free-vibration 
characteristics of nanobeam systems supported by elastic media, consistent with similar trends reported in previous studies [18, 
45]. 

To further clarify the impact of surface energy, the structure system depicted in Fig. 10 was reanalyzed. The slenderness ratio 
( / )h L  was varied from 0.01 to 0.5 while maintaining a constant beam length of 1,000 nm. The nonlocal parameters 0( ,l 1 ,l and 2 )l  

were fixed at 25 nm, and the non-dimensional substrate modulus ( )subK  was set to 1. To compare the normalized first-mode natural 
frequency 1

1 1( / ),local
ωξ ω ω=  three analytical models were employed: the proposed model with surface effects, the proposed model 

without surface effects, and the classical local model. Figure 12 shows that surface energy enhances system stiffness—especially 
for small slenderness ratios—resulting in higher normalized natural frequencies. Nonetheless, comparison with the local model 
reveals that nonlocal effects dominate over surface-energy contributions. 

Across the three numerical simulations, the results identify three practically relevant dominance regimes: (i) Surface-
dominant regime—for small /h L  and/or large / ,sur sur

res xxEτ  surface energy markedly increases the effective stiffness, thereby 
increasing ,eff

bulkE ,crP  and .nω  (ii) Nonlocal (MSGET)-dominant regime—for large normalized length-scale parameters 1 0/l l  and 

2 0/ ,l l  strain-gradient effects significantly stiffen the response, particularly on soft substrates. (iii) Foundation-dominant regime—
for sufficiently large ,subK  substrate interaction becomes the primary contributor to overall stiffness; however, within the present 
parameter ranges its influence is weaker than that of the surface and MSGET parameters, which explains the small differences 
observed in Figs. 5 and 6. 

8. Conclusions 

This paper introduces a refined analytical model for investigating the static and dynamic behavior of nanobeams supported by 
an elastic substrate. A distinguishing feature of the proposed formulation is the explicit incorporation of surface-energy effects. The 
model integrates the modified strain gradient elasticity theory (MSGET) with the Euler–Bernoulli beam theory (EBBT) to account for 
nonlocal mechanics, while the interaction with the substrate is represented using the Winkler foundation model. The Gurtin–
Murdoch surface elasticity theory is employed to capture size-dependent influences at the nanoscale. Hamilton’s principle is 
utilized to derive the governing differential equations and boundary conditions. Three numerical case studies are carried out to 
assess the system’s static and dynamic performance. The major conclusions are as follows: 

 Increasing the material length-scale parameters and substrate modulus enhances the effective bulk modulus (EBM). 
 A lower slenderness ratio and higher non-dimensional surface parameters ( / )sur sur

res xxEτ  also lead to an increase in EBM. 
 The proposed model exhibits the highest system stiffness compared with both strain-gradient-based and classical local 

models in bending analysis. 
 Increasing the nonlocal effects result in higher normalized critical buckling loads and normalized natural frequencies, 

particularly for systems on soft substrate media. 
 Surface-energy effects consistently contribute to stiffness enhancement. 
 The interaction among substrate–structure coupling, surface energy, and nonlocality plays a crucial role in the free vibration, 

buckling, and flexural responses of nanobeam-substrate systems. 
The proposed closed-form framework can aid the design and interpretation of nanobeam-based devices interacting with 

compliant substrates, including nanoresonators, AFM cantilevers operating near surfaces, nanowires/CNTs embedded in polymer 
matrices, and stretchable or flexible electronic components. Future work may extend the formulation to shear-deformable 
kinematics (Timoshenko beams), two-parameter or viscoelastic foundations (e.g., Pasternak or Kelvin–Voigt media), geometric 
and/or material nonlinearities, and multiphysics couplings (thermal, piezoelectric, or flexoelectric effects). 
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Appendix A 

For bending analyses of Eqs. (48), we can express the general form as follows: 

( ) ( ) ( )
( )

6 4 2

1 2 36 6 2 0
d w x d w x d w x

w x
dx dx dx

+Ω +Ω +Ω =  (A1) 
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Parameters 1,Ω 2 ,Ω  and 3Ω  in Eq. (A1) can be defined as: 

( )

( ) ( ) ( )1 2 3; ; and

L
sur

eff res sub
H H H

eff eff eff

EI kS

EI EI EI

τ ΓΩ =− Ω = Ω =−  (A2) 

For reasons of simplicity, the parameters 1,Ω 2 ,Ω  and 3Ω  in Eq. (A2) are restated using the auxiliary parameters for the general 
solution expression: 

( ) ( ) ( )2 3
1 2 1 1 2 33 2

/ 3 2 / 27 / 3
; ; and

3 2
α αβ β

− Ω +Ω Ω − ΩΩ +Ω
∆= + = =  (A3) 

The analytical solution of Eq. (A1) can be expressed in the general form as follows: 

( ) ( ) ( ) ( ) ( ) ( ) ( )1 1 2 2 3 3 4 4 5 5 6 6
hw x x C x C x C x C x C x Cϕ ϕ ϕ ϕ ϕ ϕ= + + + + +  (A4) 

According to the solution methods [68, 69], two analytical expressions that depend on the parameter are given by: 
      - Solution Case I: when 3 2 0 :βα∆= + >  

( ) ( ) ( ) [ ]
( ) [ ] ( ) [ ] ( ) [ ]

1 1
1 2 3

4 5 6

; ; cos ;

sin ; cos ; sin

R x R x Rx

Rx Rx Rx

x e x e x e Qx

x e Qx x e Qx x e Qx

ϕ ϕ ϕ

ϕ ϕ ϕ

−

− −

= = =

= = =
 (A5) 

where 

( ) ( )

( )

2

13 3
1

3 3
1

2

3

2 2

3

;
2 2

3
;

2 2

;
3

2 / 3

R
m n m m n m

R Q

m n

β β

β β β β

+ + + −



Ω
= − + = =

   
     =−

∆

∆ + − − ∆ −

− + + − − ∆ + Ω − + ∆ − ∆
=

− −
 (A6) 

      - Solution Case II: when 3 2 0 :βα∆= + <  

( ) ( ) ( ) ( ) ( ) ( )1 2 1 2
1 2 3 4 5 6; ; ; ; ;Rx Rx R x R x R x R xx e x e x e x e x e x eϕ ϕ ϕ ϕ ϕ ϕ− − −= = = = = =  (A7) 

where 

1 1
1

1 31
2

2
2 cos ; 2 cos ;

3 3 3 3

4
2 cos ; cos /

3 3

R R

R

ϕ ϕ π
α α

ϕ π
α ϕ β α−

   Ω + Ω
   = − − = − −
      

 + Ω   = − − = − −     

 (A8) 

ORCID iD 

Worathep Sae-Long  https://orcid.org/0000-0001-8149-4409 

Suchart Limkatanyu  https://orcid.org/0000-0002-4343-7654 
Piti Sukontasukkul  https://orcid.org/0000-0002-9580-7063 
Jaroon Rungamornrat  https://orcid.org/0000-0002-2449-9067 
Suraparb Keawsawasvong  https://orcid.org/0000-0002-1760-9838 
Thanakorn Chompoorat  https://orcid.org/0000-0002-5661-1885 

Preeda Chaimahawan  https://orcid.org/0000-0002-3515-0506 
Amorn Pimanmas  https://orcid.org/0000-0001-9543-2700 

 
© 2026 Shahid Chamran University of Ahvaz, Ahvaz, Iran. This article is an open access article distributed under 
the terms and conditions of the Creative Commons Attribution-NonCommercial 4.0 International (CC BY-NC 4.0 
license) (http://creativecommons.org/licenses/by-nc/4.0/). 

 

How to cite this article: Sae-Long W., et al., Nonlocal Static and Dynamic Characterization of Nanobeams on Elastic Substrates 
with Surface Energy Effects, J. Appl. Comput. Mech., 12(3), 2026, 1217-1232. https://doi.org/10.22055/jacm.2026.48980.5640 

 
Publisher’s Note Shahid Chamran University of Ahvaz remains neutral with regard to jurisdictional claims in published maps and 
institutional affiliations. 


