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Abstract. This paper derives an equivalent nonlinear Volterra integral equation with Hammerstein-type nonlinearity for the analy
sis of a planar, inextensible Euler-Bernoulli beam with variable bending stiffness subjected to a conservative compressive dead lo
ad. The proposed integral equation is obtained by transforming the governing nonlinear differential equation into an equivalent i
ntegral form. Selected properties of the resulting nonlinear operator are analysed, and the formulation is shown to be consistent
with the classical Euler buckling theory in the limit of small rotations. The proposed equation is solved numerically using the Nys
trom method and illustrated by a beam with locally degraded bending stiffness. The numerical example determines the compress
ive load corresponding to a prescribed finite-deflection equilibrium configuration. The results demonstrate that the proposed inte
gral formulation provides a convenient framework for the analytical and numerical investigation of geometrically nonlinear equil
ibrium problems involving Euler-Bernoulli beams with variable bending stiffness.

Keywords: Buckling, geometric nonlinearity, integral equations, Volterra-Hammerstein equation, nonlinear operator, variable ben
ding stiffness.

1. Introduction

The stability of slender structural members has long been one of the oldest and, at the same time, one of the most fundamental
topics in structural mechanics [1]. Buckling under compressive loading often determines the load-carrying capacity of a structure,
occurring at stress levels significantly below the material strength limit [2]. For this reason, the accurate determination of the
critical load and its corresponding buckling mode has remained a major research topic in beam and column stability theory for
more than two centuries. The results of these studies are widely applied in the design of columns, masts, trusses, bridge compo-
nents, aerospace structures, mechanical systems, and many other engineering applications in which structural stability constitutes
the governing design criterion [3, 4].

The origins of modern stability theory are generally attributed to the pioneering work of Leonhard Euler [5], who first determined
the critical load of an ideal compressed column. Euler demonstrated that buckling can be formulated as an equilibrium problem of
the deformed beam axis and is obtained by solving an appropriate differential equation together with the corresponding boundary
conditions. His work became one of the milestones of structural mechanics and initiated the systematic development of mathe-
matical models describing the behaviour of beam-like structures. Since then, stability theory has evolved alongside elasticity theory
and continuum mechanics, giving rise to increasingly sophisticated models of structural behaviour [6]. Over the years, the classical
buckling equation has been systematically extended to account for various support conditions, different loading configurations,
shear deformation, geometric imperfections, residual stresses, and interactions with elastic foundations [7]. At the same time,
models describing beams with variable cross-sections and spatially non-uniform material properties have also been developed [8].
The nonlinear stability of beams with variable cross-sections or spatially varying bending stiffness has also attracted considerable
attention. Analytical and numerical studies have addressed large-deflection elastica problems for variable-cross-section beams,
the buckling of columns with continuously varying flexural rigidity, and the analysis of elastic curves with spatially varying bending
stiffness, demonstrating the strong influence of stiffness distribution on the equilibrium configuration and critical load of non-
uniform structural members [9-11]. Despite their diversity, these models share a common feature: their mathematical formulation
is based on a differential equation derived from equilibrium conditions together with the constitutive relationship between the
bending moment and the curvature of the beam axis [12]. One of the most widely used formulations is the Euler-Bernoulli beam
equation, which for a beam with variable bending stiffness is written as:

(EI(x)w"(x))" + Fw"(x) =0 (1)
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where EI(x) denotes the bending stiffness, F is the compressive force, and w(x) represents the transverse displacement of the beam
axis [13]. Although linear, this equation serves as the starting point for numerous models employed in both linear buckling analysis
and a wide range of optimization and parameter identification problems. For homogeneous beams it admits many well-known
analytical solutions [14]; however, even a slight generalization of the model substantially increases its mathematical complexity.
An additional source of difficulty arises from geometric nonlinearity. For large deflections, the classical relationship between the
transverse displacement and the beam curvature is no longer sufficient, and the governing equilibrium equations become nonlin-
ear differential equations with variable coefficients [15]. The geometrically nonlinear behaviour of slender beams has been inves-
tigated using a variety of elastica formulations differing in their kinematic assumptions and mathematical complexity. Kinemati-
cally exact beam theories have considerably extended the classical elastica framework, enabling an accurate description of finite
rotations and large displacements. Both extensible and inextensible Euler-Bernoulli beam formulations have been developed for
the analysis of geometrically nonlinear beam behaviour. In particular, extensible elastica formulations based on kinematically
exact beam theory have been used to investigate the influence of axial extensibility on buckling behaviour [16]. The applicability
of geometrically exact and second-order beam theories to buckling and post-buckling analysis has also been systematically inves-
tigated [17]. More recently, geometrically exact nonlinear beam models for large deformation analysis [18] and geometrically exact
Euler-Bernoulli beam elements for nonlinear structural analysis [19] have further expanded the available modelling approaches.
Simultaneously accounting for spatially varying bending stiffness and an exact geometric description of the deformed beam leads
to models whose analytical solution is available only in a limited number of special cases. Consequently, numerical techniques
remain the dominant approach, including the finite element method, spectral methods, the Galerkin and Rayleigh-Ritz procedures,
and various iterative algorithms [20].

Despite their high computational efficiency, these numerical approaches operate directly on the governing differential equation
or its discrete representation. As a consequence, they primarily focus on obtaining the solution itself, while providing relatively
limited insight into the properties of the underlying operator. Integral-equation formulations have also been employed in the anal-
ysis of beam buckling and related stability problems, providing an alternative representation of the governing boundary-value
problem while preserving its mechanical equivalence [21]. From a mathematical perspective, such formulations also enable the
use of tools from functional analysis and nonlinear operator theory [22]. The transformation into an integral form is therefore not
merely a formal mathematical manipulation but provides a fundamentally different representation of the governing operator,
potentially facilitating both theoretical investigations and the development of efficient numerical methods. In many areas of ap-
plied mathematics, integral equations constitute the basis for studying the existence and uniqueness of solutions, their qualitative
properties, and the construction of effective approximation techniques [23,24]. In particular, the analytical theory of nonlinear
Volterra-Hammerstein equations and the corresponding numerical methods, including quadrature- and collocation-based ap-
proaches, have been extensively developed [25].

Despite the extensive use of integral equations in continuum mechanics and mathematical physics, their application to geo-
metrically nonlinear beams with variable bending stiffness have received relatively little attention. Existing studies are mainly
devoted to the direct solution of nonlinear differential equations, whereas the transformation of such equations into equivalent
integral formulations has not yet been investigated in depth. To the best of the author's knowledge, no angle-based nonlinear
Volterra-Hammerstein integral formulation has been reported for the planar inextensible Euler-Bernoulli beam with spatially var-
iable bending stiffness. This is particularly true for models that simultaneously account for spatially varying bending stiffness and
an exact geometric description of the deformed beam axis.

The objective of the present work is to derive an equivalent nonlinear Volterra-Hammerstein integral equation corresponding
to the geometrically nonlinear model of the Euler-Bernoulli beam with variable bending stiffness. The analysis starts from the
governing equilibrium equation in differential form, which is subsequently transformed into an equivalent integral formulation.
The resulting equation remains fully consistent with the original mechanical model while providing a convenient framework for
further operator-theoretic analysis and for the development of new solution techniques for nonlinear buckling problems. The pro-
posed formulation provides a rigorous operator-based representation of the governing nonlinear problem and may serve as a foun-
dation for further analytical and numerical studies of geometrically nonlinear stability problems involving structural members
with non-uniform mechanical properties.

The remainder of the paper is organized as follows. Section 2 introduces the geometrically nonlinear beam model and its me-
chanical assumptions. Section 3 derives the equivalent nonlinear integral formulation. Section 4 discusses selected analytical prop-
erties of the resulting nonlinear operator. Section 5 presents the numerical solution, convergence and verification studies, and a
parametric analysis of the variable-stiffness beam. Finally, Section 6 summarizes the main conclusions and outlines directions for
further research.

2. Geometrically Nonlinear Model of a Beam with Variable Bending Stiffness

Consider a slender Euler-Bernoulli beam [26] of length L, subjected to an axial compressive force F. The beam is supported by a
pin at the left end and by an axially movable roller at the right end, as shown in Fig. 1. Throughout this paper, the term beam is
used in accordance with the terminology of the Euler-Bernoulli beam theory and refers to the slender structural member consid-
ered in the present stability analysis.

The beam is modelled as an initially straight, planar and inextensible Euler-Bernoulli elastica. The beam material is assumed
to be linearly elastic and to obey Hooke’s law [27]. Shear deformation is neglected, while the cross-sections remain plane and
perpendicular to the deformed centreline [28]. No restriction is imposed on the magnitude of the transverse displacement or the
cross-sectional rotation, allowing the model to account for full geometric nonlinearity. The right support permits axial translation
during deformation while preventing transverse displacement, which is consistent with the adopted inextensible elastica formu-
lation.

s s

ds —Y(s) +de
I W %+ ds

1 L |
Fig. 1. Structural model of the beam.
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Let s denotes the material arc-length coordinate of the initially straight beam centreline:
s€[0,L], (2)

Here, L denotes the undeformed material length of the beam. Owing to the inextensibility assumption, it is also equal to the arc
length of the deformed centreline. The same material coordinate s therefore parameterizes the deformed configuration, whose
position vector is written as:

1(s) = (x(s), w(s))- 3)
The tangent vector to the deformed centreline is defined by:
t(s) = 1'(s) (4)

where the prime denotes differentiation with respect to s. The inextensibility condition requires:
[t'(s) =1 (5)

Let ¢(s) denotes the angle between the tangent to the deformed centreline and the undeformed beam axis. The unit tangent
vector may then be expressed as [29]

t(s) = (cosd(s), sin4(s)). (6)
Consequently, the coordinates of the deformed centreline satisfy:
X'(s)=cosf(s), w'(s)=sind(s). (7)
The corresponding unit normal vector is:
n(s) = (—sin#(s), cos(s)). (8)

The curvature of the deformed centreline is therefore given by [30]:

The bending stiffness is prescribed as a positive function of the material coordinate:
EI=EI(s), EI(s)>0. (10)
The bending moment is related to the curvature through the linear elastic constitutive relation [31]:
M(s) = EI(s) (s) (12)
and hence,
M(s) = EI(s) 6'(s). (12)

For a conservative compressive dead load acting along the undeformed beam axis, the internal force vector is constant and may
be written as:

N = (-F,0). (13)

The local equilibrium of moments acting on an infinitesimal beam element, together with Egs. (6), (12), and (13), yields the
geometrically nonlinear equilibrium equation of a beam with variable bending stiffness [11]:

(EI(s) 0/(s)) + Fsiné(s) = 0. (14)
To replace the trigonometric nonlinearity with an algebraic one, the substitution:

u(s) = sin@. (15)

is introduced. The corresponding trigonometric identities yield:

sinf(s) = 2u(s)y/1 —u?(s), (16)

and,
0(s) = 2arcsin u(s), (17)
which gives:
2u'(s
0'(s) = 177(112)(5) (18)
Substituting Egs. (16) and (18) into Eq. (14) leads to:
/
Ells) )| | Fus)y1_w(s) 0. (19)
1-u’(s
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Expanding the derivative and rearranging the resulting expression yields the equivalent nonlinear differential equation:

u’(s) + (ill(:s))) u'(s)+ u(s) (W'(s)) + %(s)(l —u*(s))u(s) = 0. (20)

Although the subsequent integral formulation is derived directly in terms of the rotation angle 6(s), Eq. (20) is retained as an
equivalent algebraic representation of the governing nonlinear differential equation. The inverse relation 6(s) = 2arcsin(u(s)) is un-
derstood on the principal branch, corresponding to |4(s) |< 7 and hence |u(s)|< 1. Within this range, the transformation is one-to-
one and the denominators appearing in Egs. (18)—(20) remain non-zero. The transformed equation eliminates the trigonometric
nonlinearity and may be useful for subsequent analytical investigations and numerical solution methods.

For the beam considered here, the mechanical boundary conditions require the bending moments to vanish at both ends:

M(0)=0, M(L)=0. (21)

Using Eq. (12) and taking into account that the bending stiffness is positive at both beam ends, these conditions are equivalent
to:

0'(0)=0, ¢'(L)=0. (22)

These conditions express the absence of bending moments at the pin and roller supports. Furthermore, because both supports
remain at the same transverse level, Eq. (7) yields the geometric compatibility condition:

w(L) — w(0) = ]sin 6(s)ds = 0. (23)

No additional condition involving Jo- cosé(s)ds is imposed, because the roller support permits axial translation and the horizontal
separation of the supports is therefore not prescribed during deformation. From Eq. (18), the moment boundary conditions for the
transformed variable become:

u(0)=0, u(L)=0. (24)

3. Transformation into an Equivalent Nonlinear Integral Equation

Equation (20) provides a convenient algebraic representation of the geometrically nonlinear model. However, the presence of
nonlinear terms involving derivatives of the unknown function makes its direct transformation into an integral form difficult.
Therefore, Eq. (14) is adopted as the governing equation in the subsequent analysis, since its structure allows an exact transfor-
mation into an equivalent nonlinear integral equation. The resulting formulation remains fully consistent with the original me-
chanical model and provides the basis for further analysis.

Integrating Eq. (14) yields:

EI(s)#’(s) — EI(0)6'(0) = —F]sin 6()de. (25)
From the boundary condition (23), ¢'(0) =0, and therefore Eq. (25) becomes:
EI(s)0'(s) = fF]‘sin () de. (26)

In the following, EI(s) is assumed to be continuous and positive over the interval under consideration, i.e., El(s)eC,, and
EI(s)> 0. This assumption ensures that the integral kernel is well defined and excludes possible singularities of the operator. Hence,
Eq. (26) may be written as:

P

"6t

]sin 0(€)de. (27)

Equation (27) is an intermediate integro-differential form of the problem. The derivative of the unknown function at the point
sis expressed in terms of an integral involving the values of 4, whereas the effect of the variable bending stiffness appears through
the factor 1/EI(s). Integrating once more gives:

s s 1 n .
J0mydn=—F [ ]| ['sino(e)de |dn (28)
0 0 EI(U) 0
and therefore,
r1 .
0(s)=6(0) —F | ——| | sinf(&)d¢ |dn. 29
(5)=000) ~F [ G| ] simete)aen (29)
Equation (29) contains a double integral defined over the region:
D, ={(&n):0<¢<n<s}, (30)
which, for a fixed value of s, may equivalently be described by:
0<¢<s, €<n<s (31)
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Changing the order of integration therefore gives:

[% Jsina(g)dg]dn—j: J{“% sind(e)de. (32)
Substituting Eq. (32) into Eq. (29) yields:
0(s) = 6(0) — F[[ { % sinf(¢)de. (33)

To simplify the notation and isolate the influence of the variable bending-stiffness distribution, the function:

K(s,¢)= f E‘Ii(’i]), (34)

¢

is introduced, where 0 <¢ <s <L. The function K(s,¢) serves as the integral kernel and contains complete information about the
bending-stiffness distribution along the beam. For a prescribed function EI(s), the kernel is known, while its form depends directly
on the spatial variation of the mechanical properties of the member. It also follows from its definition that K(s,s) = 0, whereas for
s> ¢, the function K(s,¢) is positive and non-decreasing with respect to s.

Using the notation introduced in Eq. (34), Eq. (33) can be written in the compact form:

6(s) = 0(0) — F]K (s,&)sind(¢)de. (35)

For a prescribed initial rotation a=6(0), Eq. (35) is a nonlinear Volterra integral equation of the second kind with a Hammer-
stein-type nonlinearity. Its Volterra character results from the variable upper integration limit s, whereas its Hammerstein-type
nonlinearity follows from the separation of the linear integral operator, defined by the kernel K(s,¢), from the nonlinear function
sin§(¢), which depends on the solution [32, 33].

In general form, the nonlinear Volterra integral equation with Hammerstein-type nonlinearity may be written as:

0(s) = £15)—F [ K(s,€)sinoe)de (36)
where, for the problem considered here:
fls)=a, (37)
and,
9(&,0(¢)) = —Fsinf(¢). (38)

Thus, the nonlinearity of the model is contained entirely in the function g, whereas the influence of the variable bending stiff-
ness is fully incorporated into the kernel K(s,¢). The resulting nonlinear integral equation contains no derivatives of the unknown
function, which distinguishes it from the original differential formulation and facilitates further operator-theoretic analysis. For a
prescribed value a = §(0), Eq. (35) defines a nonlinear Volterra integral equation for the rotation field ¢(0). The left-end moment
condition ¢'(0) =0 is already incorporated into this equation through the first integration of the governing differential equation.
Thus, for prescribed a and F, Eq. (35) has the character of an initial-value Volterra problem. To recover the original two-point
boundary-value problem, the right-end moment condition ¢'(L) = 0 must additionally be satisfied. Substituting s = L into Eq. (27)
gives:

D
0=~ 0 [ sin(¢)de. (39)
For F=0 and EI(L)> 0, satisfaction of the condition ¢'(L) = O requires:
L
fsine(g)dg =0. (40)
0

Equation (40) is the scalar compatibility condition corresponding to the right-end moment condition ¢'(L) = 0. For a prescribed
value a = ¢(0), this condition selects the admissible value of the compressive load F for which the solution of the Volterra equation
also satisfies the second endpoint moment condition. Consequently, the complete nonlinear problem is not represented by the
Volterra equation alone, but by an augmented system for the unknown pair (,F). The geometrically nonlinear equilibrium problem
may therefore be written as:

0(s)=a— F]K(s,g)siné’(g)dg,
C° a(0) prescribed. (41)
Jsinode,

Hence, for each prescribed finite rotation amplitude a, system (41) determines simultaneously the corresponding equilibrium
rotation field §(s) and the admissible compressive load F. The equivalence of the two formulations can also be demonstrated in the
reverse direction. Differentiating the first equation in Eq. (41) with respect to s and using:
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K(s,e) 1
o5 " EE 2
one obtains:
0'(s) = —%Jsin 0(¢)de, (43)

which is identical to Eq. (27). This relation, in turn, leads back to Eq. (14).

The resulting formulation separates the contributions of the individual components of the model. The variation of the bending
stiffness is represented by the kernel K(s,¢), the compressive load appears as the parameter F, and the geometric nonlinearity is
described by the function siné. This structure makes it possible to treat the problem as a fixed-point problem for an appropriate
nonlinear operator and provides the basis for a further investigation of the properties of its solutions.

4. Properties of the Nonlinear Integral Operator

For a prescribed initial rotation a = 6(0), define the affine subset:
X, ={0€C([0,L]; R): 6(0) = a} (44)

where C([0,L]; R) is equipped with the supremum norm|¢| = max|6(s). The analysis is carried out for prescribeda € R and F> 0.
As assumed in Section 3, EI € C([0,L])and EI(s)> Ofor all se [O,ET[Oﬁnder these assumptions, the kernel K(s,¢) defined by Eq. (34) is
continuous on the triangular domain 0 < ¢ <s <L.For fixed a and F, define the nonlinear operator T,; : X, — X, by:

(T, e0)(s)=a— F]K(s, €)sing(¢)de. (45)

Since the integral vanishes at s =0, one has (T“G)(O) =aand henceT, 0 € X,. Therefore, the operator is well defined on X,. The
right-end moment condition is represented separately by the scalar compatibility functional C(6) = Jo* siné(¢)d¢. Accordingly, for a
prescribed amplitude a, the complete nonlinear equilibrium problem consists in finding the pair (6,F) such that 6 =T, .6, C(9)=0.
The fixed-point equation § =T, .0 represents the nonlinear Volterra integral equation for prescribed a and F, whereas the scalar
compatibility condition C(¢)=0 enforces the right-end moment condition and selects the admissible value of the compressive
load F.

4.1. Influence of the bending-stiffness distribution on the integral kernel

The kernel of the operator T, ; is defined by Eq. (34). This relation shows that all information concerning the bending-stiffness
distribution is contained in the function K(s,¢). Consequently, a change in EI(s) does not affect the form of the geometric nonline-
arity, but only modifies the kernel of the operator. Consider two bending-stiffness distributions EI,(s) and EI,(s) such that
EI,(s) <EL(s) for alls€[0,L], and letK,(s,¢)andK,(s,¢)denote the corresponding kernels. It follows directly from Eq. (34) that
K, (s,€) > K, (s,¢) for 0 < ¢ <s <L.Thus, a pointwise reduction in bending stiffness leads to a pointwise increase in the corresponding
integral kernel. For fixed a, F and 6, this ordering determines the corresponding change in the kernel contribution to the nonlinear
integral operator.

From a mathematical point of view, the operator T, ; retains the same functional form regardless of the particular distribution
of EI(s); only the kernel K(s,¢) changes. This makes it possible to represent both homogeneous beams and beams with spatially
variable bending stiffness within the same operator framework. Since EI € C([0,L]) and EI(s) > O for all s € [0,L], there exists a positive
minimum bending stiffness EI;, = minEI(s) > 0. Therefore, from the definition of the kernel in Eq. (34), for0<{<s<IL,
0< | dn/El(n)<(s—&)/El, <L/ EImfj[.o us, the kernel is uniformly bounded on the triangular domain0<¢<s<L,with
|K| "£ L/EL,,. This estimate provides a direct quantitative relation between the minimum bending stiffness and the magnitude of
the integral kernel and will be used below in the analysis of the nonlinear operator.

It should be emphasized, however, that the pointwise ordering of the kernels does not by itself imply a corresponding mono-
tonic ordering of the finite-amplitude equilibrium loads. In the nonlinear problem, the rotation field # entering the function siné
also depends on the bending-stiffness distribution and is determined simultaneously with the admissible load F. Therefore, the
kernel ordering established above should be distinguished from any monotonicity property of the nonlinear equilibrium load.

min

4.2. Influence of the compressive load

The compressive load F enters the operator T, ; in Eq. (45) as a parameter multiplying the integral term. For fixed a, EI(s) and 6,
an increase in F therefore increases the magnitude of the integral contribution without changing the functional form of the opera-
tor.

In the complete equilibrium problem, however, F is not prescribed independently. For a given amplitude a, its admissible value
is determined together with the rotation field (s) by the fixed-point equation and the scalar compatibility condition. Thus, F acts
both as a parameter of the nonlinear Volterra operator and as an unknown load level selected by the right-end moment condition.

4.3. Nature of the operator nonlinearity

The operator T, ; defined by Eq. (45) is nonlinear with respect to § solely because of the function sinf. Indeed, for two functions
0, and 6, arbitrary real constants a and §:

sin(ab, + 36,) = asiné, + #sing,, (46)

in general. Therefore, the dependence of the operator on the rotation field does not satisfy the principle of superposition. The
nonlinearity of the model is purely geometric and does not arise from the constitutive relation, which remains linear.

It should also be emphasized that derivatives of the unknown function do not appear under the integral sign. In comparison
with the differential equation (14), this provides a simpler operator representation while preserving the full geometric nonlinearity
of the adopted elastica model.
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4.4, Linear limit
For small values of the rotation angle, i.e.,

lo(s) < 1, (47)
the classical approximation:
sinf(s) ~ 6(s) (48)
may be adopted. Equation (35) then reduces to:
0(s) = a—F [K(s,€)0(¢)de. (49)
0

where a = §(0) is prescribed. Equation (49), together with the linearized compatibility condition:

0(¢)dg =, (50)

ot

represents the small-rotation limit of the nonlinear formulation. To identify the bifurcation load, the linearization is considered
about the trivial equilibrium state = 0, corresponding to a = 0. The resulting homogeneous linearized problem is

0(s) = —F [ K(s,€)0(e)ds, 51)

supplemented by the compatibility condition (50). Non-trivial solutions of Egs. (50) and (51) exist only for discrete values of F, which
constitute the eigenvalues of the linearized stability problem. The equivalence with the corresponding differential eigenvalue prob-
lem follows directly by differentiating Eq. (51) and using the definition of the kernel in Eq. (34). This gives:

EI(s)0'(s) = —F [ (&) de, (52)
0
and, after differentiation:

(EI(s)0/(s)) + Fé(s) = 0. (53)

Equation (52) directly yields the left-end condition ¢’(0) = 0. Moreover, evaluating Eq. (52) ats =L and using the compatibility
condition (50) gives #'(L) = 0. Hence, the linearized integral problem is equivalent to the Sturm-Liouville eigenvalue problem:

(EX(s)0'(s)) +Fo(s) =0, (54)

For a homogeneous beam, EI(s) = EI,, Eq. (54) reduces to:

" F _

0'(0)=0'(L) = 0.

The first non-trivial eigenvalue is therefore:

E, = Z (56)
Introducing the dimensionless load parameter:
A= F—Lz, (57)
EI,
one obtains:
Ay =7 (58)

which is the classical Euler buckling load for a homogeneous pinned-pinned beam. The relation between the linearized problem
and the nonlinear operator can also be stated directly in terms of its Fréchet derivative. Since X, is an affine subset rather than a
vector space, the derivative is defined with respect to the associated perturbation space X, = {h € C([0,L];R) : h(0) = 0}. For the non-
linear operator T, ; defined by Eq. (45), the Fréchet derivative at§ € X, in the direction h € X, is given by:

(DT, [61)(s) — —F [ K(s.€) coso(6) h(é) k. (59)

At the trivial state a = 0, # = 0, this becomes:

A\V’A Journal of Applied and Computational Mechanics, Vol. xx, No. x, (2026), 1-15
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(DT, ;[0]h)(s) = —F]K(s,g)h(g) de. (60)

Thus, Eq. (51) can be written as:
6 = DT, -[0], (61)

showing that the linear eigenvalue problem governing the onset of buckling is precisely the linearization of the nonlinear integral
formulation about the trivial equilibrium state. At the critical eigenvalues, the linearized problem admits non-trivial solutions,
identifying the points at which non-trivial equilibrium branches may bifurcate from the trivial branch. The nonlinear integral
equation then governs the corresponding finite-amplitude equilibrium states beyond the linearized bifurcation point.

4.5. Beam with constant bending stiffness
A particular case of the proposed model is a beam with constant bending stiffness:

EI(s) = EI, = const. (62)

In this case, the integral kernel defined by Eq. (34) simplifies to:

s d _
K(sg)= [l =%, (63)
¢ "o 0
Substituting Eq. (63) into Eq. (35) gives:
6(s)=a— 5 (s — &)sino(e)de. (64)

The resulting equation is a nonlinear integral equation describing the finite-deflection equilibrium of a homogeneous Euler-
Bernoulli beam. In this case, the influence of the mechanical properties of the member is reduced to the constant coefficient EI,,
whereas the entire integral kernel takes the simple form of a linear function of the distance between the points s and ¢.

For the homogeneous beam, an exact nonlinear elastica solution is also available. For the first symmetric deflection branch, the
relation between the prescribed end rotation §, and the dimensionless equilibrium load 2 defined by Eq. (57) is given by:

A =4K?*sin(6, / 2). (65)

where K(-) denotes the complete elliptic integral of the first kind. This exact relation provides an analytical benchmark for the
numerical solution of the nonlinear integral equation. Its quantitative comparison with the numerical results is presented in Sec-
tion 5. The homogeneous case therefore provides a natural reference for more complex models with variable bending stiffness.
Introducing the function EI(s) replaces the simple kernel (s —¢)/ EI, with the more general function K(s,¢), while leaving the struc-
ture of the integral operator unchanged. Thus, the proposed integral equation constitutes a direct generalization of the classical
homogeneous-beam model to the case of an arbitrarily varying bending-stiffness distribution.

4.6. Analytical properties of the nonlinear operator

The estimates established above allow several analytical properties of the nonlinear operator T, ; to be stated explicitly. First,
using the inequality:

lsinu —sinv| <|u—1|, (66)

together with the kernel bound established in Section 4.1, for any 6,, 6, € X, one obtains:

1 FI?
Ty ety — Ta,FHZHx < Fggﬁ K(S:'ﬁ)“%(g) - ‘92(6)‘ ¢ < TH‘% - ﬁsz . (67)
0 min
Thus, T, ; is globally Lipschitz continuous on X,, with Lipschitz constant not exceeding FL* / EI ;... In particular, if,
FI’ /EL . <1 (68)

then T, is a contraction. Hence, by the Banach fixed-point theorem, for prescribed a and F, the fixed-point equation # =T, ;0 has a
unique solution in X,.

The operator T, is also compact. Let B C X, be bounded. Since [sing| < 1 and the kernel is uniformly bounded on the triangular
domain, the family T, ;(B) is uniformly bounded. Moreover, the continuity of K(s,¢) on the compact triangular domain implies its
uniform continuity. Consequently, T, .(B)is equicontinuous. By the Arzela-Ascoli theorem, T, .(B)is relatively compact in C([0,L]).
Therefore, T, ; is a compact operator.

As shown in Section 4.4, the operator T, , is Fréchet differentiable with respect to § and its derivative is given by Eq. (59). At the
trivial equilibrium state a =0, 6 =0, the derivative reduces to Eq. (60), which coincides with the linearized operator governing the
onset of buckling.

The contraction condition (68) is a sufficient, but not necessary, condition for uniqueness of the fixed point for prescribed a and
F. It does not imply global uniqueness of the complete nonlinear equilibrium problem, in which the load F is determined together
with the rotation field # through the scalar compatibility condition. In particular, global uniqueness should not be expected in the
vicinity of a buckling bifurcation, where distinct equilibrium branches may coexist.

5. Numerical Example

To illustrate the application of the derived nonlinear integral equation, a simply supported beam with a locally reduced bending
stiffness is considered. The stiffness distribution is assumed in the form:
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5]

where EI, denotes the reference bending stiffness, a € (0,1) defines the relative depth of the local reduction, s, specifies the location
of its centre, and the parameter b describes the extent of the stiffness variation. The adopted function makes it possible to model
a smoothly varying local degradation without introducing discontinuities in the mechanical parameters.

Introducing the dimensionless coordinate:

EI(s)=El,|1—aexp

z=s/L, (70)

where z €[0,1], the bending-stiffness distribution can be written as:

El(z) = Elyp(z), (71)
where,
o) =1- aexp| |25 ]] 72
and,
zy=8,/L, B=b/L. (73)

The function p(z) describes the relative distribution of the bending stiffness. Introducing the dimensionless load parameter:

2
A= (74)
EI,
and the dimensionless kernel:
K(Z,C) = ]‘Ey (75)
w p(7)
the nonlinear integral equation (35) takes the dimensionless form:
0(z) = 0(0) X [ K (2,¢)sin6() . (76)
¢
Equation (76) must be supplemented by the dimensionless compatibility condition
1
[sina()dc =o. (77)
0

For a prescribed stiffness distribution p(z), the dimensionless kernel X(z,¢)is evaluated numerically. Since it depends only on
the prescribed stiffness distribution, it can be computed once and subsequently used throughout the solution procedure.
In the numerical example, a symmetrically located local stiffness reduction is adopted, with the parameters:

a=040, $=0.12, z,=0.50, (78)
which means that the minimum bending stiffness at the midspan section is:
EI_, =0.60EI,. (79)

To characterize the finite-amplitude equilibrium response, let §, = §(0) denote the prescribed end rotation. For each prescribed
value of §,, the nonlinear integral equation together with the compatibility condition determines the corresponding equilibrium
load parameter \. The resulting solutions therefore define an equilibrium branch:

A= A6,)- (80)
The critical bifurcation load is obtained as the small-amplitude limit of this branch:

A, =HmA®G,). (81)

For the stiffness distribution defined by Egs. (69)—(73), the equilibrium branch was evaluated for four prescribed rotation ampli-
tudes. The obtained values are summarized in Table 1. The values approach:

), = 8.00636 (82)

Table 1. Equilibrium load parameter for selected prescribed end rotations.

6, Irad] A(6,)
0.05 8.00616
0.10 8.01377
0.20 8.04430
0.40 8.16809
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as 0, — 0. Thus, the previously reported value A = 8.04430 for §, = 0.20 rad corresponds to a finite-amplitude equilibrium state rather
than to the bifurcation load. It is approximately 0.51% higher than ), .

The nonlinear integral equation (76) is discretized using the Nystrém method [34, 35] with the trapezoidal quadrature rule. For
each prescribed value of §,, the discretized integral equation and the compatibility condition are solved simultaneously for the
nodal values of the rotation field and the corresponding load parameter \. A uniform discretization of the interval [0, 1] is intro-
duced:

z=i/N, i=0,1,.,N, (83)
with the step size:
h=1/N. (84)

For the integral appearing in Eq. (76), the composite trapezoidal rule gives:
[ K(z.¢) sind(Q)dc ~ > w; K(z,z,) sing, (85)
0 j=0
where 6, = 6(z;) and the quadrature weights are:

h/2 j=0orj=i
ij:{ (86)

h 0<j<i

Since K(zi,zj) =0, the contribution associated with j =i vanishes, but the standard trapezoidal form is retained for clarity. The
discretized integral equation is therefore:
0, :aofxzwﬁk(zi,zj)sinej, i=1,..,N. (87)
j=0

The compatibility condition (77) is discretized using the same quadrature rule:

N
> w;sing,. (88)

=0

where,
h/2 j=0orj=i,
w200 89)
<j<N.
For a prescribed value of 6, the unknown vector is:

U= (60, 0,y O, ), (90)

and therefore contains N +1 unknowns. The N discretized integral equations (87), together with the compatibility condition (88),
form a system of N + 1 nonlinear algebraic equations.
The nonlinear algebraic system is written in residual form as:

R(u) =0, (97)

where,

R(u)=0,—0, + \> w;K(z,z)sing, i=1,..,NF (92)

j=0

and the last component represents the compatibility condition:
N .
Ry,,(u) =) w,sino,. (93)
j=0

The nonlinear system is solved by Newton's method. At iteration k, the correction Au® is determined from:

J(u®)au® = —R(u®). (94)
where,
_OR
J(u)= o0’ (95)

is the analytical Jacobian of the residual vector. The solution is then updated according to:
u® =u® 4 Au®, (96)
Forim=1,.., N, the entries of the Jacobian associated with Egs. (92) are:

OR,
0

m

=6, + ;K (2,2, )cosb,, m<i, (97)

ir4m
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and,
OR; .
L=0, m>i, 98
a0, ©8)
while differentiation with respect to the load parameter gives:
OR, .
o :jzzowﬁK<zi,zj)sm9}-. (99)
For the compatibility residual:
ORy 1 =w,,cosb,, m=1,.,N, (100)
86,,
and,
Ry, (101)
1))

The Newton iterations are initialized using the first symmetric buckling mode:
6% (z) = 6, cos(nz), (102)
together with the initial load estimate:
A9 =8.0. (103)

The prescribed value 6, is not included among the unknowns and remains fixed throughout the iterations. The Newton proce-
dure is terminated when both:

H R(u(k))Hx <107, (104)
and,
H A(u‘k))Hx <107, (105)

are satisfied.

Before examining the mesh convergence for the variable-stiffness beam, the accuracy of the numerical procedure was inde-
pendently checked against the exact homogeneous-beam elastica solution given by Eq. (65). For the homogeneous case p(z) = 1 and
the prescribed end rotation ¢, = 0.20 rad, the elliptic modulus appearing in Eq. (65) is k = sin(§, / 2) = sin(0.10) = 0.09983341665. The
corresponding complete elliptic integral of the first kind is K(k) = 1.57473234063, and therefore Eq. (65) gives the exact finite-ampli-
tude equilibrium load \,,,, = 4K’(k) = 9.91912777844. The same homogeneous-beam problem was then solved using the Nystrom
discretization with the composite trapezoidal rule and N = 400. The numerical solution gives Ay, = 4K(k) = 9.91907679055. The
difference between the exact and numerical values is AX =\, — Ayspom = 5-09879-10°°, which corresponds to the relative error
€ = AN/ Ayar X 100% = 0.000514%. The close agreement with the exact elastica solution provides an independent quantitative ver-
ification of the Nystrom implementation for the homogeneous-beam limit before applying the same numerical procedure to the
beam with spatially variable bending stiffness.

To assess the numerical convergence of the Nystrém discretization, calculations were performed for N = 25, 50, 100, 200, 400
for the prescribed amplitude ¢, = 0.20 rad. The corresponding load parameter, compatibility residual, and maximum residual of the
discretized integral equations are listed in Table 2.

The results show systematic convergence of the load parameter with mesh refinement. The change in A between N =200 and
N =400 is approximately 4.96-10°, corresponding to a relative difference of about6.2-10 °. Therefore, N = 200 provides sufficient
accuracy for the subsequent calculations while retaining a moderate computational cost.

For all discretizations reported in Table 2, the nonlinear system converged in four Newton iterations from the initial estimate
defined by Egs. (102)—(103). The residual norms are close to machine precision and are therefore substantially smaller than the
adopted stopping tolerance. For the reference discretization N =200 and ¢, = 0.20 rad, the computed finite-amplitude equilibrium
load is:

(0.20) = 8.044232. (106)

This value is consistent with the value 8.04430 reported above for the equilibrium branch, the small difference being attributable
to the numerical resolution used in the continuation calculation.

Table 2. Convergence of the Nystrom discretization for 6 = 0.20 rad.

N A Compatibility residual Maximum equation residual
25 8.040055 8.67 x 107 1.11 x 107

50 8.043239 0.00 1.11 x 107

100  8.044033 4.34 x 10 1.11x 10
200 8.044232 1.39x 10 2.22 x 107
400  8.044281 0.00 1.67 x 10°%¢
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As an independent verification, the corresponding differential boundary-value problem was also solved by a direct shooting
method. Starting from the prescribed end rotation ¢(0) = 0.20 rad and the zero-moment condition #(0) = 0, the load parameter was
adjusted until the right-end condition ¢'(1) = 0 was satisfied. For the same stiffness distribution, the shooting solution gives:

Aot = 8.044298. (107)

This agrees closely with the Nystrom result A = 8.044232 obtained for N = 200. The relative difference between the two inde-
pendent solutions is approximately 8.2-10 "¢, providing an additional verification of the numerical integral-equation solution.

The physical deformed configuration of the beam is reconstructed from the computed rotation field. Introducing the dimen-
sionless Cartesian coordinates:

0 (108)

wherex=x/L, y=y/L, the deformed centreline can be obtained directly from the numerical solution 6(z). For the representative
case , = 0.20 rad, the reconstructed configuration is presented together with the corresponding stiffness and rotation distributions
in Fig. 2.

To illustrate the influence of the stiffness-distribution parameters on the finite-amplitude equilibrium load, a compact para-
metric study was performed for the prescribed rotation ¢, = 0.20 rad. In each series, one parameter was varied while the remaining
two were kept at their reference values a =0.40, 3 = 0.12, z, = 0.50.

(a)
1.0

p(z)
0.9

0.8

0.7 1

0.6 1

ERN

0.0 0.2 0.4 0.6 0.8 1.0

6(z) [rad]

0.0

—0.1 1

N

—0.2 1

(c)
0.0517Y

0.00 1 ; . , ; 5
0.0 02 0.4 0.6 0.8 1.0

Fig. 2. (a) Relative bending-stiffness distribution p(z), (b) corresponding rotation-angle distribution 6(z), (c) reconstructed dimensionless deformed
centreline y(x) for §, = 0.20 rad.

Table 3. Influence of the stiffness-reduction parameters on the finite-amplitude equilibrium load.

Varied parameter Value A (f, = 0.20 rad)

a 0.20 9.06632
a 0.40 8.04430
a 0.60 6.75135
8 0.08 8.54792
8 0.12 8.04430
8 0.16 7.64594
2 0.25 8.78002
Z0 0.50 8.04430
2 0.75 8.79418
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The results show that increasing either the degradation depth « or its spatial extent 3 decreases the finite-amplitude equilib-
rium load. The location of the stiffness reduction also has a pronounced influence: for the present first symmetric equilibrium
branch, a centrally located reduction produces a lower load than the corresponding off-centre cases. These results demonstrate
that the effect of the variable bending stiffness is governed not only by the minimum stiffness value, but also by the spatial distri-
bution incorporated into the kernel K(z,( ).

From a broader perspective, the numerical results illustrate the principal advantage of the proposed integral formulation. In
contrast to approaches based directly on the differential equilibrium equation, the spatial variation of the bending stiffness is
represented entirely through the integral kernel, while the geometric nonlinearity retains the same functional form. Consequently,
different stiffness distributions can be investigated without modifying the structure of the nonlinear operator. The agreement with
the independent shooting solution confirms the mechanical equivalence of the integral and differential formulations, whereas the
parametric results demonstrate that the kernel provides a direct representation of the influence of the spatial stiffness distribution
on the finite-amplitude equilibrium response. The present formulation should therefore be regarded not as a replacement for
established differential or finite-element approaches, but as a complementary representation that is particularly suitable for oper-
ator-theoretic analysis and integral-equation-based numerical methods.

6. Conclusions

This paper has presented an equivalent nonlinear Volterra integral formulation with Hammerstein-type nonlinearity for the
finite-deflection equilibrium analysis of a planar, inextensible Euler-Bernoulli beam with variable bending stiffness subjected to a
conservative compressive dead load. Once the governing inextensible elastica model is adopted, the transformation from the dif-
ferential equation to the integral formulation introduces no further approximation and preserves the equivalence with the original
boundary-value problem when supplemented by the scalar compatibility condition.

The resulting formulation separates the spatial variation of the bending stiffness, represented by the integral kernel, from the
geometric nonlinearity associated with the rotation field. The analytical properties established for the nonlinear operator include
a uniform kernel bound, global Lipschitz continuity, a sufficient contraction condition for uniqueness at prescribed parameters,
compactness, and Fréchet differentiability. Linearization about the trivial equilibrium state leads directly to the corresponding
Sturm-Liouville eigenvalue problem and recovers the classical Euler critical load for a homogeneous pinned-pinned beam. The
homogeneous nonlinear elastica solution also provides an exact benchmark for the finite-amplitude formulation.

The numerical results demonstrate the distinction between the critical bifurcation load and the finite-amplitude equilibrium
load. The Nystrom discretization shows systematic convergence and agrees closely with an independent shooting solution of the
differential boundary-value problem. The reconstructed deformed centreline and the parametric study further show how the
depth, width, and location of a local stiffness reduction affect the finite-amplitude equilibrium response.

The proposed integral representation therefore provides a consistent framework for analytical and numerical investigations of
finite-deflection equilibrium and stability-related problems of beams with spatially variable bending stiffness. Further work may
address broader existence results for the augmented nonlinear problem, continuation and bifurcation analysis, alternative numer-
ical schemes for the integral formulation, and extensions to more general structural models.
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Nomenclature
Dimensional variables

F Compressive force K(s) Curvature of the deformed beam centreline
EI(s) Spatially varying bending stiffness 0(s) Rotation angle of the beam centreline

EI, Reference bending stiffness a Prescribed initial rotation, a = 6(0)
EI_.. Minimum bending stiffness u(s) Transformed rotation variable, u = tan(d / 2)

L Undeformed beam length K(s,£) Integral kernel associated with the bending-stiffness dis-

tribution
S Material arc-length coordinate 5 Location of the centre of the local stiffness reduction
x(s),y(s) Cartesian coordinates of the deformed beam b Parameter describing the spatial extent of the local stiff-
centreline ness reduction

w(x) Transverse displacement of the beam axis &n Integration variables
M(s) Bending moment
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Dimensionless variables and parameters

z Dimensionless arc-length coordinate A Dimensionless critical bifurcation load
Z, Dimensionless location of the centre of the stiff- K(z,¢) Dimensionless integral kernel
ness reduction
Ié; Dimensionless width parameter of the stiffness re- 0 Prescribed end rotation used to parameterize the equi-
duction librium branch
a Relative depth of the local stiffness reduction ¢ Dimensionless integration variables
p(z)  Relative bending-stiffness distribution X,y Dimensionless Cartesian coordinates of the deformed
centreline

A Dimensionless compressive load parameter

Operators and functionals
X, Affine subset of C([0,L]; R) satisfying §(0) = a

Tur Nonlinear Volterra integral operator
C:[9] Scalar compatibility functional associated with the right-end moment condition
f(s) Linear part of the general Volterra-Hammerstein equation

g(&0) Nonlinear function in the integral equation

D,T,, Fréchet derivative of the nonlinear operator with respect to ¢
I-l.  Supremum norm

Numerical quantities

N  Number of subintervals in the Nystrém discretization R(q) Nonlinear residual vector

h Dimensionless discretization step R Residual of the i-th discretized integral equation
z, Discretization nodes R Compatibility residual

0 Nodal values of the rotation field J(@)  Analytical Jacobian matrix
w  Trapezoidal quadrature weights Aq  Newton correction vector

q Vector of unknown nodal rotations and load parameter k Newton iteration index
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