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Abstract. We present an asynchronous time integration framework for partitioned elastodynamic problems, where each subdomain 
advances with its own local time step. The strong formulation of partitioned elastodynamics is introduced, followed by a weak 
formulation that couples subdomains via localized Lagrange multipliers acting on accelerations and using linear shape functions, 
effectively resulting in a generalized mortar approach. After recapitulating the standard direct solution of the equations of motion 
and our asynchronous scheme for explicit integration, we investigate the dynamics of a small body attached to a larger structure. 
Three variants of subdomain integration are examined: explicit-explicit, implicit-implicit, and mixed explicit-implicit coupling. 
Their influence on solution accuracy, energy conservation, and drifting between subdomains is analyzed, with the results validated 
through comparisons with LS-DYNA simulations. The study highlights that accuracy is well preserved in the explicit-explicit case, 
while the other variants exhibit measurable drifting that is carefully quantified. Overall, we demonstrate that the proposed 
asynchronous integration scheme can provide substantial computational speedups in heterogeneous domains, highlighting its 
potential for efficient simulation of systems with localized fast dynamics. 

Keywords: Direct time integration; Finite element method; Asynchronous scheme; Explicit-implicit; Wave propagation. 

1. Introduction 

Elastodynamic problems arise in a wide range of scientific and engineering applications, including seismic wave propagation, 
structural dynamics, impact analysis, and nondestructive testing. These problems are characterized by the propagation of stress 
waves governed by hyperbolic partial differential equations, often requiring high spatial and temporal resolution to accurately 
capture transient phenomena. As a result, large-scale elastodynamic simulations pose significant computational challenges, 
particularly when high-frequency content, heterogeneous materials, or complex geometries are involved. 

In the case of linear structural behavior, reduced-order approaches based on modal superposition are frequently employed due 
to their high computational efficiency, particularly in real-time simulations and repeated analyses [1]. However, direct time 
integration methods have remained the predominant approach for solving elastodynamic equations [2], especially in applications 
involving complex geometries, localized nonlinearities, or transient wave propagation phenomena. Explicit and implicit schemes, 
such as Newmark-type methods or generalized-α formulations, provide robust and well-understood frameworks for advancing the 
solution in time. 

Numerous time integration schemes have been developed for structural dynamics, focusing on improving numerical 
dissipation, stability, and energy conservation properties [3, 4]. However, these methods are typically formulated for a single global 
time step and are not directly applicable to problems involving multiple time scales across partitioned domains. 

However, the inherently sequential nature of classical time-stepping limits scalability, as each time step depends on the solution 
from the previous one. While spatial parallelization has been extensively exploited through domain decomposition techniques, the 
time dimension has traditionally remained a bottleneck in large-scale simulations. 

To overcome this limitation, parallel-in-time integration methods have been developed as a complementary strategy to spatial 
parallelism. Techniques such as Parareal [5], multigrid-in-time [6], and related algorithms aim to distribute the computational 
workload across the temporal domain, enabling concurrency beyond what is achievable through spatial decomposition alone. When 
combined with domain decomposition in space, these methods offer the potential for substantial reductions in wall-clock time for 
large elastodynamic simulations. However, the effectiveness of combined space-time parallelization is strongly influenced by the 
heterogeneity of the computational domain. In domain-decomposed elastodynamic problems, subdomains may differ significantly 
in material properties, mesh resolution, stability constraints, or local wave speeds. Consequently, the most complex or restrictive 
subdomain (typically characterized by the smallest admissible time step or the highest computational cost per step) dictates the 
overall pace of the simulation. 
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In this context, asynchronous schemes represent an effective approach for direct time integration. Early contributions by 
Belytschko and Mullen [7, 8] and Smolinski et al. [9], dating back to the second half of the 20th century, introduced the concept of 
non-uniform time stepping. These works were followed by several important studies addressing stability and accuracy aspects [10, 
11]. However, these early approaches were formulated without domain decomposition and thus lacked a consistent framework for 
coupling subdomains with different time scales. 

More recent developments incorporate domain decomposition techniques combined with Lagrange multipliers to enforce 
kinematic interface constraints. A widely used approach was proposed by Combescure and Gravouil [12] and later implemented in 
Europlexus [13]. This method allowed arbitrary and time-varying time steps across subdomains, but introduces artificial interface 
dissipation. Energy-conserving extensions were subsequently developed by Prakash and Hjelmstad [14] and Fekak et al. [15], 
although these are generally restricted to integer ratios of time steps. 

Multi-time-step strategies combining explicit and implicit schemes have also been proposed to address localized non-smooth 
phenomena [16], particularly in impact simulations. Such approaches enable different time integration schemes and time steps in 
different subdomains, leading to significant computational savings. Nevertheless, they are typically tailored to specific applications 
or coupling strategies, and a general framework for asynchronous partitioned elastodynamics remains an open challenge. 

Further developments include the BGC macro-micro approach introduced by Gravouil et al. [17], which employed linear 
interpolation of Lagrange multipliers. The macro formulation is energy-conserving but requires a global solution, whereas the micro 
formulation is explicit but introduces dissipation. Related global formulations have been proposed by Subber and Matouš [18] and 
by Seibold and Rixen [19], both of which relied on common time levels and involve large global solves. In general, methods based 
on velocity continuity and linear interpolation [17] may suffer from interface drifting. An alternative approach enforcing 
acceleration continuity was proposed by Cho et al. [20], although it was likewise limited to integer time-step ratios. 

Asynchronous time integration has also been explored to alleviate severe time-step restrictions imposed by fine spatial 
discretizations. For instance, asynchronous variational integrators allowed individual elements to evolve with independent time 
steps, significantly improving efficiency in dynamic fracture simulations [21]. However, such formulations are typically defined at 
the element level and are not directly applicable to partitioned multi-domain problems involving heterogeneous solvers and 
coupling conditions. 

More generally, asynchronous time-stepping strategies have been developed in other fields to handle stiff systems with multiple 
time scales [22], demonstrating substantial computational gains over classical time integration methods. Nevertheless, their 
extension to partitioned elastodynamic systems with consistent subdomain coupling remains non-trivial. 

It can be observed that all of the aforementioned methods suffer from certain restrictions or limitations. In our previous work 
[23], we developed an asynchronous time integration framework that overcomes these issues. In the proposed algorithm, each 
subdomain is advanced using its own local time step while employing the same explicit integration scheme across all subdomains. 
That study focused on the formulation and stability of the asynchronous integration and did not address heterogeneous integration 
schemes or potential computational speedups. 

In the present paper, we extend this methodology in several ways. First, we introduce explicit-implicit coupling, allowing 
different subdomains to use integration schemes tailored to their local dynamics. Second, we address the issue of drifting between 
subdomains and analyze its impact on solution accuracy. Finally, we demonstrate how asynchronous integration can produce 
significant computational speedups in problems with highly heterogeneous subdomains, such as localized impacts or small, fast-
moving regions interacting with larger, slower domains. 

The paper begins with the strong formulation of partitioned elastodynamics (Section 2), introducing the governing equations 
and the interface conditions that connect interacting subdomains. This is followed by the finite element discretization using 
extended localized Lagrange multipliers (Section 3), which establishes a generalized mortar framework to couple subdomains via 
accelerations. The direct solution of the equations of motion is then revisited in Section 4, focusing on the frame problem and on 
the individual i-th subdomain problem, thereby forming the foundation for the asynchronous approach. Section 5 discusses 
temporal discretization via direct time integration methods, reviewing explicit and implicit schemes within this partitioned 
framework, while Section 6 presents the concept of interface separation by system reduction, enabling efficient solution of the 
frame and surrounding interface regions independently of the full system. In Section 7, the problem of drifting between subdomains 
is discussed, paving the way for Section 8, which details the asynchronous integration algorithm for two subdomains connected 
via a single frame. Section 9 presents a computational analysis of a small body attached to a larger structure, comparing explicit-
explicit, implicit-implicit, and mixed explicit-implicit variants, while monitoring energy, drift, and computational speedup, also 
with respect to LS-DYNA. The paper concludes in Section 10. 

2. Strong Formulation of Partitioned Elasto-Dynamics 

In this section, the variational formulation of partitioned elastodynamics is introduced. For illustrative purposes, we consider a 
scenario involving two elastic subdomains (see Fig. 1), where ��(�) denotes the stress tensor, ��(�) denotes the traction vector, ��(�) 
describes the displacement field, and � ∈ 	 indicates the position of a material point. The symbol 	 denotes the spatial domain, 
which is divided into two subdomains 	
, � =  �, �. 

 

 

Fig. 1. Illustration of a domain Ω partitioned into two subdomains Ω� with a shared interface Γ. 
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For these non-overlapping subdomains, we have: 

	1 ∪ 	2 = 	 , 	1 ∩ 	2 = ∅ (1) 

sharing a common interface �, with normal ��, where the compatibility constraint is expressed: 

�̈�(�) = �̈Γ(�) , � ∈ Γ , (2) 

where �̈�(�) is the interface acceleration field. 

2.1. Partitioned equations for a linear structural system - weak one-for-all formulation 

Based on Hamilton's principle for partitioned constrained elasto-dynamics we use the variational formulation proposed by Park 
and Felippa [24, 25]. The variational form of the Hamiltonian can be written using the following three-field expression [26]: 

�ℋ(�,�Γ, �) = ∫ � {∑{#�(�) − %�(�) + '�(�)} + 'Γ(�,�Γ, �)2
�=1

}*+
,

0
= 0 , (3) 

where, 

�#� = ∫��̇� ⋅ 1�̇� *2  ,           
Ω4

�%� = ∫�5� ∶ �� *2  ,          
Ω4

�'� = ∫��� ⋅ 7� *2
Ω4

 + ∫ ��� ⋅ �� *8
9Ω4:

 (4) 

stands for the virtual kinetic and potential energy and for the virtual work done by external loads, where � is the stress tensor, 5 is 
the infinitesimal strain tensor, 1 is the mass density, 7 is the vector of the intensity of the volume forces, � is the displacement field 
and � is given traction. The last term of Eq. (3) represents the virtual work of the interface constraints: 

�'Γ(�,�Γ, �) = ∑  2
1=1

∫�[��(�� − �Γ)] *8 ,
Γ

 (5) 

where the vector fields ��(�, +) and ��(�, +) represent the displacement and localized Lagrange multipliers of the i-th subdomain, 
respectively, ��(�, +) represents the frame displacement  (see Fig. 2). 

3. Discretization via FEM Using Extended LLM 

In problems involving non-matching meshes across adjacent subdomains, the accurate transfer of kinematic and dynamic 
quantities across interfaces represents an important challenge. Besides classical finite element formulations, isogeometric analysis 
has also been identified as a promising approach for improving geometric continuity and interface representation in complex 
multiphysics and coupled problems [27]. In the present work, however, a standard finite element discretization is adopted. The 
spatial discretization by the finite element method is defined for each subdomain 	
 and frame � as: 

��(�) = =>4(�) ?� , 
��(�) = =@4(�) A� , 
?Γ(�) = =>Γ(�) ?Γ , 

(6) 

where =>4 , =@4  and =>C  are appropriate shape functions and ?�, D�, ?� are nodal unknowns. Depending on the form of shape 
functions, we distinguish different methods of domain decomposition [28]. In the present work, we employ the method of Localized 
Lagrange Multipliers (LLM). However, instead of its classical form [29, 30], which uses Dirac delta shape functions for the multipliers, 
we adopt the shape functions of the nodal displacements: 

��(�) = [=>4F�](�) A� , (7) 

where F� is Boolean operator picking only those degrees of freedom interacting with the frame �. Moreover, we adopt subdomain's 
1 mesh also for the frame discretization: 

�Γ(�) = [=>1F1](�) ?Γ , (8) 

 

Fig. 2. Domain of dependence/influence of the frame. 
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This helps us avoid the otherwise complex process of selecting frame node coordinates using some of the existing methods [31-
34], which are applicable only in particular cases and generally do not guarantee satisfaction of the patch test. 

Introducing the discretization into the variational form (3), the problem is transformed to a second-order semi-discrete system: 

⎣⎢
⎡ N F OB Q OBTFT Q −T@>Γ Q −T@>Γ

T Q ⎦⎥
⎤ { ?A?Γ

} = {ZQQ} , (9) 

where, 

N = O D2 + N , D = **+ ,  

where we recognize equation of motion, kinematic interface constraints and interface equilibrium condition. The matrices O and N in Eq. (9) are the global mass matrix and the global stiffness matrix, respectively, and Z  is the block vector of external load: 

O = [O1 O2]  ,      N = [N1 N2]  ,     Z = [Z1Z2] , (10) 

where the i-th subdomain structural matrices and load vector, with given discretization of Eq. (6), are expressed as: 

O� = ∫ 1=>4
T  =>4 *2

Ω4
 , 

N� = ∫=>4
′ T

Ω4
_� =>4

′ *2  , 

Z� = ∫=>4
T

Ω4
7�  *2  + ∫ =>4

T
9Ω4:

��  *8 , 
(11) 

where 1 is mass density, =>4
′  is first derivative of displacement shape functions, and _� is subdomain material matrix. The vector D 

is the block vector of Lagrange multipliers: 

A = [A1A2] (12) 

and ?� is the vector of frame displacement. Matrix F is block diagonal matrix: 

F = [F1 F2] . (13) 

Finally, the matrices OB and T@>Γ  in Eq. (9) provide subdomain-frame interaction and consist of submatrices: 

OB = [O11B
O22B ] , T@>Γ = [O11B

O12B ] , (14) 

where, 

O��B = ∫ {[=>4 F�]T [=@4]}*8
Γ

= ∫{[=>4 F�]T [=>4 F�]}*8
Γ

 (15) 

is the i-th subdomain boundary interface mass matrix and: 

O12B = ∫{=@1
T  =>Γ} *8

Γ
= ∫{[=>1 F1]T [=>2 F2]} *8

Γ
 (16) 

is the coupling operator obtained by a well-known subroutine of the Mortar method - a projection of slave and master nodes onto 
the common interface, calculation of polygon clipping, division of the clip polygon into triangular integration cells, and performing 
Gaussian integration. Here, we evaluate only one operator O12 thanks to the wise pick of multipliers and frame shape functions. 

3.1. Final system form 

We now extract the system of governing equations from Eq. (9), which will be used in the subsequent developments. In order to 
solve the system, we apply the second time derivative to the displacement constraints, whereby the second equation becomes a 
condition enforcing acceleration continuity, so the final form is: 

O ?̈ + N ? = Z − F OB A     as the Equation of motion, (17) 

OBTFT ?̈ − T@>Γ ?̈Γ = Q     as the Kinematic interface constraints, (18) 

T@>Γ
T = Q     as the Interface equilibrium condition. (19) 

where we have four unknown vectors; nodal acceleration ?̈ and displacement ? interconnected via time disretization, frame 
acceleration ?̈� and Lagrange multipliers D. Note that displacement and velocity continuity are no longer enforced, and drift (see 
Sec. 7) will occur in both fields. Although the majority of existing methods consider coupling at the velocity level [12, 13], thereby 
eliminating drift in the velocity field, we prefer to couple the subdomains at the acceleration level. This choice enables 
straightforward derivation of explicit expressions for the frame and interface variables within the asynchronous framework. In this 
way, there is no need to introduce temporal linear interpolation of the Lagrange multipliers, and all unknowns can be consistently 
obtained directly from the equations of motion. 
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4. Direct Solution of the Equation of Motion 

The solution of the problem consists of two parts: 
 the frame problem, i.e., obtaining the frame acceleration ?̈� (and therefore the Lagrange multipliers D), and 
 the domain problem, i.e., obtaining the actual acceleration ?̈ of the domain (subdomains). 

4.1. The frame problem 

Let us define the acceleration predictor ?̃̈, which evaluates the acceleration of the subdomains as if they were free-floating 
bodies without mutual constraints: 

?̃̈ = O−1(Z − N ?) . (20) 

By comparing Eq. (20) with original equation of motion, Eq. (17), we see that: 

?̃̈ = ?̈ + O−kF OB A , (21) 

i.e., multiplied by OBTFT from the left and with reorganized order: 

OBTFT?̈ = OBTFT ?̃̈ − OBTFTO−kF OB A , (22) 

which can be directly substituted for the first term of the kinematic interface constraints, Eq. (18), so we obtain: 

OBTFT ?̃̈ − OBTFTO−kF OB A − T@>Γ ?̈Γ = Q  , (23) 

which is the equation of motion of the frame. Now, we do the final touch by multiplying this equation by T@>l
T (OBTFTO−1F OB)−1

 
from the left: 

T@>l
T (OBTFTO−1F OB)−1OBTFT ?̃̈  − T@>l

T  A − T@>l
T (OBTFTO−1F OB)−1T@>Γ ?̈Γ = Q , (24) 

so, we can recognize the second term as the condition of interface equilibrium, Eq. (19), which allows us to eliminate the multipliers 
and finally express the frame acceleration: 

?̈Γ = [T@>l
T (OBTFTO−1F OB)−1T@>Γ ]−1 ⋅ [T@>l

T (OBTFTO−1F OB)−1OBTFT ?̃̈] (25) 

explicitly. Thanks to the block diagonal form of the inverse coefficient matrix in Eq. (25), we can use the sum notation: 

?̈Γ = [∑{O1�BT(O��BTF�TO�−kF�O��B)−1O1�B }2
�=1

]−1  ∙ ∑{O1�BT(O��BTF�TO�−kF�O��B)−1 O��BTF�T ?̃̈�}2
�=1

 (26) 

and express the acceleration of the frame: 

?̈Γ = OΓ−1 ZΓ , (27) 

where, 

OΓ−1 = [∑ {O1�BT(O��BTF�TO�−kF�O��B)−1O1�B }2
�=1

]−1 , 
ZΓ = ∑ {O1�BT(O��BTF�TO�−kF�O��B)−1 O��BTF�T ?̃̈�}2

�=1
 

(28) 

are the frame mass matrix and frame load vector, respectively. 
 
Remark 1. Note that frame acceleration ?̈� in Eq. (25) depends exclusively on domain's accelerator predictor ?̃̈ in Eq. (20). This 
means, that frame motion is directly given by actual state of the subdomains, like they were free floating bodies. 

4.2. The i-th subdomain problem 

The coefficient matrix of Eq. (23) has block diagonal form. Therefore, once we know frame acceleration, we can obtain i-th 
Lagrange multipliers from Eq. (23) as: 

A� = (O��BTF�TO�−kF�O��B)−1 ⋅ ( O��BTF�T ?̃̈� − O1�B  ?̈Γ) . (29) 

Then, looking back at Eq. (21), 

?̈� =  ?̃̈� − O�−kF� O��B  A� (30) 

is our subdomain acceleration. 

5. Temporal Discretization by DTI Methods 

For simplicity, we introduce only the basic direct time integration (DTI) methods belonging to the Newmark family, including 
the central difference method. These methods can be expressed in a unified form, where individual schemes are distinguished by 
appropriate choices of the parameters t and u [2]. The discretization is generally performed in the following manner: 

 
1. Predict, 

(?)vw+1 = (?)w + ∆+(?̇)w + ∆+22 (1 − 2t)(?̈)w , (31) 
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(?̇)vw+1 = (?̇)w + ∆+ (1 − u)(?̈)w , 
2. solve the fundamental system in order to obtain its acceleration (?̈)w+1 using the effective mass matrix, 

Ô = (O + t∆+2N) , (32) 

3. and correct, 

(?)w+1 = (?)vw+1 +  t ∆+2 (?̈)w+1 , 
(?̇)w+1 = (?̇)vw+1 +  u ∆+ (?̈)w+1 . (33) 

The solution of the semidiscrete system of Eqs. (17)-(19) can be then summarized in the following compact Algorithm 1. 

6. Isolation of the Frame by System Reduction 

We want to be able to solve the frame � at least in near future independently from surrounding subdomains 	k, 	|. In order to 
do so, we apply the idea of domain of dependence and domain of influence in the framework of the wave equation. For a time interval }� ∆+�~, we can define domain of dependence of the frame in each subdomain (see Fig. 3), where }� is the safety factor of subdomain 	
  
given by relation: 

}� ≥ 1 + ∆+� ∆+�~⁄ , (34) 

where ∆+�~ is the theoretical critical time step of the CDM method and ∆+� is the actual computational time step, which may be 
greater for unconditionally stable DTI methods (e.g., implicit average accelerations). We call these subareas interface regions with the 
notation of  	�� for � = 1, 2. 

We obtain i-th interface region connected to the frame by a selective reduction of degrees of freedom. For this purpose, we 
define the boolean operator � (transformation matrix) such that: 

� ? = [�1 �2] ⋅ [?1?2] = [?1�?2�] = ?� . (35) 

By the substitution of the following transformation: 

? = �T?� (36) 

into the governing system of Eq. (9) and by multiplying the first equation by operator � we obtain the reduced problem. 
 

 

Alg. 1. Solution of the global system. 

 

Fig. 3. Domain of dependence/influence of the frame. 
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⎣⎢
⎡ N̅̅̅̅̅̅� F� O� Q O��F�� Q −T��C Q −T��C

� Q ⎦⎥
⎤ {?�

A?Γ
} = {Z �

QQ} , (37) 

where, 

N̅̅̅̅̅̅� = O� D2 + N� , D = dd+ ,  

where, 

N� = � N �T , O� = � O �T , Z � = � Z , F� = � F (38) 

 
are interface region stiffness and mass matrix, interface region load vector, and interface region boolean operator, respectively. This 
reduced problem contains frame and adjacent interface regions (see Fig. 4). 

Since Eq. (37) is formally the same system as the original one in Eq. (9), we would follow the same approach in its solution. 

7. Problem of Drifting 

Drifting is a phenomenon in which displacement continuity between subdomains is gradually lost due to the use of time 
derivatives of the constraint equations. Since contemporary integrators for decomposed models employ either the first or the 
second derivative of the displacement constraints, drifting is a common feature of such methods. However, in 2019, Cho et al. [20] 
introduced a technique for avoiding drifting at the cost of a slight violation of the equations of motion. Cho's (and ours) kinematic 
constraints have the form: 

OBTFT ?̈ − T@>Γ ?̈Γ = Q , (39) 

so at each end of the computational time step ∆+ the acceleration continuity is satisfied automatically. However, displacement and 
velocity suffer from drifting, so Cho suggested the a posteriori correction of the fields: 

? = (� − F FT) ? + (F OBT−1 T@>Γ)?Γ , 
?̇ = (� − F FT) ?̇ + (F OBT−1 T@>Γ) ?̇Γ , (40) 

which leads to the exact fulfillment of the interface kinematic constraints: 

OBTFT ? − T@>Γ ?Γ = Q , 
OBTFT ?̇ − T@>Γ ?̇Γ = Q (41) 

at the end of each computational time step ∆+, for the slight violation of the equation of motion: 

O ?̈ + N ? = Z − F OB A . (42) 

Such a technique may bring certain instability into the solution and has not been adequately investigated, although we have 
shown, it is working for particular cases [23]. Other approaches may treat the problem with full control of the stability. 

Within this work we do not solve the problem of drifting, hence we let the displacement field discontinuity appear within the 
interface, while monitoring it. 

8. Asynchronous Scheme 

The asynchronous time scheme is implemented as follows: 
 

 

Fig. 4. The transformation of subdomains problem to multiple isolated interface regions problem. 

 

Alg. 2. Initialization of the asynchronous scheme. 
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From now, at any state of the time integration, there is always the possibility to solve the Frame or at least one of the 
Subdomains: 

 Frame � is solvable, when: 

(+1w+1 > +Γ) ∧ (+2w+1 > +Γ) ,  

i.e., both subdomains have nearest not-yet-known solution after latest already-known solution of the frame. Then the frame is 
solvable and can be integrated with the frame time step given as: 

∆+Γ = min{(+1w+1 − +Γ), (+2w+1 − +Γ)} .  

 Subdomain is solvable, when: 

+�w+1 = +Γ ,  

i.e., frame has already known solution at the subdomain's time of interest. Then the subdomain 	
 is solvable and can be integrated 
with its computational timestep ∆+�. 

 

 

Alg. 3. Frame solution. 

 

Alg. 4. Subdomain solution. 

 

Alg. 5. Termination of the asynchronous scheme. 

 

Fig. 5. Steps of asynchronous integration of given problem starting at +1w, +2w, +Γ. 
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If we denote the stated sequence as one step of asynchronous integration, we can illustrate the process of the computation as 
represented in Fig. 5. 

9. Computational Analysis 

We set up theoretical test which represents problem of coupling of two problems of different scales (see Fig. 6). The subdomain 
1 is represented by small scale cube undergoing explicit DTI (i.e. projectile) and subdomain 2 is big scale cube with considerably 
more degrees of freedom (impacted body). The subdomains share boundaries with non-matching mesh (see Fig. 7(a)). The interface 
regions, which are essential for asynchronous integration, are shown (see Fig. 7(b)) for the particular values of safety factors }�. 

Homogeneous material is used: 

�1 = �2 = 1 Pa , 
�1 = �2 = 0 , 

11 = 12 = 1 kg ⋅ m−3 . 
(43) 

Homogeneous initial conditions ?� = �� = Q are prescribed. 

Top face of subdomain 1 is loaded by piece-wise linear pressure pulse: 

�(+) =
⎩{{
{⎨
{{{
⎧   +100            + ≤ 100 s ,                  200 − +100 

      100 s <  + ≤ 100 s ,
  0             200 s <  + .            

  

Four outputs are measured within each example: 

 point velocities ¦§ of both subdomain 1 and 2 centers of the mass,  
 total energy and, 
 drift ‖∆ª‖, which is measured as the norm of the first equation in Eq. (41). 

The critical time steps are given by the highest eigen frequencies as: 

∆+1~ = 0.54 s , ∆+2~ = 4.73 s . (44) 

 

 

Fig. 6. General problem of connecting two different scales geometry-scheme on the left, real meshed model on the right-small subdomain 1 with 
fine mesh (5 736 DoFs) and few degrees of freedom attached to the center of top side of the subdomain 2 with rough mesh (620 250 DoFs) but many 

degrees of freedom. 

 

(a) Shared boundaries - thin lines subdomain 1, thick lines 
subdomain 2. 

(b) Isolated frame problem - interface regions for }1  ≈  }2  ≈  3. 

Fig. 7. Detail of the coupling. 
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Within the following Examples we use terms explicit and implicit computation: 

 by explicit is meant 
o central difference scheme and 
o lumped mass matrix, 
 by implicit is meant 
o average acceleration scheme and 
o consistent mass matrix. 

The frame problem with attached interface regions is always computed explicitly. Subdomains undergo explicit-explicit, implicit-
implicit and explicit-implicit analysis. 

9.1. Example 1: explicit-explicit solution with considerable solution speed up 

This example investigates the behavior of the proposed asynchronous framework in the case where both subdomains are 
integrated using the explicit central difference method. The objective is to verify the accuracy, energy conservation properties, and 
computational efficiency of the asynchronous formulation when different local time steps are employed. A schematic 
representation of the analyzed problem is shown in Fig. 8. 

9.1.1. Comparison of the velocities measured at the centers of the cubes 

Using the asynchronous scheme with unified time steps ∆+1 =  ∆+2 = 0.9 .∆+1~ leads to results that are nearly identical to the LS-
DYNA solution (see Fig. 9). The asynchronous solution with individual time steps ∆+1  = 0.9 .∆+1~  and ∆+2  = 0.9 .∆+2~  produces an 
identical solution in the first subdomain (see Fig. 9(a)), while a slight time shift can be observed in the second subdomain (see Fig. 
9(b)). This behavior is typical for FEM simulations when the computational time step is increased. 

 

Fig. 8. Setup of example 1. 

 

(a) Subdomain 1 (b) Subdomain 2 

Fig. 9. Velocity probes the center of mass of the cubes. 

 

(a) Total energy (b) Norm of the displacement drift 

Fig. 10. Evolution of global variables. 
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9.1.2. Energy balance and drift 

No energy loss is observed in either computation (see Fig. 10(a)). As expected, displacement drift is present (see Fig. 10(b)). 

9.1.3. Algorithm performance 

The principal advantage of the asynchronous solution is its computational efficiency (see Fig. 17(a)) – 436 s (LS-DYNA) versus 
109 s for the asynchronous solution with individual time steps. 

9.2. Example 2: Explicit-implicit accuracy distortion by drifting 

This example investigates the behavior of the proposed asynchronous framework when the first subdomain is integrated 
explicitly, while the second subdomain is treated using an implicit integration scheme. The objective is to analyze the influence of 
mixed explicit-implicit coupling on the solution accuracy and on the drifting between subdomains. A schematic representation of 
the analyzed problem is shown in Fig. 11. 

9.2.1. Comparison of the velocities measured at the centers of the cubes 

The explicit-implicit results for the first subdomain are compared with the explicit-explicit solution (see Fig. 12(a)), while the 
explicit-implicit results for the second subdomain are compared with the implicit-implicit solution (see Fig. 12(b)). The time steps 
are fixed across all methods as ∆+1  = 0.9 .∆+1~  and ∆+2  = 0.9 .∆+2~ . 

 

Fig. 11. Setup of example 2. 

 

                                                             (a) Subdomain 1                                                                (b) Subdomain 2 

Fig. 12. Velocity probes the center of mass of the cubes. 

 

(a) Total energy (b) Norm of the displacement drift 

Fig. 13. Evolution of global variables. 
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Fig. 14. Setup of example 3. 

9.2.2. Energy balance and drift 

No energy loss is observed in any of the computations (see Fig. 13(a)). However, the displacement drift is significant and exhibits 
very similar behavior in both the implicit-implicit and explicit-implicit cases when compared to the explicit-explicit solution (see 
Fig. 13(b)). It is very likely that this drifting distorts the explicit solution of the first subdomain (see Fig. 12(a)). 

9.3. Example 3 

This example focuses on the computational efficiency of the proposed explicit-implicit asynchronous framework for increasing 
ratios between the local time steps. Although the previous examples demonstrated the presence of drifting during explicit-implicit 
coupling, several techniques have been proposed to mitigate this issue (see Sec. 7), with successful application in particular cases. 
Therefore, the primary objective of the present example is to highlight the computational speedup enabled by the proposed 
asynchronous strategy. 

9.3.1. Comparison of the velocities measured at the centers of the cubes 

A set of three explicit-implicit analyses is performed with progressively increasing time-step ratios. The first subdomain is 
always integrated explicitly using as ∆+1  = 0.9 .∆+1~, while the second subdomain is integrated implicitly with increasing time steps 
as ∆+2  = {∆+1,∆+2~ , 10∆+2~}. The effect of the large time step can be clearly observed in the blue curve - the large subdomain is no 
longer able to capture all physical details accurately, while simultaneously distorting the solution in the first subdomain. 

 

                                                           (a) Subdomain 1                                                                 (b) Subdomain 2 

Fig. 15. Velocity probes the center of mass of the cubes. 

 

                                                          (a) Total energy                                                 (b) Norm of the displacement drift 

Fig. 16. Evolution of global variables. 
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9.3.2. Energy balance and drift 

No apparent energy loss is observed in any of the computations (see Fig. 16(a)). The distortion visible in the blue solution is 
caused by the interpolation of sparse results from the second subdomain. The drift effect increases with increasing time step (see 
Fig. 16(b)). 

9.3.3. Algorithm performance 

The corresponding solution times are 3147 s, 724 s, and 160 s, respectively (see Fig. 17(b)), demonstrating the substantial 
computational savings achieved by the asynchronous approach. 

10. Conclusion 

This paper is extended study of previously proposed integrator [23]. Within this paper, we demonstrate the usage for explicit-
implicit analysis and give some details on time of solution. The key idea of our scheme is treating the interface as an isolated 
problem with adjacent interface regions. The interface problem is always solved explicitly. 

Presented asynchronous scheme has the potential to be a robust and accurate once the problem of displacement drifting is 
solved. Then it may be used for mixed problems of explicit and implicit dynamics in any combination. At this point, the scheme is 
reliable for explicit-explicit problems, where we have proven that results match solution of commercial software (LS-Dyna), 
however, in shorter solution time (see Fig. 17(a)). Even though we find this remarkable, the speed up of the solution is enormous in 
explicit-implicit case (see Fig. 17(b)). 
Let us itemize these two main outcomes and give a little more detail and explanation: 

 In case of explicit-explicit formulation, since the mass matrices of both subdomains are diagonal, solution of the system at 
each time step is highly efficient and not enormously more time expensive than other procedures during time integration, 
although still the most expensive one in the process. Therefore, we obtain moderate speed up of the solution when solved 
asynchronously, while having the problem of one subdomain with few degrees of freedom and short time step the other with 
many degrees of freedom and long timestep (that is exactly out theoretical example). On the other hand, assuming we have 
two subdomains with comparable degrees of freedom, the asynchronous time integration may not bring major speed up of 
the solution. 

 In case of explicit-implicit formulation, the speed up is enormous, because the second subdomain has many degrees of 
freedom when compared to the first one and has consistent mass matrix. Therefore, solution of this system is very time 
expensive compared to the other procedures during time integration. Classical global step time integration enforces the 
solution of equation of motion at every time level of subdomain 1. Asynchronous approach allows us to reduce number of 
these solutions while preserving accuracy. For the cost of losing accuracy, we can even increase the time step ration in order 
to speed up the solution. 

As a major drawback, drifting is observed, which is, however, also common in other existing coupling methods. In particular, 
implicit time integration schemes introduce numerical damping, which may alter the dynamic response and lead to a gradual 
mismatch between subdomain solutions and the explicitly integrated interface response, especially in mixed explicit–implicit 
settings. This effect can potentially contribute to the observed drift, although it is not the sole source of the phenomenon. 

Most existing approaches are based on velocity-level coupling, where only displacement drift typically appears. Since the 
present formulation enforces constraints at the acceleration level, drift can be observed in both displacement and velocity fields. 
However, during the past, some solutions were offered [20], and we tend to work on this problem in the future. 

An interesting and natural extension of the present asynchronous framework is the incorporation of model order reduction 
techniques within selected subdomains. In addition to coupling different time integration schemes (explicit-implicit), the proposed 
formulation could in principle be extended to a heterogeneous setting where some subdomains are treated by full finite element 
discretizations, while others are described in a reduced modal space (e.g., based on modal superposition or component mode 
synthesis). Such approaches are well established in linear structural dynamics and multi-body systems due to their significant 
computational efficiency, and their integration into a unified asynchronous coupling strategy represents a promising direction for 
future research. 

 

(a) Example 1 (b) Example 3 

Fig. 17. Speed up of the solution in explicit-explicit analysis when integrated asynchronously (left) and explicit-implicit problem with increasing 
time step ratio (right). 
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Nomenclature 

F Boolean operator � Normal vector F� Interface region Boolean operator � Pressure [Pa] 7 Intensity of volume forces [N m-3] � Reducing operator T@>Γ Domain-frame coupling operator + Time [s] _ Material matrix � Traction vector � Young modulus [Pa] # Kinetic energy [J] Z  Nodal force vector � Field of domain displacement Z � Interface region force vector ? Nodal domain displacement vector N Stiffness matrix ?̃̈ Acceleration predictor N� Interface region Stiffness matrix ?� Initial displacement 
� Field of Lagrange multipliers �Γ Field of frame displacement O Mass matrix uΓ Nodal frame displacement vector O� Interface region mass matrix % Potential energy [J] OB Surface mass matrix ¦ Velocity [m s-1] O12 Coupling operator of nonmatching meshes �� Initial velocity =>4 Subdomain displacement shape function ' Work [J] =>Γ Frame displacement shape function 'Γ Work of interface constraints [J] =@4 Lagrange multipliers shape function � Coordinates [m] t, u Newmark parameters � Poisson ratio [-] } Safety factor of interface region 	 Domain 5 Strain tensor 	� i-th subdomain � Frame 	�� i-th interface region ∆+� Computational timestep of subdomain i [s] 1 Mass density [kg m-3] ∆+�~ Critical timestep of subdomain i [s] � Stress tensor D Nodal Lagrange multipliers vector   
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