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Abstract. Bifurcation is a localized instability that has been extensively studied. However, this sort of instability was not given suf-
ficient consideration in the presence of residual stresses, particularly generalized non-planar residual stresses. This study aims to
investigate the bifurcation phenomena in hyperelastic materials subjected to generalized residual stresses. Residual stresses pre-
dominantly arise in arterial wall tissue due to various factors, including growth and development. These residual stresses influence
themechanical response of hyperelasticmaterials and play a crucial role in the locus of the bulge along a bifurcating cylindrical tube.
In this paper, the impact of the mechanical behavior and residual stresses on bifurcation instability with application to aneurysms
is investigated. The analysis employs numerical simulations grounded in a proposedmethodology integrated into the finite element
code through a user-definedmaterial subroutine. The finite elementmodeling utilizes the commercial softwareABAQUS and applies
the modified Riks method. The results show that bending is the initial bifurcation mode for relatively small axial stretches, while
at higher stretches the (pure) bulging mode is more likely, serving as the lower bound. For small stretches, if bending is prevented,
the bulging that occurs requires higher internal pressures than when bending is allowed, indicating that avoiding bending may de-
lay aneurysm formation. Post-bending bulges developing sideways in the studied cylinders resemble abdominal aortic aneurysms,
whereas balloon-shaped bulges in (pure) bulging modes are associated with arterial rupture.

Keywords: Three-dimensional residual stress, Abdominal Aortic Aneurysms (AAA), Bulging bifurcation, Bending bifurcation, Finite
element method.

1. Introduction

Aneurysms consist of abnormal localized bulges that occur in blood vessels and are related to various biomechanical factors
such as cell degradation, age, hypertension, heterogeneity of the material, biochemical reactions, and anisotropy. Abdominal aortic
aneurysms have been reported to be involved in a significant number of deaths in developed nations [1], and arterial wall rupture
has a high mortality rate [2]. Changes in the mechanical pattern of collagen fibers can lead to aneurysm or bulging bifurcation [3].

Hyperelastic materials have received substantial attention in biomedical engineering research, particularly the mechanical re-
sponse of hollow tubes subjected to residual stresses in the context of aneurysms [4–7]. This field has considerable potential to
advance our understanding of the biomechanical complexities associated with aneurysms and pathological dilation of blood vessel
walls, which pose significant health risks due to their propensity to rupture [8]. Understanding the mechanics underlying the initi-
ation, progression, and rupture of aneurysms is essential for the development of effective diagnostic and therapeutic strategies [9].

Residual stresses within the arterial wall tissue, which result from developmental processes and hemodynamic loading, signif-
icantly influence the biomechanical behavior of aneurysms [10]. The intricate interaction between material properties, geometric
configurations, and residual stresses fundamentally determines the mechanical response of these materials under various loading
conditions [11]. Through the application of advanced computational modeling techniques, such as finite element analysis (FEA),
researchers can simulate and evaluate the deformation patterns and stress distributions within hyperelastic tubes subjected to
three-dimensional residual stresses [12]. Furthermore, recent advances in computational modeling methodologies enable the de-
velopment of novel design approaches to predict the mechanical behavior of these materials [13].

Few studies have specifically addressed bifurcation phenomena in arterial wall tissue in the presence of initial stresses. However,
remarkable works have been performed to study this type of instability, for example, a cylindrical tube inflated under swelling
effects [14–16]. In addition, inflation and propagation of aneurysms in human arterial wall tissue with a residual stress field have
been investigated in the context of bifurcation [3, 17–23]. The weakening of the arterial wall may be affected by degradation of
collagen and elastin (two proteins that provide strength and elasticity to the arterial wall), for example, due to enzymatic activity in
the tissue [24–26].
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Many researchers have made great efforts in the form of experimental, analytical, and numerical work to provide solutions to
the problem at hand. Experimental studies, such as those of [5, 27–30], have provided insight into the mechanical properties of
different materials and their response to various loading conditions. However, there is a limited amount of existing experimental
data that covers all the parameters that affect this particular problem. The work of [31–35] provides a comprehensive theoretical
framework to include the modeling of residual stresses in hyperelastic materials, laying the essential foundation for future research
in this area. While applicable for relatively simple cases, the theoretical approach cannot handle highly non-linear conditions, and
one needs to find alternatives to solve problems in which one of the purposes is the post-critical behavior. Computational modeling
efforts, such as finite element analysis (FEA) simulations conducted in [17, 19, 20, 36, 37], for example, have played an important
role in explaining the complex interaction between material properties, geometric configurations, and residual stress distributions
in hyperelastic materials. These studies have advanced our understanding by quantifying the influence of residual stresses on
the mechanical behavior of hyperelastic materials under various loading conditions, offering valuable predictive capabilities for
biomedical applications, including aneurysm biomechanics. Residual stresses occur in the unloaded state of arterial wall tissue
and generally arise from many factors, specifically growth and development [38]. These initial stresses can affect arterial wall
tissue, causing cardiovascular diseases such as aneurysm formation. Understanding residual stresses and their distribution can
provide success in the analysis and design process of many engineering applications, such as the problem under consideration. The
introduction of residual stresses has been presented in [39–42]. Residual stresses in two dimensions have been applied for the study
of bulging (axisymmetric) and bending (asymmetric) bifurcations in [19,20].

Significant research has been developed on the mechanical response of biological systems with a particular focus on arterial
wall tissue in relation to bifurcation phenomena; however, research and advances concerning hollow tubes composed of hyperelastic
materials under residual stresses remain relatively sparse, especially in cases involving non-planar residual stresses. Importantwork
on such initial stresses has been conducted in the context of aneurysm in arterial wall tissue [36] and with emphasis on the human
aorta [43,44]. The current study presents a comprehensive perspective on the implementation of three-dimensional residual stresses
and examines the impact of these stresses and their distribution on the material’s behavior under investigation. The efforts have
been dedicated to developing an appropriate methodology where bifurcation and post-bifurcation for cylinders under extension
and inflation with residual stresses can be captured using numerical analyses. These approaches are developed by employing finite
element analysis using the Modified Riks Method, which is a built-in approach from commercial software ABAQUS [45]. The material
model has been implemented through the subroutine UMAT.

Building upon the foundations laid by these studies, this research aims to further investigate the mechanical behavior of hollow
tubes composed of hyperelastic materials under the influence of three-dimensional residual stresses, with a specific focus on their
application to aneurysm biomechanics. By deriving a constitutive model based on the strain energy function, this study aims to
explain the intricate interplay between material properties, geometric configurations, and generalized residual stresses, with the
ultimate goal of proposing a methodology and incorporating this methodology into the finite element code of ABAQUS to become an
informative framework that can be adopted in comparable problems.

The paper is arranged as follows. A mathematical description of the problem at hand is presented in Section 2. The constitutive
equation based on the strain energy function is introduced to model human artery wall tissue through an incompressible hypere-
lastic material. In Section 3, a numerical technique to model extended and inflated circular cylindrical tubes subjected to residual
stress is offered. The numerical results and analysis are discussed and illustrated graphically in Section 4. Three possible modes of
bifurcation for the above-mentioned numerical results are distinguished, namely, prismatic, bulging (axisymmetric), and bending
(asymmetric) modes, but, in this paper, the focus is on the last two modes, which are investigated in detail and compared with each
other. Finally, in Section 5, a conclusion is drawn based on the analysis of the results obtained.

2.Mathematical Description of the Problem

2.1 Geometry

In a reference configuration Br , consider a tube with inner radius A, outer radius B, and length L. In terms of cylindrical coor-
dinates (R,Θ, Z), the geometry of the cylinder can be described as

A ≤ R ≤ B, 0 ≤ Θ ≤ 2π, 0 ≤ Z ≤ L. (1)

Assume that the cylinder subjected to both inflation due to an inner pressurization and an applied axial stretch maintains its
circular cylindrical shape. The location of a material point in the cylinder in the reference configuration Br is described by the
position vector X. In the deformed configuration B, the position vector x indicates the location of any point in the cylinder wall. The
deformed configuration and the reference one are related via the deformation gradient tensor F = ∂x/∂X.

Under these circumstances, the deformation gradient tensor F can be expressed in terms of the three principal stretches in the
cylinder wall: the radial stretch λr , the azimuthal stretch λθ = r/R > 0, and the axial stretch λz = z/Z, where (r, θ, z) are cylindrical
coordinates in the deformed configuration, and length ` is the length of deformed tube. Hence, one can write

F = diag(λr, λθ, λz). (2)

The determinant of the deformation gradient tensor gives the ratio of the material volume in the current or deformed config-
uration B to the material volume in the reference configuration Br . The consideration of material volume changes is applicable
when, for instance, swelling or deswelling effects are included, which are often linked to different diseases. The relationship be-
tween intima-media thickness (IMT), various risk factors, and cardiovascular diseases has been examined by O’Leary & Polak [46]
and Polak et al. [47]. Swelling effects in incompressible hyperelastic solids are considered in various modeling works (see, e.g, Al
Chlaihawi et al. [14], Gou et al. [48], Moradalizadeh et al. [49], Topol et al. [15,16], and Nazari et al. [50]).

In the framework of this article, thematerial is taken to be incompressible for which the determinant of the deformation gradient
tensor becomes equal to one,

detF = 1. (3)

As the volume of material remains constant due to its incompressible nature, the incompressibility constraint (3) can be used to
express the radial stretch in terms of the other two stretches

λr = λ−1
θ λ−1

z . (4)

Equation (3) only allows volume-preserving (isochoric) deformations. The deformation is often described using the right Cauchy-
Green deformation tensor C = FTF. The displacement u of a material point is u = x− X.
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2.2 Residually stressed cylinders

As the arterial wall grows and alters in response to its mechanical environment, it suffers from a series of irreversible processes.
Residual stress has to be taken into account in the material model. In the absence of body forces, the Cauchy stress tensor σ and
the nominal stress tensor S satisfy

divσ = 0, DivS = 0, (5)

respectively, where the divergence operator div is related to the current configuration, while Div is related to the reference configu-
ration.

In this article, it is assumed that the body is initially subjected to residual stress given by a second-order tensor σ0, which exists
in the absence of body forces and surface traction on the boundary of the solid in Br (see [39]). As residual stress is defined in the
reference configuration Br and is assumed to be unaffected by rotations in the deformed configuration B, the residual stress tensor
is inherently objective [41].

Due to the absence of traction on the surface, the residual stress tensor fulfills the condition

σ0N = 0 on ∂Br, (6)

where N is an outward normal unit vector and ∂Br is the boundary of Br. The residual stress tensor is symmetric σT
0 = σ0, and

satisfies the equilibrium equation

Divσ0 = 0. (7)

Several approaches have been proposed to account for residual stresses in the mechanical modeling. Different works apply
different natural configurations of the constituents, and a deformation-gradient-like tensor is introduced for the mapping of these
natural configurations; for instance, Topol et al. [51, 52] and Gou et al. [48] consider pre-stretched fibers that tend to contract the
fiber-embedding isotropic ground material. One widely used technique is the opening angle method, which assumes that a sector cut
from a cylinder represents its stress-free configuration. When the sector is closed to restore the cylindrical shape, residual stresses
naturally arise in thematerial. This approach offers a direct connection between themodeling of residual stresses and experimental
observations, and it has been applied in numerous studies [50,53–57]. An alternative strategy introduces residual stresses through
residual stress tensors. In this case, the strain energy density function is expressed in terms of invariants constructed from these
tensors. This framework has been employed in a variety of works [41, 42, 58–60] and, more recently, adapted for finite element
analyses relevant to arterial tissue [19,20,23,36,61].

The works [17,19,20,44] deal with the modeling of cylinders in which the residual stress tensor only affects the planar sections,
meaning that the initial formulation has only non-zero values for the components σ0RR and σ0ΘΘ, in [36] that earlier approach is
generalized.

In the following, we apply an ansatz for the three-dimensional residual stress distribution that has been presented by Al-
Chlaihawi et al. [23]:

σ0RR = αc(R−A)(R−B), (8)

σ0RΘ = 0, (9)

σ0RZ =
αd

R

[
(R−A)(R−B)(5Z4 − 9Z2L2 + 4ZL3)

]
, (10)

σ0ΘΘ = αc [(R−A)(R−B) + R(R−A) + R(R−B)]

+ αd
[
(R−A)(R−B)(20Z3 − 18ZL2 + 4L3)

]
, (11)

σ0ΘZ = 0, (12)

σ0ZZ = −
αd

R

[
(2R−A−B)(Z2) (Z3 − 3ZL2 + 2L3)

]
. (13)

which satisfies the conditions to be considered a residual stress tensor (i.e., it satisfies (6) and (7)), and where αc and αd are (residual
stress) coefficients. These residual stress parameters are expressed in dimensionless form by taking: αc = µᾱc/(2RT) and αd =
µᾱd/(2L

5), respectively, where T = B −A is the wall thickness.
The expressions of the stress components in the axial direction have αd as a coefficient. If αd = 0, then σ0ZZ = σ0RZ = 0 and

also the other residual stress components reduce to the planar form of the residual stress, with two non-zero components σ0RR and
σ0ΘΘ, as it is seen in [17,19,44]. In this case, if αd = 0, then αc can be interpreted as the magnitude of planar residual stresses (see,
e.g., [42]. If αc = 0, then the residual stress tensor has the non-zero components σ0RZ , σ0ΘΘ, and σ0ZZ when residual stresses occur.

The form of the strain energy W is based on a simple neo-Hookean isotropic energy function with an additional term that
accounts for the distribution of the residual stresses in the material [17,62]:

W :=
µ

2
(I1 − 3) +

1

4
(I6 − trσ0), (14)

where the different terms are explained in what follows. The first term in (14) is the neo-Hookean (isotropic) model that depends on
the shear modulus µ and the first invariant of the right Cauchy-Green deformation tensor I1 = trC. This formulation is commonly
used in themodeling of isotropic soft tissue or its constituents. Although it has a relatively simple form, this formulation is supported
by experiments since it describes themechanical behavior of the isotropic component of soft tissue as seen in [63]. Alternative forms
of models applicable to isotropic soft tissue behavior include exponential forms or models that combine characteristics of both neo-
Hookean and exponential models [49]. The second term of (14) introduces residual stresses and depends on the invariant I6 =
tr(σ0C2) as seen in [17] and [42]. This invariant has units of stress, unlike dimensionless I1 and other invariants that are necessary
to model the anisotropic properties of materials [64]. Higher-order invariants, such as I6, which is nonlinear, are responsible for a
more complex mathematical treatment of residual stresses [17,19,20,41,60].

In [23], the invariant I5 = tr(σ0C) is used, instead of I6 = tr(σ0C2), to define the second term of the strain energy density of the
tube. Here, our purpose is to investigate a neo-Hookeanmaterial with an additional term (a second term) associatedwith the residual
stress. This additional term depends on the invariant I6 = tr(σ0C2), which is a higher-order invariant compared to I5 = tr(σ0C).
The latter invariant was studied previously, but I6 did not attract the same attention in the literature. Clearly, the invariant I6
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introduces more mathematical complexity than I5. To fully take account of residual stress, a general approach is necessary, and,
in particular, the residual stress needs to feature in the constitutive law for the elastic response of the material, on which we focus
in this paper, or for a more general material response. The presence of residual stress introduces specific invariants into the strain
energy that penalize deformation. Furthermore, it is important to note that the elastic response of a material with residual stress is
non-isotropic. Therefore, the different invariants associated with the residual stress have to be analyzed to quantify and to qualify
the material behavior introduced in the model by such stress. . This is not a minor point. Theoretically, the residual stress tensor
just satisfies (6) and (7), but to implement the residual stress in the finite element scenario, it is necessary to consider a model.
Furthermore, it is important to take into consideration that the elastic response of a model with residual stresses is necessarily
anisotropic. It is in this context that the formulation of this paper generalizes the formulation of [23].

It can be seen that when both parameters αc = αd = 0, the components of the residual stresses tensor σ0 are also nullified and
the strain energy function (14) reduces to the basic (isotropic) neo-Hookean model.

The problem of the combined extension and inflation of a circular cylindrical tube subject to radial and circumferential residual
stresses (i.e αd = 0) and governed by a residual-stress dependent nonlinear elastic constitutive law has been studied in [42]. The
corresponding problem for the residual stress at hand (with αd 6= 0 giving an RZ-component of the shear stress) is not ensured to
keep its perfect cylinder form under inflation. This motivates our careful finite element analysis, which establishes that a cylindrical
form is substantially maintained up to the bifurcation events studied here. This, in turn, motivates the use of certain standard
procedures that presume cylindrical symmetry up through the bifurcation events that are the focus of this study. It is also to be
remarked that this was also the guiding philosophy in our previous work [23]. Additional commentary on this subject follows in the
course of this study.

2.3 Initiation of an instability

Themembrane approximation (i.e., no residual stress) applied to a cylindrical shell provides valuable insight into the parameters
that play a major role in the triggering of various instability modes. In this section, we delineate these critical thresholds before
introducing the detailed numerical framework that follows in this article.

Under combined internal pressure and axial tension, the cylinder maintains its original geometry until at least one of several
bifurcation mechanisms is activated. Our primary goal is to determine the conditions under which localized bulging, bending, or
prismatic bifurcation develops. This analysis not only clarifies the mechanical factors that initiate the formation of aneurysms [65]
but also sheds light on the initiation of closely related vascular disorders [22]. To capture these different bifurcation scenarios, we
employ the general incremental-displacement formulation (see Rodriguez & Merodio [3])

δu = δur(θ, z)er + δuθ(θ, z)eθ + δuz(θ, z)ez , (15)

where {er, eθ, ez} are the three base unit vectors of the deformed configuration, and δur , δuθ , δuz are the components of the incre-
mental displacements.

2.3.1 Bulging for an axisymmetric bifurcation mode

When analyzing bulging for an axisymmetric bifurcation mode, the incremental displacement condition (15) reduces to

δu = δur(z) er + δuz(z) ez , (16)

where the azimuthal component of the incremental displacement, δuθ , is equal to zero, and the remaining two components depend
only on the axial coordinate z.

Then, considering the balance of forces in the radial and axial directions of an infinitesimal volume element in the cylinder wall,
the actuating forces in equilibrium in the axial direction are

∂
[
δ(σzz h r)

]
∂z

dθ dz = P r dθ dz
∂δur

∂z
, (17)

in which the thickness of the wall is h = b− a, r is the radius of the deformed cylinder in the bulging mode, and σzz is the (Cauchy)
axial normal stress. The left side of (17) results from the increase in force in an infinitesimal element of the cylinder wall and is
equal to the resulting force due to the pressure in the axial direction.

In the radial direction, the equilibrium follows the expression

δ(σθθ h)dθ dz − δ(P r)dθ dz =
∂

∂z

[
σzz h r dθ

∂δur

∂z

]
dz, (18)

where σθθ is the normal component of the Cauchy stress tensor in the azimuthal direction.
The bifurcation condition under internal pressurization follows directly from the characteristic equation of the coupled system

in Eqs. (17) and (18). Rodriguez & Merodio [3] provide a thorough derivation of this result, which is

f(W̄ , λθ, λz) +

[
2πR

L

]2
λ2
θλz

∂W̄

∂λz

∂2W̄

∂λ2
z

= 0, (19)

where

f(W̄ , λθ, λz) = λ2
z

∂2W̄

∂λ2
z

[
λ2
θ

∂2W̄

∂λ2
θ

− λθ
∂W̄

∂λθ

]
−

[
λθ λz

∂2W̄

∂λθ∂λz
− λθ

∂W̄

∂λθ

]2
. (20)

It follows that for an infinitely long tube or a long one (Lmuch greater thanR), the bifurcation criterion is f(W̄ , λθ, λz) = 0 in (19).
This form (20) has also been shown in various works, such as in Haughton & Ogden [31], Fu et al. [21], Guo et al. [66], and Alhayani
et al. [18].
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Fig. 1. Post-bifurcation shape of the bending mode for λz = 1.02, ᾱd = −15, and ᾱc = 0.5. A bulge is also shown.

2.3.2 Prismatic Bifurcation

If one allows for non-circular cross-sections, the incremental displacement field simplifies to

δu = δur(θ) er + δuθ(θ) eθ , (21)

with an axial increment that is equal to zero (δuz = 0) and where both the radial and circumferential components δur and δuθ are
functions of the circumferential coordinate θ. In the case of the lowest-energy prismatic mode for a purely membrane response, one
finds the simple criterion

∂2W̄

∂λ2
z

= 0 (22)

as shown in [3].
In the vascular system, tortuosity in the blood vessels often accompanies pathologies such as hypertension, diabetes, or retinal

disease [67, 68]. A loss of axial tension can drive vessels to coil or undulate [69], so they deviate from an ideal cylinder. In heavily
curved arteries—take the superficial femoral artery, for instance—saccular aneurysms may even develop [70]. Abdominal aortic
aneurysms frequently bulge asymmetrically, a phenomenon beyond the reach of uniform-bulge theory. It is therefore essential to
examine composite deformations that mix axial twist with local bulging, as in [19].

2.3.3 Bending Bifurcation

The bending bifurcation condition can be expressed as (see [3])

M = σθθ − 2σzz = 0 , (23)

whereM < 0 indicates stability against bending, andM > 0 signals the onset of a bending instability. In this paper,we are interested
in the onset of bifurcation and the subsequent motion, i.e., post-bifurcation, since several modes of bifurcation can occur, one after
another. Figure 1 shows on one side of the tube a bulge that is formed during post-bifurcation once the onset of bifurcation occurs.

Although bulging instabilities dominate in many cases, AlChlaihawi et al. [14] and Topol et al. [15] demonstrate that the pre-
ferred bifurcation mode depends sensitively on geometry, material properties, loading conditions, and even local changes in tissue
microstructure (for example, swelling or inflammation). The membrane‐based criteria for bifurcation serve as useful benchmarks
for themore detailed numerical studies of thick‐walled tubes presented later, where themembrane simplifications are intentionally
relaxed. In particular, for instance, the criterion given by M is used for thick-walled tubes to guide the numerical analysis. There is
no analytical solution for the bending bifurcation under these circumstances.

3. Finite Element Analysis

We obtain solutions computationally dealing with a near-perfect cylinder as it is explained in what follows. It is interesting to
look for analytical solutions for the (perfect) cylinder at hand, but this is beyond this work. Suffice it to say that the near-perfect cylin-
der prior to bifurcation behaves as a near-perfect cylinder. Bulging and bending of axially stretched and inflated tubular structures
have often been studied in the context of the membrane approximation. These simplified models capture the essential mechanics
and frequently serve as a roadmap formore complex scenarios that go beyond the idealizedmembrane framework,where numerical
methods become indispensable ( [17]).

The inflation of membrane tubes under axial loading was extensively analyzed using a theory-based approach in earlier work.
These investigations required complex mathematical equations; furthermore, they often dealt with basic setups followed by certain
simplifications. Numerical methods to explore material models allow the inclusion of more factors that affect the arteries, such as
residual stress, plus a number of layers in the wall.

To mimic the behavior of an artery, researchers build material models and study them with the commercial software Abaqus.
This section covers the main features, such as shape, chosen element type, and boundary conditions. Yet, it is important to capture
the effect of each factor, apart from the material itself.

3.1 Finite element model

Afinite elementmodel is developed in Abaqus in order to study the tubes subjected to axial pre-stretches and loadedwith internal
pressure, incorporating three-dimensional residual stress in an initial step. A complete cylindrical tube is created, as axisymmetric
simplification cannot be used due to restrictions on the constitutive equations of the material.

We have developed a finite element model that shows the quantitative and qualitative capability of this methodology to capture
bifurcation and post-critical behavior. The (general) description of the finite element model is as follows (see [37] for further details
and [71]).

Journal of Applied and Computational Mechanics, Vol. 12, No. 3, (2026), 1256-1275
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1. A tube (geometry) is created. To avoid a strict numerical bifurcation, a small imperfection is introduced. One imperfection
to capture bulging, for instance (there are others), is to create a deviation along the axis of the tube, a maximum deviation
of 10−4R (for instance) increasing from one end of the tube to the other end of the tube. Bending bifurcation is established
by following the initiation of lateral movement of the tube. Subsequently, post-bifurcation analysis is done, introducing a
geometric imperfection. This is necessary to obtain a smooth solution path. The scale of imperfection is applied based on the
first eigenmode, and the factor is a maximum magnitude of 5×10−3 times the radius.

2. The material. It is necessary to define the strain energy as a function of the prestress. It has not been implemented yet in any
finite element commercial code. The material model has been implemented in Abaqus as a subroutine (UMAT) to be used for
incompressible hybrid elements. The user must provide the Cauchy stress tensor. In particular, the deviatoric stress must be
provided for a fully incompressible user material.

3. The mesh. It is important to deal with the so-called “hourglass”. Abaqus has special features for this. The enhanced hour-
glass control approach represents a refinement of the pure stiffness method in which the stiffness coefficients are based on
the enhanced assumed strain method; no scale factor is required. It provides more suitable resistance to hourglassing for
nonlinear materials. The artificial energy is provided to be compared with the overall internal energy. When it is not deemed
negligible, it is recommended to use a finer mesh. In practice, if we see an ”hourglass” control energy greater than 1% or 2%,
we run the analysis with more elements in the thickness in the flexural areas and verify that the results of interest are not
significantly affected.

4. The nonlinear finite element analysis is run (see Fig. 4). It is worth clarifying that with this strategy, we do not determine
exactly the bifurcation point. This point corresponds with the state for which the tangent stiffness matrix becomes singular.
In fact, we avoid the precise bifurcation point by introducing the imperfection. When the solution violates a symmetry (in our
case, based on the history of two control points), one estimates the associated state as critical.

Fig. 2. Finite element mesh of the cylinder model in Abaqus.

The elements used for the mesh are the C3D8RH 8-node linear brick elements, which are available in the library of Abaqus. The
built-in hybrid formulation, as seen in the documentation [45], is used for an incompressible material to mitigate the strain-locking
problem. Figure 2 provides a typical mesh of a cylindrical tube.

Meshes of different sizes were tried for the model using several settings, such as the level of stretch along the axis, and tests
were run to check this influence. To show the various instability effects clearly, in general, 64 elements were placed in the azimuthal
direction, plus five elements through the wall thickness. In the length direction, 200 to 350 elements were used. Nevertheless, in the
models used to capture bulging bifurcation, sometimes more than 64 elements were used in the azimuthal direction, depending on
the axial stretch.

An imperfection is applied to the model to capture bifurcation. Clearly, the mechanical behavior of the inflated and stretched
cylinder may change with small imperfections, so a sensitivity analysis is necessary to rule out that the imperfection affects the
results (see [72]). Abaqus can implement a modified Riks method with an analysis that involves a finite number of steps in order
to find the equilibrium path which follows the solution. The added small imperfection is used accordingly to obtain two bifurcation
modes in this work, the bulging and bending ones.

The general dimensions of the cylindrical tube are: a mean diameter of D = 10 mm, a wall thickness of T = 0.50 mm, and a
length of L = 150 mm, for which L/D = 15 and T/D = 0.05.

The distribution of residual stresses along the thickness is shown in Fig. 3. The variation in setting different values of ᾱd and ᾱc
is also observed: Figs. 3 (a) to (c) make use of ᾱd = 15 and ᾱc = 0.5; Figs. 3 (d) to (f) make use of ᾱd = −15 and ᾱc = 0.5; Figs. 3 (g)
make use of ᾱd = −15 and ᾱc = −0.5. The stress components are normalized with respect to the material constant µ.

3.2 Analysis procedure

The mechanical constitutive behavior is represented by a formulation code, introduced via an Abaqus user subroutine (UMAT),
which can be used with incompressible elastic materials via SDVINI.The nonlinear analysis is composed of three distinct incremen-
tally applied steps (see Fig. 4).

In the initial step, the residual stress field described in (13) is integrated into the cylindrical tube. First, one must select the
residual-stress parameters. A sensitivity analysis with an incremental magnitude of the residual stresses is performed for a couple
of reasons: to evaluate the resulting stresses and the associated equilibrium of the model (the finite element program obtains the
equilibrium of the cylinder), and also to find a stable configuration for the following bifurcation analysis. The following values of the
parameters are chosen based on the results of that analysis: ᾱd ∈ {−15, 0, 15} and ᾱc ∈ {−0.5, 0, 0.5}. Some results are presented
in Figs. 5 - 6 for the selected values ᾱd = −15 and ᾱc = 0.5: Figure 5 presents the distribution of von Mises stresses in a contour
graph of the cross-sectional area near the mid-span of the tube. The stresses are relatively larger in magnitude on the outer and
inner walls, while they are smaller in the center of the wall. Figure 6 shows the distribution of the axial normal stresses (σ0zz) for
the same location. Moving from the inner wall to the outer wall, these axial stresses increase from negative values (compressive
stresses) to positive values (tensile stresses). If the results from Figs. 5 - 6 are compared to similar Figs. 4-5 in article [23], then it can
be shown that the variation of the residual stresses and the extreme value are larger in this paper, when the strain energy density
function (14) includes the invariant I6 as opposed to the use of the invariant I5 in [23].
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(a) (b)

(c) (d)

(e) (f)

(g)

Fig. 3. Distribution of residual stresses at the end of the first step. The panels (a) to (c) make use of ᾱd = 15 and ᾱc = 0.5; the panels (d) to (f) make us
of ᾱd = −15 and ᾱc = 0.5; the panel (g) makes use of ᾱd = −15 and ᾱc = −0.5. Note that the effect of the second term on the right side of σ0ΘΘ (see
Eqs. (10) and (13)) is negligible compared with the other term; therefore, only the planar term is shown.

In the second step, axial pre-stretches are imposed at one end of the tube, while the other end is fixed in the axial direction. The
axial stretch is also applied incrementally, starting from the configuration of the previous and first step, and it stops once the final
length is reached.

Finally, uniform internal pressure p = 10µT/D is applied in the third step. The mechanical response is represented by the load
proportionality factor plot against the arc length, as seen in Figure 7, which provides a typical curve of the load proportionality factor
(LPF) versus the arc length relationship [45]. The applied internal pressure is expected to increase with an increasing arc length, and
consequently, the peak point will be easily captured. Therefore, both bifurcation and post-bifurcation patterns can be captured.

A combination of simulations is necessary to capture bifurcation and postbifurcation. Hoop displacements are restricted in a
simulation to obtain just the bulging bifurcation. However, that movement is permitted to obtain the bending mode. To identify the
onset of the bulging mode, it is appropriate to compare the displacements of two points along the cylinder’s length: one outside the
bulge and the other within the bulge. When analyzing the pressure versus azimuthal stretch curve for these two points, the two
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Fig. 4. The nonlinear analysis is composed of three distinct incrementally applied steps.

Fig. 5. Distribution of the von Mises stresses in a contour plot of the cross-sectional area near the mid-span of the tube. The stresses are relatively
large at the outer and inner walls, with the minimum in between.

Fig. 6. Distribution of the axial normal residual stresses (σ0zz ) for the same location as in Fig. 5. Going from the outer to the inner wall, these axial
stresses increase from negative values (compressive stresses) to positive values (tensile stresses).

Fig. 7. An instability is expected when the load proportionality factor (LPF) reaches its maximum value in this plot in terms of the arc length.
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Table 1. Combinations of the parameters ᾱc and ᾱd that define the magnitude and distributions of the residual stresses. Case 7 nullifies the residual
stress tensor, and the material model behaves as the basic neo-Hookean material.

Case ᾱd ᾱc

Case 1 15 0.5

Case 2 15 −0.5

Case 3 −15 0.5

Case 4 −15 −0.5

Case 5 15 0

Case 6 −15 0

Case 7 0 0

Case 8 0 0.5

Case 9 0 −0.5

Fig. 8. The profile of M = σθθ − 2σzz versus arc length are presented for two (bifurcated) models, Case 1 with λz = 1 (solid line) and Case 1
with λz = 1.4 (dashed line), at a cross-section, for each model, associated with maximum stress values. In Case 1 with λz = 1, the curve shows that
M = σθθ−2σzz > 0, suggesting that bending is the bifurcationmode. In contrast, for Case 1withλz = 1.4, the curve shows valuesM = σθθ−2σzz < 0,
implying that bending is unlikely to be the bifurcation mode, and that bulging is the bifurcation mode instead.

curves depart as the hoop stretch changes between these two points of the cylinder, i.e., the departure point of these two curves is
the onset of (bulging) bifurcation. This mechanism will be illustrated in Section 4..

The bending criterion of the membrane analysisM = σθθ −2σzz > 0will be considered to capture the bending instability during
the inflation step. The numerical calculations from [22] propose that there are different asymmetric bifurcation modes; however,
the first and most likely mode under quasi-static conditions is the one that fits the criteria in this work. The bending bifurcation
mode is illustrated in Fig. 1.

The critical pressure is determined using themodified Riks analysis procedure (ABAQUS terminology for the arc-lengthmethod).
It is a very efficientmethod for solving non-linear systems of equationswhen the problemunder considerationmay exhibit snapping
behavior. In this procedure, the concept of time is replaced by arc length. This method postulates a simultaneous variation in both
the displacements and the load proportional factor (LPF) and is an indicator of the applied load and the evolution of deformation,
respectively (see Fig. 7 and Fig. 9). It is a two-step simulation process. Further details are presented in [37].

4.Numerical Results

Nine (different) combinations of the parameters ᾱd and ᾱc are selected based on the (sensitivity) analysis mentioned in Section
3.2. These combinations are labeled as ”Case 1”, ”Case 2”, …, ”Case 9”, and presented in Table 1. This section aims to illustrate and
discuss the combined effect of varying axial stretches, when axial stretch is in the range 1 < λz < 1.8, and applied internal pressure,
along with non-planar residual stresses, on the response of the numerical models. The numerical results contrasting the nine cases
are presented.

Section 2.3 explains the conditions associated with the onset of bulging (axisymmetric) as well as the onset of bending (asym-
metric). The numerical results capture these conditions and the differences in the deformed tubes when the onset of bifurcation
occurs either through bulging or bending.

4.1 Approach to capture the two modes of instability

To understand the interplay between the stress distribution and the effect that the combinations of the parameters ᾱc and ᾱd
have on the onset of the considered bifurcation modes, it is crucial to clarify a methodological distinction between the two modes -
bending and bulging - examined in this study.

The bending criteria (23) from the membrane analysis will be examined through the numerical analyses; the relationship be-
tweenM and the arc length throughout the deformation analysis is plotted. If during the analysis the curve obtained at a particular
cross-section has positive values (that is, M > 0), it can be validated that the obtained mode is bending. In contrast, if the curve
is negative (that is, M < 0), the bending mode is not expected. In Figure 8 it can be seen how the bending criteria (M) behaves
differently for two cylinders in which bifurcation occurs: one cylinder is Case 1 material model with λz = 1, associated with bending
bifurcation, develops the solid line, while Case 1 with λz = 1.4, the second cylinder, associated with bulging bifurcation, develops
the dashed line (in this case M < 0, bending is not expected).

We now take a different approach to further illustrate these results, considering two models for just Case 1 with λz = 1. In one
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Fig. 9. Normalized pressure vs. arc length for Case 1 with λz = 1 is depicted. The solid line represents the model constrained to capture only the
bulging mode, whereas the dashed line corresponds to the general model, which is unrestricted. The point at which the two curves diverge is identified
as the bending bifurcation point. The maximum points of the two curves, beyond which the structure cannot withstand additional load, are the
bulging bifurcation points. The maximum point of the dashed line is associated with the formation of a one-sided bulge. On the other hand, the other
maximum point is associated with the formation of an axisymmetric bulge.

of the models to capture of just bulging hoop displacements is prevented. In Fig. 9, the normalized pressure values for this model
are plotted in terms of the arc length values as a solid line. This is a curve associated with (axisymmetric) bulging, which appears
at the maximum point. In the other model, hoop displacements are not restricted. In Fig. 9, the normalized pressure values for
that particular model are also plotted in terms of the arc length values as a dashed line. For this latter model, bending occurs when
the two curves in the Figure depart, and later on, a bulge appears at the maximum point of the (dashed) curve (see Figure 1 for a
representation of the deformed tube). In both curves, the maximum is associated with a bulging bifurcation; afterward, the internal
pressure decreases.

According to the results from Figs. 8 and Fig. 9, it is possible to obtain the bulging bifurcation mode for the entire range of axial
stretches 1 < λz < 1.8 that is used in the different examples of this article. However, the bending mode is expected for small values
of the axial stretch range; the bending mode becomes likely as the axial stretch approaches λz = 1. To clarify these aspects, we will
focus on different analyses with different models. First, we will focus on bulging.

4.2 Bulging analysis

We deal with many models and try to establish their behavior with regard to the onset and propagation of bifurcation. Never-
theless, we expect to get bulging for sufficiently large values of the axial stretch. With this in mind, we analyze first that scenario
and later on, small values of the axial stretch.

4.2.1 Comparison of stress distribution: Case 1 and Case 3 from Table (1), taking λz = 1.6

We expect to get bulging and, indeed, that is the case. A bulge may appear at different axial locations of the tube, depending on
the distribution of the residual stresses. This is illustrated in Fig. 10, where cases 1 and 3 fromTable 1 are compared. For Case 3 the
parameter ᾱd is negative and the bulge appears in the middle section (see Fig. 10(c)); however, when the parameter ᾱd is positive in
Case 3, the bulge appears at one of the ends of the tube (see Fig. 10(d)).

Both figures 10(a) and 10(b) include graphs of the average axial and azimuthal stresses σθθ and σzz along the axial direction of
the tube; themaximum valuesmatch the positions of the bulgementioned above. In Fig. 10 (a), both axial stresses and hoop stresses
increase until they approach their maximum magnitude near the center, following a decrease towards the end. In Fig. 10 (b), both
axial stresses and hoop stresses decrease until they approach a minimum near the center, after which they again increase to reach
the maximum magnitude at the end of the tube.

Although the sign of ᾱd influences the position of the bulge obtained in an analysis, ᾱc does not affect the qualitative nature of
the bulge.

4.2.2 Normalized inflation pressure versus axial stretch at the maximum inflation point

Webroaden our analysis now to consider all possible values of axial stretch. We focus on bulging and restrict hoop displacements
to capture only that bifurcation. Themaximum load-bearing capacity during an analysis occurs at the onset of a bulging bifurcation.
This value is studied in terms of the axial stretch applied in Step 2 (see Section 3.2) as seen in Figure 11. This value gradually decreases
as λz takes higher values; this applies to all cases in Table 1, and the phenomenon is seen in [49].

In order to visualize and compare how the residual stresses modify this behavior, the normalized inflation pressure is plotted
for models for all nine residual stress distribution cases. It is also noticeable how ᾱd and ᾱc modify the overall load capacity of the
tubes and influence the formation, development, and location of the bulge along the tube; is clear when comparing Case 7 against
cases with positive values of ᾱd. The parameter ᾱd is relevant when considering cases that share an equal value for ᾱc, as positive
values reduce the normalized pressure proportionally.
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(a) Values of azimuthal and axial average stresses on each
cross-section along the tube length, taking ᾱd = −15 and
ᾱc = 0.5, λz = 1.6.

(b) Values of azimuthal and axial average stresses on each
cross-section along the tube length, taking ᾱd = 15 and ᾱc =
0.5, λz = 1.6.

(c) Post-bifurcation of bending instability bulging instability
in the middle of the cylinder associated with Fig. 10 (a)

(d) Post-bifurcation of bending instability bulging instability
at both ends of the cylinder associated with Fig. 10 (b)

Fig. 10. Differences in the location of the bulge for the cylinders for the cases 1 and 3 for the residual stress parameters ᾱd and ᾱc (see Table 1).

Fig. 11. Normalized inflation pressure in terms of axial stretches at the bulging bifurcation point for cases from Table 1. Hoop displacements are
restricted to capture just bulging.

Figure 11 shows a similar behavior (overlapping curves in the figure) between case 1 and case 3 for which ᾱc is equal to 0.5, and
similarly between case 5 and case 6, with ᾱc equal to zero, and between case 2 and case 4 with ᾱc equal to -0.5.

4.2.3 Normalized inflation pressure versus azimuthal stretch during inflation, including formation and propagation of bulging

The hoop stretch λθ = r/R that accounts for the average nodal displacements of the wall in the cross-sectional plane is an
appropriate measure of the bulging phenomenon. Figure 12 illustrates how this stretch varies during a bulging mode analysis in
two different sections of the cylinder tube, one point is located in the bulge (IN), and the other point is located outside the bulge
(OUT).

The stretch profiles of these two points remain qualitatively similar, suggesting that radial displacements are fairly uniform
until the normalized pressure approaches its peak near the bifurcation point, after which the bulge begins to propagate. For the
section located inside the bulge, the curves reveal a reduction in the pressure as the circumferential stretch increases, indicating
that inflation continues even as the sustained pressure drops. At the second observation point, the responsematches that of the first
point up to themaximumpressure. Beyond this stage, however, both the pressure and the circumferential stretch diminish, reflecting
a deflation process. Figure 12, obtained for Case 3 (ᾱd = −15, ᾱc = 0.5), presents results for pre-stretch values λz = 1.0, 1.2, 1.4, 1.6,
and 1.8. In this figure, the dashed curve corresponds to the first location inside the bulge, while the solid curve traces the behavior
of the second point over the entire pressure loading history.
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Fig. 12. Normalized inflation pressure in terms of hoop stretch λθ , taking ᾱd = −15 and ᾱc = 0.5, for two locations on the tube: one point is located
inside the bulge (IN) and the other point is located outside the bulge (OUT). The different curves are for different axial stretches: λz = 1.0 (”100-OUT”,
”100-IN”), λz = 1.2 (”120-OUT”, ”120-IN”), λz = 1.4 (”140-OUT”, ”140-IN”), λz = 1.6 (”160-OUT”, ”160-IN”), λz = 1.0 (”180-OUT”, ”180-IN”).

.

4.2.4 Influence of Axial Stretching on Stress Distributions

This section aims to describe the relationship between axial stretch and the resulting stress distributions in both the axial and
azimuthal directions. Figure 13 presents the variation of the average axial stress, σzz , and azimuthal stress, σθθ , along the tube for
two values of the axial stretches, λz = 1.2 and λz = 1.6, at the onset of bifurcation.

In Fig. 13(a), corresponding to ᾱd = −15 and ᾱc = 0.5 (Case 3), the average axial stress along the tube’s length increases with
higher axial stretch λz . In contrast, the azimuthal stress at bifurcation is greater for λz = 1.2 than for λz = 1.6.

A similar trend is observed when comparing Case 3 with Case 1: in both cases, the average axial stress is higher at larger λz ,
while the azimuthal stress is higher at λz = 1.2 than at λz = 1.6. However, the locations of the peak stresses differ, occurring near
the mid-section of the tube in Case 3 and closer to the ends in Case 1. Nevertheless, the profiles shown by these plots are associated
with bulging, i.e., there are maximum values of axial and azimuthal stresses at the cross sections in which bulging appears.

(a) Values of azimuthal and axial average stresses on each
cross-section along the tube length for ᾱd = −15 and ᾱc =
0.5, (Case 3), taking two values for the axial stretches, λz =
1.2 and λz = 1.6.

(b) Values of azimuthal and axial average stresses on each
cross-section along the tube length for ᾱd = 15 and ᾱc = 0.5,
(Case 1), taking two values for the axial stretches, λz = 1.2
and λz = 1.6.

Fig. 13. Effect of increasing the axial stretches on the distributions of stress components for a bulging instability.

4.3 Bending bifurcation and bulging bifurcation

The previous section examined bulging restricting hoop displacements in some of the models, in particular, in the ones with
small values of the axial stretch. Now, this restriction no longer holds in anymodel. The goal is to establish the bifurcation behaviour
of the models with respect to axial stretch. For small values of axial stretch, we expect to get bending, and we dedicate our effort
first to that scenario with small values of the axial stretch.

4.3.1 Stress distribution for Case 1 and Case 3, taking λz = 1.10

Bending gives the onset of bifurcation, and here the numerical results for these models (undergoing bending bifurcation) are
presented following a parallel procedure to the analysis of bulging bifurcation in Section 4.2.1. Figures 14 and 15 illustrate the
average values for the axial stress σzz and for the hoop stress σθθ along the cylinder length for Case 3 and Case 1 (seeTable 1), taking
an axial stretch of λz = 1.10.

Figure 14 (a) shows the average axial and azimuthal stresses at each cross section for ᾱd = −15 and ᾱc = 0.5 (Case 3) at the
onset of bending instability. In a similar fashion, Fig. 15(a) presents the corresponding stress distributions for ᾱd = −15 and ᾱc = 0.5
(Case 1). In both cases, the curves reveal a nearly uniform stress profile along the tube length at the bifurcation point.

Post-bifurcation behavior is illustrated in Figures 14(b) and 15(b). For Case 3, Figure 14(b) shows that both the axial stresses σzz

and the hoop stresses σθθ reach their maximum values near themidsection of the tube. The corresponding tube shapes are depicted
in Figs. 14 (c) and (d), representing the onset of bending and the post-bifurcation stage, respectively. At this later stage, a lateral bulge
develops precisely where the stresses peak.

Journal of Applied and Computational Mechanics,Vol. 12, No. 3, (2026), 1256-1275



1268 Murtadha J. Al-Chlaihawi et. al., Vol. 12, No. 3, 2026

For Case 1, Fig. 15 (b) indicates that the maximum stress values occur near one end of the tube, while the lowest values are
located in the middle. Figures 15 (c) and (d) display the tube configurations at the onset of bending and in the post-bifurcation stage,
respectively, where a bulge is observed forming at the tube’s end.

Overall, the stress distributions in Figs. 14 (a) and 15 (a) suggest that before the onset of bending bifurcation takes place, the
mechanical response for both Case 1 and Case 3 is qualitatively almost identical. The difference emerges after bifurcation, where
the residual stress parameters lead to distinct post-bifurcation patterns, both in the location ofmaximumstresses and in the position
of the bulges along the tube.

(a) Values of azimuthal and axial average stresses on each
cross-section along the tube length for ᾱd = −15 and ᾱc =
0.5, λz = 1.10 at the bending instability.

(b) Values of azimuthal and axial average stresses on each
cross-section along the tube length for ᾱd = −15 and ᾱc =
0.5, λz = 1.10 at the bulging instability after bending bifur-
cation.

(c) Bending instability of the cylinder associated with Figure
14 (a).

(d) Post-bifurcation of bending instability at a section close
to the middle cross-section of the cylinder associated with
Figure 14 (b)

Fig. 14. Different bulge locations of the cases with different residual stress parameters

(a) Values of azimuthal and axial average stresses on each
cross-section along the tube length for ᾱd = 15 and ᾱc = 0.5,
λz = 1.10 at the bending instability

(b) Values of azimuthal and axial average stresses on each
cross-section along the tube length for ᾱd = 15 and ᾱc = 0.5,
λz = 1.10 at the bulging instability after bending bifurcation

(c) Bending instability in the cylinder associated with Figure
15 (a)

(d) Post-bifurcation of bending instability at the ends cross-
section of the cylinder associated with Figure 15 (b)

Fig. 15. Different bulge locations of the cases with different residual stress parameters
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Fig. 16. Normalized inflation pressure versus axial stretches at the bifurcation point for selected residual stress distributions.

4.3.2 Normalized inflation pressure versus axial stretch at the onset of bifurcation

The normalized pressure at each (first) bifurcation point is plotted in Fig. 16 as a function of the axial stretch λz for Cases 3–9. A
simple comparison of Fig. 16 and Figure 11 establishes the following. The bending bifurcation curve is present over an initial range
of λz , showing an upward trend, i.e., for small values of the axial stretch, the onset of bifurcation is found to be the bending mode.
This curve (for each model) rises only up to a certain threshold; beyond this limiting value, the instability switches from bending to
bulging. The transition occurs when the pressure-inducing bending matches the pressure that triggers one-sided bulging. Although
the precise limits differ among the cases in Table 1, the transition range generally falls within 1.14 < λz < 1.2.

The change in instability mode is illustrated more clearly in Fig. 17 for Case 3. Once the bending bifurcation curve surpasses
the bulging curve at λz > 1.14, bulging becomes the dominant mode at onset. For a given axial stretch, after the bending mode
initiates (dash-dotted line), themodel can sustain further pressure until a critical point, at which localized one-sided bulging appears
(dotted line). The resulting irregular deformation is reminiscent of that observed in abdominal aortic aneurysms (AAA), as previously
discussed.

Figure 17 presents the normalized pressure values for bulging instabilities triggered after bending has occurred. The pressure
associated with pure bulging onset (hoop displacements are restricted) is consistently higher. This suggests that delaying the onset
of bending may also delay the formation of aneurysms. For larger values of the axial stretch λz , the pressures for the two modes
approach each other, as shown beyond the limit point (λz = 1.14) in Fig. 17.

4.3.3 Role of increasing axial stretch in post-bifurcation behavior

This section examines further the post-bifurcation configurations that develop once instability begins. Figure 18 compares the
instability patterns for all nine residual stress distributions listed in Table 1, using an applied axial stretch of λz = 1.6. In cases
where ᾱd = 0 and the residual stress tensor is limited to planar components, the bulge consistently forms at the midpoint of the
tube, highlighting the role of axial residual stresses in controlling bulge location.

Post-bifurcation shapes for the bending mode are shown in Fig. 19. These correspond to Case 3, with ᾱd = −15 and ᾱc = 0.5,
for axial stretch ratios increasing from λz = 1.00 in panel (a) to λz = 1.20 in panel (k), in increments of ∆λz = 0.02. At lower
axial stretches, the bulge forms laterally and has an irregular outline—again resembling AAA morphology [36]. As the axial stretch
increases, the instability evolves toward a more symmetric, pure bulging configuration, as seen in panels (l) to (n) of Fig. 19.

4.3.4 Development of the post-bifurcation configuration

The different panels of Fig. 20 illustrate how a bulging instability develops, beginning at its onset and progressing step by step
to the fully formed post-bifurcation state. The model examined here utilizes the residual stress parameters from Case 3, with the
analysis performed at an axial stretch of λz = 1.40. In this case, the instability initiates as a bulging mode.

Similarly, Fig. 21 presents the sequence of configurations showing the formation and propagation of a one-sided bulge for the
same Case 3 material. As described in Section 3., lateral motion was restricted to capture the bulging behavior shown in Figure 20,
whereas in the cylindrical model, lateral bending was permitted to capture the bending mode seen in Figure 21.

Finally, Figure 22 shows the configuration history for a cylindrical tube, again with the Case 3 residual stress parameters, but
with an axial stretch of λz = 1.14, representing a limit or transitional value. Here, it is evident that axial stretch influences the
post-bifurcation shape: the bulge evolves from the one-sided form seen in Figure 21 toward the nearly axisymmetric form observed
in Figure 20. This suggests that for sufficiently high values of λz , the post-bifurcation configuration tends toward an axisymmetric
bulge.

5.Conclusions

The material model applied in this study may capture the influence of specific parameters associated with the muscle cells that
form the arterial wall. Residual stresses are known to play a decisive role in the mechanical behavior of biological structures [73],
particularly at arterial bifurcations. Their influence remains the subject of active research and debate [74,75].

The analysis presented here is structured around a three-step mechanical investigation of thick-walled cylindrical tubes. The
primary goal is to study bifurcation behavior in tubes subjected to combined axial stretching and internal pressurization. A dis-

Journal of Applied and Computational Mechanics,Vol. 12, No. 3, (2026), 1256-1275



1270 Murtadha J. Al-Chlaihawi et. al., Vol. 12, No. 3, 2026

Fig. 17. Normalized inflation pressure at bifurcation against axial stretch for the Case ᾱd = −15 and ᾱc = 0.5. For sufficiently small values of λz ,
there are three curves: The solid line is for values of pure bulging bifurcation (in a condition of zero azimuthal displacements), then the dash-dotted
and dotted lines are the bending bifurcation and the one-sided bulge, respectively, under no restrictions for these displacements. For large values of
λz after a limit value, the bending mode does not occur.

(a) Case 1 (b) Case 2 (c) Case 3

(d) Case 4 (e) Case 5 (f) Case 6

(g) Case 7 (h) Case 8 (i) Case 9

Fig. 18. Post-bifurcations associated with bulging for the combinations of parameters ᾱd and ᾱc that are listed in Table 1, taking an axial stretch of
λz = 1.6. The magnitude and the location of the instability vary for different distributions of the residual stresses.

tinguishing feature of this work is the explicit inclusion of a residual stress tensor, defined in three directions in the reference
configuration, as the initial condition for the simulations.

Results show that the axial component of this tensor can determine the location of bulging along the tube’s length in the post-
bifurcation state. The parameters αd and αc govern whether the bulge forms near the center or towards the ends of the tube. For
small axial stretches, the bifurcation tends to initiate through a bending mode—bending in which subsequently a localized bulge is
formed—while higher stretch levels make this bifurcation mode less likely. When examining the normalized bifurcation pressure
as a function of the axial stretch λz , lower stretch values place the bifurcation firmly within the bending regime, as indicated by
the reduced pressure threshold compared to models restricted to develop pure bulging. This finding suggests that, under certain
conditions, delaying bifurcation could potentially postpone the onset of aneurysms. Bulging triggered by bending is observed on one
side of the tube, a deformation pattern reminiscent of abdominal aortic aneurysms (AAA). Insights from this analysis may therefore
contribute to predictive modeling of such pathologies. The bulge location, as predicted by the adopted methodology, is inherently
asymmetric.

The study demonstrates the conditions under which the developed finite element model reaches instability during mechanical
loading, mimicking the behavior of arterial tissue in critical states arising from physiological activity. Implemented in Abaqus via a
user-defined material subroutine, the model effectively captures the interplay between non-planar residual stresses and the me-
chanical response of hyperelastic cylindrical tubes. This provides a practical framework for examining the problem under varying
conditions without resorting to overly complex analytical formulations.

It should be noted that the neo-Hookean formulation used here represents an idealization. At large deformations, soft tissues
undergo damage and softening [76], both of which strongly influence the onset of instability. Furthermore, arterial walls are typi-
cally composed of multiple layers with collagen fibers arranged in distinct orientations [43]. The role of such fiber architectures in
triggering bulging has been addressed, for example, in [15,77]. Nonetheless, even in isotropic materials, the initiation of instability
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(a) λz = 1.00 (b) λz = 1.02 (c) λz = 1.04 (d) λz = 1.06 (e) λz = 1.08

(f) λz = 1.10 (g) λz = 1.12 (h) λz = 1.14 (i) λz = 1.16 (j) λz = 1.18

(k) λz = 1.20 (l) λz = 1.22 (m) λz = 1.24 (n) λz = 1.26

Fig. 19. Post-bifurcations associated with bending, taking the parameters ᾱd = −15, ᾱc = 0.5 (Case 3) for the distribution of the residual stresses. The
panels are for different axial stretch values, which correspond to the dash-dotted lines in Fig. 17.

depends on the combined effects of geometry, constitutive behavior, and volumetric changes [49]. Finally, many studies of bifurca-
tion phenomena focus exclusively on elastic responses, overlooking the fact that soft tissue properties evolve as a result of growth,
remodeling, and healing [9,25,78,79,79,80].

While this study considers a fixed initial cylinder geometry with neo-Hookean material behavior and residual stresses, it is
important to note that arterial properties can vary considerably with location in the body, age, sex, andmany other factors. Assessing
how sensitive the inflation pressure is to changes in geometry, material parameters, constituent arrangement, residual stresses, or
other variables—especially when these parameters follow different distributions—requires the use of suitable sensitivity analysis
techniques. Such analyses have been carried out by accounting for a wide range of effects, including residual stresses, fiber pre-
strain, and variations in fiber orientation (see, for example, Asghari et al. [62,81–84]).
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(a) (b) (c) (d)

Fig. 20. Illustrated example of the formation history of a bulge, starting from its initiation in panel (a) until the final configuration in panel (d) after its
radial propagation, taking the parameters ᾱd = −15, ᾱc = 0.5 for the residual stresses (Case 3) and an axial stretch of λz = 1.40.

(a) (b) (c) (d) (e)

Fig. 21. Illustrated example of the formation history of a bending instability, starting from its initiation in panel (a) until the final configuration in panel
(e), taking the parameters ᾱd = −15, ᾱc = 0.5 for the residual stresses (Case 3) and an axial stretch of λz = 1.02. In the final configuration, one can
observe a bulge that has propagated radially.

(a) (b) (c) (d) (e)

Fig. 22. Illustrated example of the formation history of a bending instability, starting from its initiation in panel (a) until the final configuration in panel
(e), taking the parameters ᾱd = −15, ᾱc = 0.5 for the residual stresses (Case 3) and an axial stretch of λz = 1.14. In the final configuration, one can
observe a one-sided bulge that has propagated radially.
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