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Abstract. A review of the literature indicates that buckling of longitudinal stiffeners is one of the primary challenges faced by
stiffened cylindrical shells under axial compressive loads. In this study, conventional longitudinal stiffeners with rectangular cross-
sections were replaced by innovative L-shaped stiffeners, aiming to enhance the structural stability of stiffened composite
cylindrical shells. To demonstrate this concept, a functionally graded material (FGM) shell, an advanced form of composite with
continuously varying properties, was modeled using the semi-analytical finite strip method in the FORTRAN environment. The
results from the developed model were compared with those obtained from the finite element method to assess the model’s
accuracy. Through a comprehensive parametric study, the effects of shell geometry, L-shaped stiffener configuration, and the FGM
power index on the axial buckling performance of the stiffened shell were investigated. The findings revealed that, for certain
combinations of the investigated parameters, the axial buckling load of shells with L-shaped stiffeners can be approximately 40-
70% higher than that of shells with conventional rectangular stiffeners, despite using the same material and stiffener cross-
sectional area. This demonstrates that adopting alternative stiffener geometries provides a practical and effective strategy for
enhancing the buckling resistance of composite structural shells in construction engineering applications.
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1. Introduction

Today, the use of thin-walled shells has developed in various industries for various reasons, such as their light weight. These
structures, despite their low weight, have high resistance to various loads. A review of the literature shows that general or local
buckling of thin-walled structures is the most common type of failure of these structures against external forces [1-3]. Accordingly,
much research has been conducted on the effect of various parameters on the buckling of thin-walled shells [4, 5]. On the other
hand, various researchers have proposed different methods to increase the buckling of these structures. Two of the most commonly
used approaches to increase the buckling load the thin-walled structures are using non-isotropic materials (such as composite
materials and Functionally Graded Materials (FGM) (as an advanced versions of composite materials)) to construct thin-walled
structures [6-9] and using different types of stiffeners in the shell structures such as stringers (stiffeners utilized in longitudinal
direction of the shell structure) and rings (stiffeners utilized in transversal direction of the shell structure) [10-12].

A review of the literature shows that there are several studies on the investigation of buckling of shell structures stiffened by
different types of stiffeners [13]. For instance, Tian et al., [14] investigated the buckling behavior of ring-stiffened cylindrical shell
subjected to general pressure loading using Ritz method and it was shown that the buckling load of the stiffened shell increases
using proper distribution of ring stiffeners. Barani et al., [15] utilized Fourier-expansion based differential quadrature method to
evaluate the effect of ring distribution on the buckling load of ring-stiffened laminated composite cylindrical shells. Fang et al., [16]
investigated the influence of stiffeners on the free vibration characteristics of ring-stiffened elliptic cylindrical shells. Bai et al., [17]
and Li et al., [18] indicated that the ring stiffeners have significant effects on the stability of ring-stiffened cylindrical shell and
increase the buckling load the shell structure. Yang et al., [19] through a numerical study indicated that the buckling load of ring-
stiffened composite shells is greater than that of unstiffened one. Rathinam et al,, [20] investigated the buckling behavior of thin
cylindrical shell stiffened by rings under external pressure. Li et al., [21] utilized artificial neural network to estimate the buckling
load of non-uniformly ring-stiffened composite shells under hydrostatic pressure. Zhang et al., [22] experimentally and numerically
studied the large-scale collapse of Titanium alloy ring-stiffened cylinder.
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As well as the ring, stringers, as stiffeners in longitudinal direction of the shell, are utilized for enhancing the buckling load of
the structure. For instance, Chen et al., [23] studied the stability design of stringer-stiffened moderately-thick steel cylindrical shells
under axial loads. Do et al., [24] investigated the ultimate strength of intact and defected steel stringer-stiffened cylinders under
hydrostatic pressure. Kabir and Poorveis [25] evaluated the buckling of discretely stringer-stiffened composite cylindrical shells
under combined axial compression and external pressure. Krasovsky and Kostyrko [26] performed an experimental study on the
buckling of stringer-stiffened cylindrical shells under axial compression. Naghsh et al., [27] assessed the free vibration
characteristics of stringer-stiffened general shells of revolution using a meridional finite strip method. Sadeghifar et al., [28] studied
the buckling of stringer-stiffened laminated cylindrical shells with nonuniform eccentricity and indicated that the buckling of the
structure increases by selecting an appropriate nonuniform distribution of eccentricity of stringers. Poorveis et al., [29] proposed an
accurate approach for calculating the buckling load of stringer stiffened laminated composite cylindrical shells under axial
compression. Ghorbanpour et al., [30] evaluated the buckling behavior of ring and stringer-stiffened cylindrical shells under general
pressure and axial compression utilizing Ritz method. They indicated that ring and stringer stiffeners have significant effects on
enhancement of buckling behavior of cylindrical shell. Yu and Qiao [31] developed an effective compound strip method for buckling
analysis of stringer-, ring- or orthogonally-stiffened cylinders and investigated the number and depth of stiffeners on the buckling
load of the structure.

A review of these studies shows that different characteristics of stiffeners, including their type, number, height, distribution,
and material properties, can significantly affect the buckling resistance of stiffened shell structures. Beyond conventional
longitudinal and ring stiffeners, several studies have investigated alternative stiffening concepts and advanced cylindrical shell
configurations. For instance, Shahgholian-Ghahfarokhi and Rahimi [32] investigated the buckling behavior of grid-stiffened
composite cylindrical shells under axial compression using the vibration correlation technique. Their study addressed the global
buckling response of grid-stiffened cylindrical shells and demonstrated the importance of the stiffening architecture in determining
the overall stability of the structure. In another study, Shahgholian-Ghahfarokhi and Rahimi [33] developed an analytical approach
for the global buckling of composite sandwich cylindrical shells with lattice cores under uniaxial compression. Their results further
demonstrated the contribution of the stiffening network to the global buckling resistance of cylindrical shell structures. In parallel
with research on stiffened cylindrical shells, considerable attention has been devoted to the buckling behavior of functionally
graded and advanced-material cylindrical shells. Shahgholian et al., [34] investigated the buckling response of functionally graded
graphene-reinforced porous cylindrical shells using the Rayleigh-Ritz method, considering the effects of material gradation,
porosity, graphene platelet distribution, and geometric parameters. Shahgholian-Ghahfarokhi et al., [35] further investigated the
buckling of FG porous nanocomposite cylindrical shells reinforced with graphene platelets under uniform external lateral pressure.
Their results demonstrated the significant influence of material distribution, porosity, reinforcement characteristics, and shell
geometry on the buckling response

The above studies demonstrate that the buckling behavior of cylindrical shells is strongly influenced by both the stiffening
architecture and the material and geometric characteristics of the shell. However, these two aspects have generally been
investigated through different structural configurations: studies on grid- and lattice-stiffened shells have mainly focused on the
effect of stiffening architecture on global stability, whereas studies on FGM and nanocomposite cylindrical shells have primarily
examined material distribution, porosity, reinforcement characteristics, and shell geometry. These studies provide important
insights into the buckling behavior of stiffened and advanced-material cylindrical shells, but they do not clarify how the cross-
sectional geometry of an individual longitudinal stiffener affects the competition between local buckling of stiffener and global
buckling of shell in an FGM elliptical cylindrical shell under axial compression. For conventional rectangular stiffeners, increasing
the stiffener depth beyond a certain level can lead to premature local buckling of the stiffener before global buckling of the stiffened
shell occurs. Consequently, further increasing the stiffener depth may not necessarily improve the overall buckling resistance of
the shell and can even reduce the buckling load of the stiffened shell. This limitation motivates the consideration of L-shaped
stiffeners, in which the flange can provide additional restraint to the web and delay its local buckling. For instance, Rodrigues et al.,
[36] showed that steel panels stiffened with T- and L-shaped (angle) stringers can achieve higher buckling loads than panels with
rectangular stiffeners. Similarly, Elumalai et al., [37] demonstrated the significant influence of angle-shaped stiffeners on the
buckling resistance of stiffened composite curved panels. These studies indicate that the cross-sectional configuration of a stiffener
can affect the buckling response beyond the effect of simply increasing the amount of stiffener material. For a given stiffener cross-
sectional area, an appropriate L-shaped configuration may therefore provide a greater increase in buckling resistance than a
corresponding rectangular configuration. However, this potential benefit is not unlimited. Increasing either the web depth or the
flange width of an L-shaped stiffener can itself increase the susceptibility of the stiffener components to local buckling. Therefore,
the effects of the L-shaped stiffener geometry need to be systematically investigated to identify configurations that effectively
enhance the axial buckling resistance without triggering premature local instability. Nevertheless, the available studies on angle-
shaped stiffeners have mainly considered metallic panels or composite curved structures, while the interaction between L-shaped
longitudinal stiffeners and an FGM elliptical cylindrical shell under axial compression remains insufficiently clarified. So, the
specific scientific gap is the lack of a systematic understanding of how the cross-sectional geometry of longitudinal L-shaped
stiffeners affects the competition between local stiffener buckling and global shell buckling in FGM elliptical cylindrical shells under
axial compression. Previous investigations have generally examined stiffener architecture, advanced material characteristics, or
non-rectangular stiffeners separately, and therefore have not established how the geometry of an individual longitudinal stiffener
can be tailored to enhance shell buckling resistance while avoiding premature local stiffener buckling. Accordingly, this study
investigates the axial buckling behavior of FGM elliptical cylindrical shells reinforced with longitudinal L-shaped stringers using a
semi-analytical finite strip formulation. The principal objective is to clarify how the cross-sectional tailoring of the stiffener affects
the buckling capacity and governing instability mode for a given stiffener cross-sectional area. So, this study goes beyond a simple
comparison between rectangular and L-shaped stiffeners and focuses on the role of stiffener geometry in controlling the
competition between local stiffener buckling and global shell buckling. The effects of the number of stringers, stiffener area index,
total stiffener depth, angle ratio, shell aspect ratio, ellipse aspect ratio, and FGM power on buckling of stiffened shell are
systematically examined. Particular attention is given to identifying the competing effects of stiffener depth and flange
development and to determining the range of angle ratios that provides the most favorable buckling response within the
investigated design space. To this end, a FORTRAN-based finite strip code was developed for the analysis of FGM elliptical cylindrical
shells stiffened with L-shaped and rectangular stringers. The results obtained from the model developed in this study were
validated against finite element results obtained using ABAQUS and against available results from the literature. A comprehensive
parametric study was conducted to examine the effects of the stiffener and shell parameters on the axial buckling response.
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Fig. 3. Global and local coordinate systems considered for shell. Fig. 4. geometry characteristics of L-shaped stiffener.

2. Numerical Model Development

In this study, a code was developed in FORTRAN environment to simulate the FGM elliptical cylindrical shell stiffened by L-
shaped using semi-analytical finite strip method. Figure 1 shows a schematic view the FGM cylindrical elliptical shell stiffened by
L-shaped subjected to uniform axial pressure (P) applied to leading and trailing edges of the simply supported shell. Figure 2 shows
the details of FGM cylindrical elliptical shell stiffened by L-shaped. As presented in Fig. 2, h stands for the thickness of shell, L
represents length of shell and stringers, t is thickness of L-shaped stiffener, d stands for the depth of L-shaped stiffener and w
represents the width of L-shaped stiffener. In this study, d+w and d/(d+ w) are entitled as “stiffener total depth” and “angle
ratio”, respectively. When the angle ratio is considered as 1, the stringer has a rectangular cross-section (entitled as conventional
stiffener). As shown in Fig. 2, the stiffeners are uniformly distributed around the shell and the distance between them is the same.

Figure 3 presents global and local coordinate systems of the elliptical cylindrical shell considered in this study. As shown in this
figure, Y and Z axes (as global coordinate system) are along the major and minor diameters of the ellipse, respectively. In this study,
the major and minor radii of the ellipse are considered as A and B, respectively. According to Fig. 3, for an arbitrary point located
on the ellipse, r’ is central radius, 3 stands for central angle and ¢ is curvature angle and r(f) represents curvature radius. The
curvature radius (r(f)) and curvature angle (¢) are obtained by Eq. (1) and (2), respectively,

A’B?
") = A cos’(0) 1 B sim (0) @
0= Arctan(/;—z2 tan(g)) 2

In addition, a normal-tangential coordinate system (as local coordinate system) was considered for each arbitrary point located
on the ellipse (n-t local coordinate system). The geometry characteristics of L-shaped stringers are shown in Fig. 4.

The angle-shaped stringer has two legs. According to Fig. 4, the depth of angle-shaped stiffener is perpendicular to the shell
edge. The width of angle-shaped stiffener is perpendicular to another leg of the stiffener. Each stiffener has three nodes, two of
which are independent of the shell (nodes 1 to 3, as illustrated in Fig. 4). Node 1 is common between shell and stringer and
accordingly, the coordinate of node 1 is determined based on the shell geometry (Y, , Z,). Displacement/rotation of other nodes of
the stringer (nodes 2 and 3) are independent of the shell. Accordingly, Egs. (3) and (4) provide the Z coordinates of nodes 2 and 3,
respectively (Z, and Z,):

Zz :mlz(Yz 7Y1)+Zl (3)

Zz :mzz(Y3 7Y2)+Zz (4)
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In Egs. (3) and (4), Y; stands for the Y coordinate of i-th node and Z; is the Z coordinate of i-th node and m; represents the
slope of the line between i-th and j-th nodes. As the depth leg of the stringer is perpendicular to the ellipse, m,, is the slope of the
normal line on the ellipse. Moreover, as the width leg of the stringer is perpendicular to the depth leg, m,, is obtained using Eq. (5):

1
my, ©)

My = —

Equation (6) calculates the distance between nodes 2 and 3, where d stands for the depth of stringer:
(Y, - Y1)2 +(2,- 21)2 =d (6)

Equation (7) was obtained by assembling Egs. (3) and (6) to calculate Y, and accordingly, Eq. (8) presents the root of Eq. (7).
Equation (8) presents the relationship between Y, andY,:

Y, (1+my,) —2Y,Y, (1 +mw’) +(Y,” + Y,’m*—d*) =0 )
(Y, —Yl):iL ®)
(1+m?)

The sign on the right side of Eq. (8) () depends on sign of Y,. For the positive and negative signs of Y, the sign on the right

side of the equation is positive and negative, respectively. Same procedure was conducted to obtain the relationship between Y,
and Y, (Eq. (9)):

w
(Y;-Y,)=t——7=—
3 2 (1 + YYI232) (9)
The sign on the right side of Eq. (9) (+) depends on sign of Z, which is obtained from Eq. (2). For the positive and negative signs
of Z,, the sign on the right side of the equation is negative and positive, respectively. The sign of m,, and m,, depends on the
position of the stringers relative to the quadrants of the global coordinate system (Y-Z) of the ellipse. In the first and third quadrants,
m,, is positive and m,, is negative. For the second and fourth quadrants, m,, is negative and m,, is positive. According to the ellipse

Equation (Eq. 10), m,, and m,, were obtained. For this purpose, the derivative of any arbitrary point on the ellipse is calculated using
Eq. (11) (by considering Y, =Z =0):

Y-Y) (Z-Z)

( = ) ( _ J g (10)
az YB?
Ze 11
ay ZA? (1)

Consequently, m,, and m,, are calculated using Egs. (12) and (13), respectively,

Z.A?
My =35 (12)
1
Y,B?
My, = — zlAz (13)
1

In this study, the FGM cylindrical elliptical shell stiffened by L-shaped stringers was discretized by several curved finite strip

elements shown in Fig. 5. As illustrated in this figure, S stands for width of the strip element. Five degrees of freedom were
considered on each node of strip element including u, v, w, ¢,, and ¢,.

*?Z A0x
tw x"s

K n
vV Qy

Fig. 5. Curved finite strip element considered in this study.

Fig. 6. 3D view coordinate system and degrees of freedom.
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As shown in this figure, u, v, w, ¢,, and ¢, are axial displacement in the longitudinal direction of the cylinder, displacement
along the circumference of the cylinder, displacement in the radial direction of the cylinder, rotation about axial axis of cylinder
and rotation about circumference direction of cylinder, respectively (Figs. 5 and 6). It should be noted that a local coordinate system
was considered for the finite strip element (x, y, z) where y axis is along circumference direction of cylinder, x is along axial direction
of cylinder and z is in the radial direction of the cylinder (Figs. 5 and 6). According to Fig. 5, two nodes (nodes i and j) were considered
for estimating the shape function of strip element in the transverse direction of the element. In this study, the displacement of any
arbitrary point of the shell (i, Uand W) was calculated according to the first-order shear deformation theory (Eq. (14)). All
parameters utilized in Eq. (14) were defined earlier (Figs. 5 and 6):

ﬁ(x,ﬂ,z): ( ) )J,»Z\}gx( )
fI(X,G,Z) = U( ) ) + ngﬁ( ) (14)
w(x,6,z) = w(x,6)

In this research, Fourier series expansions and Lagrangian functions (N,(n), n€[-1,+1]) were utilized to estimate the
displacement functions in the longitudinal and transversal directions, respectively (Eq. (15)). In Eq. (15), p and g are the harmonic
number in the longitudinal direction and the node number in the circumference direction, respectively. Referring to Eq. (15),
displacement components at each node in the local coordinate system of each strip were approximated using a two-nodded curved
strip interpolation in the circumferential direction and a Fourier series expansion in the longitudinal direction. To estimate the
buckling load of the stiffened shell, two different stages, including pre-buckling and buckling analyses, were considered. In the pre-
buckling phase, which consists of a static analysis under uniform axial load, several non-zero harmonic numbers (odd half-wave
numbers) were used for the displacement components. Utilizing a sufficient number of harmonic terms ensures an accurate stress
distribution between the shell and stringer strips, especially the membrane stresses required for the subsequent buckling analysis.
Due to the presence of the second term in the u-component, the convergence rate in the pre-buckling stage is improved, and the
need to use a larger number of harmonics is therefore reduced. In the current study, it was sufficient to use odd harmonics ranging
from 1 to 11. In the buckling stage, due to the simply supported boundary conditions and the simplicity of the material properties
over the lateral surfaces of the shell and stringers, each harmonic number was considered separately. Moreover, the second term
in the u-component was neglected. In this stage, the harmonic number was varied from 1 to 30 in increments of 1, and the minimum
buckling load was identified as the axial buckling load, while its corresponding harmonic number was taken as the longitudinal
mode number of the stiffened shell. A longitudinal half-wave number of one indicates global buckling of the stiffened shell, without
significant local buckling of the stringers. As the longitudinal half-wave number increases beyond one, the buckling response
becomes increasingly associated with local buckling of the stringers, accompanied by negligible deformation of the shell skin. The
corresponding buckling mode depends on the geometry and material properties of both the shell and stringers:
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In folded-plate structures, unlike conventional plate structures, the DOFs associated with different strips along a common nodal
line may have different orientations according to the local coordinate system of each strip. Therefore, to assemble the stiffness
matrices of individual strips and form the global structural stiffness matrix (K), it is necessary to transform the DOFs of each strip
from its local coordinate system to the global coordinate system. In the present study, for both the pre-buckling and buckling
analyses, the degrees of freedom of the shell and stringers are transformed to the global X-Y-Z coordinate system. Referring to Fig.
5, for strip i-j, the following matrix relation holds:

Ak = TA* (16)
where, k is strip number and A* and A* are defined as:
Af = [&A;]T
A*=[A, AT 17)
=

in which, A, and A, vectors in global and local systems, respectively, are as follows:

A =[U,7,W,7,,2,,7,]

(18)
A = [U, U, W, 9,022, ]

It should be noted that, in the present investigation, each strip has five DOFs at each node in the local coordinate system.
Accordingly, a drilling DOF (¢) has been added at each node to facilitate a consistent transformation from the local to the global
coordinate system. Furthermore, the local stiffness matrix is augmented with zero entries in the rows and columns corresponding
to these additional DOFs. Moreover, the transformation matrix, T, for a two-nodded strip can be defined as follows:

T, 0

“lo 1 (19)
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in which, 6x6 square matrix T, is as follows:

i

1 0 0 0 0 0
0 cosf,  sinf, 0 0 0
0 sinf, —cosé, 0 0 0
T = i i
' 0 0 0 0 -1 0 (20)
0 0 0 cos?, 0 sin g,
0 0 0 sin, 0 —cos¥,

Referring to Fig. 5, for the shell strips 6, =06, + 7 /2 and the stringer strips 6, =0, interchanging i and j leads to the following
form T,. Based on the invariance of strain energy under a change of coordinate system, the following relation holds for the stiffness
matrix in the global coordinate system, K, and the corresponding stiffness matrix in the local coordinate system, k:

K =TkT" (21)

Equation (22) presents the generalized strain vector ([¢]) considered in this research:

[E]T = [Exx 1E00> Vo kxx ’ kﬁﬁ ’ kxﬁ » Yz Yoz ] (22)

InEQ. (22), €4, €m> Vxor Rur Rup» Rugr 7y @0A 7, are normal strain of middle plane in x direction, normal strain in ¢ direction, shear
strain in x0 plane, bending curvature about ¢ direction, bending curvature about x direction, torsional curvature in x0 plane, xz
plane shear strain in the shell thickness direction and 6z plane shear strain in the shell thickness direction, respectively. The linear
and nonlinear terms of different components of strain vector were obtained based on the Sanders theory and are available in the
literature [38-39]. Equation (23) presents the relationship between generalized stress and strain vectors [6]:

N,. Ay A, Ag By B, Bg 0 0 ||ex
Ny, Ap Ay Ay B, By By 0 0 ||ew
N,, A Ay Ag By By By 0 0 |7
M,, _ By B, Bg Dy D, D O 0 ||k (23)
M, By, By B D Dy Dy O 0 ||ky
M,, B Bx Be Dy Dy D O 0 ||ky
Q. 0 0 0 0 0 0 Hy Hgl||7s
Q,, 0 0 0 0 0 0 Hy Hgll7

The vector in the left side of Eq. (23) stands for the generalized stress vector of any arbitrary point placed at the middle surface
of the cylinder. In Eq. (23),N,,, N,, N,,, M,,, M,,, M,,, Q,, and Q,, stand for normal membrane force per unit length in x direction,
normal membrane force per unit length in 6 direction, in-plane shear stress in xf plane, bending moment per unit length about
0 direction, bending moment per unit length about x direction, torsional moment per unit length in x0 plane, out of xz plane force
per unit length in the shell thickness direction and out of 6z plane shear force per unit length in the shell thickness direction,
respectively. Moreover, Ay, By, D;and H; are i™ and j™ components of axial, axial-flexural, flexural and out of plane shear rigidity

matrices, respectively and are obtalned from Eq. (24):

(A;,B;,D;) = f (L,2,2%)Q;(2)dz  i,j=1,2,6

5 . (24)

H, =K, [Qz)dz 1j=45
h

In Eq. (24), K, is shear correction factor and was considered as 5/6. Moreover, Q (z) represents i-th and j-th components of
reduced stlffness matrix and is calculated using Eq. (25). It should be noted that for the FGM material, Q,, Q, and Q, are zero:

5. _g. . Ee)
Qll - QZZ - 1 _ U(Z)2

5. —q. _ U2)ER)

Q12 - Q21 - 1— U(Z)Z (25)
5 -0.-06. . H2)

Q44 - QSS - QGG - 2(1 + U(Z))

In Eq. (25), E(z) and u(z) are modulus of elasticity and Poisson ratio of material in depth of z, respectively. In this study, the
cylinder was made of FGM (Fig. 7). As shown in Fig. 7, the shell material properties change gradually along the shell thickness, from
material properties 1 to those of material 2. Accordingly, Egs. (26) and (27) were utilized for calculating the modulus of elasticity and
Poisson ratio of FGM in depth of z; (E(z;) and u(z;)), where, subscripts m and c refer to the metal and ceramic properties, respectively.
Moreover, V,(z;) is volumetric ratio of ceramic in depth of z [6, 7] and is obtained using Eq. (28):

EBz) = (.~ E,)xV.(2) + E, (26)
U(Zi) = (Uc - Um) x \/c(zi) +U, (27)
vz) = (4 )" (28)
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Fig. 7. variation of material properties in FGM along shell thickness.

In Eq. (28), N stands for the power of FGM and is a positive number. In this research, the Poisson’s ratio is constant (v = 0.21). In
this study an FGM shell consisting of a ceramic inner layer (E, = 151000 N/mm?) and a metal outer layer (E, = 70000 N/mm?) is
considered. Moreover, all isotropic stiffeners are assumed to be made of metal.

In this study, elastic stiffness matrix (K;) of the strip element in the global coordinate system was obtained based on the virtual
internal work (W) performed by linear terms of virtual strains ({¢"}) and their corresponding generalized stresses (Eq. (29)):

m

‘sv‘/;]:t‘ ff(Nxx§6xxL + NM&ML + Nxo‘stﬂL + Mxx§kxxL + MaoﬁkooL + Mx0§kx0L + sz‘SszL + QOZ&/OZL)Y(a)dedx (29)
X 0

So, the elastic stiffness matrix for j-th strip element and the shell ([K; ]and K;) were obtained from Eq. (30):

nstrij
swin = S (s8y7[k )'[Ky | A = (s2) KA (30)

=1
In Equation (30), A’ is displacement/rotation vector of j-th strip element in global coordinate system and A is
displacement/rotation vector of the shell in the global coordinate system (X, Y, Z). The external virtual work performed by uniform
axial pressure applied to edges of the cylinder (§W:") was obtained using Eq. (31) to extract the external force vector of the shell
({FD:
+1 _
Wi = [B,

-1

M 2

3> " 6u,,N, (n)(1— cos(pr) +Z§uoq (m|Jdn (31)

p=1q=1 q=1

In Eq (31),] is Jacobian determinant between global and local coordinate systems. Equation (31) was simplified as Eq. (32). In Eq.
(26), F,, q,and Fy , coefficients are obtained using Eq. (33):

M 2 2
BWee =222 U Fryn + D L 6u3 B (32)
q=1

p=1q-1

L= f P, N, (n)(1 - cos(pr) Jdy
(33)
Oqsh fPshN 7] Jdn

The internal virtual work done by virtual nonlinear terms of membrane strains (é,,", &," and &v,,") and their corresponding
membrane stresses (Ng,, N;, and N,) were obtained using Eq. (34) for extracting the geometric stiffness ([K.]):

W' = f f (NG by 4 Njy ey, + N3, 87, r(0)dodx (34)

A pre-buckling analysis was performed to obtain the initial displacement of the shell subjected to a unit uniform axial pressure.
The initial membrane forces (N2, N, and N?,) were obtained from the pre-buckling analysis [40]. Therefore, the geometric stiffness
matrix for j-th strip element and the shell in the global coordinate system ([K; ] and K;) were obtained from Eq. (35):

nstrip . _ _
Wl = 3 (SAV)T[Kg | A = (SA) KA (35)
=1

Finally, the eigenvalues (\) and mode shape vector (¢) of the stiffened FGM elliptical cylindrical shell (Eq. (36)):

(KE - AKG)‘ﬁ =0 (36)

3. Convergence and Validation of Model

In this section, the convergence and validation of the results obtained from the numerical model developed in this study were
evaluated through two steps. The details are provided in the following sub-sections.
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Fig. 8. Effect of number of nodes (strip elements) on convergence of model.  Fig. 9. Effect of number of harmonics on convergence of model.

3.1. Model convergence

According to the literature, as the number of strip elements and harmonics increases, the accuracy of the results and
computational cost of the finite strip model increase. Therefore, an appropriate number of harmonics and elements should be
determined to achieve results with appropriate accuracy while taking into account low computational cost. Consequently, the effect
of variation of number of strip elements and harmonics on the convergence of results obtained from the model was assessed. In
this regard, an isotropic cylindrical shell with a circular cross-section, radius of 100 mm, and thickness 1 mm stiffened by 10 angle-
shaped stringers and subjected to axial compressive load was considered in this section. The depth and width of angle stiffeners
are 16 and 4 mm, respectively. The Young's modulus and Poisson's ratio of the shell were considered as 2000 N/mm? and 0.3,
respectively. The effect of variation of number of strip elements (nodes) on relative error is shown in Fig. 8. In Fig. 8, two values are
considered for the length of the shell (50 and 200 mm) and number of harmonics is 6 (odd numbers 1 to 11). It is evident that for
the shells with lengths of 50 and 200 mm, the buckling load converges with the increase in the number of nodes in the shell
circumference for different lengths. As shown in Fig. 8, as the number of nodes increases from 20 to 120, the relative error decreases
significantly. However, when the number of nodes exceeds 80, the convergence of the model reaches an acceptable level. For
investigation of the effect of number of harmonics on the convergence of the model, the length of the shell was considered as 100
and 150 mm. Moreover, the number of stringers increased to 30 angle-shaped stiffeners. The effect of variation of number of
harmonics on relative error is shown in Fig. 9. As illustrated in Fig. 9, as the number of odd harmonics increases from 1 to 11, the
relative error decreases significantly. However, when the harmonic number exceeds 9, the convergence of the model reaches an
acceptable level.

To assess the effect of using a greater number of nodes (DOFs) in the web of the L-shaped stiffener, some stringer-stiffened FGM
cylinders were analyzed. The shell cross-section was selected to be circular (B/ A = 1), and the L / R ratio was 0.5, 1.0, 1.5, and 2.0.
The shell thickness was set to 1.0 mm, and an L-shaped stiffener was considered. The angle ratio of the L-shaped stringer was set
to 0.7, and the total depth of the stringers (d + w), was 16 and 20 mm. The FGM power indices were N = 0 and N = 2. Moreover, the
shell skin was modeled using 64 curved two-nodded strips, and the total number of stringers was fixed at 32 in all cases. The
stringers were modeled using either two or three straight strips. The longitudinal half-wave number was varied from 1 to 30, and
for each half-wave number, an eigenvalue buckling analysis under a uniform axial load was performed to determine the minimum
buckling load. Stringer area index is 20%. Tables 1 and 2 summarize the results for different stringer models (two-strip and three-
strip models). The longitudinal half-wave numbers are presented in parentheses in Tables 1 and 2. The longitudinal half-wave
number was 1 for all cases except one. For L/ R = 0.5 and an FGM power index of 2, the three-strip model exhibited a local buckling
mode with four half-waves along the cylinder length. The differences between the two discretization models for L / R = 0.5 were
larger than those observed for the other length-to-radius ratios. Moreover, an increase in the total depth of the L-shaped stringer
resulted in a greater difference in the predicted axial buckling loads between the two discretization models considered in the
analyses. Furthermore, the results indicate that an increase in the FGM power index reduces the difference between the two
discretization approaches.

To further assess the capability of the developed model to capture changes in the buckling mode, particularly the transition
from global shell buckling to local stringer buckling, an additional parametric analysis was performed. An elliptical cylindrical shell
subjected to axial compression was discretized using 96 two-nodded curved strips for the shell skin and 32 rectangular stingers
simulated with two strip elements. The cylinder was assumed to be isotropic, with E = 2000 N/mm? and v = 0.3, and the length-to-
equivalent-radius ratio was set to L / Ro = 1. The stringer height was varied from 5 to 14 mm in increments of 1 mm, while three
minor-to-major radius ratios, B / A = 0.5, 0.7, and 1.0, were considered. Stringer area index was 20% and shell thickness was
considered as 1 mm. Under axial compression, a pre-buckling static analysis was first performed, with the applied axial load
distributed between the shell and stringers according to their respective axial stiffnesses. The corresponding buckling loads,
optimum stringer heights, and longitudinal half-wave numbers are summarized in Table 3. As presented in Table 3, increasing the
stringer height initially increases the buckling load of the stiffened shell, as the stringers carry a greater portion of the axial
membrane load. However, beyond a certain stringer height, the buckling load decreases, accompanied by an increase in the
longitudinal half-wave number. This change in the governing half-wave number indicates a transition from global buckling of the
stiffened shell to local buckling of the stringers, demonstrating the capability of the developed finite-strip model to capture different
buckling modes and their dependence on stringer geometry and shell aspect ratio. The results therefore provide an additional
verification of the model's ability not only to predict the buckling load but also to identify changes in the governing buckling mode
under different geometric configurations.

Based on the convergence results presented above, the discretization and harmonic parameters adopted in the subsequent
analyses were selected to provide an appropriate balance between numerical accuracy and computational efficiency. Accordingly,
the shell skin was discretized using 120 two-nodded curved strip elements, while each rectangular and L-shaped stringer was
represented by two and three strip elements, respectively. In the pre-buckling stage, a static analysis was performed under the
applied axial load, with the harmonic terms considered simultaneously. Owing to the symmetry of the loading and its invariance
along the longitudinal direction of the cylinder, only odd harmonics contribute to the pre-buckling response. The second term in
the u-displacement component improves the convergence rate of the pre-buckling solution and reduces the number of harmonic
terms required.
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Table 1. Effect of L-shaped stringer discretization on buckling load of stiffened elliptical cylindrical shell (N/mm)
for a total stringer depth of d + w = 16 mm.

FGM power index  Stringer discretization =~ L/Ro=0.5 L/Ro=1 L/Ro=15 L/Ro=2

0 2170.815 (1) 1250935 (1) 1031.071 (1)  939.137 (1)
0 2118.856 (1) 1252584 (1) 1026.658 (1)  939.137 (1)
2 1761.809 (1)  924.280 (1)  708.108 (1)  627.363 (1)
2 1722452 (1)  918.869 (1)  704.455 (1)  624.727 (1)

Table 2. Effect of L-shaped stringer discretization on buckling load of stiffened elliptical cylindrical shell (N/mm)
for a total stringer depth of d + w = 20 mm.

FGM power index  Stringer discretization = L/Ro=0.5 L/Ro=1 L/Ro=15 L/Ro=2

0 2573.781 (1) 1462501 (1) 1128.426 (1)  989.179 (1)
0 2461152 (1) 1451706 (1) 1122.701 (1)  984.825 (1)
2 2159.630 (1) 1107113 (1)  797.966 (1)  675.152 (1)
2 1880.232 (4) 1097.722 (1)  793.092 (1)  671.470 (1)

Table 3. Effect of rectangular stringer depth on buckling load (N/mm) and
longitudinal half-wave number of stiffened elliptical cylindrical shell.

B/A
hst
0.5 0.7 1.0
5 7.365(1)* 10429 (1)  13.457 (1)
6 7787 (1)  10725(1)  13.677 (1)
7 8347 (1)  11.181(1)  14.090 (1)
8 9.003 (1)  11.773(1)  14.661 (1)
9 9.735(1) 12460 (1)  15.360 (1)
10 10.513 (1) 13220 (1)  16.162 (1)
11 11.314 (1)  14.029(1)  16.097 (6)
12 12,126 (1)  14.148 (14) 14.147 (14)
13 12.509 (14)  12.252 (14) -
14 10.976 (15) - -
(hst)opt 12.80 11.76 10.57

(Pcrymax 12767 (1)  14.657 (1)  16.655 (1)

* Number in parentheses indicates longitudinal half wave number
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Table 4. Properties of stiffened shell.

E(N/mm? v L(mm) R(mm) h(mm) A«/Ax(%) d+w(@mm) d/(d+w)
2000 0.3 100 100 1 30 12 0.8

Table 5. Difference between buckling loads obtained from finite strip model and ABAQUS.

Buckling load (N/mm)

Number of stringers — — - - Difference between buckling loads (%)
Finite element model (ABAQUS) Finite strip model (This study)
20 13.64 13.35 2.1
40 20.3 19.76 2.67

Accordingly, odd harmonic numbers from 1 to 11 were adopted in the subsequent parametric analyses. In the buckling stage,
the second term in the -displacement component was neglected. Moreover, for the adopted material properties and boundary
conditions, the coupling terms Ase, Az, Bis, B2s, D1s and Dz vanish. Consequently, the harmonic terms are decoupled, allowing each
harmonic number to be considered independently. The harmonic number was therefore varied from 1 to 30 with an increment of
1, and the minimum buckling load among the considered harmonics was taken as the axial buckling load of the stiffened shell,
with its corresponding harmonic number representing the longitudinal half-wave number. These discretization and harmonic
settings, together with the adopted treatment of the second term in the u-displacement component, were subsequently maintained
throughout the parametric analyses.

3.2. Model validation

The validation of the numerical model developed in this study was conducted in two stages. First, the results obtained from the
model were compared with those obtained from a finite element model developed in ABAQUS software. Second, the numerical
results obtained from the model were compared with analytical and experimental results reported in the previous studies.

3.2.1. Numerical validation

A comparison was made between the results obtained from the model developed in this study and those obtained from the
numerical model developed in ABAQUS software to evaluate the validity of the results obtained from the model. In this regard, a
circular cylindrical shell stiffened by angle-shaped stringers was developed in the ABAQUS software (as commercial finite element
software). The stiffened shell was modeled using 4360 S8R5 elements. The S8R5 element is an eight-node quadrilateral shell
element with reduced integration, suitable for the analysis of thin and moderately thick shell structures and capable of accounting
for both membrane and bending deformation. In the numerical model developed in this study, the shell skin was discretized using
120 two-nodded curved finite-strip elements. One Gauss integration point located at the center of each strip was employed for
numerical integration. Each rectangular and L-shaped stringer was modeled using two and three strip elements, respectively. The
properties of the stiffened shell are presented in Table 4. In this table, As: / Asn stands for the ratio of stiffeners area (Ast) to the shell
edge area (Asn). The thickness of the stiffener and the shell is assumed to be the same. In order to more accurately evaluate the
effect of angle-shaped stiffeners on the accuracy of the model, two different values (inducing 20 and 40) were considered for the
number of stiffeners (Fig. 10). Table 5 presents the buckling loads obtained from the model developed in this study and those
calculated by ABAQUS.

As presented in Table 5, there is minor difference between the results obtained from the model developed in this study and
those calculated by ABAQUS (less than 3%). It shows that the model developed in this study has an acceptable accuracy on
calculating the buckling load of cylindrical shell stiffened by angle-shaped stringer under axial pressure.

3.2.2. Analytical and experimental validation

Almroth [41] investigated the buckling load of cylinder under axial compression using an analytical approach (entitled as
smeared stiffness model). Furthermore, Abramovich et al., [42] experimentally evaluated the buckling load of a cylindrical shell
subjected to lateral pressure. Table 6 indicates geometry and material properties of these isotropic stringer-stiffened cylinders
analyzed under uniform axial compression and lateral pressure [41, 42]. In this table, ns: represents number of uniformly spaced
rectangular stringers in each case. Furthermore, A1 is stringer cross-section area, b: is the distance between two consecutive
stiffeners and e: denotes stringer eccentricity relative to the shell middle surface. Accordingly, the shell considered in reference [41]
was modelled in this study by 120 curved two-nodded strips along with 60 two-nodded straight strips. Moreover, to model cylindrical
shell in case C2, 168 curved two-nodded strips for shell skin and 84 two-nodded straight strips for stringers have been applied in
this study. Table 7 Compares the results of buckling of two cases, C1 and C2, obtained by analytical (smeared stiffness model) and
experimental methods, respectively with the current results. Due to different modellings and discretization, agreement of the
results is acceptable.

(a) (®)
Fig. 10. Cylindrical shell stiffened by different numbers of angle-shaped stringers; (a) 20, (b) 40.
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Table 6. Outside stringer-stiffened cylindrical shells dimensions (E = 7500 kg/mm?, v = 0.3).

Reference Case Shelllength (mm) Radius (mm) Thickness (mm) n« (Ai/bih) (ei/h)
[41] C1 965.20 242.57 0.719 60 1.028 5.830
[42] Cc2 200.00 120.27 0.249 84 0.666 4.030

Table 7. Comparison experimental and analytical results with the buckling loads obtained from this study.

Case  Approach Type of loading ~ Unit of buckling load Results reported in previous study Results calculated in this study Difference (%)
C1 Analytical ~ Axial Compression kg/mm 20.43 21.42 4.85
C2 Experimental Lateral Pressure kg/mm? 0.001355 0.001249 7.82

Table 8. Parameters considered in parametric study.

Parameter Values Unit
Stringer area index ((Ast/ Asy) x 100) 10, 20, 30 %
Number of stringers (Ns) 20, 30, 40 -

Total depth of stringer (d + w) 8,10, 12,14, 16,18,20 mm
Angle ratio (d / (d + w)) 0.6,0.7,0.8,0.9,1 -

Shell length (L) 50, 100, 150, 200 mm
Ratio of major to minor diameters of ellipse (B / A) 0.6,0.7,0.8,0.9,1 -
Power of FGM (N) 0,0.5,1, 2,10, 100 -

4. Parametric Study

A parametric study was conducted to investigate the effect of L-shaped stiffeners on axial buckling of a simply supported FGM
elliptical cylindrical shell. As presented in Table 8, different values were considered for several effective parameters on buckling
load of stiffened shell (including ratio of stiffeners area to the shell edge area (100 x Ast/ Ash) (Which is designated as stringer area
index), number of stringers (Ns), total depth of stringer cross-section (d + w), angle ratio (d / (d + w)), shell length (L), ratio of minor
to major radii of ellipse (B / A) and power of FGM (N)) through the parametric study. It should be noted that an isotropic circular
cylindrical shell stiffened by 30 stringers having stringer area index of 30%, angle ratio of 0.8 and stiffener total depth of 14 mm was
considered as the reference model (N =0, B/ A =1, Nst = 30, (Ast / Ash) x 100 = 30, d / (d + w) = 0.8 and d + w = 14). In the reference
model, thickness of shell, length of the shell and radius of shell were 1, 100 and 100 mm, respectively (h = 1 mm, L = 100 mm, R =
100 mm). It should be noted that the elliptical cross-sections considered for different ratios have the same perimeter, allowing the
effect of the ratio on the buckling response to be evaluated under a constant-perimeter condition. In this regard, the dimensions of
all elliptical sections (B and A) examined in this section were considered in such a way that the perimeter of all elliptical sections
was equivalent to the perimeter of a circular section with a radius of 100 mm. It is worth mentioning that when the angle ratio is
1, the stringer has a rectangular cross-section (entitled as conventional stiffener). The results obtained from the parametric study
are provided in the following sub-sections.
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Fig. 11. Effect of stiffener total depth on buckling load of shell stiffened by 20 stringers by considering different stringer area indices;
(a) 10%, (b) 20%, and (c) 30%.
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Fig. 12. Effect of stiffener total depth on buckling load of shell stiffened by 30 stringers by considering different stringer area indices,
(a) 10%, (b) 20%, and (c) 30%.
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Fig. 13. Effect of stiffener total depth on buckling load of shell stiffened by 40 stringers by considering different stringer area indices,
(a) 10%, (b) 20%, and (c) 30%.
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4.1. Effect of stiffener properties on buckling load

In this section, the effect of variation of stringer area index, stiffener total depth and number of stringers on the buckling load
of the shell was investigated. In this section, an isotropic circular cylindrical shell with radius and length of 100 mm (B/ A =1 and
L =100 mm) and a thickness of 1 mm was considered. Figures 11 to 13 show the effect of total depth of stringer, number of stringers
and angle ratio on buckling load of the shell.

In Figs. 11 to 13, for 20, 30, and 40 stiffeners, the use of angle-shaped stiffeners results in a significant improvement in the shell’s
buckling load. However, when the number of stiffeners is large and the total depth of stiffener is short, the L-shaped stiffeners have
a negligible effect on enhancing the buckling load. In other words, the influence of L-shaped stiffeners on improving the buckling
load is most pronounced when the number of stiffeners is small or its total depth is large. The reason for this behavior is related to
the characteristics of the conventional stiffener (with a rectangular cross-section). As shown in these figures, when the depth of
the conventional stiffener exceeds a certain threshold (approximately 10 to 12 mm), the buckling load of the shell stiffened with
this type of stiffener decreases significantly. This is because the boundary conditions of different edges of a conventional: both the
upper and lower edges are simply supported, one side is free, and the other side is connected to the shell skin. When the stiffener
total depth exceeds a certain range, its excessive slenderness leads to local buckling of the stiffener, occurring before the general
buckling of the stiffened shell. This is clearly illustrated in Fig. 11, where the number of stiffeners is small (20) and each stiffener is
subjected to relatively high axial loads. In this case, increasing the depth of the conventional stiffener from 8 mm to 12, 14, and 20
mm results in reductions of approximately 8, 30, and 42 percent in the shell’s buckling load, respectively. In contrast, when the
number of conventional stiffeners is moderate or high (30 and 40) and each stiffener carries a lower load, as shown in Figs. 12 and
13, increasing the stiffener total depth up to a certain range (10-12 mm) increases the buckling load by about 12-20%. In these cases,
the buckling load of the shell reinforced with conventional stiffeners is only slightly higher than that of a shell with angle-shaped
stiffeners. However, when the stiffener total depth exceeds this range, the stiffener slenderness becomes excessive, leading to local
buckling of the conventional stiffener before global buckling of the shell. Under these conditions, the buckling load of the shell with
L-shaped stiffeners is significantly higher than that of the shell reinforced with conventional stiffeners.

The reason for this lies in the functional differences between a conventional stiffener (with a rectangular cross-section) and an
angle-shaped stiffener. The key distinction is the addition of a vertical leg (referred to as the “width”) at the end of the conventional
stiffener (in case of angle-shaped stiffener), accompanied by a reduction in its depth. In the L-shaped stiffener, the depth of the
conventional stiffener is redistributed between the “width” and “depth” legs. The width leg acts like a simply supported beam,
increasing the stiffener’s bending stiffness. However, because the total depth of the L-shaped stiffener is fixed, increasing its width
necessarily reduces its depth, which in turn decreases its bending stiffness. Due to these two opposing effects on the bending
stiffness and slenderness of angle-shaped stiffener, there exists an optimal angle ratio that maximizes the buckling load of the
stiffened shell. This optimal ratio depends on several parameters, including the number of stiffeners, the stiffener area percentage,
the shell length, and the stiffener total depth.

When the number of stiffeners is 20 (Fig. 11), the spacing between them is large, and each stiffener carries a significantly higher
share of the axial compressive load compared to the cases with 30 or 40 stiffeners. As a result, both the stiffeners and the shell body
become more susceptible to local buckling. In this case, as shown in Fig. 11, although any increase in the depth of a conventional
stiffener reduces the buckling load, increasing the total depth of an angle-shaped stiffener with an angle ratio of 0.6 raises the
shell’s bucklingload at low and medium stringer area indices (10% and 20%), leading to an improvement of about 25% in the buckling
load. Furthermore, as the stringer area index increases, the buckling load of the stiffened shell increases in all cases (Fig. 11).

When the number of stiffeners is 30 or 40 (Figs. 12 and 13), replacing conventional stiffeners with angle-shaped stiffeners leads
to a substantial improvement in the buckling load. As shown in Figs. 12 and 13, the higher the stringer area index and angle ratio,
the greater the improvement in the shell’s buckling load. For example, when the number of stiffeners is 30, the stringer area index
is 30%, and the stiffener total depth is 20 mm, the buckling load of the shell stiffened with angle-shaped stiffeners having angle
ratios of 0.9, 0.8, 0.7, and 0.6 increases by about 266%, 252%, 231%, and 216%, respectively, compared to the shell with conventional
stiffeners. As an interesting point in these cases, a same volume of material is utilized for both conventional and L-shaped stiffeners.
This highlights the significant influence of stiffener geometry on enhancing its performance and increasing the buckling load of
the stiffened shell. As shown in Figs. 12 and 13, for stiffeners with large aspect ratios (such as 0.9 and 0.8), when the stiffener total
depth exceeds a certain threshold (about 10 to 18 mm for an angle ratio of 0.9, and more than 18 mm for an angle ratio of 0.8), the
bucklingload of the shell begins to decrease with further increases in the stiffener total depth. In these cases, the higher the stringer
area index, the shorter the total depth at which this decreasing trend appears. For large angle ratios, the width of the angle is
relatively small, which means that, at large stiffener total depths, there is still a risk of local buckling in the stiffener. This is clearly
visible in the mode shapes shown in Figs. 14 and 15. Figure 14 illustrates the first buckling mode shapes of a shell stiffened by 30
stringers with an angle ratio of 0.9, stiffener total depth of 14 mm, and different stringer area indices.

Moreover, Fig. 15 presents the effect of varying the number of stiffeners on the first buckling mode shapes of the shell. As shown
in Fig. 14, the global buckling occurs when the stringer area index is 10% (Fig. 14(a)). However, when the stringer area index is 20%
or 30% (Figs. 14(b) and 14(c)), the excessive slenderness of the stiffeners causes local buckling of the stiffeners only, with no
significant deformation in the shell skin. Similarly, as shown in Fig. 15, for 30 stiffeners (Fig. 12) with a stringer area index of 30%
and an angle ratio of 0.9, local buckling occurs in the stiffeners, and not in the shell skin, when for different stiffener total depths
(12, 14, or 18 mm). When the number of stiffeners is small (20), the 0.6 angle-shaped stiffener provides a greater improvement in
the shell’s buckling load compared to the other options (Fig. 11). In this case, increasing the total depth of the L-shaped stiffener
from 8 to 20 mm (Fig. 11) raises the buckling load by approximately 7% to 35%. However, this rate of increase diminishes as the
stringer area index grows. The buckling load achieved with the 0.6 L-shaped stiffener is higher than that of the conventional
stiffener, and the difference between them widens with increasing stiffener total depth. For example, when the stiffener total depth
increases from 8 to 20 mm, the buckling load of the shell reinforced with the 0.6 L-shaped stiffener is about 2% to 166% greater than
that of the shell reinforced with the conventional stiffener, respectively. In contrast, an examination of the results in Figs. 12 and
13 (30 and 40 stiffeners) shows that increasing the total depth of the angle-shaped stiffener from 8 to 20 mm, with an angle ratio of
0.8, consistently increases the shell’s buckling load by about 35% to 85%. In these cases, the buckling load of the shell reinforced
with a 0.8 L-shaped stiffener is considerably higher than that of the shell with a conventional stiffener; for example, increasing the
stiffener total depth from 10 to 20 mm raises the buckling load by approximately 25% to 225%, respectively.

4.2. Effect of shell length on buckling load

In this section, the effect of shell length on the buckling load of isotropic circular cylindrical shells with radius of 100 and
thickness of 1 mm stiffened by 30 stiffeners (having stringer area index of 30%) is investigated (Fig. 16). It is evident from Fig. 16 that
as the length of the cylindrical shell increases, the buckling load decreases for each total depth of stiffener, regardless the value of
angle ratio. With increasing the total depth of stiffener, the buckling load increases or remains constant at any length of the shell,
but for the conventional stiffener (angle ratio of 1), increasing its depth leads to decrease the buckling load of the shell.
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Fig. 14. Effect of stringer area index on first mode shapes of shell having 30 stringers with total depth of 14 mm
and angle ratio of 0.9; (a) 10%, (b) 20%, and (c) 30%.

Fig. 15. Effect of total depth of stiffener on first mode shapes of shell stiffened by 30 stringers
(having stringer area index of 30% and angle ratio of 0.9); (a) 12, (b) 14, and (c) 18.
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For the short shells, increasing the total depth of stiffener and reducing its thickness increase the difference between buckling
loads of the stiffened shell equipped with different angle ratios. When the shell length is short (50), reducing the angle ratio does
not significantly decrease the slenderness of the angle-shaped stringer. For the short shell, a lower angle ratio achieves a higher
buckling load, and the conventional stiffener gives the lowest buckling load compared to the angle stiffeners. Accordingly, an angle-
shaped stiffener with a ratio of 0.6 performs best in this case. Moreover, as the stiffener total depth or cross-section increases, the
buckling load of the short shell also increases. Regardless of the results obtained for the short shell with a length of 50, the overall
trend observed in Fig. 16 is consistent with that in Figs. 12 and 13. As the shell length increases, the buckling load of the shell
decreases. For the long shell (L = 200), an increase in the stiffener total depth leads to a higher buckling load across all angle ratios.
However, for shells with lengths of 100 and 150, this increasing trend is observed only for angle ratios below 0.9. On average, the
improvement in the buckling load of shells stiffened with L-shaped stringers (with angle ratio less than 0.8) is approximately 59%,
52%, 46%, and 20% for shell lengths of 50, 100, 150, and 200, respectively. This indicates that as the shell length increases, the
influence of L-shaped stringers on enhancing the buckling load diminishes.
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© @

Fig. 17. Effect of shell length on first mode shapes of stiffened shell by 30 stringers having stringer area index of 30%, total depth of 20 mm and
angle ratio of 0.9; (a) 50, (b) 100, (c) 150, and (d) 200.

Nevertheless, in all cases the buckling load of shells stiffened with L-shaped stringers remains higher than that of shells
stiffened with conventional stiffeners, with improvements ranging from about 20% to 150%. Figure 17 illustrates the effect of shell
length on the first mode shapes of a stiffened shell reinforced with 30 stringers, characterized by a stringer area index of 30%, a
total depth of 20 mm, and an angle ratio of 0.9. While the shell and stringers are buckled in Fig. 17(a) (shell length of 50 mm), only
stiffeners are locally buckled in Figs. 17(c) to 17(d) (the shell is not buckled in these cases). For shell lengths of 100 to 200 mm (Figs.
17(b) to 17(d)), the stiffener has taken a wavy shape, and with the increase in the length of the shell, the number of buckling half-
waves has increased.

4.3. Effect of ovalization of cross-section on buckling load

In this section, the effect of cross-sectional ovalization (ellipticity) on the buckling load of a shell stiffened with angle-shaped
stringers is investigated. It should be noted that as the ratio B/A decreases, the cross-section of the shell becomes more elongated
and oval, whereas as B/A increases, the cross-section more closely resembles a circle. An elliptical cross-section with a perimeter
equal to that of a circle of radius 100 mm is considered. The shell thickness is assumed to be 1 mm, and the cylinder is stiffened
with 30 stringers. In addition, the stringer area index is taken as 30%. Figure 18 illustrates the effect of cross-sectional ovalization
on the buckling load of the stiffened shell.
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Fig. 18. Effect of B/A on buckling load of shell stiffened by 30 stringers having stringer area index of 30%; (a) 1, (b) 0.9, (c) 0.8, (d) 0.7, and (e) 0.6.
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According to Fig. 18, as the shell cross-section changes from a circle to an ellipse (i.e., as the B/A ratio decreases), the buckling
load of the shell stiffened with either L-shaped or conventional stiffeners decreases, while the overall patterns of the results
presented in Figs. 18(a) to 18(e) remain relatively similar. For instance, the buckling loads of the shell stiffened with stringers of 14
mm total depth and an angle ratio of 0.8 are 8.20, 19.41, 18.08, 16.63, and 15.21 N/mm for B /A values of 1, 0.9, 0.8, 0.7, and 0.6,
respectively. These results clearly demonstrate the gradual decrease in buckling load with decreasing B/A. It should also be noted
that the reduction in B/A does not significantly affect the relative influence of the L-shaped stiffeners on the buckling load of the
shell. When the total depth of the L-shaped stiffener is 20, the average increases in the buckling load of the stiffened shell with
B/ A ratios of 1, 0.9, 0.8, 0.7, and 0.6 are 65%, 76%, 62%, 72%, and 68%, respectively (for stiffeners with an angle ratio less than 0.9).
When the stiffener total depth is reduced to 14, the corresponding increases in buckling load are 30%, 38%, 39%, 45%, and 50%. These
results indicate that the use of L-shaped stiffeners (with an angle ratio less than 0.9) in elliptical shells with any B/A ratio can
enhance the buckling load by up to approximately 60%.

4.4. Effect of FGM power on buckling load

In this section, the FGM power index is taken as 0, 0.5, 1, 2, 10, and 100. The buckling load of an FGM circular cylindrical shell
with a radius of 100 mm and a thickness of 1 mm, stiffened by 30 stringers with a stringer area index of 30%, is evaluated in this
section (Fig. 19). A comparison of the results obtained for different FGM powers (Figs. 19(a) to 19(f)) shows that variation in the FGM
power has no significant effect on the influence of the L-shaped stiffener in improving the buckling load of the FGM shell. In other
words, the trend of the buckling load of the stiffened shell with respect to changes in stiffener total depth and angle ratio remains
the same for all FGM powers. This indicates that the relative advantage of the L-shaped stiffener over the conventional rectangular
stiffener is largely maintained across the investigated range of FGM power indices. However, the FGM power itself has a considerable
effect on the buckling load of the stiffened shell. When the FGM power is zero, the shell is entirely ceramic, and as the FGM power
increases, the rate of transition from ceramic to metal through the shell thickness also increases. At high FGM powers (e.g., N = 100),
the shell becomes entirely metallic. Consequently, the buckling load of the shell decreases slightly with increasing FGM power in
all cases.

Therefore, although the FGM power index affects the absolute buckling load, it does not substantially alter the effectiveness of
the L-shaped stiffener within the investigated parameter range. As Figs. 19(a) to 19(f) demonstrate, an increase in the FGM power
index (N), leads to a decrease in the axial buckling capacity of all stringer-stiffened elliptical cylindrical shells, regardless of the type
of stringer used (i.e., rectangular or L-shaped). Based on the FGM power-law distribution given in Egs. (26) and (28), N = 0 corresponds
to a fully ceramic shell, for which the modulus of elasticity is nearly twice that of the metal constituent used in the FGM. As N
increases, the ceramic-to-metal transition through the shell thickness becomes more rapid, and the effective modulus of elasticity
of the shell decreases, resulting in a reduction in the buckling capacity of the stiffened shell. Another important point is the role of
the stringers in enhancing the buckling capacity of the stiffened shell. The modulus of elasticity of the stringers is equal to that of
the metal constituent of the FGM. Therefore, an increase in the FGM power index (N), changes the relative stiffness between the
shell and the stringers, thereby affecting the contribution of the stringers to the overall buckling capacity of the stiffened shell. As
N increases, this relative stiffness effect becomes more pronounced.

4.5. Comparison between performances of rectangular and L-shaped stringers

The objective of this section is to compare the effects of rectangular and L-shaped stringers on the buckling load of the stiffened
shell. In addition, the influence of stringer cross-sectional configuration on the longitudinal half-wave number of the buckled
stiffened shell is investigated. The results presented in Table 9 compare buckling loads of rectangular and L-shaped stringer-
stiffened elliptical FGM cylindrical shells. The model consists of 64 curved two-nodded strips for the shell skin, together with 32
uniformly spaced external stringers. Each rectangular stringer is modeled using 2 strips, whereas each L-shaped stringer is modeled
using three two-nodded strips. An FGM power index of N = 2 was considered for the shell skin, with the material properties varying
through the thickness from ceramic to metal at the interface with the stringers. Both types of stringers, rectangular and L-shaped,
were assumed to be metallic.

The total stringer depth (d + w), was varied from 8 to 16 mm in increments of 2 mm and the angle ratio was 0.8. Two shell aspect
ratios, B/ A = 0.7 and 1.0, and two length-to-equivalent-radius ratios, L / Ro = 1 and 2, were considered in the analyses. It should be
noted that Ro was 100 mm, Moreover, shell thickness and stringer area index were considered as 1 mm and 20%, respectively. The
longitudinal half-wave number was varied from 1 to 30 to identify the corresponding number of half-waves associated with the
minimum buckling load of the stiffened shell. The results show that, for small total stringer depths (d + w = 8 and 10 mm), buckling
generally occurs in the first longitudinal half-wave for both types of stringers, with rectangular stringers providing higher buckling
loads. In contrast, for larger values of d + w, the rectangular stringers exhibit local buckling, resulting in lower buckling loads than
those obtained with L-shaped stringers. For these larger values of d + w, the governing longitudinal half-wave number depends on
the shell length and reaches 13 and 26 for L / Ro = 1 and 2, respectively, for shells with rectangular stringers. In these cases, the shell
aspect ratio (B/ A) has minor influence on the buckling load of the stiffened shell because the response is governed by local buckling
of the rectangular stringers.

Table 9. Effect of rectangular and L-shaped stringers on buckling load and longitudinal half-wave number of stiffened shells.

B/A=1 B/A=07
d+w (mm) Stringer type L/Ro=1 L/Ro=2 L/Ro=1 L/Ro=2
g Rectangular ~ 693.497 (1)  610.088 (1) *  564.089 (1) 508.873 (1)
L-shaped 669.787 (1)  596.826 (1) 542127 (1)  497.284 (1)
0 Rectangular  694.112 (13)  613.259 (1)  627.889(1)  513.337 (1)
L-shaped 726218 (1)  599.254 (1)  599.412 (1)  500.746 (1)
I Rectangular  484.498 (13) 431.764 (26) 487.148 (13) 433.721 (26)
L-shaped 797,676 (1)  608.053 (1)  669.403 (1)  510.050 (1)
0 Rectangular  364.549 (13) 315.959 (26) 365.789 (13) 317.760 (26)
L-shaped 879.624 (1)  622.718(1)  747.395(1)  524.622 (1)
1 Rectangular  289.448 (13) 243.030 (26) 289.371(13) 244.667 (26)

L-shaped 968.608 (1) 642282 (1)  830.118(1)  544.217 (1)

* Number in the parentheses indicate longitudinal half wave number
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5. Conclusions

A survey of the previous studies shows that the buckling of longitudinal stringers (with rectangular cross-sections) is one of the
main challenges in designing the stiffened cylindrical shells subjected to axial compression. In this research, conventional
longitudinal stiffeners were substituted with L-shaped (angle-shaped) stiffeners to address this issue. Accordingly, a code was
written in FORTRAN environment to simulate a longitudinally-stiffened functionally graded elliptical cylindrical shell using semi-
analytical finite strip method. The convergence and validity of the model developed in this study were evaluated. The influences of
different parameters including L-shaped stiffener geometry, power of functionally graded materials (FGM) and elliptical cylindrical
shell properties on the buckling load of the stiffened shell were investigated through a parametric study. A summary of the main
results is provided below:

- Conventional stiffeners with rectangular cross-sections lose efficiency when their depths exceed a certain threshold due to

excessive slenderness and local buckling.

— L-shaped stiffeners outperform conventional stiffeners, particularly when stiffener total depth is large, by preventing

premature local buckling.

— The buckling load of shells stiffened with L-shaped stiffeners is maximized at an optimum angle ratio.

— The optimum angle ratio depends on shell length, stiffener area index, and the number of stiffeners.

— In short shells, L-shaped stiffeners with lower angle ratios (e.g., 0.6) achieve the highest buckling load, while conventional

stiffeners provide the lowest performance.

- The significant effect of L-shaped stiffeners on enhancing the buckling load decreases as shell length increases, although

their performance remains superior to conventional stiffeners in all cases.

- L-shaped stiffeners with angle ratios below 0.9 can increase the buckling load of elliptical shells by up to approximately 70%

within the investigated range of B / A ratios.

— The relative advantage of L-shaped stiffeners over conventional ones is not strongly affected by cross-sectional ovalization

or the FGM power index.

From a design perspective, the results indicate that increasing the stiffener depth alone does not necessarily lead to a higher
buckling resistance, particularly when local buckling of the stiffener becomes dominant. The L-shaped configuration can provide a
more effective use of the stiffener material by delaying local buckling of the web through the restraining effect of the flange.
However, excessive web depth or flange width may again promote local instability. Therefore, the stiffener depth and angle ratio
should be selected together rather than independently to achieve an effective enhancement of the axial buckling resistance. Despite
the comprehensive parametric investigation, this study has some limitations. The present results are based entirely on numerical
modelling, and experimental tests on FGM elliptical cylindrical shells with L-shaped stringers were not available for direct
validation of the predicted buckling responses and instability modes. In addition, the adopted modelling assumptions may affect
the quantitative buckling predictions under practical conditions involving manufacturing imperfections, residual stresses, and
material uncertainties. Experimental investigations on representative FGM elliptical shells with L-shaped stringers would therefore
be valuable for further validating the predicted buckling loads and local-to-global instability behavior. In addition, a more systematic
determination of the optimum angle ratio, stiffener depth, and number of stiffeners could be achieved in future studies by
employing appropriate optimization techniques instead of a manual parametric study conducted in this research. Such an
optimization framework could also incorporate additional design variables, including stringer thickness, web depth, flange width,
and stringer material, to determine the optimum geometry and material properties of L-shaped stringers for a specified shell
configuration. Moreover, the results obtained from the present parametric study, or from future optimization-based investigations,
could serve as a basis for developing predictive formulations for the buckling load of L-shaped stringer-stiffened shells. In
developing such formulations, it is important to distinguish between global shell buckling and local stiffener buckling, since
simplified formulations based primarily on shell and stiffener dimensions and material properties may not adequately account for
local buckling of the stiffeners.

Author Contributions

D. Poorveis, A. Khajehdezfuly and S. Moradi planned the scheme, initiated the project. D. Poorveis developed the numerical
model and examined the theory validation. S.A. Emam conducted parametric studies and calculate the results. The manuscript was
written through the contribution of all authors. All authors discussed the results, reviewed, and approved the final version of the
manuscript.

Acknowledgments

Not applicable.

Conflict of Interest

The authors declare that they have no conflict of interest.

Funding
This work was supported by Shahid Chamran University of Ahvaz (SCU) [Grant No. SCU.C1404.530].

Data Availability Statements

The data supporting the findings of this study are available from the corresponding author upon reasonable request.

Nomenclature

h Thickness of shell [mm)] d
L Length of shell and stringers [mm]
t Thickness of L-shaped stiffener [mm]
d/(d+w) Angleratio
B/A Ratio of major to minor diameters of ellipse

Depth of L-shaped stiffener [mm)]
w  Width of L-shaped stiffener [mm]
Nst Number of stringers

Power of FGM
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